496
497

498

499

500
501
502
503

504
505

506
507

508

509
510
511

512

513

514

515
516

517

518
519

520

521
522

523

524
525
526

Appendix for “Statistical Analysis of Quantum State Learning Process in
Quantum Neural Networks”

A Preliminaries

A.1 Subspace Haar integration

The central technique used in our work is the subspace Haar integration, i.e., a series of formulas
on calculating Haar integrals over a certain subspace of the given Hilbert space. In this section, we
give a brief introduction to the common Haar integrals and then the basic formulas on subspace Haar
integrals used in our work together with the proofs.

Haar integrals refer to the matrix integrals over the d-degree unitary group U(d) with the Haar
measure dy, which is the unique uniform measure on ¢/(d) such that

/ (V) F(V) = / (V) (VD) = / (V) FUV), s1)
U(d) U(d)

u(d)

for any integrand f and group element U € U(d). If an ensemble V of unitaries V' matches the Haar
measure up to the ¢-degree moment, i.e.,

Bvevlpe(V)] = | du(Vipea(V). (52
U(d)
then V is called a unitary t-design [67]. p; +(V') denotes an arbitrary polynomial of degree at most ¢

in the entries of V' and at most ¢ in those of V1. Ey cy|[-] denotes the expectation over the ensemble
V. The Haar integrals over polynomials can be analytically solved and expressed into closed forms
according to the following lemma.

Lemma S1 Let ¢ : U(d) — GL(C?) be an arbitrary representation of unitary group U(d). Suppose
that the direct sum decomposition of ¢ to irreducible representations is ¢ = ik ¢,(€j), where qb,(cj )
denotes the k™ copy of the irreducible representation $\9). A set of orthonormal basis in the

representation space ofd)g) is denoted as {|v;i,1)}. For an arbitrary linear operator A : c? - C?,
the following equality holds [68]

tr(QF, A
[, A - Y- "Quad) (s3)

kK’ tr(Q;,k,k/QLk,k’)

where Q; k. = >, |5 k,1){V) k1| IS the transfer operator from the representation subspace of ¢,(€J,) to
that ofgb,(j). The denominator on the right hand side of (S3) can be simplified as tr(Q;’k’k, Qjkr)=
tr(Pj i) = dj, where Pjj, = >, |0 k1)XVj k1| = Qj ik is the projector to the representation
(4)
k

subspace of ¢;"’ and d; is the dimension of the representation space of ).

By choosing different representations of the unitary group U (d), some commonly used equalities can
be derived, such as

tr(A
VAViau(v) = T4 (S4)
U(d) d
tr(AC)tr B = dtr Atr C —tr(AC) tr B
T T = -
/u w VIAVBVICVdu(V) 7 AEZ=1) B——-1), (S5

where [ is the identity operator on the d-dimensional Hilbert space H. A, B and C are arbitrary

linear operators on H. According to the linearity of the integrals, the following equalities can be

further derived

tr(AB)
d b

/ tr(VA) tr(VIB)du(V) = (S6)
U(d)

14



527

528

529
530
531
532
533
534
535
536

538

539

541

542

544
545

546
547

548

549

550

551
552

553

/ te (VT AV B) tr(VICV DYdp(V) = tr Atr Btr Ctr D + tr(AC) tr(BD)
U(d)

-1
S7
_ tr(AC) tr Btr D + tr Atr C'tr(BD) ©7)
d(d? —1) ’

where A, B, C' and D are arbitrary linear operators on .

The subspace Haar integration can be regarded as a simple generalization of the formulas above.
Suppose that Hyp, is a subspace with dimension dg,, of the Hilbert space H. U is an ensemble
whose elements are unitaries in H with a block-diagonal structure U = P + PUP. P is the projector
from H to Hgyp and PU P is a random unitary with the Haar measure on Hgy,. P = I — P is the
projector from H to the orthogonal complement of Hg,,. Integrals with respect to such an ensemble
U are dubbed as “subspace Haar integrals”, which can be reduced back to the common Haar integrals
by taking Hs,1, = H. The corresponding formulas of subspace Haar integrals are developed in the
following lemmas, where Eycy[] = Eyl-] denotes the expectation with respect to the ensemble U.

Lemma S2 The expectation of a single element U € U with respect to the ensemble U equals to the

projector to the orthogonal complement, i.e.,
Ey[U]=1-P. (S8)

Proof The fact that Haar integrals of inhomogenous polynomials p; ;» with ¢ # ¢’ over the whole
space equals to zero leads to the vanishment of the block in Hgp, i.€.,

Ey[U] =Ey [P+ PUP| =P, (S9)
which is just the projector to the orthogonal complement Hgyp,- ]

Similarly, we know all the subspace Haar integrals involving only U or U T will leave a projector after
integration. For example, it holds that Ey [U AU] = P AP for an arbitrary linear operator A.

Lemma S3 For an arbitrary linear operator A on H, the expectation of UT AU with respect to the
random variable U € U is

tr(PA)

sub

Ey [UTAU] = P+ (I — P)A(I - P). (S10)
Proof Eq. (S10) can be seen as a special case of Lemma S1 since U can be seen as the complete

reducible representation of U (dy,1,) composed of (d — dyyp,) trivial representations q&g) with k =
1,..., (d — dgup) and one natural representation ¢(?). This gives rise to

tr(QI,k,k’A)
. tr(Q;k,k/Ql,k,k’)
tr(QLA) tr(PA)

——==—Qy = ——P.
tI‘(Q;Qg) 2 dsub

Alternatively, Eq. (S10) can just be seen as a result of the block matrix multiplication, i.e.,
Ey[UTAU] = Ey[(P + PUTP)A(P + PUP))
= Ey[PAP + PAPUP + PU'PAP + PU'PAPUP]

_ PAP + tr(PAP)

Q1 = PAP,

(S11)

(S12)
P

)

dsub
where tr(PAP) = tr(P?A) = tr(PA). [ |

Corollary S4 Suppose |p) is a Haar-random pure state in Hsuy,. For arbitrary linear operators A
on H, the following equality holds
tr(PA)

E, [(lAle)] = ——

where E,[] is the expectation with respect to the random state | ).

(S13)

)

15



554 Proof Suppose |¢g) is an arbitrary fixed state in Hg,p. The random state |p) can be written in terms
ss5. of U € Uas |p) = Ulgo) such that

E, [(¢|Alp)] = Eveu [(#olUT AU 00)] - (S14)
ss6  Eq. (S13) is naturally obtained from Lemma S3 by taking the expectation over |p() which satisfies
557 Plpo) = [ipo) and Plgg) = 0. u

558 Lemma S5 For arbitrary linear operators A, B,C on H and U € U, the following equality holds
Ey [UTAUBU'CU]

= papppep + P8 papop + D pappp TP pppop
sub sub sub
tr (PAPBPC S15
L ( )P N tr(PAPg) tr(PB) P (S15)
dsub dsub
. PA PC) —tr(PAP PB
N dgup tr(PA) tr( 20) tr( C) (PBP ot )P) '
dsub(dsub - 1) sub

ss9  Proof Here we simply employ the block matrix multiplication to prove this equality. We denote

s60 the 2 x 2 blocks with indices G} ;3) respectively where the index 2 corresponds to Hs,1,. Thus

. . I . . . .
561 the random unitary U can be written as U = < (1)1 UO ) where 177 is the identity matrix on the
22

s62 orthogonal complement of Hg,1, and Uss is a Haar-random unitary on Hg,1,. The integrand becomes

A AU B B C11 C12Usz
UtAUBUTCU = ( 1 12722 ) ( 1 12) ( ) S16
U§2A21 U§2A22U22 BZl B22 UQTQCQl U§2C22U22 ( )

s63 The four matrix elements of the multiplication results are

11: A11B11C11 + A12U22B21Ch1 + AllBlQUQTQCll + A12U22322U§2021,
121 A11B11C12Uss + A19U22B21C12Uss + A11312U2TQC22U22 + A12U22B22U;2022U227
21: U§2A21B11C11 + U§2A22U22321011 + U52A21B12U§2021 + U§2A22U22322U§20217
22 0 Ujy A1 B11C12Uss + Uy A2aUsz By CiaUss + Uy Aoy BioUdyCaaUsy

+ U2TQA22 Usz Bao UQTQ 022 Uss.
(S17)
se4 Since inhomogeneous Haar integrals always vanish on Hgyp, the elements above can be reduced to

11: A BuiCn + A12U22322U§2C217
12: A11B12U§2022U22, 21: U§2A22U22Bz1011, (S18)
22 1 Uy Ag) B11CiaUsy + Uly AggUsy Bag Uy CoaUss.

565 Let do = dgyp, = dim Hgyp, and I5o be the identity matrix in Hgy,p. Utilizing Egs. (S4) and (S5), the
se6 expectation of each block becomes

tr B
11: Ay B11Ciy + 222 A12Cy,
tr C trA
P — A1 Bya, 21: e Bs1Chy,
& o S19
. tr (A21311012) tr(A22022) tI‘(BQQ) ( )
22 —————1Ip + 5 I
da ds
do tI‘(Agg) tI"(CQQ) — tI‘(AQQCQQ) tI"(BQQ)
5 Bay — Iso ) .
da(d3 — 1) do
se7  Written in terms of subspace projectors P and P, the results become exactly as Eq. (S15). |
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ses  Corollary S6 Suppose |p) is a Haar-random pure state in Hsyp. For arbitrary linear operators A

s69 on H, the following equality holds

tr((PA)?) + (tr(PA))?

E Alp)?] =
o lteller) douts (Ao, + 1)

570 where B[] is the expectation with respect to the random state |p).

: (S20)

571 Proof Suppose |¢g) is an arbitrary fixed state in M. The random state |¢) can be written in terms
sz of U € U as |¢) = Ulepop) such that

E, [({(¢lAl)?] = Evew [(@olUTAU o) {po|UT AU |p0)] . (S521)
573 Eq. (S20) is naturally obtained from Lemma S5 by taking C' = A and B = | ){¢o| which satisfies
574 PB=BP=0,PBP =BandtrB=1. ]

575 Lemma S7 For arbitrary linear operators A, B,C, D on H and U € U, the following equality holds
Ey [tr(UTAUB) tr(UTCUD)| = tr(PAPB) tr(PCPD)
n tr(PAPB) tr(PC) tr(PD) n tr(PCPD) tr(PA) tr(PB)
dsub dsub
tr(PBPAPCPD) n tr(PAPBPDPC)
dsup dsub (S22)
tr(PA) tr(PB) tr(PC) tr(PD) + tr(PAPC) tr(PBPD)
" 2,1
tr(PAPC) tr(PB) tr(PD) + tr(PA) tr(PC) tr(PBPD)
dsub (dZy, — 1)

s76 Proof Similarly with the proof of Lemma S5, the block matrix multiplication gives

A AU B B
TA B) = 11 12U 22 11 12
tI‘(U U ) tr |:<U§2A21 U2T2A22U22 B21 B22

(S23)
= tr(A11B11) + tr(A12Uss Bay ) + tr(UdyAgy Bro) + tr(Uly AgoUss Boy).
577 Hence we have
Ey [tr(UTAUB) tr(UTCUD)| = Ey| tr(A11B11) tr(C11D11)
+ tr(Ay1 By ) tr(UL,CosUss Do) + tr(Chy Dy tr(Uly AgsUsy Bao) 24)

+ tr(A12Us2 Bay ) tr(Udy Co1 Dig) + tr(Udy Aoy Bio) tr(C12Uz Doy )
+ tr(U§2A22U22B22) tl"(U;rZCQQUQQDQQ)] .

576 where all inhomogeneous terms have been ignored. Utilizing Eqgs. (S4), (S6) and (S7), the expectation
579 becomes

]E[U [tI‘(UTAUB) tI‘(UTCUD)] = tr(AllBll) tr(CllDll)
+ tI‘(AuBH) tI(CQQ) tI‘(DQQ) + tI‘(CuDH) tI‘(AQQ) tI’(BQQ)

d2 d2
" tr(B21 A12C21D12) n tr(Ag B1aD21Ch2)
dz da (S25)
1
+ ﬁ(tr(Agg) tI‘(BQQ) tI‘(CQQ) tI‘(DQQ) + tI‘(AQQCQQ) tI‘(BQQDQQ))
2
1
_ m (tI‘(A22022) tI‘(BQQ) tI‘(DQQ) + tI‘(AQQ) tI‘(CQQ) tr(B22D22))
2
s80 Written in terms of subspace projectors P and P, the results become exactly as Eq. (S22). [ ]

s81  Finally, similar to the unitary ¢-design, we introduce the concept of “subspace t-design”. If an
ss2 ensemble W of unitaries V' matches the ensemble U rotating the subspace Hgyup up to the t-degree
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moment, then W is called a subspace unitary ¢-design with respect to Hgy,p. In the main text, the
ensemble comes from the unknown target state. Alternatively, if a random QNN U(8) with some
constraints such as keeping the loss function constant £(6) = L, i.e.,

W=1U(©), ©={0]L(O)=Lo}, (S26)
forms a approximate subspace 2-design, then similar results as in the main text can be established

yet with a different interpretation: there is an exponentially large proportion of local minima on a
constant-loss-section of the training landscape.

A.2 Perturbation on positive definite matrices

To identify whether a parameter point is a local minimum, we need to check whether the Hessian
matrix is positive definite, where the following sufficient condition is used in the proof of our main
theorem in the next section.

Lemma S8 Suppose X is a positive definite matrix and Y is a Hermitian matrix. If the distance

between'Y and X is smaller than the minimal eigenvalue of X, i.e., ||Y — X |0 < || X 7|5, then
Y is positive definite. Here || - || denotes the Schatten-oo norm.

Proof For an arbitrary vector |v), we have

(WY |v) = (v|X]v) + (oY = XJo) 2 [ X7 = Y = X[l > 0. (S27)
Note that || X ~!||2! just represents the minimal eigenvalue of the positive matrix X. Thus, Y is
positive definite. |

A.3 Tail inequalities

In order to bound the probability of avoiding local minima, we need to use some “tail inequalities”
in probability theory, especially the generalized Chebyshev’s inequality for matrices, which we
summarize below for clarity.

Lemma S9 (Markov’s inequality) For a non-negative random variable X and a > 0, the probability
that X is at least a is upper bounded by the expectation of X divided by q, i.e.,

E[X
Pr[X >a] < [ ] (S28)
a
Proof The expectation can be rewritten and bounded as
EX]=PrX <a]-EX | X <a]+Pr[X >a]-EX | X >aq (529)
>Pr[X >a]-E[X|X >a] >Pr[X >dq]-a.
Thus we have Pr[X > a] < E[X]/a. [ |

Lemma S10 (Chebyshev’s inequality) For a real random variable X and € > 0, the probability that
X deviates from the expectation E[X| by € is upper bounded by the variance of X divided by €2, i.e.,

< Var[X]'

Pr[|X — E[X]| > ¢] (S30)

22
Proof Applying Markov’s inequality in Lemma S9 to the random variable (X — E[X])? gives
E[(X —E[X])?] _ Var[X]
g2 g2
Alternatively, the proof can be carried out similarly as in Eq. (S29) with respect to (X — E[X])%. &

Pr|X — E[X]| > €] = Pr[(X — E[X])* > £%] < (S31)

Lemma S11 (Chebyshev’s inequality for matrices) For a random matrix X and € > 0, the probabil-

ity that X deviates from the expectation E[X| by € in terms of the norm || - ||, satisfies
2
Ua
Pr|X — E[X]|a > o] < % (832)
where 02 = E[|| X — E[X]||2] denotes the variance of X in terms of the norm || - || -
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Proof Applying Markov’s inequality in Lemma S9 to the random variable || X — E[X]||2 gives
_ElX -EX)E] _o

Pr(|X ~ ElX]la 2 ¢ = Prf|IX —E[X]|2 2 <% <« o —oim = T2 (533)
Note that here the expectation E[X] is still a matrix while the “variance” o2 is a real number. W

A.4 Quantum Fisher information matrix

Given a parameterized pure quantum state |¢)(8)), the quantum Fisher information (QFI) matrix
Fuv [56] is defined as the Riemannian metric induced from the Bures fidelity distance d;(6,0’) =
1 — [{4(8)|(8"))|? (up to a factor 2 depending on convention), i.e.,

2

Fun(0) = 55554
nYC%

1(0,0 +90)| = —2Re[(0u0,9[¢) + (0|) (¥]0,9)] - (S34)

6=0

Note that |0,,7) actually refers to a% |1)(0)). Using the normalization condition
i

(Wly) =1,
Ou((Wly)) = (Oubl¥) + ($l0uy) = 2Re [(Ouh]¢)] = 0, (S35)
0u0y ((¥[¥) = 2Re [(0,0,¥[¢) + (0u0[0u9)] = O,

the QFI can be rewritten as

The QFI characterizes the sensibility of a parameterized quantum state to a small change of parameters,
and can be viewed as the real part of the quantum geometric tensor.

B Detailed proofs

In this section, we provide the detailed proofs of Lemma 1, Theorem 2 and Proposition 3 in the main
text. Here we use d to denote the dimension of the Hilbert space. For a qubit system with IV qubits,
we have d = 2"V. As in the main text, we represent the value of a certain function at & = 8* by
appending the superscript “+” for simplicity of notation, e.g., VL|,_4. as VL* and Hy|y_g. as

H . In addition, for a parameterized quantum circuit U(6) = ny:l U,(6,,)W,,, we introduce the

notation V,_,3 = Hﬁ:a UW,ifa < gand V., =1if a > . Note that the product Hu is by
default in the increasing order from the right to the left. The derivative with respect to the parameter

0, is simply denoted as 0, = 3%. We remark that our results hold for all kinds of input states into
"
QNN in spite that we use |0)® in the definition of |+/(8)) for simplicity.

Lemma 1 The expectation and variance of the gradient V L and Hessian matrix H of the fidelity
loss function L£(0) = 1 — |(¢|1(0))|? at @ = 0* with respect to the target state ensemble T satisfy

Er [VL*] =0, Varp[0,L"] = fi(p,d)F,,. (S37)
* dp2 -1 * * 2 2
Er [H}] = -1 F*, Varp[0,0,L"] < fa(p, d)|| Q|5 1190 |2 - (S38)

where F denote the QFI matrix. f1 and fo are functions of the overlap p and the Hilbert space
dimension d, i.e.,

filp,d) =

2 2 2 _ 2
PUZP) - oy = 200D {p2+2(1dp )} (839)

Proof Using the decomposition in Eq. (4), the loss function can be expressed by

L=1—(¢lolg) = 1—p*W*|o|*) — (1 —p*) (b |o|tr") — 2p\/1 — p? Re ((1h"[0]*)) , (S40)
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where 0(0) = [1(6))X)(0)] denotes the density matrix of the output state from the QNN. According
to Lemma S2 and Corollary S4, the expectation of the loss function with respect to the ensemble T
can be calculated as

Er [£(0)] = 1 — p? (*|o|y*) — (1 _pz)tr[(f — [ )"])e]

d—1

(S41)

dp? — 1
—1-p*+ T——9(6),

where g(0) = 1 — (¢*|0(0)|*) denotes the fidelity distance between the output states at 6 and 6*.
By definition, g(@) takes the global minimum at 8 = 6%, i.e., at ¢ = [¢)*)(¢)*|. Thus the commutation
between the expectation and differentiation gives

* dp2 —1
Ep VL] = V(Er[C)lo—s- = — ;=7 V9(O)lo—o- =0,

dp? — 1 dp? —1 dp* —1 _,
a1 o Olo—e- =~ HoOlo—g- = =77

Note that Hy(8)|,_,. is actually the QFI matrix F of [)(8)) at @ = 6* (see Appendix A.4), which
is always positive semidefinite. To estimate the variance, we need to calculate the expression of
derivatives first due to the non-linearity of the variance, unlike the case of Eq. (S42) where the
operations of taking the expectation and derivative is exchanged. The first order derivative can be
expressed by

0L = —(@|Dulo) = —p* (W Dule*) — (| Dulrt) — 2pg Re (0| Dufr™)) . (S43)

where ¢ = \/1 — p? and D,, = 0,0 is a traceless Hermitian operator since tr D, = 9,,(tr o) = 0.
At 0 = 6", the operator D,, is reduced to Dy, which satisfies several useful properties

Dy, = [0u(9XUDI™ = 104" X" | + [ K0u"],

WHIDLP") = (710u1") + (0uy*[97) = 0 ((¥]4))" = 0,
WD) = @09 ) @ [0h) + @ [ ) 0w [vt) =0,
WHDLI") = (0" YW [*) + (W [ ) 0.0 [9) = (¢ 9,0%),

where we have used the facts of (¢[1)) = 1 and (¢*|p) = 0. Note that |0,,1/*) actually refers to
(0,]%))*. Thus the variance of the first order derivative at & = 8* becomes

(842)
Er [Hf] =

(S44)

Varg[9,£*] = Ex [(a#.c* - ET[@LE*]ﬂ —Er [@L*)Q]

) (S45)
= 4p?¢® Er {(Re(lﬂﬂ@,ﬂb*)) } )
According to Lemma S2 and Corollary S4, it holds that
) 2 1 * *
Ex [(Re(v[0,47))"| = 3Bx [(@*10,0" )0 v )]
(" 10u8") — (10, O 1) Fr (546)
2(d-1) 4(d—1)’
where F,,, is the QFI diagonal element. Using the generators in the PQC, F,,,, could be expressed as
Fun =2 (WIQ2I0) = (10 1)?) (347)
where Q# =V MQuVJ _, - Finally, the variance of 9, L at @ = 6* equals to
Fx 2 1— 2
Vare[9,L%] = dp? - o — PTL =P )]-';#. (S48)

4(d—1) d—1
The second order derivative can be expressed by
0?L
H w — [ an - Yulrvk = — DLV
= —p2<¢*\Duu|1/)*> - q2<¢l\DW|¢L> — 2pq Re (<¢L\DW|1/)*>) s
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where D,,, = 0,0, 0is a traceless Hermitian operator since tr D, = 9,0, (tr o) = 0. Please do not
confuse D, with D, above. At @ = 8", the D,,,, is reduced to D;V Which satisfies the following
properties

D}y, = 0,0, (|[¥)¢])" = 2Re[|0,0,0" N | + |0,0" X0 "], (S50)
<¢*|D;u|w*> =2Re [<¢*\3u3u¢*> + <1/)*|8u¢ >< u¢ |¢ >] lu/a (S51)
(D, [o) = 2Re [(Y 18,4 X040 [9)] - (S52)

Here the notation 2 Re[-] of square matrix A actually means the sum of the matrix and its Hermitian
conjugate, i.e., 2Re[A] = A + Af. From Eq. (S50) we know that the rank of D,,, is at most 4.
Substituting the expectation in Eq. (S42), the variance of the second order derivative at 8 = 6*
becomes

Vars(0,0,£°] = Ex [(0,0,L" — Bx [0,0,£°))°]

2 2
— (75575) +a'Ee (WD) (553)
2¢* ., .
- r]:uz/ET [<wL|D/LV|wJ—>} + 4p qQET [(Re<wL|D}LV|w >)2] .
where the inhomogeneous cross terms vanish after taking the expectation according to Lemma S2 and
have been omitted. Using Corollaries S4 and S6, the expectations in Eq. (S53) can be calculated as
tr((D},)?) = 2 (W [(D5)°[¥") — (7| D, [v*)?
[<wJ_|D V|,¢J_> ] M ( M M )

d(d—1) ’
WD) T
LiD* o)) = = _#
Er [(v*|D}, [¢)] = d—1 d—1 (S54)

Er [(Re(y"| Dy, [9%))%] = §]ET (D, |0*) (% | Dy )]
_ WD) 197) — (WD 197)
2(d—-1) '
Thus the variance of the second order derivative at @ = 68* can be written as
4||D 3 =2 (W (D52 19*) — (¥ Dy [9*)?)
d(d-1)
W IO 19") = W IDg, 1) ( ¢ )
d—1 d—

1+

Varg[0,0,L7] =
(S55)
+ 2p2q2

Note that the factor
(W (D)2 197) — @71 D [97)? = (| Dy, (I = [ X ) Dy, 147, (S56)
is non-negative because the operator (I — [¢)*)(1*|) is positive semidefinite. Hence the variance can

be upper bounded by

4
*<7
Varrp[0,0, L] < d(d— )HD
q* 2p?¢? 5 ?
<7 —( —=—F S57
< D e - (755 5) 6

2(]2 2‘1 2
< 4 D
< 25 (4 2 ) iDL

where we have used the properties

2+ 2pq< GID5)? )

1D rank(D;;,) 1D} llso < 20D5lloe, (D)) oo = 1D} 13- (S58)

[U/”Q <

Utilizing the quantum gates in the QNN, the operator D,,,, can be written as

DMV = Vv+l—-M [VM+1HV[V1HH|O><0|V1T—>W i }VJ+1—)V7 i }Vu+1—>M’ (859)
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where we assume ;o < v without loss of generality. Thus ||D,,, || can be upper bounded by

1Dy lloe < 412,820 [loo < 41200 1€ [l o - (S60)
Finally, the variance of the second order derivative at @ = 8* can be bounded as
Vare[0,0,L7] < fa(p, d) Q3 Q[ - (S61)

The factor f2(p, d) reads

f2(p?d): d

which vanishes at least of order 1/d. ]

Note that when p € {0, 1}, f1, f> and hence the variances of the first and second order derivatives
become exactly zero, indicating £* takes the optimum in all cases. This is nothing but the fact that
the range of the loss function is [0, 1], which reflects that the bound of Varr[0,,0, £*] is tight in p.

We remark that the vanishing gradient here is both conceptually and technically distinct from barren
plateaus [30]. Firstly, here we focus on a fixed parameter point 8* instead of a randomly chosen point
on the training landscape. Other points apart from 8* is allowed to have a non-vanishing gradient
expectation, which leads to prominent local minima instead of plateaus. Moreover, the ensemble T
used here originates from the unknown target state instead of the random initialization. The latter
typically demands a polynomially deep circuit to form a 2-design. Technically, a constant overlap p
is assumed to construct the ensemble T instead of completely random over the entire Hilbert space.
Thus our results apply to adaptive methods, while barren plateaus from the random initialization are
not.

Theorem 2 [f the fidelity loss function satisfies L(0*) < 1 — 1/d, the probability that 6* is not a
local minimum of L up to a fixed precision € = (€1, €2) with respect to the target state ensemble T is
upper bounded by

2fi(p. d)lwl3 | fo(p.d)|wll3
S 62 + do?—1 29
1 (=te + )
where e* denotes the minimal eigenvalue of the QFI matrix at @ = 0*. fi and f5 are defined in
Lemma 1 which vanish at least of order 1/d.

Pry [ LocalMin(0*, ¢)] (S63)

Proof By definition in Eq. (5) in the main text, the probability Pr [- LocalMin(6*, €)] can be upper
bounded by the sum of two terms: the probability that one of the gradient component is larger than
€1, and the probability that the Hessian matrix is not positive definite up to the error €s, i.e.,

M
Pry [ LocalMin(0*,¢)] = Prp [U {10,L%| > er} U{H} 62[}‘|
pn=1

I, (S64)

< Prr lUﬂaﬂc* > e}

pn=1

+ PI"JT [Hz ?A —62]] .

The first term can be easily upper bounded by combining Lemma 1 and Chebyshev’s inequality, i.e.,

M M M
* * Var'lf[a ‘C*] fl(pad) *
Ulo.c |>el}] <Y Pref0,07 > ] < 30 S = D, s65)

PI"]I‘

pn=1 p=1 p=1
where the diagonal element of the QFI matrix is upper bounded as F,,, < 2[/2,,||2, by definition and

thus tr F* < 2||lw||3. Here the generator norm vector w is defined as

w:(HQ1||OO7||QQHOC>7a”QJ\/IHOO): (S66)

M

=1 1€ |%,. Thus we obtain the upper

so that the squared vector 2-norm of w equals to ||w||3 =
bound of the first term, i.e.,

M 2
Prp [U{I%ﬂ*l > 61}] < M, (S67)

€
p=1 1
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It takes extra efforts to bound the second term. After assuming p? > 1/d to ensure that Ep[H}] is
positive semidefinite, a sufficient condition of the positive definiteness can be obtained by perturbing
Er[H}] using Lemma S8, i.e.,

|H; —Er[HE|loo < |Ex[Hf + €21]™ = H}+el >0, (S68)

1

[P
Note that ||Ex[H} + 2] 7Y = ds —Le* + €y, where e* denotes the minimal eigenvalue of the
QFI F*. A necessary condition for H ; + eo1 % 0 is hence obtained by the contrapositive, i.e.,

dp® —

1
71 e* + €. (S69)

Hp# —el = ||Hz = Ex[HE][loo >

Thus the probability that H}. is not positive definite can be upper bounded by

dp? — 1

Pre[HZ f —eol] < Prr |[|Hz — Ex[HZ]ll0 2 ——

e +eal. (S70)

The generalized Chebyshev’s inequality in Lemma S11 regarding /; and the Schatten-co norm gives

o2
Pro[|[Hz — Ex[HE][[o > €] < ?m (S71)
where the “norm variance” is defined as 0%, = Er[||H}: — Er[H}]||%.]. By taking ¢ = dg et + e,
we obtain
2
Prp[Hp f —ed] < —— 7 (S72)

2
2
(ds 16* 62)

Utilizing Lemma 1, 02, can be further bounded by

7% S of = BallHE ~ BxlH) ] = 3 s ((HE) o — (BalHED )]
M
= Y Varr[0,0,L°] < fa(p,d Z 192,012 12 112 (S73)
p,v=1 w,v=1
M 2
= f2(p.d) (Z IQMI§O> = fa(p, d)|wll2-
pn=1
Combining Eqgs. (S72) and (S73), we obtain the upper bound of the second term, i.e.,
d 4
PI"]]‘ [HZ % —621} S .fQ(pv )||w||2 o (S74)
2_
ds 16* +62)

Substituting the bounds for the first and second terms into Eq. (S64), one finally arrives at the desired
upper bound for the probability that 8* is not a local minimum up to a fixed precision € = (€1, ¢3). B

Proposition 3 The expectation and variance of the fidelity loss function L with respect to the target
state ensemble T can be exactly calculated as

d
Er [£(8)] = 1 —p” + ——9(6),
(S75)

_p2 _ 2
Vare [£(6)] = = 20(0) [~ (2 = U0 ) g6
where g(6) = 1~ |{*|15(6))
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71s Proof The expression of the expectation Et [£] has already been calculated in Eq. (S41). Considering
719 Lemma S2, the variance of the loss function is

Varp[£] = Er [(ﬁ - ET[Q)Z}

:ET

, 2
(1d_pl ((@*lele™) = 1) + (¥ [olv") + 2pg Re (<¢l|9|¢*>)> 1
4 (S76)
g

4
= g lelt) = 1 (o) — 1) B [(w el
+ 4" Ex [(0*olv)?] + 4% Ex [Re (¢ 1olv™))’] |

720 where ¢ = \/1 — p? and 0(0) = |¢(0) X1 (0)]|. According to Corollaries S4 and S6, the terms above
721 can be calculated as

1— * *
Ex [(0* ol )] = - 1AV,
t 2\ _ 2 *| 2 * + * *\2 + 1— * *\\2
Ex [(*|olyt)?] = (tr(e®) — 2(v*[0®|v") d((lflglzéi ) + (1= (¥*|el¥*))
. N2 (S77)
21— (elv))
d(d—1) ’
1 1 o * *\ 2
Be [Re (o))’ = 5B [(6*lahw" 0" leli)] =
722 Thus the variance of the loss function becomes
_at = @relv)? | 200 (1= (Wrlelv™)? | 20°¢° (1 — (¥Flelv)?)
Varp[L] = — -1y + ad—1) + 1 .
_ (= @relv) [¢*(d—2)(1 = W [alv™) |, 2 N
— U W) [a 0= 0= W) oo+ qwrlele)|.
723 Substituting the relation (¢*|p|1p*) = 1 — g(0), the desired expression is obtained. |

724 If the quantum gate U, in the QNN satisfies the parameter-shift rule, the explicit form of the factor
725 g(0) could be known along the axis of 6,, passing through 8*, which is summarized in Corollary S12.
726 We use 6 to represent the other components except for 6,,, namely 8; = {60, },,,.

727 Corollary S12 For QNNs satisfying the parameter-shift rule by Qi = I, the expectation and
728 variance of the fidelity loss function L restricted by only varying the parameter 0,, from 0* with
729 respect to the target state ensemble T can be exactly calculated as

dp? — 1
Er [£|9ﬂ:93} =1-p*+ i_1 9(04),
(S79)
1 —p? d—2)(1—p?
Vary [£|eﬂ:0;} T 41 9(6,) [4]02 - <2p2 - (d(cg(—l)) 9(0,)|,
730 where g(0,,) = %F;H sin? (6, — 9;)

73t Proof According to Proposition 3, we only need to calculate the factor g(8)] 0,—0%- We simply

732 denote this factor as g(6,,), the explicit expression of which could be calculated by just substituting
733 the parameter-shift rule. Alternatively, the expression of g(6,) can be directly written down by
734 considering the following facts. The parameter-shift rule ensures that g(6,,) must take the form of
735 linear combinations of 1, cos(26,,) and sin(26,,) since U, (0,,) = e~ *“*% = cos6,I — isinf,Q,
736 and g(6),) takes the form of U, (-)U}. Furthermore, g(6,,) takes its minimum at 6 so that it is an
737 even function relative to 6, = 07,. Combined with the fact that g(6,,) also takes zero at 67, we know
738 g(0,) o< [1 — cos(2(0, — 0},))]. The coefficient can be determined by considering that the second

739 order derivative of g(6,,) equals to the QFI matrix element ', by definition, so that

Jp
1 X L . *
9(01) = 9(0)lg,—g; = 7Fnull = c0s(2(0, = O2))] = 5T, sin®(6, — 07). (S80)

F

o
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The expressions of the expectation and variance of the loss function can be obtained by directly
substituting Eq. (S80) into Proposition 3. |

C Generalization to the local loss function

In the main text, we focus on the fidelity loss function, also known as the “global” loss function [31],
where the ensemble construction and calculation are preformed in a clear and meaningful manner.
However, there is another type of loss function called “local” loss function [31], such as the energy
expectation in the variational quantum eigensolver (VQE) which aims to prepare the ground state of
a physical system. The local loss function takes the form of

L(0) = (¥ (0)|H|1(0)), (S81)

where I is the Hamiltonian of the physical system as a summation of Pauli strings. Eq. (S81) can
formally reduce to the fidelity loss function by taking H = I — |¢)¢|. In this section, we generalize
the results of the fidelity loss function to the local loss function and show that the conclusion keeps
the same, though the ensemble construction and calculation are more complicated.

The ensemble we used in the main text decomposes the unknown target state into the learnt component
|4p*) and the unknown component |t/)), and regards [¢)*) as a Haar random state in the orthogonal
complement of [¢)*). This way of thinking seems to be more subtle in the case of the local loss
function since the Hamiltonian is usually already known in the form of Pauli strings and hence it
is unnatural to assume an unknown Hamiltonian. However, a known Hamiltonian does not imply
a known target state, i.e., the ground state of the physical system. One needs to diagonalize the
Hamiltonian to find the ground state, which requires an exponential cost in classical computers. That
is to say, what one really does not know is the unitary used in the diagonalization, i.e., the relation
between the learnt state |¢)*) and the eigen-basis of the Hamiltonian. We represent this kind of
uncertainty by a unitary V' from the ensemble V, where V comes from the ensemble U mentioned
in Appendix A.1 by specifying P = |¢)*)}(¢)*|. Such an ensemble V induces an ensemble of loss
functions via

L£(0) = (v(O)|VIHV|(9)), (S82)

similar with the loss function ensemble induced by the unknown target state in the main text. V can
be interpreted as all of the possible diagonalizing unitaries that keeps the loss value £(6*) constant,
denoted as £*. In the following, similar with those for the global loss function, we calculate the
expectation and variance of the derivatives of the local loss function in Lemma S13 and bound the
probability of avoiding local minima in Theorem S14. Hence, the results and relative discussions in
the main text could generalize to the case of local loss functions.

Lemma S13 The expectation and variance of the gradient V L and Hessian matrix H of the local
loss function L(0) = (y(0)|H|(0)) at @ = 6* with respect to the ensemble V satisfy
]EV [Vﬁ*] = 0, Varv[auﬁ*] = f1 (H, d)]:;;u,
trH —dL*
d—1
where F denotes the QFI matrix. f1 and fs are functions of the Hamiltonian H and the Hilbert
space dimension d, i.e.,

2 2

(S83)

Ey [Hz] = F*, Vary [0,0,L7] < fo(H, d)[|]13 1920 |5,

=+

huH,d) = d—1 d(d—2)

(S84)

(H?). — (H)? = 2| H|j3 >

where we introduce the notation (-),. = (*| - [¢*).

Proof Using Lemma S3, the expectation of the local loss function can be directly calculated as
tr H —dL*
d—1

where g(0) = 1 — (¢*|0(0)|*) denotes the fidelity distance between the output states at 8 and
0*. By definition, g(0) takes the global minimum at & = 8*. Thus the commutation between the

Ey [£(0)] = £* + 9(0). (S85)
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expectation and differentiation gives

. tr H —dL*
Ev[VL] =V (Ev[L)lo—p- = —; =5 V9(0)lg—p- =0,
(S86)
.. trH—dC* tr H — dC* .
BolHe) = =1 HsOlo—o- = —g—7

By definition, H(0)|,_,. is actually the QFI matrix 7™ of [¢/(0)) at @ = 6* (see Appendix A.4),
which is always positive semidefinite. To estimate the variance, we need to calculate the expression
of derivatives first due to the non-linearity of the variance. The first order derivative of the local loss
function can be expressed by

L = tr[VTHV D,] = 2Re(s)|VIHV|8,1), (S87)

where D, = 0,0 is a traceless Hermitian operator since tr D,, = 0,,(tr o) = 0. By definition, we
know that [¢))* is not changed by V, i.e., V|¢*) = |[¢)*), which leads to the reduction 9, L* =
2Re((¢*|HV|0,4*)). Hence, the variance of the first order derivative at = 0* is

Vary[0,L*] = Ey [(0,L* — Ev[0,£])?] = Ev [(0,L£")?]
Ey [(2Re(y*[HV[9,9%))?]
By [(¢*[HV0,9")?] + By [(0,0" VT H|¢*)?]

+ 2By [(*|HV|0,4") (0,0 |VIH[y™)] .

(S88)

Utilizing Lemmas S2 and S3, we obtain

Ev [(4*|HV[9,9%)%] = (H)2(¢*0,4%)?,

By [0, |VTH[)?] = (H)2(0,0" [4*)?,

Ey [(*|HV 8,0 ) (0,0 VT H|y*)] (589)
(H?). — (H)

2
= gy Tt HT0T 0 ),

where we introduce the notation (-), = (¢*| - [¢*) and hence L* = (H ). The 1/2 factor in the third

line arises from the definition of the QFI matrix. Note that there are three terms above canceling each
other due to the fact

2Re [(0u¢|)] = (Ouiplib) + (¥10ut) = 0u((l¥)) = 0,

9 ) 9 (S90)
(¥10u10)” + (O [¥)” + 2(0[0,10) (Outp|9h) = (2Re [(Duv[4)])” = 0.
Therefore, the variance of the first order derivative at @ = 8* equals to
Vary [0,£] = Ey | (2 Re<¢*|HV|aM¢*>)2} - w}jw (S91)
The second-order derivative can be expressed by
0,0, L = (Hg)uw =tr [VIHVD,,], (S92)

where D, = 0,,0,0 is a traceless Hermitian operator since tr D, = 9,0, (tr ¢) = 0. By direct
expansion, the variance of the second order derivative at & = 6* can be expressed as

Vary[0,0,L£*] = Ey [(9,0,L£*)*] — (Ev [0,0,L*])?, (S93)
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where the second term is already obtained in Eq. (S86). Lemma S7 directly implies
Ev [(0,0,£)*] = Ey [tr(VIHVD,,) tr(VIHVD,,)]

= (H)2(D)? + 20 D)
2

+ 7 (H?)s = (DD b = (D))

(tr H — (H),)(tr Dy — (Dy)s)

(S94)

(tr(H?) = 2(H?), + (H)2)(tr(D,) — 20D}, ) + (D))
[(6r(H?) = 2(H?),c + (H)?)(tr Dy = (Dyuv)+)?]
[(tr H — (H).)*(6x(D},,) — 2(Dp, )« + (D)) -

Cd(d—1

According to Eq. (S86), (D},,,)« = —F,;, in Eq. (S51) and L* = (H )., we have
ona  (trH—dCr _ \?  [(trH —(H),
Evi0.0,00° = (“H 1) = (M
Combining Egs. (S94) and (S95) together with the condition tr D, = 0, we obtain
2

Vary[0,0,£"] = - ((H?).. = (H))) (D)« = (D},)7)

(tr(H?) = 2(H?), + (H)2)(tx(Dy;) — 2(Dps ) + (D, )3)

2
S Dk 99)

(596)
Ad-D[d=2) [(br(H?) = 2(H?), + (H)2)(D},,)]
d—2
T dd-1)d-2) mu}“”ﬁ)) .
Note that we always have d > 2 in qubit systems. If rank H > 2, then it holds that
tr(H?) = 2(H?). + (H)Z > ||H|5 - 2| H||%, = (rank H)| H[|3, — 2| H|3, > 0. (S97)

Otherwise if rank H = 1 (the case of rank H = 0 is trivial), then we assume H = A|¢)¢| and it
holds that

tr(H2) = 2(H2), + (H)? = N2 =222 ([ 6) >+ N[ (" |0)[* = X2 (1 = [(*[@)[)" > 0. (598)

Hence we conclude that it always holds that

(tr H — (H).)?(tx(D}) — 2(Dyy ) +

tr(H?) — 2(H?), + (H)? > 0. (S99)
Similarly, because tr D,,,, = 0, we know rank D,,,, > 2 and thus
tr(D3,) — 2(D3,)« > (rank D,)|| Dy l|%, — 2[| Dy |2, > 0. (S100)

Therefore, we can upper bound the variance by just discarding the last two terms in Eq. (S96)

Vary[0,0,£7] < —— ((H?), — (H)2)(D25), — (D)?)
1 d—1 (S101)
+ gy ) = 208+ (DD (D)) = 2D+ (D))
On the other hand, we have
tr(H?) = 2(H?). + (H)? = tr(H?) = (H?), — ((H?). = (H)%) < tr(H?), (S102)

since (H?), — (H)? = (H(I — [¢*}¢*|)H). > 0. A similar inequality also holds for D,,,,. Thus

the variance can be ?urther bounded by

* 2 *
Vary[0,0,L"] < m(<H2>* —(H))ID; 1% +

A H|31D7 113

TR (S103)
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where we have used the properties in Eq. (S58). Using the inequality in Eq. (S60) associated with
the gate generators, the variance of the second order derivative at & = 8* can be ultimately upper
bounded by

Vary[0,0,L"] < fo(H, d)[[ Q1% [192 1%, (S104)

The factor fo(H, d) reads

(S105)

fo(H, d) = 32 (<H2>* — (7 2 H|3 ) |

d—1 d(d—2)

which vanishes at least of order O(poly(N)2~") with the qubit count N = log, d if ||H||s €
O(poly(N)). |

Theorem S14 If L* < & dH , the probability that % is not a local minimum of the local cost function
L up to a fixed precision € = (€1, €2) with respect to the ensemble V is upper bounded by

2f1(H,d 2 H, d 4
PI‘V [ﬂLocalMin(()*,e)] < fl( 72)”(4)”2 + fQ( ) )HwHQ 5
€1 (trl;]l:fﬁ*e*+€2>

where €* denotes the minimal eigenvalue of the QFI matrix at @ = 0*. f| and fo are defined
in Eq. (S84) which vanish at least of order O(poly(N)2~N) with the qubit count N = log, d if
[Hlloo € O(poly(N)).

(S106)

Proof Utilizing Lemma S13, the proof is exactly the same as that of Theorem 2 up to the different
hessian expectation Ey[H | and coefficient functions f; and f5. [ ]
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