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A  Proof of Lemma 3.6/

In this section, we present a comprehensive proof of Lemma[3.6] This lemma establishes a fundamen-
tal property of our recursive construction, as defined in Definition the only €2-approximate Nash
equilibrium is located at the maximum value element. Consequently, the fictitious play dynamics fail
to reach even an approximate Nash equilibrium (within the specified degree of approximation) unless
the strategy (%, 3+ 1) has been played for a sufficient duration. Our theoretical findings are further
supported by our experiments. As shown in Figure b] the Nash gap does not vanish before the final
strategy switch occurs. To provide a precise definition of the Nash gap, we present it below.

Definition A.1 (Nash Gap for Identical Payoff). The Nash gap at round ¢ for a two-player identical
payoff games is

(maX[Ay(t)]i - (x(ﬂ)TAy(t)) + (max[(x(t))TA]j - (x(t))TAy(t))

i€[n] J€[n]

To establish Lemma 3.6] we employ a similar approach as in the other proofs presented in this work.
Specifically, we heavily rely on the structure of our payoff matrix and utilize an induction technique to
demonstrate that the majority of the probability mass must be concentrated in the maximum element.
The induction argument starts from the outermost elements of the matrix, namely row n — 1, column 1,
and row 1, column n — 1. By successive induction steps, we establish that until the maximum element
is reached, none of the elements in those rows or columns can possess a significant probability mass.

Lemma A.2 (Proof of Lemma [3.6). Let ¢ € (0,1/56n3] and (z*,y*) an ¢2-NE. Then for each
i€[0,n/2—2],
czi  <eandz, ;e

Yy Seandy; ; <e
Proof. We will prove the claim by induction. First, assume that for all j € [0,7 — 1], we have:

. x;‘-_H < eandx;‘b_j <e.

* Yjy <eandy; ; <e
Next, we proceed to establish the inequalities 7, _;, 47, 1, %7,1,9,; < €. We demonstrate these
inequalities in the exact order as presented, as their proof relies on the underlying structure of the

matrix. It is important to note that there are interdependencies between these inequalities, which we
will address accordingly.

Casel: z;_, <e€

Let assume that 27, _, > € and we will reach a contradiction. From Observation [3.3] we notice that
the utility of row n — 7 equals

[Ay i = (40 + 1)y +4iy, iy 4
At the same time the utility of row ¢ + 1 equals
[Ay™]ip1 = (40 +2)y;q + (40 +3)yn_;

As aresult, by taking the difference on the utilities of row ¢ + 1 and n — 7 we get,

[Ay*]iv1 — [Ay™ln—i = (di+2)y5 + i+ 3)yn; — (di+ Dyiyy — 4iyn_i
yior + (44 3)yn_; — diyn i
Yipr + Yn; — dic

v

where the last inequality follows by the fact that y; ;,; < e (Inductive Hypothesis). As a result, we
conclude that

[Ay*liv1 — [Ay n—i > Y1 + iy, — die
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In case y;\ | +y_; > (49 + 1)e then [Ay*]; 1 — [Ay*].—; > €. Hence if the row player puts z},_;
probability mass to row 7 + 1 by transferring the probability mass from row n — ¢ to row ¢ + 1 then it
increases its payoff by 2% _,([Ay*]i+1 — [Ay*]n—:) > €2. The latter contradicts with the assumption

that (2*,y*) is an €2-NE. Thus, we conclude in the following two statements,

Yt un_ < i+ 1)e and [Ay*],—; < 2(4i+1)%

where the last inequality is obtained by combining the first inequality with Equation (). Now
consider the sum of the utilities of rows k € [i + 2,n — i — 1]. By the construction of the payoff
matrix A we can easily establish the following claim.

Proposition A.3. The sum of utilities of rows k € [i + 2,n — i — 1] satisfies the inequality,

n—i—1 n—i—1
> Az Y ui
k=i+2 k=i+2

By Proposition [A.3] we are ensured that

n—i—1 n—i—1
> Myl = ) i
k=i+2 k=i+2
1+1 n
= 1=> i > u
k=1 k=n—1
% n
= 1 (yi1 +yn_i) — (Zyk + > y;:)
k=1 k=n—i+1
> 1—(4i+1)e—mne
> 1—(5n+1)e

where the second inequality follows by the fact that y;,; +y;,_; < (4i + 1)e and the fact that y; < ¢
forall k € [1,4] U [n — i+ 1,n] (Inductive Hypothesis).
Due to the fact that

n—i—1
Z [Ay*] > 1— (5bn+ 1)e
k=i+2

> 71_(52’“)5. Now

we are ensured that there exists a row k* € [i + 2, n — ¢ — 1] with utility [Ay*]g»
consider the difference between the utility of row £* and the row n — <.

1 1-—- 1
(5n + )6_2(4i+1)262 (5n+ 1)e

1_
[Ay*]es — [AY*]n—i > —2(4n+1)%e > e
n n

where the last inequality holds for ¢ < 1/56n3. Hence if the row player puts x%;_, probability mass
to row k* then it increases its payoff by x* . ([Ay*]x~ — [Ay*]n—s) > €2. The latter contradicts

with the assumption that (z*,y*) is an €2-NE. Thus we have reached to a final contradiction that
xh_ > €

Case2: y;, | < ¢

Similar to the previous case, we assume that 7, ; > € and proceed to derive a contradiction. From
Observation [3.3] we notice that the utility of column ¢ + 1 is given by:

(%) T Alir = (4i + 2)afey + (46 + D)2,
At the same time the utility of column n — 7 equals
(%) T Al = (4i + 3)afyy + (4i +4)ay ;4

As aresult, by taking the difference on the utilities of columns n — ¢ and ¢ + 1 we get,
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(@) T Ay = (") T Al = (46 +3)afyy + (i +4)af_ g — (40 +2)afy — (40 + D)y,
1+1+(4Z+4) n—i—1 (4Z+1) n 7
> @iyt — (dit1)e

where the last inequality follows by the fact z_, < e (Inductive Step Case 1). As a result, we
conclude that

[(a*) T Al = [(a*) T Alis1 > wfyy +2h iy — (4i + 1)e

In case 2}, | + a%_;_y > (4i + 2)e then [(z*)" A],,_; — [(z*) " A];41 > €. Hence if the column
player puts y7, | probability mass to column n — 7 then it increases its payoff by y7, | ([(x*)T A}y —
[(z*)T AJ;4+1) > €2. The latter contradicts with the assumption that (z*, y*) is an ¢2-NE. Thus we

conclude in the following two statements:
wig +ah_i g < (4i+2)e and  [(2%) T Al < 2(4i +2)%

Now consider the sum of the utilities of columns k € [i + 2,n — ¢ — 1]. By the construction of the
payoff matrix A we can easily establish the following claim.

Proposition A.4. The sum of utilities of columns k € [i + 2,n — i — 1] satisfies the inequality,

n—i—1 n—i—1
D (G P\ N
k=i+2 k=i+2

By Proposition[A-4] we are ensured that

n—i—1 n—i—1
Dl A > )
k=i+2 k=i+2
7+1
= 1- Zaz — Z :r
k=n—1
-Gt (Ya e 3 )
k=1 k=n—i+1
> ((4z—|—2 €+e€) (Z ;Uj*)
k=1 k=n—i+1
> 1-—(5n+3)e

where the second to last inequality follows by the facts: 7, + 2 _, ; < (4i + 2)e and so
x) 11 < (47 + 2)e, and the Inductive Step Case 1, 2 _, < e. Moreover, the last inequality holds by
the Inductive Hypothesis: z} < eforall k € [1,7]U[n —i+1,n].

Due to the fact that

n—i—1

3 1@ T Al > 1 (5n+ 3)e

k=i+2

we are ensured that there exists a column k* € [i +2,n —i — 1] with utility [(z*) T A]» > @
Now consider the difference between the utility of column £* and the column ¢ + 1.

1-— 1-—
(5n + 3)e o(4i 1 2)% > (5n + 3)e

[(z*)T Al — [(2*) T Alig > o > - —2(4n+2)%e > ¢
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where the last inequality follows by the fact that € < 1/56n3. Hence if the column player puts y; i
probability mass to column k* then it increases its payoff by 7, , ([(z*) T Alp+ — [(z*) T Ali1) > €2
The latter contradicts with the assumption that (z*, y*) is an €2-NE. Thus we have reached to a final
contradiction that y7, | > e.

. *
Case3: z7 | <e¢

Let assume that 27, ; > ¢ and we will reach a contradiction. From Observation [3.3] we notice that
the utility of row ¢ 4 1 equals,

[Ay*liz1 = (40 4+ 2)y; + (40 4+ 3)y;_;

Next, we examine the row n — (¢ + 1) in the inner submatrix. If this row is not well-defined, it implies
that the inductive step j = 4 has reached the 2 x 2 submatrix. In this case, the proof of Lemma[3.6]
has already been completed. Otherwise, the utility of row n — (¢ + 1) equals

[AY ln—(i+1) = A6+ 1) + Dyl + @E+ 1))y 1)41 = G+ 4y,

As a result, by taking the difference on the utilities of row ¢ + 1 and n — (i + 1) we get,

[Ay* i) — [AY" s = di+4)y,_, — (4 +2)y7 — (4 +3)y;,_,
= yr_,— (4i+ 2)y;+1
yr_; — (4i 4+ 2)e

v

where the last inequality follows by the fact that 37, ; < € (Inductive Step Case 2). As aresult, we
conclude that

[Ay*]n—(it1) — [Ay™ ]ip1 > Y1 — (404 2)e

In case y;_; > (4i + 3)e then [Ay*],,_(i41) — [Ay*|ix1 > €. Hence, if the row player puts z7,
probability mass to row n— (i+1) then it increases its payoff by «7, | ([Ay*],—(i11) — [Ay*|it1) > €2
The latter contradicts with the assumption that (z*, 3*) is an €2-NE. Thus, we conclude the following
two statements:

yi < (4i+3)e and [Ay*]ip1 < 2(4i +3)%

Now consider the sum of the utilities of rows k € [i + 2,n — i — 1]. From Proposition

n—i—1 n—i—1 i+1 i+1
oAy = ) yk—1—<zyk+ Z yk> >1-yp - (Zyk+ Z yk>

k=i+2 k=1+2 k=n—1 k=n—i+1
> 1—-(4i+3)e—ne=1—(5n+ 3)e

Thus, we are ensured that there exists a row k* € [i + 2, n — ¢ — 1] with utility [Ay* ]z« > %

Now consider the difference between the utility of row k* and the row n — 1.

1_(5n+3)6—2(4i+3)26> 1—(5n+3)e

> —2(4n +3)% > €
n n

[Ay* i — [Ay™ i1 >

where the last inequality follows by the fact that ¢ < 1/56n>. Hence if the row player puts TP
probability mass to row k* then it increases its payoff by xz o1 ([Ay* e — [Ay*|ig1) > €. The

latter contradicts with the assumption that (z*,y*) is an €2-NE. Thus we have reached to a final
contradiction that z7, ; > €.

Case4: yr_, <e¢
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Let assume that 3y _, > ¢ and we will reach a contradiction. From Observation we notice that
the utility of column n — ¢ equals,

[(x*)TA]n = (4i +3)x7yy + (4i+4)z) (i+1)

Now, we consider the column (¢ + 1) + 1 in the inner submatrix. In case this column is not well-
defined, it means that the inductive step j = ¢ has reached the 2 x 2 submatrix and so the proof of the
Lemma 3.6|has already been completed. Otherwise, the utility of column (i + 1) + 1 equals

[(z*) T Al i41)+1 = (4(i + 1) + 2)2(ip1y41 + @0+ 1) + Dy _(i1)41 = (4i+5)zr

As a result, by taking the difference on the utilities of columns 7 + 1 and n — (i + 1) we get,

(@) Aliryr1 — (@) TAlnes = (i +5)ay_; — (4i+ 3)a)y, — (di+D)x)_ ;10
= x:’(L i (4Z + 3) 1+1
> xp_, — (4i+3)e

where the last inequality follows by the fact that 7, ; < e (Inductive Step Case 3). As a result, we
conclude that

[(z) T Al41)1 — (@) T Alns > 2 — (40 + 3)e

Incase z}_; > (4i+4)ethen [(z*) T A](j41)4+1 — [(z*) T A],,—; > €. Hence if the column player puts

Yy, _; probability mass to column (i + 1) -+ 1 then it increases its payoff by v _; ([(z*) T Al i41)+1 —

[(z*)T A],,—i) > €2. The latter contradicts with the assumption that (z*,y*) is an €2-NE. Thus we
conclude in the following two statements:

i, < (4i+4)e and [(x¥)TA],_; < 2(4i +4)%

n—

Now consider the sum of the utilities of columns k € [i + 2,n — i — 1]. From Proposition

n—i—1 n—i—1 i+1
Dol = D ap=1- (ka Z >

k=i+2 k=1+2 k=n—1
i+1 n
* * *
A e g xj + E T
k=1 k=n—i+1

> 1-—(4i+4)e—ne=1— (5n+4)e

Thus, we are ensured that there exists a column k* € [i + 2,n — i — 1] with utility [(z*) " A« >
1—(5n+4)e

- . Now consider the difference between the utility of column £* and the column n — .

(@) T Al — ()T Ay > L2 OPFEVE oy 1 gy 5 17 Bt d)e

—2(4n+4)%e > €
n n

where the last inequality follows by the fact that ¢ < 1/56n>. Hence if the column player puts y* _,
probability mass to column k* then it increases its payoff by y2:_; ([(z*) T Alg+ — [(2*) T A],—;) >
€2. The latter contradicts with the assumption that (x*,y*) is an €2-NE. Thus we have reached to a
final contradiction that y; _, > e.

O
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A.1 Proof of Theorem|[A.3]

Proposition A.5. The sum of utilities of rows k € [i + 2,n — i — 1] admits,

n—i—1 n—i—1
> = Y i
k=i+2 k=i+2

Proof. By Observation [3.3|we derive the following equation.

[Aylivz = [AY G041 = G+ 2)y00 40 T @+ 3)Yn_ 41y 2 Yiirn 41

n—i—1 n—i—1
The claim can be immediately derived from the inequality given above, > [Ay*]x > > 7.
k=i+2 k=i+2

O

A.2 Proof of Theorem[A.4l

Proposition A.6. The sum of utilities of columns k € [i + 2,n — i — 1] admits,

n—i—1 n—i—1

Do) A= Y w

k=it+2 k=i+2

Proof. By Observation [3.3|we derive the following equation.

(") Alive = (@) A1 = @i+ 2)205040 + @+ 3)T5 1) = Ty

n—i—1 n—i—1
The claim can be immediately derived from the inequality given above, > [(z*)TA], > > af.
k=i+2 k=i+2

B Proof of Lemma

B.1 Omitted Proofs of Section

Proposition B.1 (Proof of Proposition[3.10). Let (i), j)) be a strategy selected by fictitious play

at round t, and (i, jV)) # (5, %). Then, in a subsequent round, fictitious play will choose the

strategy of greater value that is either on row i) or column j¥.

Proof. To establish the claim, we employ the concept of a cumulative utility vector, as defined in
Definition According to Proposition the row () and column ;) combined have three
distinct non-zero elements. Without loss of generality, let’s assume that the greater element is in
column j(t), but in a different row, denoted as 7’.

Firstly, we observe that any subsequent strategy will involve only those three elements. This is
because in the cumulative utility vector, which determines the strategy to be played in each round,
only the coordinates corresponding to those elements are updated as long as the strategy (i(t) , j(t)) is
being played.

Moreover, we can demonstrate that among these elements, the one with the greater value will be
played next, and this transition is deterministic. This means that the row player will choose the
strategy associated with the greater element. We note that this decision is implicitly affected by the
strategy of column player.
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Let’s first exclude the case where the next strategy switch involves the column player. We initially
assumed that the greatest element is in column 5(*) but on a different row. Consequently, the only
non-zero element in a different column than j(*) must have a smaller utility compared to the element
(i®, 5®). Therefore, there is no incentive to switch to a strategy with lower utility. This confirms
that the column player will not opt for a different strategy, ensuring that the next strategy switch, if it
occurs, will necessarily involve the row player.

Regarding the row player, we aim to prove that there will be a round where they will change to
a different strategy, and consequently, to a different row. To analyze this, let’s examine how the
cumulative utility vector of the row player changes from round to round.

(2

t—1
i=1i" € argmax |:ZA6]‘(S):|

i€[n] o—1

Therefore, as long as the column player continues to use the same strategy, the row Ae;w) will
repeatedly be added to the cumulative vector, reinforcing the coordinate of row ¢'. However, this
cannot happen indefinitely, as the cumulative utility vector is bounded. After a certain number of
rounds, the row player will eventually choose the strategy associated with row ¢’. This proves that
claim for the case of the row player.

Similarly, if the greater element is located in the same row but on a different column, a similar
argument can be made to prove that the column player will switch strategies next.

O

Corollary B.2 (Proof of Corollary [3.11). Let t be a round in which a player changes their strategy.
Then exactly one of the following statements is true:

1. If the row player changes their strategy at round t, i.e. i) # i*=1) then the column player
can only make the next strategy switch.

2. If the column player changes their strategy at round t, i.e. j® % j=1)  then the row player
can only make the next strategy switch.

Proof. This corollary is a simple application of Proposition [3.10] We will only prove the first claim.
Let t be the round when the row player changes their strategy, i.e., i) # i*=1)_ According to
Proposition there are three non-zero elements combined in i), j(*). Since the row player
changes their strategy, it follows from Proposition m that the other element in column j® but not
in row i(*) must necessarily have a smaller value than (i), j()). Therefore, the element with the
greater value must necessarily be in a different column. Hence, by applying Proposition [3.10] we
conclude that the column player can only make the next strategy switch. This proves the claim. [

B.2 Auxiliary Propositions for Lemma [3.6]

In this subsection, we provide the full version of the proposition used to establish the proof Lemmal[3.6|
Proposition B.3. There exists a round T} > T at which

(i) the strategy profile is (i + 1,41 + 1) for the first time,

(ii) forall roundst € [T?, T} — 1), the strategy profile is (n —i,i + 1),

1 0
(iii) column i+ 1 admits cumulative utility C’Z(fl) > (4i+1)- (Rgil) +1),

(iv) all rows k € [(i + 1) + 1,n — i — 1] admit R,(cTil) = 0 and all columns k € [i +2,n — i
1
admit C,gTi) =0.

Proof. The proposition is composed of multiple parts, each of which is proven separately. To begin
with, we must establish that the new strategy profile chosen by fictitious play will be (i + 1,7 + 1).
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According to the inductive hypothesis in Theorem we know that the strategy (n — i,7 + 1) was
played at round 77° for the first time, while any strategy involving arow € [i + 1,n — (i + 1)] has not
been played until that point. Additionally, the inductive hypothesis also states that the strategy played
before time T was (n — i,n — i + 1). Therefore, according to Corollary it is guaranteed that
the next strategy switch will be initiated by the row player.

In other words, as long as the column player continues to play their current strategy, strategy
(n — 1,1+ 1) will be played in every subsequent round, which establishes Item This implies that
the row player’s cumulative utility will increase by Ae; ;. As per Observation [3.3] column ¢ + 1
only has non-zero elements in positions ¢ + 1 and n — 4.

Aeipr =1[0,...,4i+2,0,...,0,4i +1,0,.. ] 5)
—~ —~—

Since strategy 7 + 1 has a higher value, a strategy switch in a later time step is certain. Consequently,
there will be a round 77! in which the strategy (i+1, i+ 1) will be played for the first time, establishing

Item

We must determine the point at which the strategy switch to (¢ + 1,4 + 1) will take place. According
to Equation (), the value of strategy 7 + 1 is exactly one greater than the value of strategy n — i.

From the inductive hypothesis, we know that row ¢ + 1 has a cumulative utility of zero, whereas

0 0
row n — ¢ has a cumulative utility of Rgil). Therefore, it will take precisely Rg’i) steps for those

strategies to have equal cumulative utility values. Consequently, the strategy switch will either occur
in that round or the immediate next, as the cumulative utility of row ¢ 4+ 1 will have surpassed that of
Tow 1 — 1.

In order to proceed with Item we compute the updated cumulative utility of column (i 4 1). As
shown in Equation (5)), column ¢ + 1 has a value of (47 + 1) at position n — 4. Thus, if row n — i has

0
been played for a minimum of Rgil) rounds, then the cumulative utility of column 7 4 1 is greater
0
than (44 + 1) - REI’H). Given that row n — ¢ has also been played previously (inductive hypothesis), it
is reasonable to conclude that:
T} , T
ciy > (4i+1) - (RTY +1)

Lastly, according to Observation [3.4] there exists a non-zero element in row ¢ 4 1 at position ¢ + 1.
Due to the fact that column ¢ + 1 has already been played (according to Item (iD)), we can conclude
that the cumulative utility of row ¢ + 1 must be non-zero. Combining this with inductive hypothesis,
it concludes the proof of Item [(iv)} O

B.2.1 Proof of Theorem [3.13

Proposition B.4. There exists a round T? > T} at which

(i) the strategy profile is (i + 1,n — i) for the first time,
(ii) for all rounds t € [T}, T? — 1], the strategy profile is (i + 1,4 + 1),

2 1
(iii) row i + 1 admits cumulative utility Rg’i) > (4i+2)- C’gl)

(iv) all rows k € [(i+1)+1,n—i—1] admit R,(CTE) = 0and all columns k € [i+2,n— (i+1)]
admit C,gT"’) =0.

Proof. We repeat the same reasoning as in the proof of Proposition [3.12] To begin with, we must
establish that the new strategy profile chosen by fictitious play will be (¢ + 1,n — 7).

We can infer from both Items [(1)] and [(1)]in Proposition that the most recent strategy switch was
made by the row player. Therefore, based on Corollary [3.1T] we are certain that the next strategy
switch will be initiated by the column player.

19



625
626
627
628

629
630
631

632
633
634

635
636
637
638

639
640

641

642

643
644
645
646

647

648

649

650

651

653

654
655

656
657
658

659
660
661
662

In other words, as long as the row player continues to play their current strategy, strategy (i + 1,74 1)
will be played in every subsequent round, which establishes Item [(iD} This 1rnp11es that the column
player’s cumulative utility will increase by € JrlA As per Observation (3.3} row ¢ + 1 only has
non-zero elements at positions ¢ + 1 and n — 1.

el A=10,...,4i+2,0,...,0,4i +3,0,...] (6)
1+1 n—1

Since strategy n — ¢ has a higher value, a strategy switch in a later time step is certain. Consequently,
there will be a round 772 in which the strategy (i+ 1, n—1i) will be played for the first time, establishing

Item

We must determine the point at which the strategy switch to (i + 1, n — ¢) will take place. According
to Equation (6), the value of strategy n — i is exactly one greater than the value of strategy i + 1.
From the Proposition [3.12] we know that column n — 4 has a cumulative utility of zero, whereas

column ¢ + 1 has a cumulative utility of C’f +1) Therefore, it will take precisely C' (7: i1 steps for those
strategies to have equal cumulative utility values. Consequently, the strategy switch will either occur
in that round or the immediate next, as the cumulative utility of column n — ¢ will have surpassed
that of column ¢ + 1.

In order to proceed with Item we compute the updated cumulative utility of row (i + 1). As
shown in Equation (@), row ¢ + 1 has a value of (4¢ + 2) at position ¢ + 1. Thus, if column 7 + 1

1
has been played for a minimum of C’Z(Il rounds, then the cumulative utility of row ¢ + 1 satisfies

T . T:
R§+1’ > (4i+2) - Cf+1).

Lastly, according to Observation [3.4] there exists a non-zero element in column n — 7 at position
i+ 1. Due to the fact that row 7 + 1 has already been played (according to Item [(iD)), we can conclude
that the cumulative utility of column n — i must be non-zero. Combining this with Proposition[3.12]
it concludes the proof of Item [(iv)}

B.2.2 Proof of Theorem [3.14]

Proposition B.5. There exists a round T > T? at which

(i) the strategy profile is (n — (i + 1),n — i) for the first time,
(ii) for all roundst € [T?, T? — 1), the strategy profile is (i + 1,n — 1),

. . . L (T?) . (T?)
(iti) column n — i admits cumulative utility C ;) > (4i +3) - R;.%’,

(iv) all rows k € [(i +1)+ 1,n — (i + 1) — 1] admit R,(CT'?) = 0 and all columns k €
i +2,n — (i + 1)) admit C"

Proof. We repeat the same reasoning as in the proof of Proposition[3.12] To begin with, we must
establish that the new strategy profile chosen by fictitious play will be (n — i — 1,n — ).

We can infer from both Items [(D]and [(iD)]in Proposition [3.13]that the most recent strategy switch was
made by the column player. Therefore, based on Corollary|3.11] we are certain that the next strategy
switch will be initiated by the row player.

In other words, as long as the column player continues to play their current strategy, strategy
(i + 1,n — 7) will be played in every subsequent round, which establishes Item This implies that
the row player’s cumulative utility will increase by Ae,,—;. As per Observation|3.3] column n — ¢
only has non-zero elements at positions ¢ + 1 and n — (¢ + 1).

Aen—i=0,..., 4 +3,0,...,0, 4i +4,0,.. ] %
—— ——
i+1 n—(i+1)
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Since strategy n — (i + 1) has a higher value, a strategy switch in a later time step is certain.
Consequently, there will be a round 7} in which the strategy (n — i — 1,n — 4) will be played for the
first time, establishing Item [(D)}

We must determine the point at which the strategy switch to (n — i — 1,n — ¢) will take place.
According to Equation , the value of strategy n — (i + 1) is exactly one greater than the value of
strategy i + 1. From the Proposition [3.13] we know that row n — (i + 1) has a cumulative utility of

2 2
zero, whereas row ¢ + 1 has a cumulative utility of RZ(._{"l). Therefore, it will take precisely REI”l)
steps for those strategies to have equal cumulative utility values. Consequently, the strategy switch
will either occur in that round or the immediate next, as the cumulative utility of row n — (i + 1) will
have surpassed that of row 7 + 1.

In order to proceed with Item[(iiD)} we compute the updated cumulative utility of column n — 7. As
shown in Equation , column n — i has a value of (4 + 3) at position ¢ + 1. Thus, if row 7 + 1 has

2
been played for a minimum of Rgil) rounds, then the cumulative utility of column n — i satisfies

3 2
o) > (i +3) R
Lastly, according to Observation there exists a non-zero element in row n — (i + 1) at position
n — . Combining this with the Proposition [3.13]and the fact that column n — ¢ has already been
played (according to Item , we can conclude that the cumulative utility of row n — (i + 1) must
be non-zero. This concludes the proof of Item|(iv)

O

B.2.3 Proof of Theorem 3.13

Proposition B.6. There exists a round T} > T? at which

(i) the strategy profile is (n — (i + 1), (i + 1) + 1) for the first time,
(ii) forall rounds t € [T3, T} — 1), the strategy profile is (n — (i + 1),n —4),

e . . L (T . AT
(iii) row n — i — 1 admits cumulative utility Rnf(z?kl) > (4i+4)-C¢,

(iv) all rows k € [(i +1)+ 1,n — (i + 1) — 1] admit R,(CT?) = 0 and all columns k €
4
[(i+1) +2,n — (i + 1)] admit C") = 0.

Proof. We repeat the same reasoning as in the proof of Proposition [3.12] To begin with, we must
establish that the new strategy profile chosen by fictitious play will be (n — (i + 1), (¢ + 1) + 1).

We can infer from both Items [(D]and [(iD)]in Proposition [3.14] that the most recent strategy switch was
made by the row player. Therefore, based on Corollary [3.11] we are certain that the next strategy
switch will be initiated by the column player.

In other words, as long as the row player continues to play their current strategy, strategy (n — (i +
1), n — 4) will be played in every subsequent round, which establishes Item This implies that
the column player’s cumulative utility will increase by eTTL_( . +1)A' As per Observation , row
n — (i + 1) only has non-zero elements at positions (i + 1) + 1 and n — (¢ + 1).

en isA=100,...,4i+5,0,...,0, 4i+4 ,0,..] (8)
(i+1)+1 n—(i+1)—1

Since strategy (i + 1) + 1 has a higher value, a strategy switch in a later time step is certain.
Consequently, there will be a round T} in which the strategy (n — (i + 1), (i + 1) + 1) will be
played for the first time, establishing Item ()]

We must determine the point at which the strategy switch (n — (¢ + 1), (¢ + 1) + 1) will take place.
According to Equation , the value of strategy (¢ + 1) + 1 is exactly one greater than the value of
strategy n — 4. From the Proposition [3.14] we know that column (i + 1) 4 1 has a cumulative utility

3
of zero, whereas column n — 7 has a cumulative utility of C’fLTﬂ) Therefore, it will take precisely
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3
C,(LT_"I-) steps for those strategies to have equal cumulative utility values. Consequently, the strategy
switch will either occur in that round or the immediate next, as the cumulative utility of column

(n—(i+1),(i+ 1)+ 1) will have surpassed that of column n — i.

In order to proceed with Item we compute the updated cumulative utility of row n — (¢ + 1). As
shown in Equation (8), row n — (i + 1) has a value of (4i + 4) at position n — 4. Thus, if column

3
n — 4 has been played for a minimum of CT(EZ-) rounds, then the cumulative utility of row n — (i + 1)

satisfies R;Tf()i 1y = (4i+4)- Cv(ii)

Lastly, according to Observation there exists a non-zero element in column (i + 1) + 1 at position
n — (i + 1). Combining this with the Proposition [3.14|and the fact that row n — (i + 1) has already
been played (according to Item , we can conclude that the cumulative utility of column (i +1) +1
must be non-zero. This concludes the proof of Item [(iv)] O
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