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Abstract

Systems of interacting objects often evolve under the influence of field effects
that govern their dynamics, yet previous works have abstracted away from such
effects, and assume that systems evolve in a vacuum. In this work, we focus
on discovering these fields, and infer them from the observed dynamics alone,
without directly observing them. We theorize the presence of latent force fields,
and propose neural fields to learn them. Since the observed dynamics constitute the
net effect of local object interactions and global field effects, recently popularized
equivariant networks are inapplicable, as they fail to capture global information. To
address this, we propose to disentangle local object interactions —which are SE(n)
equivariant and depend on relative states— from external global field effects —which
depend on absolute states. We model interactions with equivariant graph networks,
and combine them with neural fields in a novel graph network that integrates field
forces. Our experiments show that we can accurately discover the underlying fields
in charged particles settings, traffic scenes, and gravitational n-body problems, and
effectively use them to learn the system and forecast future trajectories.

1 Introduction

Systems of interacting objects are omnipresent
in nature, with examples ranging from the sub-
atomic to the astronomical scale —including col-
liding particles and n-body systems of celestial
objects— as well as settings that involve human
activities, governed by social dynamics, like traf-
fic scenes. The majority of these systems does
not evolve in a vacuum; instead, systems evolve Figure 1: N-body system with underlying gravita-
under the influences of underlying fields. For tjonal field. We uncover fields that underlie inter-

example, electromagnetic fields may govern the  acting systems using only the observed trajectories.
dynamics of charged particles, while galaxies

swirl around supermassive black holes that create gravitational fields. In traffic scenes, the road
network and traffic rules govern the actions of traffic scene participants. Despite the ubiquity of fields,
previous works on modelling interacting systems have only focused on the in vitro case of systems
evolving in a vacuum.

Earlier work on learning interacting systems proposed graph networks [3, 23, 40]. Recently, state-of-
the-art methods for interacting systems propose equivariant graph networks [50, 41, 24, 5, 10] to
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model dynamics while respecting the symmetries that often underlie them. These networks exhibit
increased robustness and performance, while maintaining parameter efficiency due to weight sharing.
They are, however, not compatible with underlying field effects, since they can only capture local
states, such as relative positions, while fields depend on absolute states (e.g. positions or orientations).
In other words, global fields violate the strict equivariance hypothesis.

Within the context of modelling interacting systems, a function f that predicts future trajectories
is SE(3) equivariant —equivariant to the special Euclidean group of translations and rotations— if
f(Rx+ ) =Rf(x)+ foratranslation vector and a rotation matrix R. While strict equivariance
holds in idealized settings, it does not hold in many real-world settings. That is, even if the symmetries
exist in a particular setting, they only manifest themselves in local interactions, yet they are entangled
with global effects that stem from absolute states. N-body systems from physics, for example, exhibit
E(3) symmetries, since gravitational forces only depend on relative positions. Dynamics, however,
may be influenced by external force fields, e.g. black holes, which are either unknown or not subject
to transformations. Thus, strict equivariance is violated, since equivariant object interactions are
entangled with global field effects.

We make the following contributions. First, we introduce neural fields to discover global latent force
fields in interacting dynamical systems, and infer them by observing the dynamics alone. Second,
we introduce the notion of entangled equivariance that intertwines global and local effects, and
propose a novel architecture that disentangles equivariant local object interactions from global field
effects. Third, we propose an approximately equivariant graph network that extends equivariant graph
networks by using a mixture of global and local information. Finally, we conduct experiments on
a number of field settings, including real-world traffic scenes, and extending state-of-the-art setups
from the literature. We observe that explicitly modelling fields is mandatory for effective future
forecasting, while their unsupervised discovery opens a window for model explainability.

We term our method Aether, inspired by the postulated medium that permeates all throughout space
and allows for the propagation of light.

2 Background

Interacting dynamical systems An interacting dynamical system comprises trajectories of [V
objects in d dimensions, d 2 2, 3g, recorded for T" timesteps. The snapshot of the i-th object at
timestep ¢ describes the state X} = [pt, ul],i 2 f1,...,Ng,t 2 f1,..., Tg, where p 2 R? denotes
the position and u 2 RY denotes the velocity, using [, ] to denote vector concatenation along the
feature dimension. We are interested in forecasting future trajectories, i.e. predict the future states for
all objects and for a number of timesteps. Interacting dynamical systems can be naturally formalized

as spatio-temporal geometric graphs [3, 23, 14],G = fGtng, with graph snapshots Gt = (V! E?) at

different time steps. The set of graph nodes V' = fu}, ... vf g describes the objects in the system; v}
corresponds to Xt. The set of edges E* vf,vf j vf,of 2VE VT describes pair-wise object
t ot

interactions; vj,v; corresponds to an interaction from node j to node 7. Finally, N () denotes the

neighbors of node vj.

Local coordinate frame graph networks Local coordinate frame graph networks have been popu-
larized in recent years [24, 26, 10, 52, 20, 30] as a method to achieve SE(3) —or E(3)- equivariance,
due to their low computational overhead and high performance. Kofinas et al. [24] proposed LoCS
and introduced local coordinate frames for all node-objects at all timesteps. They define augmented
node states Vi = [p}, 1t ul], where 1} denotes the angular position of node 7 at timestep ¢. Kofinas
et al. [24] use velocities as a proxy to angular positions, while Luo et al. [26] use another network
that predicts latent orientations. Each local coordinate frame is translated to match the target object’s
position and rotated to match its orientation. Considering the representation of node j in the local
coordinate frame of node i, denoted as V1;;, they first compute the relative positions rj.; = pj  pj
and then they rotate the state using the matrix representation of the angular position Q(1}):
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where R(1H) = Q(1H) Q('Y) Q(If),and denotes a direct sum. LoCS then proposes a graph
neural network [42, 25, 13] that uses local sﬁates: )
i
hii=fe Vi Vii 2
jii ) )
O m 1 1

>
it =~C@g Vi +C  hiA, 3)
J2N (@)
where fy, fe, and gy are MLPs, and C' = 1/jN(i)j. The output of this graph network comprises
differences in positions and velocities from the previous time step, in the local frame of each object.
Since these outputs are invariant, LoCS performs an inverse transformation to convert them back
to the global coordinate frame and achieve equivariance, X}”l = xt +R(1Y xt*1, where

R(IH=Q(1) Q). iji

Neural fields Finally, we make a brief introduction to neural fields. Neural fields, or coordinate-
based MLPs, are a class of neural networks that parameterize fields using neural networks (see
Xie et al. [54] for a survey). They take as input states like spatial coordinates and predict some
quantity. Neural fields can learn prior behaviors and generalize to new fields via conditioning on
a latent variable z that encodes the properties of a field. Perez et al. [33] proposed Feature-wise
Linear Modulation (FiILM), a conditioning mechanism that modulates a signal. It comprises two
sub-networks «, 3 that perform multiplicative and additive modulation to the input signal, and can be
described by FiILM(h,z) = a(z) h + ((z), where z is the conditioning variable, h is the signal to
be modulated, and «, 5 are MLPs that scale the signal, and add a bias term, respectively.

3 Method

In this section, we present our method, termed Aether. First, we describe the notion of entangled
equivariance, and introduce our architecture that disentangles global field effects from local object
interactions. Then, we continue with the description of the neural field that infers latent fields
by observing the dynamics alone. Finally, we formulate approximately equivariant global-local
coordinate frame graph networks. We note that throughout this work, we focus on fields that are
unaffected by the observable objects and their interactions thereof.

3.1 Aether

Interacting dynamical systems rarely evolve in a vacuum, rather they evolve under the influence
of external field effects. While object interactions depend on local information, the underlying
fields depend on global states. On the one hand, locality in object interactions stems from the fact
that dynamics obey a number of symmetries. By extension, object interactions are equivariant to a
particular group of transformations. On the other hand, field effects are non-local; they depend on
absolute object states. Thus, strict equivariance is violated, since equivariant object interactions are
entangled with global field effects. We refer to this phenomenon as entangled equivariance.

As an example, in Figure 2 we observe a system of two

objects that evolve in a gravitational field. The arrows :‘; f E B
positioned on the objects represent the forces exerted on [ s -
them. One constituent of the net force is caused by object [ [ fo = fiaa o+ Fpie
interactions, and is thus equivariant, while the other can ;; 2 S S S S N
be attributed to the gravitational pull. However, we can (¢ / NN
only observe the net force at each particle, i.e. the sum | 5 E S S :‘: S

of equivariant pairwise forces and non-equivariant field
effects. Hence, in this system, we say that equivariance

- Figure 2: Two objects in a gravitational
is entangled.

field. We only observe the total force
We now propose our architecture that disentangles local —exerted at each particle, i.e. the sum of
object interactions from global field effects. We model equivariant pairwise particle forces and
object interactions with local coordinate frame graph net- global field effects.

works [24], and field effects with neural fields. During

training, and given a multitude of input systems, neural fields will, in principle, be able to isolate



global from local effects, since only global effects are recurring phenomena. We hypothesize that
field effects can be attributed to force fields, and therefore, our neural fields learn to discover latent
force fields. The pipeline of our method is shown in Figure 3. Our inputs comprise augmented
states Fvig for trajectories of N objects for 7' timesteps. Since neural fields model global fields,
they depend on absolute states. Thus, we feed the states of the trajectories VI —or a subset of state
variables— as input to a neural field that predicts latent forces ff = f(Vv}).

Predicted forces Query states Predicted field Groundtruth trajectories
T —— A
;]l ] O:O,o
Neural Field | : 0
‘ 0250

z

MLP

Graph S ' Graph
Aggregation Encoding ; ‘E)QQ " | Neural Network

1 : 0.0
| i o \
Input trajectories Query states InPUt trajectories Predicted traj@CtOl'ieS
(a) Latent Neural Field (b) Aether pipeline

Figure 3: The pipeline of our method, Aether. In the latent neural field (a), a graph aggregation
module summarizes the input trajectories in a latent variable z. Query states from input trajectories,
alongside z, are fed to a neural field that predicts a latent force field. In (b), a graph network integrates
predicted forces with input trajectories to predict future trajectories. The graph aggregation module
and the FiLM layers exist only in a dynamic field setting.

The predicted field forces can be now considered part of the node states, and further, they can be
treated similarly to other state variables like velocities; as vectors, forces are unaffected by the action
of translations, while they covariantly transform with rotations. Thus, moving onward, we can treat
the problem setup as if we were once again back in the strict equivariance regime. We append the
predicted forces ff for each node-object i and each timestep ¢ to the node states, and transform them
to corresponding local coordinate frames, similarly to Equation (1). Namely, the force exerted on
node j, expressed in the local coordinate frame of node ¢ is computed as: fjtji = Q7 (¥)ff. We feed

the new local node states to a local coordinate frame graph network as follows:

h};i =fe V}jia fjtji aVitji» fitji )
O 1
t+1 @ t [ft = t A
i =N Vi i £C 0 hy; ®)]
J2N(@)
Xitt=xi+R 1T (it (6)

iji >

where R(1Y) = Q(1Y)  Q('}),C = 1/iN(i)i. The equations above are similar to Equations (2)
and (3), with the addition of the highlighted parts that denote the predicted forces expressed at local
coordinate frames. In practice, in most experiments, we closely follow [23, 14, 24] and formulate our

model as a variational autoencoder [21, 37] with latent edge types. The exact details are presented in
Appendix A.1.2.

3.2 Field discovery

Oftentimes, fields might not be directly observable for us to probe them at will and use them for
supervision. For example, astronomical observations of solar systems and galaxies might not include
black holes, yet we can observe their effects. Moreover, fields are often not even measurable or
quantifiable, or they are defined implicitly. For instance, “social fields” that guide traffic, cannot be
measured or defined explicitly, but we can safely assume they exist. Motivated by these observations,
we design an architecture that performs unsupervised field discovery, while solving the surrogate
supervised task of trajectory forecasting.
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In this work, we aim to discover two different types of fields, which we term “static” and “dynamic’
fields. Static fields refer to settings in which we have a single field shared throughout the whole
dataset. On the other hand, dynamic fields refer to settings in which we have a different field for each
input system, and consequently, fields also differ between train, validation, and test sets.

We now describe neural fields, used in this work, to model the underlying field effects. Neural fields
depend on absolute states and predict latent force fields. When dealing with static fields, we use
unconditional neural fields, i.e. neural fields that are functions only of the query states, as the field
values are common across data samples. Note that unconditional neural fields are not functions of the
input states; they will make the same predictions regardless of the inputs. In contrast, for dynamic
fields, we use a conditional neural field, i.e. a neural field that also depends on a latent vector z 2 RD:-
that represents the underlying field. The latent z will be inferred from the input trajectories and can
be thought of as representing unusual non-equivariant dynamics. We use Z to explicitly condition
the neural field, and thus, its general form is f : Rd SO(d) R RD: ¥ RY where d 2 12, 39,
depending on the setting.

During training, both for conditional and unconditional neural fields, we only sample the field at
query states that coincide with the states of the input objects, since we only have supervision about
their future trajectories there.

Static fields We start with the description of unconditional neural fields used in static field settings,
since conditional neural fields share the same backbone. First, we encode the query positions using

Gaussian random Fourier features [46], as follows: v(p) = [cos(2rBp),sin(27Bp)]”, where

. D¢ . . . . .
p 2 RY are the query coordinates, and B 2 RZ 9 is a matrix with entries sampled from a Gaussian
distribution, By S N (0, 02). The variance o can be chosen per task with a hyperparameter sweep.

We encode velocities using a simple linear layer {(u) = Wu. For orientations, in d = 3 dimensions,

we use a unit vector representation for each angle in ! = (6, ¢,¢)”, * = [cos ¥,sin 1]”. Ind = 2
dimensions, we use the same encoding, except that we now have a single angle ¥ = 6. Then, we use
a linear layer to encode the orientation vectors, 6( 1) = W #. We finally concatenate the encoded
positions, orientations, and velocities in a single vector that is being fed as input to the neural field.
The neural field is a 3-layer MLP with SiLU [36] activations in-between, and outputs a latent force
field, f (v) = MLP([7(p), 5(1), ((u))).

Dynamic fields The neural fields used to model the dynamic fields are conditioned on a latent vector
representation z 2 RP- that describes prior knowledge about the underlying field, and are defined
as f(v j z). In our case, the latent representation should “summarize” the input graph such that it
isolates only global effects from the field. To that end, we employ a simple global spatio-temporal
attention mechanism, similar to Li et al. [25], that aggregates the input system in a latent vector
representation. First, we define object embeddings 0; = GRU ngil:T , where Wy is a matrix
used to linearly transform the inputs, and GRU is the Gated Recurrent Unit [7]. We also define
temporal embeddings t = PE(t), where PE are positional encodings [49]. Using these embeddings,
we augment the input as st = [}, 0j] + t. The aggregation is then defined as follows:
>
z= softmax fa St fo st @)
it

where fa : RP* ¥ R, f, : RP> ¥ RP- are 2-layer MLPs with SiLU activations in-between.

After having obtained a latent vector representation z that summarizes the input system, we condition
the neural field using FILM [33]. We include FiLM layers after the first two linear layers of the neural
field. The exact details are presented in Appendix A.1.1.

3.3 Approximate equivariance with global-local coordinate frames

Equivariant neural networks cannot capture non-local information, such as global field effects. In this
work, we explicitly aim to discover these fields and disentangle them from local object interactions.
An alternative, or rather complementary approach, would be to directly combine global and local
information, following the recently proposed notion of approximate equivariance [51]. Starting
from LoCS [24], we can integrate global information and still operate in local coordinate frames



by de ning an auxiliary node-object corresponding to the global coordinate fraen@n object
positioned at the origin, and oriented to match the x-axis.

Similar to all objects in the system, the full state of the origin n@deomprises the concatenation of
its position and velocityxo = [po;Uo]. We use an “arti cial” velocity that matches theaxis in
order to compute a non-degenerate frame. As such, wexhave[ 0;®]. The origin state can be
expressed in the local coordinate frame ofithie object similarly to Equation (1), as follows:

v = R ph pliug =R plhu ¢ ®)
Since graph networks are permutation equivariant, we need to explicitly distinguish between the
origin node and other nodes. We circumvent that by augmenting each object's state with the origin
node information expressed in local coordinate frames, extending Equations (2) and (3) to
hjt;i = fe Vjtji;vitji; VtOji ; 9
0 1
1 X A

ht.
NBAY ki
NI )

t+1 t . t
X i = f,@g, Viiii| Voji +

(10)

This approach pushes the information in the node states, and removes the need to add the origin node
to the actual graph. We term this meth@eLoCS(GlobaldLocal Coordinate Fram®). In practice,

similar to Aether, we formulate G-LoCS as a variational autoencadie3[7] with latent edge types.

The full details are presented in Appendix A.2. Finally, in practice, we integrate G-LoCS in Aether,
since it can enhance the performance of our method.

4 Related work

Equivariant graph networks  The seminal works ofg, 9, 53] introduced equivariant convolutional
neural networks and demonstrated effectiveness, robustness, and increased parameter ef ciency.
Recently, many works have proposed equivariant graph netwéskg T, 12, 50, 41, 24, 5, 26, 18].
Walters et al[50] propose rotationally equivariant continuous convolutions for trajectory prediction.
Satorras et al[41] propose a computationally ef cient equivariant graph network that leverages
invariant euclidean distances between node pairs. Ko nas Et4glintroduce roto-translated local
coordinate frames for all objects in an interacting system and propose equivariant local coordinate
frame graph networks. Brandstetter et[8].generalize equivariant graph networks using steerable
MLPs [47] and incorporate geometric and physical information in message passing. Equivariant
graph networks differ from our work since they cannot capture non-local information, while our work
disentangles equivariant local interactions from global effects and captures them both.

Approximate equivariance Recently, a number of works has proposed to shift away from strict
equivariance, in what Wang et §1] termed aspproximate equivariancéVang et al[51] propose
approximately equivariant networks for dynamical systems, by relaxing equivariance constraints
in group convolutions and steerable convolutions. van der Ouderaa[é8hpropose to relax

strict equivariance by interpolating between equivariant and non-equivariant operations, using non-
stationary kernels that also depend on the absolute input group element. Romero arfdd]ohit
propose Partial G-CNNSs that learn layer-wise partial equivariances from data. We note that even
though approximately equivariant networks share similarities with our work, our notion of disentan-
gled equivariance is conceptually different. That is because related work uses the term approximate
equivariance to denote that equivariance is “broken” due to noise or imperfections, while our work
disentangles the system dynamics that are actually equivariant, from the global eld effects that are
not, and in fact, might be unaffected by such transformations. Further, to the best of our knowledge,
approximate equivariance has only been studied in the context of convolutional networks, not in the
context of graph networks and interacting systems. Tangentially, Han[&5hbropose subequiv-
ariant graph networks, and relax equivariance to subequivariance by considering external elds like
gravity. However, they assume a priori known elds that do not require to be inferred by the model.

Neural elds Neural elds have recently exploded in popularity in 3D computer vision, popularized
by NeRF R9]. Since MLPs are universal function approximatotg][ neural elds parameterized
by MLPs can, in principle, encode continuous signals at arbitrary resolution. However, neural



networks can suffer from “spectral bias34, 2], i.e. they are biased to t functions with low
spatial frequency. To address this issue, a number of solutions have been proposed. Tancik et al.
[46] leverage Neural Tangent Kernel (NTK) theory and propose Random Fourier Features (RFF),
showing that they can overcome the spectral bias. They also show that RFF are a generalization of
positional encodings, popularized in recent years in natural language processing by Transformers
[49]. Concurrently, Sitzmann et §45] proposed SIREN, neural networks with sinusoidal activation
functions. While neural elds have been used extensively in computer vision problems including 3D
scene reconstructioR ], 28] and differentiable renderingltfl, 29], they have not seen wide usage in
dynamical systems. Notably, Raissi et[&85] proposed Physics-Informed Neural Networks (PINNS),
neural PDE solvers based on neural elds. Finally, Dupont dtldll and Zhuang et a[56] propose
generative models of neural elds.

5 Experiments

We evaluate our proposed methddther on settings that include static as well as dynamic elds.
First, we explore 2D charged particles that evolve under the effect of a static electrostatic eld, as
well as 3D particles that evolve under a Lorentz force eld][ Then, we evaluate our method

on a subset of inD4] that contains a single location, and thus a static eld as well. Finally, we
explore 3D gravitational n-body problent§ ith dynamic elds. Our code, data, and models will

be open-sourced onlihe

In most experiments, we compare our method against did®lgnd LoCS 4] , two state-of-the-art
networks for sequence-to-sequence trajectory forecasting, as well as G-LoCS. DINRI{ graph
network operating in global coordinates, and is, in principle, able to uncover both the global and the
local dynamics. It is formulated as a VAE], 37] with latent edge types and explicitly infers a latent
graph structure. LoOC2}], on the other hand, operates in local coordinates, and is, thus, unable to
uncover the global dynamics. Finally, G-LoCS is in principle able to model both local and global
dynamics effectively. For all methods, we use their publicly available source code.

Our architecture and experimental setup closely follow Graber and Schiivihglo nas et al.[24].

Unless speci ed differently, our neural eld has a hidden size of 512. In charged particles and in
n-body problems, we only use positions as input to the neural eld, while in traf c scenes we also
use orientations. The full implementation details are presented in Appendix A.1.2. In all settings,
we report the mean squared error (MSE) of positions and velocities over time. Here we demonstrate
indicative visualizations, and provide more extensive gqualitative results in Appendix D.

For the Lorentz force eld experiment, we use the of cial source code from CloflNé}, fand

follow their exact setup. We compare our method age®td3) Transformers12], EGNN [41],

and ClofNet [LO]. We evaluate methods using the mean squared error between predicted and
groundtruth positions. Since this setting is not a sequence-to-sequence task, we use a simpli ed
network architecturevithouta VAE, and following baselines, we make sure that the number of
parameters of our model is approximately equal to other methods. The full implementation details
are presented in Appendix A.1.3.

dNRI LoCS —#— G-LoCS —@— Aether (Ours)
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5.1 Electrostatic eld

First, we study the effect of static eldsge. a
single eld across all train, validation, and test
simulations. We extend the charged particles
dataset from Kipf et al[23] by adding a num-
ber of immovable sources. These sources act
like regular particles, exerting forces on the ob-
servable particles, except we ignore any forces
exerted to them, and keep their positions xed.
We useM = 20 “source” particles antl =5
“observable” particles. We generate 50,000 sim-

ulations for training, 10,000 for validation and; . ; ; :

. . . gure 5: Learned Field (left) in electrostatic eld
10,000 for testing. Following Kipf et a[23], : :
each simulation lasts for 49 timesteps. Durin%;ettlng compared to groundtruth (right)

inference, we use the rst 29 steps as input and predict the remaining 20 steps. The full dataset details
are presented in Appendix B.1.

We compare our method against dNRI, LoCS, and G-LoCS. We plot MSE in Figure 4a,and
errors in Figure 18, and visualize the learned eld in Figure 5. We showcase predicted trajectories in
Figure 9 in Appendix D.1. We observe that equivariant methods like LoCS perform poorly, while
the approximately equivariant G-LoCS performs much better than equivariant and non-equivariant
methods. Aether outperforms all other methods, demonstrating thatdisamangle equivariance
Furthermore, as shown in Figure 5, and Figure 10 in Appendix DAether can effectively discover

the underlying eld

5.2 Lorentz force eld

Du et al.[10] introduced a dataset of 3D charged particles evolving under the in uence of a Lorentz
force eld. Each simulation contains 20 particles. We use the of cial source code and follow the
exact experimental setup with Du et |I0]. We show quantitative results in Table 1. Our method
can clearly outperform all other methods by a large margin, reducing the erdg @$. We also

note that our method has fewer parameters than ClofNet, and is thus more ef cient.

Table 1: Position prediction MSE on Lorentz force eld. Results marked witlere taken from
ClofNet [10].

Method MSE # No. parameters
GNNy 0.0908 104,387
SE(3) Transformey [12]  0.1438 1,763,134
EGNNy[41] 0.0368 134,020
ClofNety [10] 0.0251 160,964
Aether (ours) 0.0129 132,822

5.3 Traf c scenes

Next, we study the effectiveness of static eld discovery in traf c scenes. We usedha flataset

with real-world traf c scenes that comprises trajectories of pedestrians, vehicles, and cyclists. We
create a subset that contains scenes from a single location. The full dataset details are presented
in Appendix B.2. We divide scenes into 18-step sequences; we use the rst 6 time steps as input
and predict the next 12 time steps. We plot MSE in Figure 4blanérrors in Figure 19, and
visualize the learned eld in Figure 6, and in Figure 15 in Appendix D.2.1. Since the learned eld is

a function of positions and orientations, we only visualize it for 4 discrete orientations, namely the
groupCs = 0; 5; ; 37 . We showcase predictions in Figure 11 in Appendix D.2. Again, Aether
outperforms all other methods. The discovered eld, while hard to interpret, shows high activations
that coincide with road locatiorend directions, indicating that it can guide objects through the
topology of the road network.



Figure 6: Discovered eld o? inD4]. For clarity, we only visualize the eld for discrete input

orientations inC4 = 0; 5, ; =

5.4 Gravitational eld

We now study the task of dynamic eld discoverg. elds that are different across simulations.

We extend the gravity dataset by Brandstetter §bgby adding gravitational sources. We create

a dataset of 50,000 simulations for training, 10,000 for validation and 10,000 for testing. We use
N =5 particles andM =1 source. We set the masses of particlesifo= 1, while the source’s
mass ians = 10. We generate trajectories of 49 timesteps. We use the rst 44 steps as input and
predict the remaining 5 steps. We plot the MSE in Figure 4clandrrors in Figure 20. We observe

that once again, Aether clearly outperforms other methods.

5.5 Ablation experiments

Table 2: (a) Ablation study on the importance of the learned eld. (b) Ablation study on the importance
of a sequential architecture. (c) Ablation study on the choice of equivariant GNN backbone.

(a) Electrostatic eld (b) Lorentz force eld (c) Lorentz force eld
Method MSE@10#) Method MSE #)  Method MSE §)
Particle Oracle 0.1847 LoCS [24] 0.0238 EGNN [41] 0.0368
Force Oracle 0.1883 Aether 0.0129 EGNN+Aether 0.0254
Aether 0.2015 Parallel Aether  0.0211

Signi cance of discovered eld In a simulated environment like the electrostatic eld setting, we
have access to the groundtruth elds and the sources that generate them. We leverage the simulator
to study the signi cance of the discovered eld in the task of trajectory forecasting, and establish
an upper bound to our performance. To that end, we create two “oracle” models that have access
to the groundtruth information, farce oracleand asource oracle The force oracle is identical to
Aether, but uses the groundtruth forces from the simulator instead of predicting them with a neural
eld. The source oracle assumes knowledge of the “ eld sources”. Thus, there is no longer need
for disentanglement, and the problem is strictly equivariant again. We include the sources as virtual
nodes in the graph, add include edges from the sources to the particles. We describe this oracle in
detail in Appendix A.3. We show the MSE in Table 2a and plot the MSELgndrrors in Figure 22

in Appendix E.5. We observe that Aether closely follows the two oracle models, and is on par, for
roughly 10 steps. This demonstrates that the discovered eld is almost as helpful as the groundtruth.

Learning the global eld separately Our architecture connects the neural eld with the graph
network sequentially,e. the output of neural eld is given as input to the graph network. We believe
that this is integral for effective eld discovery, as well as overall modelling, since it enables the graph
network to learn to isolate local interactions from the observed net dynamics. We test this hypothesis
with an ablation study, in which we connect the neural eld and the graph network in parallel. The
two networks are now working independently, and we only add their predictions at the output. We
term this modeParallel Aether We provide implementation details in Appendix A.4. We perform the
experiment on the Lorentz eld setting, and show results in Table 2b. We also compare both methods
against LoCS, as it is a common backbone in both methods, to demonstrate the performance gain due
to the discovered eld. We can see that even though the parallel architecture boosts performance, it is
clearly not as effective as the sequential approach, which veri es our hypothesis.



Table 3: Ablation study on using conditional neural elds for static elds. Experiment on Lorentz
force eld setting.

Method MSE #) No. parameters Inference Time
LoCS [24] 0.0238 130,307 0.0033
Aether 0.0129 132,822 0.0037
Conditional Aether 0.0131 142,807 0.0047

Choice of equivariant network Our method is agnostic to the choice of equivariant graph network;
we expect that it would be bene cial for a number of strictly equivariant networks. To test this
hypothesis, we combine our method with EGNN][ We start from the velocity formulation of
EGNN and modify the message and velocity equations to incorporate the predicted forces for each
node. We describe the model in detail in Appendix A.5. We train and evaluate this method on the
Lorentz force eld setting, and report the results in Table 2c. EGNN combined with Aether reduces
the error by 30.9%, compared to a vanilla EGNN, which enhances our hypothesis. We further include
comparisons with more equivariant and non-equivariant graph networks in Appendix C.

Conditional neural elds for static settings Conditional neural elds generalize unconditional
neural elds, and could, in principle, be used to learn static elds. In that case, the neural eld should
learn to ignore the latent vector, since the generated eld should be identical regardless of the input
system; we expect its performance to match the unconditional eld. This, however, can come at
the cost of increased training and inference time, as well as redundant computational resources and
model parameters. We verify this hypothesis with an ablation study on the Lorentz force eld, where
we train and evaluate our method using a conditional eld. In Table 3, we report the MSE, as well as
the training time per minibatch, the inference time, and the number of parameters for each model.
While the conditional model performs almost on par with the original unconditional model, this
comes at the cost of 27% higher inference time and 9,985 more parameters. We conclude that the
unconditional neural eld is the preferred choice when there is expert knowledge that the eld at
hand is a static eld. In the absence of such knowledgg,on an exploratory analysis for underlying

elds, then the conditional neural eld would be preferable.

6 Conclusion

In this work, we introduced\ether a method that discovers global elds in interacting systems.
We propose neural elds to discover latent force elds, and infer them from the dynamics alone.
Furthermore, we disentangle global elds from local object interactions, and combine neural elds
with equivariant graph networks to learn the systems. We show that our method can accurately
discover the underlying elds in a range of settings with static and dynamic elds, and effectively
use them to forecast future trajectories. To the best of our knowlddgkeris the rst work that
discovers elds in interacting systems, and the rst that is able to model systems with equivariant
interactions and global elds. We hope that this work will inspire the community and bootstrap a line
of works that explores eld discovergince elds are omnipresent in all scienti ¢ tasks

Limitations In this work, we have only considered elds that do not react to the observable
environment. While this setting is often true, in other scenarios, active elds might be crucial for
effective modelling of the system dynamics. Furthermore, in the dynamic eld setting, we assume
that the input trajectories are descriptive enough to summarize the eld we are trying to discover.
While this hypothesis often holds, it might not always be true. Future work can explore these very
interesting research directions.

Acknowledgments

The project is funded by the NWO LIFT grant "FLORA.

10



References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

El

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

Bahdanau, D., Cho, K., and Bengio, Y. Neural Machine Translation by Jointly Learning to Align and
Translate. Ir8rd International Conference on Learning Representations (ICRB)5. 16

Basri, R., Galun, M., Geifman, A., Jacobs, D., Kasten, Y., and Kritchman, S. Frequency Bias in Neural
Networks for Input of Non-Uniform Density. IRroceedings of the 37th International Conference on
Machine Learning (ICML)2020. 7

Battaglia, P. W., Pascanu, R., Lai, M., Rezende, D. J., and Kavukcuoglu, K. Interaction Networks for
Learning about Objects, Relations and PhysicsAdmances in Neural Information Processing Systems 29
(NIPS) 2016. 1, 2

Bock, J., Krajewski, R., Moers, T., Runde, S., Vater, L., and Eckstein, L. The inD dataset: A Drone
Dataset of Naturalistic Road User Trajectories at German Intersectio@82IEEE Intelligent Vehicles
Symposium (I\)2020. 7, 8, 9, 20, 21, 24, 28

Brandstetter, J., Hesselink, R., van der Pol, E., Bekkers, E., and Welling, M. Geometric and Physical
Quantities Improve E(3) Equivariant Message PassindLOth International Conference on Learning
Representations (ICLR2022. 1, 6, 7, 9, 20

Chang, M., Lambert, J., Sangkloy, P., Singh, J., Bak, S., Hartnett, A., Wang, D., Carr, P., Lucey, S.,
Ramanan, D., and Hays, J. Argoverse: 3D Tracking and Forecasting With Rich Mdagecbedings of
the IEEE/CVF Conference on Computer Vision and Pattern Recognition (G\2BE).

Cho, K., van Merriénboer, B., Gulcehre, C., Bahdanau, D., Bougares, F., Schwenk, H., and Bengio, Y.
Learning Phrase Representations using RNN Encoder—Decoder for Statistical Machine Translation. In
Proceedings of the 2014 Conference on Empirical Methods in Natural Language Processing (EMNLP)
2014. 5,14

Cohen, T. and Welling, M. Group Equivariant Convolutional Networks.Ptaceedings of the 33rd
International Conference on Machine Learning (ICMRD16. 6

Cohen, T. S. and Welling, M. Steerable CNNs5th International Conference on Learning Representations
(ICLR), 2017. 6

Du, W.,, Zhang, H., Du, Y., Meng, Q., Chen, W., Zheng, N., Shao, B., and Liu, T.-Y. SE(3) Equivariant
Graph Neural Networks with Complete Local FramesPtaceedings of the 39th International Conference
on Machine Learning (ICML)2022. 1, 2, 7, 8, 16, 17

Dupont, E., Kim, H., Eslami, S., Rezende, D., and Rosenbaum, D. From data to functa: Your data point is
a function and you can treat it like one. Broceedings of the 39th International Conference on Machine
Learning (ICML) 2022. 7

Fuchs, F., Worrall, D. E., Fischer, V., and Welling, M. SE(3)-Transformers: 3D Roto-Translation
Equivariant Attention Networks. IAdvances in Neural Information Processing Systems 33 (NeurlPS)
2020. 6,7, 8,19

Gilmer, J., Schoenholz, S. S., Riley, P. F,, Vinyals, O., and Dahl, G. E. Neural Message Passing for
Quantum Chemistry. IRroceedings of the 34th International Conference on Machine Learning (ICML)
2017. 3

Graber, C. and Schwing, A. G. Dynamic Neural Relational Inferenc®rdoeedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition (CVE®R0. 2, 4, 7, 15, 16, 20, 22

Han, J., Huang, W., Ma, H., Li, J., Tenenbaum, J., and Gan, C. Learning Physical Dynamics With
Subequivariant Graph Neural Networks. Advances in Neural Information Processing Systems 35
(NeurlPS) 2022. 6, 21

Hochreiter, S. and Schmidhuber, J. Long Short-term Memdeural computation9(8), 1997. 15

Hornik, K., Stinchcombe, M., and White, H. Multilayer feedforward networks are universal approximators.
Neural networks2(5):359—-366, 1989. 6

Huang, W., Han, J., Rong, Y., Xu, T., Sun, F., and Huang, J. Equivariant Graph Mechanics Networks with
Constraints. I0th International Conference on Learning Representations (IC2892. 6, 21

Jang, E., Gu, S., and Poole, B. Categorical Reparameterization with Gumbel-SoftrbttxIrternational
Conference on Learning Representations (IGLRL7. 15

11



[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

(38]

Kaba, S.-O., Mondal, A. K., Zhang, Y., Bengio, Y., and Ravanbakhsh, S. Equivariance with Learned
Canonicalization Functions. Proceedings of the 40th International Conference on Machine Learning
(ICML), 2023. 2

Kingma, D. P. and Welling, M. Auto-Encoding Variational Bayes2hd International Conference on
Learning Representations (ICLR014. 4, 6, 7, 14, 15, 16

Kipf, T. N. and Welling, M. Semi-Supervised Classi cation with Graph Convolutional Network&thn
International Conference on Learning Representations (ICRPBR)7. 16

Kipf, T. N., Fetaya, E., Wang, K., Welling, M., and Zemel, R. S. Neural Relational Inference for Interacting
Systems. IrProceedings of the 35th International Conference on Machine Learning (ICRO1B. 1, 2, 4,
8,16, 19, 22

Ko nas, M., Nagaraja, N. S., and Gavves, E. Roto-translated Local Coordinate Frames For Interacting
Dynamical Systems. IAdvances in Neural Information Processing Systems 34 (NeuyrB®3]. 1, 2, 3,
4,5,6,7,9,10,14,15,17,19, 20, 22, 30

Li, Y., Tarlow, D., Brockschmidt, M., and Zemel, R. S. Gated Graph Sequence Neural Netwodkh. In
International Conference on Learning Representations (ICER})6. 3, 5, 14

Luo, S., Li, J., Guan, J., Su, Y., Cheng, C., Peng, J., and Ma, J. Equivariant Point Cloud Analysis via
Learning Orientations for Message PassingPtaceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognition (CVPR)22. 2, 6

Maddison, C. J., Mnih, A., and Teh, Y. W. The Concrete Distribution: A Continuous Relaxation of Discrete
Random Variables. 16th International Conference on Learning Representations (ICR&)7. 15

Mescheder, L., Oechsle, M., Niemeyer, M., Nowozin, S., and Geiger, A. Occupancy Networks: Learning
3D Reconstruction in Function Space.Rroceedings of the IEEE/CVF Conference on Computer Vision
and Pattern Recognition (CVPRJ019. 7

Mildenhall, B., Srinivasan, P. P., Tancik, M., Barron, J. T., Ramamoorthi, R., and Ng, R. NeRF: Represent-
ing Scenes as Neural Radiance Fields for View Synth€dsamunications of the ACN5(1):99-106,
2021.6,7

Morehead, A. and Cheng, J. Geometry-Complete Perceptron Networks for 3D Molecular Gxaptis.
Workshop on Deep Learning on Graphs: Methods and Applicat@e23. 2

Park, J. J., Florence, P., Straub, J., Newcombe, R., and Lovegrove, S. DeepSDF: Learning Continuous
Signed Distance Functions for Shape RepresentatioRrdoeedings of the IEEE/CVF Conference on
Computer Vision and Pattern Recognition (CVPR)19. 7

Paszke, A., Gross, S., Massa, F., Lerer, A., Bradbury, J., Chanan, G., Killeen, T., Lin, Z., Gimelshein,
N., Antiga, L., Desmaison, A., Kopf, A., Yang, E., DeVito, Z., Raison, M., Tejani, A., Chilamkurthy, S.,
Steiner, B., Fang, L., Bai, J., and Chintala, S. PyTorch: An Imperative Style, High-Performance Deep
Learning Library. InAdvances in Neural Information Processing Systems 32 (Neyr2@3$9. 18

Perez, E., Strub, F., De Vries, H., Dumoulin, V., and Courville, A. FiLM: Visual Reasoning with a General
Conditioning Layer. IrProceedings of the AAAI Conference on Arti cial Intelligen2818. 3, 5, 15, 22

Rahaman, N., Baratin, A., Arpit, D., Draxler, F., Lin, M., Hamprecht, F., Bengio, Y., and Courville, A. On
the Spectral Bias of Neural Networks. Proceedings of the 36th International Conference on Machine
Learning (ICML) 2019. 7

Raissi, M., Perdikaris, P., and Karniadakis, G. E. Physics-informed neural networks: A deep learning
framework for solving forward and inverse problems involving nonlinear partial differential equations.
Journal of Computational physic878:686—707, 2019. 7

Ramachandran, P., Zoph, B., and Le, Q. V. Searching for Activation Functiorth limternational
Conference on Learning Representations, (IGLR1L8. 5, 14, 15, 17

Rezende, D. J., Mohamed, S., and Wierstra, D. Stochastic Backpropagation and Approximate Inference
in Deep Generative Models. Proceedings of the 31st International Conference on Machine Learning
(ICML), 2014. 4,6, 7,14, 15

Romero, D. W. and Lohit, S. Learning Partial Equivariances from DatAdirances in Neural Information
Processing Systems 35 (NeurlP&)21. 6

12



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Salzmann, T., lvanovic, B., Chakravarty, P., and Pavone, M. Trajectron++: Dynamically-Feasible Trajectory
Forecasting With Heterogeneous DataElropean Conference on Computer Vision (ECQQR0.

Sanchez-Gonzalez, A., Godwin, J., Pfaff, T., Ying, R., Leskovec, J., and Battaglia, P. W. Learning to
Simulate Complex Physics with Graph Networks Pimceedings of the 37th International Conference on
Machine Learning (ICML)2020. 1

Satorras, V. G., Hoogeboom, E., and Welling, M. E(n) Equivariant Graph Neural NetworRgodaedings
of the 38th International Conference on Machine Learning (ICMIOR1. 1, 6, 7, 8, 9, 10, 18, 19

Scarselli, F., Gori, M., Tsoi, A. C., Hagenbuchner, M., and Monfardini, G. The Graph Neural Network
Model. IEEE transactions on neural network0(1), 2008. 3

Schitt, K., Kindermans, P., Felix, H. E. S., Chmiela, S., Tkatchenko, A., and Miiller, K. SchNet: A
Continuous- Iter convolutional neural network for modeling quantum interaction&dwvances in Neural
Information Processing Systems 30 (NIPX)17. 6

Sitzmann, V., Zollhéfer, M., and Wetzstein, G. Scene Representation Networks: Continuous 3D-Structure-
Aware Neural Scene RepresentationsAttvances in Neural Information Processing Systems 32 (NeurlPS)
2019. 7

Sitzmann, V., Martel, J., Bergman, A., Lindell, D., and Wetzstein, G. Implicit Neural Representations with
Periodic Activation Functions. IAdvances in Neural Information Processing Systems 33 (Neur2@3D.
7

Tancik, M., Srinivasan, P., Mildenhall, B., Fridovich-Keil, S., Raghavan, N., Singhal, U., Ramamoorthi, R.,
Barron, J., and Ng, R. Fourier Features Let Networks Learn High Frequency Functions in Low Dimensional
Domains. InAdvances in Neural Information Processing Systems 33 (NeyrB®3). 5, 7, 14

Thomas, N., Smidt, T., Kearnes, S., Yang, L., Li, L., Kohlhoff, K., and Riley, P. Tensor eld networks:
Rotation-and translation-equivariant neural networks for 3D point clcard§v preprint arXiv:1802.08219
2018. 6

van der Ouderaa, T. F., Romero, D. W., and van der Wilk, M. Relaxing Equivariance Constraints with
Non-stationary Continuous Filters. Advances in Neural Information Processing Systems 35 (NeurlPS)
2022. 6

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones, L., Gomez, A. N., Kaiser, ., and Polosukhin, I.
Attention Is All You Need. InAdvances in Neural Information Processing Systems 30 (Neur?®3%y. 5,
7,14

Walters, R., Li, J., and Yu, R. Trajectory Prediction using Equivariant Continuous Convoluti®th In
International Conference on Learning Representations (ICRB21. 1, 6

Wang, R., Walters, R., and Yu, R. Approximately Equivariant Networks for Imperfectly Symmetric
Dynamics. InProceedings of the 39th International Conference on Machine Learning (ICRI2R2. 5, 6

Wang, X. and Zhang, M. Graph Neural Network with Local Frame for Molecular Potential Energy Surface.
In Learning on Graphs Conference (Lo@p22. 2

Worrall, D. E., Garbin, S. J., Turmukhambetov, D., and Brostow, G. J. Harmonic Networks: Deep
Translation and Rotation Equivariance.Rroceedings of the IEEE Conference on Computer Vision and
Pattern Recognition (CVPR2017. 6

Xie, Y., Takikawa, T., Saito, S., Litany, O., Yan, S., Khan, N., Tombari, F., Tompkin, J., Sitzmann, V., and
Sridhar, S. Neural Fields in Visual Computing and BeyondCémputer Graphics Forun2022. 3

Xu, C., Tan, R. T, Tan, Y., Chen, S., Wang, Y. G., Wang, X., and Wang, Y. EgMotion: Equivariant
Multi-agent Motion Prediction with Invariant Interaction ReasoningPtoceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition (CVE®R23. 21

Zhuang, P., Abnar, S., Gu, J., Schwing, A., Susskind, J. M., and Bautista, M. A. Diffusion Probabilistic
Fields. In11th International Conference on Learning Representations (ICR6J2. 7

13



A Implementation details

A.1 Aether

Here we present the full Aether architecture. We rst describe the details of the neural eld used
for eld discovery, and then we describe our graph network formulated as a variational autoencoder
[21, 37].

A.1.1 Neural eld

In its general form, the neural eld takes as inputs query statést comprise positions 2 RY,
orientationd 2 SO(d), and velocitiesi 2 RY, as well as a latent code2 RP- used to condition the
eld, and predicts latent forces at the query states. Thus, itisde néd &' SO() RY RP:!

RY, whered 2 f 2; 3g. Depending on the task at hand, we can omit the latent zpelg.if we are
modelling a static eld, or the orientatiors, if we have prior knowledge that the eld is independent
to them.

Encoding positions We encode the query positions using Gaussian random Fourier feat@fes [

(p) = [cos(2 Bp);sin(2 Bp)]”; whereB 2 R% s a matrix with entries sampled from a
Gaussian distributioB,; s N (0; ?2). Throughout the experiments, and unless otherwise speci ed,

we use a unit variance? = 1, and% = 256. Thus, the encoded positions have a dimensiosilaf

Encoding orientations In 3 dimensions, for the orientatiods = ( ; ; ), we follow [24],
and use the angles of the velocity vectors as a proxy. We represent each dngle imit vector,

N =[cos! ;sin! 1", and encode them with a linear layd*) = W, ", whereW, 2 RPei "i |n
2 dimensions, we use the same encoding, except that we now have a single angle

Encoding velocities For velocities, we simply encode them using a linear layer = W yu,
whereW , 2 RP¢ 9, Finally, we concatenate the encoded positions, orientations, and velocities in a
single vector before we feed them as input to the neural eld.

Latent code The latent code “summarizes” the input graph such that it isolates global eld
effects. We employ a simple global spatio-temporal attention mechanism, similar to LjZi]al.

that aggregates the input system in a latent vector representation. First, we de ne object embeddings
0i = GRU W ¢x*T , whereW , 2 RP> 9 is a matrix used to linearly transform the inputs, and
GRU is the Gated Recurrent Unif]. We also de ne temporal embeddings: PE( t), wherePE

are positional encodings [49], de ned as:

PE(t)2 =sin t=1000G"P= ; (11)
PE(t)2i+1 = cos t=1000GP s ; (12)

wherei is thei-th dimension.

The aggregation is then de ned as follows:
X
z=  softmaxfy, s¢ fp s ; with sf= xl0 +t; (13)
iit
wheref, : RPs | R;f, : RPs ! RP:z are 2-layer MLPs with SiLU activation$§] in-between.
They can be summarized as:

a = fLineaDg;D,) ! SiLU! LineafDg; 1)g; (14)
fy = fLinea(Dg;D,)! SiLU! Linea(D,;D,)g: (15)

In all experiments, we use, =512;D, =512, andDs= D, +2d =516 ind = 2 dimensions, or
D¢ =518 ind = 3 dimensions.
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Neural eld conditioning We condition the neural eld using FiLM33]. Following the imple-
mentation details of FiLM, in practice, we use the following equation for a FiLM layer:

h%= FiLM(h;2)=(1+ (2) h+ (2); (16)
whereh is the encoded input in the rst FiLM layer, or the conditioned input in subsequent FiLM
layers, and : RPz1 RPn; : RPz1 RPnrare MLPs. This equation deviates slightly from

Section 2, since it predicts the residual of a multiplicative modulation. This approach can be
bene cial during the early stages of training, since it initially defaults to an identity transformation
for zero-initialized weights, while the alternative can “zero out” the network outputs. For battu

we use 2-layer MLPs with SiLU activations in-between.

= fLinea(D,;Dy)! SiLU! Linea(Dn;Dr)g a7
= fLinea(D,;Dy)! SiLU! Linea(Dy;Dy)g: (18)

Unless speci ed otherwise, in all experiments, we Dge= 512.

Full neural eld The full neural eld is a 3-layer MLP with SiLU3€] activations in-between, and
FiLM layers after the rst two linear layers, and outputs a latent force eld. The neural eld can be
summarized as:

f(vjz)= fLinear! FiLM! SiLU! Linear! FiLM! SiLU! Lineam: (29)

A.1.2 Aether as a variational autoencoder

Here we present our graph network architecture that closely follows Graber and S¢hirgp nas

et al.[24]. The model is formulated as a variational autoencodérd7] with latent edge types that

infers a latent graph structure. The encoder is tasked with predicting interactions between object
pairs, while the decoder uses the sampled graph structure to make predictions. As mentioned in
Section 3.3, our full architecture also integrates G-LoiGSthe augmented node states include the
predicted forces exerted at the target node, as well as the state of the auxiliary origin-node, expressed
in the local frame of the target node.

Encoder Equations (20) to (22) describe the message passing steps of our graph network. In these
equations, we process each timestep independently.Then, in Equations (23) and (24) we compute
the evolution of edge embeddings over time with LSTM|[and in Equations (25) and (26) we
estimate the posterior and the learned prior over our edges.

1 ‘t = . . . .
hi(:i) =t v B v B v (20)
0 1
; 1 X .
ht =M@Y vl i ive h& A (21)
e NGy
h i j2N (i)
25t Dit @t @)t
hj(;i) - féZ) hi() 'hj(;i) vhj() 22)
= 2)t.
i ysprior = LSTMprior hj(:i) ’hEJ';il);prior (23)
hEJ?i yienc = LSTMenc hj(;?) ;t;hg?il);enc (24)
p Ztjxl:t;zl:t 1 = softmax fpriorh th;i );prior ' (25)
i
q zjijx =softmax fenc N ).orion Niji ):enc (26)

The functiond él) ; fél) ; féz) ; g\(,l) T prior; f enc denote MLPs.

Decoder The decoder samplez%;i ) using Gumbel-Softmax?[7, 19]. The following equations

formalize a message passing scheme performed for the current timestep, and another one performed
for the hidden node states. Both are used to update the hidden node states, and to make predictions
for the next timestep. As mentioned in Section 2, we make predictions in the local coordinate frame
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of each node. Thus, we perform an inverse transformation for each node to transform the predictions
back to the global coordinate frame.

X

ml't;i = ZEJ’;i );kfk Vjtji; thJI g |]|' f|IJ| 'VOji (27)
“ 0 1
t = £ @gd t oL gt Lt 1 X t A
mi = 57 @ v i Vo iN () (28)
X i 2N (i)
hjt;i = ZEj;i );kgk hjtihit (29)
k
1
NG o 6y
ht*' = GRU n};m;' ;h! (31)
E xR R (32)
p(XI+1 lt) =N it+1; 2| (33)

Our GRU [1] is identical to the one used in [23].

Training Our full VAE model is trained by minimizing the negative Evidence Lower Bound
(ELBO), which comprises the reconstruction loss of the predicted trajectories (positions and velocities)
and theKL divergence.

L(: )= Bq @wllogp (xjz)]  KL[q (zix)jip (zjx)] (34)

Following Graber and Schwird 4], the reconstruction loss and tk& divergence take the following
form:
. X X jixt
Eq (zinllogp (xj2)] = 0 g2 2 (35)
0 bt 1

X X
KL[g (zjx)iip (zix)]=  @H(q (z} jx)) q (zf ix)logp (zj jx**;z4 YA, (36)
t=1 z]‘l
whereH denotes the entropy operator. In all experiments, we set the varidred0 °.

We train Aether using Adan?[l]. Unless stated otherwise, in all experiments, we use a learning rate
of 5e 4.

A.1.3 Aether architecture in Lorentz force eld setting

The Lorentz force eld setting, proposed by uses only a single timestep as input and the task is
to predict the positions for a single timestep in the future. Thus, we have to modify our architecture
for this setting. This way, we also ensure a fairer comparison with other methods. We do not use an

NRI [22] or dNRI [14] backbone in this setting.
h i

hi(:%) =8 vy fiiovigs figi gk ke 37)
0 h . 1
| X
1
h =19 @g, viji iy hiP A (38)
N, 0
h i J
hj(;li) - fél) h(l l)1h,(|| 1). h(' 1) (39)
0 1
n0 = ro@nt Ve L% o (40)
NOI o )
pi=pi +R fo hiL 41)
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SiLU [36] activations after each layer. The function® denote 2-layer MLPs with SiLU activations
in-between, and doubling the dimensionality in-between. Fingllgenotes a linear layer, whifg,
denotes a 3-layer MLP with SiLU activations in-between. Followihd,[we use a hidden dimension
of 64. For this experiment, we use a learning ratéef 3.

f{) = fLinear! SiLU! Lineag (42)
f{) = fLinear! SiLU! Linear! SilLUg (43)
fo = fLinear! SiLU! Linear! SiLU! Lineag (44)

For the neural eld, we use the input positions and velocities as input, as well as the particle charges,
i.e.f = f(p;u;q). We do not use any input encoding for positions or velocities in this setting, but

we use an embedding for the charges that maps them to 16 dimensions. We concatenate the charge
embeddings with positions and velocities and feed them as input to the neural eld. The neural eld

is a 3-layer MLP with SiLU activations in-between. We use a hidden dimension of 32 in the neural
eld.

f = fLinear! SiLU! Linear! SiLU! Lineamg (45)
A.2 G-LoCS
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(1)t h ' 1 X
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h i j2N (i)
2) _ 1);t. 1);t. 1);t
h® =@ h®P%Hpd* W (48)
— 2)5t.
hEJ';i );prior — LSTMprior hj(;i) ’hzj;il);prior (49)
_ 2)t.
th:i );enc ™ LSTMenc hj(;i) 1thJ?i1);enc (50)
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i
q zfijx =softmax fenc Oy prior N )ienc (52)
Decoder X k h i
mi = ZgiywE < Vi Vi Vo (53)
“ 0 _ 1
. . h i 1 X
j2N (i)
t X t k t t
hj = ZGiyx9  hjih; (55)
k
1
t — t
Ny = ——+ h(”) (56)
NIy )
hi*t = GRU n};m;' ;h! (57)
tExi R R (58)
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A.3 Source oracle

Thesource oraclenodi es LoCS [24] to use virtual nodes. Since graph networks are permutation
invariant, we cannot just include the sources as nodes of the graph and perform message passing,
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as the network would not be able to distinguish particles from sources. Thus, we treat the sources
separately in the message passing so that the network can identify them. More speci cally, we
introduce a new message function that compudkssource ! particle messages. Furthermore,

we introduce a separate aggregation function in the update step that only aggregates the messages
from eld sources. We denote the set of eld sourcessasThe state of a eld source 2 S is

denoted as s, while the same state expressed in the local coordinate frame of m@denoted as

Vsji. The source oracle graph network is de ned as follows:

h i
hi; = fehvj‘ji;v}jii , (60)
hts;i = fso Vtsji;vitji ; 1 (61)
X X
X = 0@ vl o+ o RGeS RLA, 62)
NG L 6y 1SI | 55

wheref 5 is an MLP. We predict future states for all the “observable” particles, but not for the “source”
particles.

A.4 Parallel aether architecture

0 1
1 1 X 1
h j2N (i)
hj(;li) =f{h hi(l 1);hj(;li l);hj(l 1) (65)
0 1
M- fma@pt v 1 X OA
hi™ ="t i * iN (D] hii (66)
j2N (i)
pi=pi+tRi fo hf‘ + | f (67)

A.5 Aether with EGNN backbone

Our method is agnostic to the choice of equivariant graph network; we expect that it would be
bene cial for a number of strictly equivariant networks. To test this hypothesis, we combine EGNN
[41] with our method; starting from the velocity formulation of EGNN, we modify the message and
velocity equations to incorporate the predicted forces for each node, as follows:

mi = ¢ hi;hi; pj p z;ai:i W (68)
X

ut =y hifi Ui+ Coppopl (M) (69)
i6i

et (70)

mi = mji ; (71)

j2N (i)
hi™ = hiim; : (72)

The remaining EGNN components remain unaltered.

A.6 Computing resources
All experiments were performed on single GPUs. We used 2 different GPU models, namely the

Nvidia RTX 2080 Ti, and Nvidia GTX 1080 Ti. Our source code was written in PyToseh ersion
1.4.0, and CUDA 10.0.
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B Dataset details

B.1 Electrostatic eld

Kipf et al. [23] introduced a dataset of interacting charged particles. Charged patrticles interact via
electrostatic Coulomb forces. We assume a sé\l gdarticles, and each particle has a position

p! 2 RP and a chargg 2 R. The forcefj‘;i exerted from particlg¢ to particlei is computed as
follows:

Pl =P Pi; (73)
pL.
Pl = ——; (74)
" pJ't;i
p.t;.
fi =C qq %: (75)
Pji

Since forces only depend on positions at the current timestep, in the following equations, we omit the
time indices to reduce clutter. The total force exerted at paitice

X X B

fi = fi=C g G 2
j=L;j6i j-1jei  KPji K

(76)

The electric eld is a vector eld, whose value at the test positigrassumes a positive test charge
g =1, andis de ned as:

E. = b L C L L ; 77
ji g G k3 2 (77)
= X L =C X Bii . 8
Ei E1,| G 2" (7 )
j=1i6i ic1jei  KPii K

Our rst experiment aims to study the effect of static eld®.a single eld across all train, validation,

and test simulations. We extend the charged particles dataset by adding a number of immovable
sources. Overall, these sources act like regular particles, exerting forces on the observable particles,
except we ignore any forces exerted to them, and X their positions and velocities to zero. We use
N =5 “observable” particles anl = 20 “source” particles. In all experiments, we assume unit
chargesg = 1, andC = 1. The probabilities of positive or negative charges are equal. Then, the
forces and the electric eld can be simpli ed as:

; Bii .
fii =sign(gq) kpj;]i 2 (79)
X .
Ei = sign(q) B 5! (80)
i=1;j6i kpj; K

Nyt M X Nyt M
f, = fj;i = fj;i +: fj;i (81)
j=1;j6i =1 6i =N 1
—_— L —_Z
1 paiticles } 1 gld }

Following Satorras et aJ41], Fuchs et al[12], Ko nas et al.[24], we remove virtual borders that
cause elastic collisions. We generate a dataset of 50,000 simulations for training, 10,000 for validation
and 10,000 for testing. The datasets containly the positions and velocities for the “observable”
particles, while the eld sources are only used for visualization. Following Kipf €@al, each
simulation lasts for 49 timesteps. During inference, we use the rst 29 steps as input and predict the
remaining 20 steps.
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Figure 7: Visualization of the static eld in the electrostatic eld setting

B.2 Traf c scenes -inD

InD [4] is a real-world traf c scenes dataset that comprises trajectories of pedestrians, vehicles,
and cyclists. It contains 33 recordings, recorded at 4 different locations in Aachen, Germany. We
hypothesize that discovering a latent traf ¢ force eld will be bene cial for trajectory forecasting in

traf c scenes. For simplicity, we focus on static eld discovery in traf c scenes. We create a subset
that contains scenes from a single location. Namely, we choose “Frankenburg, Aachen”, since it is
the location with most interactions in the dataset. The subset corresponds to 12 recordings; we use 8
for training, 2 for validation, and 2 for testing. We follow a similar experimental setting with Graber
and Schwind14], Ko nas et al.[24]. We divide each scene into 18-step sequences. We use the rst

6 time steps as input and predict the next 12 time steps.

B.3 Gravitational n-body dataset

In this experiment, we study the in uence of dynamic eld. elds that are different across
simulations. Similar to the electrostatic eld setting, we extend the gravitational n-body dataset
by Brandstetter et aJ5] by adding gravitational sources. The equation that describes the forces is
similar to Equation (75). Namely, we have
o= Comm i (82)
Jil (R pt' 27

Bl

wherem;; m; are the particle masses. We create a dataset of 50,000 simulations for training, 10,000
for validation and 10,000 for testing. We ude= 5 particles and =1 source. We set the masses

of particles tom, = 1, while the source has a massmf = 10. Similarly to the electrostatic eld
experiment, the datasets contaomgy the positions and velocities for the “observable” particles,
while the eld source is only used for visualization. We generate trajectories of 49 timesteps. We use
the rst 44 timesteps as input and predict the remaining 5 steps. All other dataset details are identical
to Brandstetter et al. [5].

B.3.1 2D gravitational n-body dataset

We also experiment with a smaller variant of the dynamic gravitational elds, using a 2D setting. We
create a dataset of 5,000 simulations for training, 1,000 for validation and 1,000 for testing. All other
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dataset details are the same with the full 3D dataset. We report results in Figure 21. We showcase
predicted trajectories in Appendix D.3, and the learned fields in Appendix D.3.1.

C Extra experiments

C.1 Alternative equivariant network backbones

To further test the applicability of our method, we combine it with different equivariant graph network
backbones. First, we combine our method with GMN [18]. Similar to Equations (4) and (5), we
concatenate the predicted forces for each node with the message Zj; in [Zj i, Fi, T |. The formulation
above is further motivated by SGNN [15], which extends GMN by including gravity as an external
force term, as well as object-aware information (see appendix A.3 in [15] for a comparison). In our
case, we replace the gravity term with the predicted forces per node. Thus, instead of [Zj;, g], we
have [Zji,fi,fﬂ.

We train and evaluate GMN on the Lorentz force field setting. We then add the force terms using the
formulation above. We show the results in the table below. Indeed, using Aether greatly enhances the
performance of GMN, which further enhances our hypothesis.

Table 4: Ablation study on the choice of equivariant GNN backbone. Position prediction MSE on
Lorentz force field.

Method MSE (#)

GMN [18] 0.0365
GMN-+Aether (ours)  0.0261

Next, we integrate our method in EqMotion [55], a recent equivariant method with state-of-the-art
performance on trajectory forecasting. We incorporate Aether in EqMotion by treating the predicted
forces as geometric features similar to velocities. Namely, after computing the forces for each object
at each timestep, we compute the magnitudes of the force vectors and the force angle sequence, i.e.
the angles between forces in consecutive timesteps. We concatenate these quantities to the existing
features for the feature initialization step.

We train and evaluate EqMotion and Aether with EqMotion on inD [4] following our experimental
setup. We report the results in Figure 8. We see that Aether is beneficial even for a state-of-the-art
trajectory forecasting method, which further strengthens our claims.

EqMotion —&#— EqMotion+Aether (Ours)

Position Errors Velocity Errors Total Errors
0.30 1.2
0.6 1 0.25 1.0
0.20 0.8
= =
2 0.4 g
= @ 0.15 1 ‘é’ 0.6 1
o ~
= =
0.2 0.10 0.4 4
0.05 1 0.21
0.0 += T T T T — 0.00 T T T T — 0.0 - T T T T —
1 3 5 7 9 1112 1 3 5 7 9 1112 1 3 5 7 9 1112
Step Step Step

Figure 8: Ablation study on the choice of equivariant GNN backbone. Results on inD.

C.2 Non-equivariant network with neural field

Our ability to capture global components with a neural field stems from our overall architecture,
which promotes disentanglement. Using a graph network that respects the underlying symmetries
and has an inductive bias towards using local interactions, i.e. any equivariant graph network, allows
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the neural field to “solve for” the global components, by “subtracting” the local interactions from the
observable net effects.

The choice of an equivariant network is crucial here; a non-equivariant graph network like NRI [23]
or dNRI [14] would merely gather “redundant” information from the neural field. We demonstrate
this mathematically in the following equations for the static field, in which we first compute the force
f at a target position p, and then compute the node embedding using equations from NRI/dNRI,
including the forces.

f = f(p) = MLP1(p) (83)
h :g(p7u7f) :MLPZ([pauaf]) (84)

We can see that the node embeddings depend on positions twice, one explicit and one through another
MLP, in an architecture similar to a concatenated residual connection. In this case, we do not expect
the neural field to isolate global forces, or to be helpful for future forecasting. We test this hypothesis
with an ablation experiment on the electrostatic field setting, by combing our neural field with dNRI,
instead of an equivariant network. In Table 5, we report the MSE at the final prediction timestep,
i.e. MSE@20. We can see that adding a neural field to a non-equivariant network does not enhance
performance, and in fact, it results in performance degradation, which enhances our hypothesis.

Table 5: Ablation study on the suitability of non-equivariant networks with Aether. Combining dNRI
—a non-equivariant graph network— with a neural field does not enhance performance. Results on the
electrostatic field setting.

Method MSE@20 (#)
dNRI [14] 1.20
dNRI+Aether 1.37
Aether 0.69

C.3 Choice of conditioning mechanism

FiLLM [33] is used in the dynamic field setting to condition neural fields. To examine its influence on
performance, we perform an ablation study on the 3D gravitational setting, where we replace FiLM
layers with conditioning by concatenation, a very simple and successful conditioning mechanism.
We term this model Concat Aether, and report the results in Table 6. We see that conditioning by
concatenation underperforms, scoring almost on par with LoCS. This is perhaps expected, since
concatenation is a rather weak form of conditioning, and our task is very challenging. On the other
hand, FiLM is a powerful mechanism and is able to condition effectively.

Table 6: Ablation study on the choice of conditioning mechanism. Results on the 3D gravitational
field setting.

Method MSE@5 (#)
LoCS [24] 0.1308
Aether 0.0660

Concat Aether 0.1474
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