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Supplementary Materials

A Simulation Details of Figure 1

In Figure 1, we report the cost complexities of Algorithm 1 with EXPLORE-A and Algorithm 1

with EXPLORE-B (let ;1§M) = 0.95 and ﬂéM) = 0.75). We set the confidence parameter § as
0.05,0.1,0.15, 0.2, 0.25 respectively in comparing the performance of both procedures. For each
simulation, we run 100 trials, plot their cost complexities’ mean as markers and their deviation as
shaded regions. We present the parameters of MF-MAB instances of Figures la and 1b in Tables 2
and 3 respectively. We note that it is more difficult to find the optimal fidelity m;, in the MF-MAB

instances for Figure 1b because (1) there are more fidelities choices in this instance than that of
Figure 1a; (2) the value of A,(Qm) /v Am) are closer in the second instance than that of Figure la.

Table 2: Figure 1a’s MF-MAB with K = 5 arms and M = 3 fidelities

Parameters ("™ g™ pf™ ™ pg™ (A
m=1 070 075 050 050 030 030 1
m=2 080 0775 0.60 055 045 015 1.1
m=3 090 08 070 060 050 0 1.2

Table 3: Figure 1b’s MF-MAB with K = 5 arms and M = 5 fidelities

Parameters u(lm) gm) ,LL;(3M) Mglm) ﬂgm) C(m) A(m)
m =1 083 082 0.76 0.82 0.70 0.10 1
m=2 0.84 083 0.80 080 0.72 0.08 1.1
m=3 085 085 080 0.82 0.74 006 1.2
m =4 0.85 086 080 0.80 0.76 0.04 1.3
m=35 090 088 0.86 0.84 0.80 0 1.4

B A Third Fidelity Selection Procedure: EXPLORE-C

Besides the EXPLORE-A and -B procedures, here we consider a third naive and conservative idea for
fidelity selection that one should start from low risk (cost), gradually increase the risk (cost) as the
learning task needs, and stop when finding the optimal arm. To decide when to increase the fidelity
for exploring an arm k, we use the arm’s confidence radius (N ,5??), t,d) at fidelity m as a measure
of the amount of information left in this fidelity, and when the fidelity /m’s confidence radius is less

than the error upper bound ¢ at this fidelity, we increase the fidelity by 1 for higher accuracy, or
formally, the fidelity is selected as follows,

My, < min {m ‘B(N,S;L%tﬁ) > ¢m) } )

Algorithm 3 EXPLORE-C Procedures

procedure EXPLORE-C(k)
My, < min {m ’ﬁ(N,E?),t,é) > ¢(m) }

Pull (k, my ), observe reward, and update corresponding statistics

Theorem B.1 (Cost complexity upper bounds for Algorithm 1 with EXPLORE-C). Given Assump-
tion 3.3 and L > 4K M, Algorithm 1 outputs the optimal arm with a probability at least 1 — §. The
cost complexity of Algorithm I with EXPLORE-C are upper bounded as follows,

E[A] = O (Hi log (M> + Qlog (M)) , (10)

ADg AD§
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where, letting mi denote the smallest fidelity for arm k such that Algm) > 2¢0™) or formally,
mi = min{m : A,(cm) > 2¢(™},

and we denote

A(mh)

mi—1
H =Y Q=Y i At
keIC(A,(gmi))Q ek me1 (¢tm))2

Remark B.2 (EXPLORE-C vs. EXPLORE-A and -B). The EXPLORE-C procedure does not require
additional knowledge as the other two. It is a one-size-fits-all option. If with some addition
information of a specific scenario, e.g., the exact or approximated reward means of top two arms, one
can use the EXPLORE-A or B.

C Proofs for Best Arm Identification with Fixed Confidence

C.1 Proof of Theorem 3.1

Lemma C.1 (Kaufmann et al. [21], Lemma 1). Let v and ' be two bandit models with K arms such
that for all k, the distributions vy, and v}, are mutually absolutely continuous. For any almost-surely
finite stopping time o with respect to the filtration {F }1en where Fy = o(I1, X1, ..., I, X3t),

K
S E [Ni(0)| KL(vi, v4) > sup KI(B, (), P (€)),
b—1 EeF,

where kK1(x, y) is the binary relative entropy.

In MF-MAB model, regarding each arm-fidelity (k,m)-pair as an individual arm, we can extend
Lemma C.1 to multi-fidelity case as follows,

E, [N (o) KL(™, v'7™) = sup KI(P, (), P, (E)). (1)
— EEF,

Next, we construct instances v and v/. We set the reward distributions v = (V,(Cm))(km)e KK M

as Bernoulli and the reward means fulfill MgM) > péM) > péM) > ...z u%m, where M;(cm) =
E._, om[X]. Welet z/,gm) be the same to l/l(cm) for all k and m, except for that an arm £ # 1. We set
k

/ém) — V§]w) _ C

arm £’s reward means on fidelities m € M, to be v (m) 4 €. So, in instance ¢/, the

optimal arm is £ and its true reward mean p’ EM) is slightly greater than ,ugM). This implies for the

event & = {output arm 1} and any algorithm 7 that can find the optimal arm with a confidence 1 — 4,
P, () >1—0and P, (E) < 0. Then, from Eq.(11), we have

3" BNV (@) KL™ v'™) = sup KBy (€), By (€))
EEF,

meMy €o
> Kkl(1 —0,9)
> log L
2.49
We rewrite the above inequality as follows,
(m) _ s(m)
Z )\("”)Ey[Ng(m) (0)] - KL(VZ)\(WZ)V e ) > log ﬁ

me My

Therefore, for the arm ¢, our aim is to minimize its cost complexity with a constraint as follows,
M
min > A™E, [N (0)]
E[N{™)Vm o1
KL(™, /™)
— = >log —.

such that Z )\(m)Eu[Ne(m)(J)]' A(m) 2.46

meMy,
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Note that the above is a linear programming (LP) and its optimum is reached at one of its polyhedron
constraint’s vertex—only one E[N, K(m)] is positive and all others are equal to zero.

min f: AR [N(m)(a)] (g min L lo 1
]E[ngm)],Vm oo} v ¢ = meMy, KL(VZM), V’gnl)) & 245
= min A log ——
meMy KL(Vém)7 V§J\l) _ C(m) + 6) 2.46
(b) ) A(m)
> min

log ——
mEMi (1 + &) KL(p™ ™ — ¢m)) 7 249

where the inequality (a) is due to the property of LP we mentioned above, and the inequality (b) is
because of the continuity of KL-divergence.

To bound the optimal arm 1’s cost complexity, we use the same v as above and construct another
instance v”. The instance v'"’s reward means are the same to v except for arm 1 whose reward means

n(m) _  (m
1 =

for fidelity m € M, are set as s )+ ¢(™) — ¢. Then, with similar procedure as the above,

we obtain
M
Alm) 1
min )\(m)IE,,[N(m)(U)] > min , log ——.
E[N;mmmg:‘l ' meMi (1 4 &) KL({™ ™) 4 ¢(m)) " 248

Summing up the above costs leads to the lower bound as follows, and letting the € goes to zeros
concludes the proof.

E[A] >
A(m) A(m) 1
min CORNEn) + min CORNEn) log —.
meMu (14 ¢)KL(1 " v + (™) k;ﬂmeM’“ (L+e) KLy, vy —¢m) 249

C.2 Proof of Theorem 3.4

(M) (M)
Notation. Denote the threshold ¢ = 112 45 the average of the optimal and best suboptimal

arms’ reward means. Denote A, := {k € K : LCBy; > ¢} and B; .= {k € K : UCBy; < c} as the
above and below sets which respectively contain arms whose rewards are clearly higher or lower
than the threshold with high probability, and let C; := KC \ (A; U B;) as the complement of both sets’
union. Then, we define two events as follows

TERMt = {LCBg“t > UCBuht}7
CROS; :={3Fk #1:ke A}U{l e B}

The TERM; event corresponds to the complement of the main while loop condition in the LUCB
algorithm. When the TERM; event happens, the LUCB algorithm terminates. The CROS; event means
there exists a suboptimal arm whose LCBy, ; is greater than c or that the optimal arm 1’s UCBy ; is
less than ¢, both of which means that at least one arm’s reward mean confidence interval incorrectly
crosses the threshold c.

Step 1. Prove ~TERM;N—CROS; = (¢; € C;)U(u; € C;). We show this statement by contradiction
case by case. That is, the negation of (¢; € C;) U (u; € C;) cannot happen when —TERM; N —CROS;.

Case 1: (¢, € A;) N (uy € A;) N —TERM,
= e A)N(u € Ay) = |A¢] 22 = Tk #1: k€ A, = CROS;,
Case 2: (¢; € By) N (ur € A;) N —TERM,
=UCBy, ; < ¢ < LCB,, ¢ < UCB,, ; = 0 (contradicts the selection of ¢; and u;),
Case 3: (¢; € Ay) N (uy € By) N —~TERM;
={LCBy, + > ¢ > UCB,, ¢} N ~TERM; = ),
Case 4: ({; € B;) N (uy € By) N —TERM;
=l € By) N (uy € By) = |By| = K = 1 € B; = CROS;.

14



516 Step 2. Prove P (CROS;) < KL%‘s. For any suboptimal arm k£ # 1, we bound the probability that
517 the arm k is in A; as follows,

P(k € Ay) = P(LCBxy > c) =P (max LcB;”} > C) <) P (LCB&?) > c)

meM e
-y IP( _etm) 5(N,§jj}>,t) > c)
meM
= 3 PR — i+ (i - ¢ ) > BN 1)
meM
(a)
< Zp(ﬂl(c,t)_uk 5N1£7?’ ) ZZPMM_P% > B(n,t))
meM meMn=1
t t
1)
<D0 Yesp(-n(Bn)) = 30 Y o4
meM n=1 meMn=1
Mo
g -
L3’

s18  where the inequality (a) is due to that u(m) ¢m < M(M) < c¢. With similar derivation, we
st9 have P(1 € By) < 242 Noticing that P(CR0S;) < >z P(k € A) + P(1 € By), we have

s20 P(CROS;) < K422,

(my) * : 1603 ek AIIQ * .
521 Step 3. Prove P (Hk €K (N, * > 16Ny )N (ke Mldt)) < — =", where N, ==

Lt?
% For any fixed suboptimal arm k # 1 (with ,u,(C D < c), we have

((N ") S 16N7,) N (k€ Midt))

522

N S 16NT ) 0 (ngAtUBt))

3)
N,ET“ > 16N}.,) N (UCBy; > c))
)

) > 16Ny ;) N (min ,&,(C";) +¢0m) +5(N,gf?),t) > c>>

NI > 1687 ) 0 (0050 + ¢ 1 BN 1) > o))

P(
(N$”>uwm><ﬁ?’u?w>@—u?“—dww—MN$”ﬁD

(a) o mi * A(mZ) mi
<P ((N,gfjk) > 16N},) N (ﬂi,é’“) — " > - B(Né,f’“),t)»

© m* A(mk)
< Z P (ﬂi;@)) ,u,(fm") k 1 ) <den0te ‘LAL](C t E“)) as the empirical mean of 7 observations)
T>16N]:‘t
(mk)\2 (mk)\2
Y e ((Am)) <[ ew <<A16>> e 19
T>16N;7t T>16Nl:,t (Ak k )2Lt4

523 where inequality (a) is due to Eq.(6) and inequality (b) is due to 8(7,t) < % for 7 > 16V, ,;t.
524  From Step 3, we obtain that the following equation holds with high probability,

i 1 Lt* 4 Lt
N,gtk)g(ﬁi)lg( )g(imlog<). (12)
(a2 0 ) (A 0

525 Next, we respectively present the cost complexity upper bounds for different fidelity selection
526 procedures in Algorithm 2.
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C.2.1 Proof for EXPLORE-A’s Upper Bound

Step 4 for EXPLORE-A: prove that if the small probability events of Steps 2 and 3 do not
happen, then the algorithm terminates with a high probability when A is large.

Lemma C.2. Give reward means ugM) and ugM)

such that when Ny, > Nk,t: Np i < 2N,§TZ), the number of times of pulling this arm k at fidelities
m (# my,) is O(log(log Ni.t)), or formally,

. For a fixed arm k, there exist Nk,t and a > 0

.- _9
SR (m Timy) 108 Nes Vm # g )

Combine Lemma C.2 with Eq.(12) in Step 3, we have, for any arm & and fidelity m # mj:

. -2
g [ A A 128 Lt
N < E___ Tk log | ————log ( = 14
k,t A(m) < /)\(ﬁl*z) /7)\(771) 0og (Al(:n;;))z 0g ( S ) (14)

Next, we can upper bound the total cost of the LUCB algorithm (before it terminating) via Eq.(12)

L(G+H L(G+H
(>\<1>§ ) + Gloglog ()\(35 ))

and Eq.(14). Specially, we show it is impossible for A = C' (H log

L(G+H)
AD§

+ Gloglog %), we have the following,

via contradiction. Suppose A = C (H log

EAl <Y Y AN

keK meM
OIS 3 DRLIYH
ke ke m#ri

(a) Lt Lt
< 64H log 5 + 8Glog log 5 + Glog(128H)

(®) LA LA
< 64H log ON + 8G loglog O + Glog(128H)

(© L(G+ H) L(G+ H)
= 64Hlog< C (Hlogm +GloglogW

L(G + H)
2D

L(G + H)
A6

2D

L(G + H)
2D

L(G + H)
D6

L
+ 8G log log (}\(1)56’ (H log + Gloglog >> + Glog(128H)

(d)
< 128(2 4 log €) (H log + Gloglog
L(G+ H)

O + G'loglog

(E)C’(Hlog L(G+H)),

AM§

where the inequality (a) is due to Eq.(12) and Eq.(14), the inequality (b) is because ¢t < ﬁ, the
inequality (c) is by the supposition, the inequality (d) is by separately bounding the above first two
terms via Eq.(15) and Eq.(16) in the following, and the inequality (e) holds for C' > 1200. This above
inequality contradicts the supposition, and, therefore, we conclude the cost complexity upper bound

proof for EXPLORE-A. Similar proof also holds for EXPLORE-B by replacing ), with mL.
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s42  Next, we provide the upper bounds used in the inequality (d) above:

L L(G + H) L(G + H)
Hlog ()\(1)50 (Hlog s + Gloglog s

<H10g< CH log (G—’_;I)>+Hlog( 1)($C'Gloglog(G—’_H)>

O A A6
LH L(G+ H) LG L(G+ H)
ngogCJrHlog(/\(l)Cslog ek ) +H10gC+Hlog(/\(1)6 log log NOE
L(G+ H)
< 2H10g0+4H10gW
L(G+H)
< (4+2log C)H log EOTEE
(15)
543 and
L L(G + H) L(G+ H)
Gloglog ()\(1)60 (Hlog 05 + Gloglog —m5
L L(G+ H) L L(G+ H)
< Gloglog <,\<1>5CH log NGk ) + Gloglog <>\(1)6CGlog log —05
< Gloglog C + Gloglog L log LG+ H)
AD)§ AD§ (16)
LG L(G+H)
+ Gloglog C' + Gloglog ( B log log )\(1)5)
L(G + H)
< 2Gloglog C' + 4Gloglog s
L H
< (4 + 2loglog C)G log log %

544 Proof of Lemma C.2.

s4s  Claim 1. For any fixed m # mj, if the following equation holds, then the algorithm will not pull
s46 arm k at fidelity m with high probability.

8 A AP -
N > k log Nj. ;.

(m) A /)\(m /A(m)
(m) ¢, (M) ! (M) _ (m) _ pomy . [2108 Nuyi
f- UCBUf t (:LL ) \/W (Ml :u’ut,t C + NI(L:’L)
@ 1 (M) 21log N,
< (m) _ om) Lo 2108 Nuiy
(©] 1 (M) (m (
< —— ) ¢,
A(mL,) ('ul Hue -6 )
©_ 1 Sm5) 210g N,
< (~*) (HgM) ’lLt, C( W)t>
AT et

(my,)
= f'UCBut,tt (),

s47  where the inequalities (a) and (c) hold with a probability at least 1 — ﬁ respectively (by
sa  Hoeffding’s inequality), and the inequality (b) holds due to the equation in the claim.
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C.2.2 Proof for EXPLORE-B’s Upper Bound

As EXPLORE-B of Algorithm 2 also employs the LUCB framework, it shares the first three steps of
the proof for Theorem 3.4 in Appendix C.2. Hence, in this part, we focus on the proof of the final
cost complexity upper bound.

Lemma C.3. Ifthe condition in Line 10 holds, then the committed fidelity vy, fulfills the following
inequality: )
AI(ka) A](ka)

2- > .
\/)\(m;;) \/>\(‘I7LZ)

Proof of Lemma C.3. Eq.(17)is proved as follows,

7)

N U (A" + C070)) VAT 4\ [log (2K M /8) AN
NP (A" + C00)) VAT — | [log (2K M/6) AN
@ (" — (D + C0) VAT 4 \log(2K M /8) XU N

A @ 4 () AT — | flog (2K M /8) AV N

2 /log(25M/8) AN
+ — ,
(M) — (@R 4 ¢omi)y) /AT — \/log(QKM/é)/)\(l)N( )

p 24 log(2K M/6) NONLY

2 /log(25M/8) AN

where inequality (a) is due to the definition of 712}, and inequality (b) is due to the condition in
Line 10. O

‘We next upper bound the number of times of NV ,5 ™) that guarantees that the condition in Line 10 is

true. Let us consider the case of exploring arm ;.

ALY AR = (D + ()

mer /xm ~ AlmL)
(;) A(M) (ugn;>+<<m;>) _ [log(2K M/9)
= NG AN
(b) A(mk) log(2K M /6)

\/ NG A N,g*;”

(m

where inequality (a) is because that u(m’“) <y ®) 4 [loaBEA/0)

R with a probability of at least

1 — /2K M (therefore, with the union bound over all arm-fidelity pairs, the total failure probability
of EXPLORE is upper bounded by d/2), and inequality (b) is because ﬂ,(CM ) (14, () + ¢y >
M m 3 my

/’Ll(c*) (! (m k)+C k) A}(C k)

To make the condition in Line 10 hold, with the above inequality, we need
AP Nlog(2KMJ3) _  [los(2KM/S)
VAR AO N AO N

which, after rearrangement, becomes

N S 16Afﬁ12> log(2K M /)
(AI(ka))Q A(D

)
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It means that if the above inequality holds, than the condition in Line 10 must hold. That is, except
for the committed fidelity 772},, we have

) < 16A07%) log(2K M /)

bt , for any other fidelities m # .

Cage A

For another thing, Eq.(12) of LUCB’s proof guarantees that for the selected fidelity 72}, the number
of pulling times is upper bounded as follows,

o 64 Lt
ngtk) < wk’g () .
’ (A )2 1)

Then, we upper bound the total budget of the algorithm as follows,

3Pl

keK meM

64N 161 (™) \ () 2K M
<zm()zz 1o (25

ke (A( k) k:EIC’mgé’m,C A(mk 2/\
256\ (7 16X (M) \ (M) 2K M
Cx T (5) 2 T e ()
kEIC A » ke m#my * 2)\(1
256\ (k) 16X (M) \ (k) Lt
> (A + Z (A2 a) tog (5>
kek (A, KEK mtm, A
Am) 256\ (7%) Lt
< Z .Zw10g<>
1 m
meM /\( ) ke (Al(c k))Q 0
A(m) 256\ (k) LA
< 3 Jo X s s (v
1 m* 1
miia MG @y A
® 5 A(m) 5 1024,\%2)1 (Z A(m) 5 25675 L, )
X o e 0og 1) L 1
r® )\( ) pore (A( k))Q vy )\( ) Py (A}Ec k))Q )\( )(5
L
Z Hlog < Z . ))
1 1 1
<meM A0 meM /\( ) A

where inequality (a) is due to Eq.(17), inequality (b) is due to that A < Alog(BA) = A <
4Alog(ABA).

C.2.3 Proof for EXPLORE-C’s Upper Bound in Theorem B.1

Step 4 for EXPLORE-C: Prove that if the events of Steps 2 and 3 do not happen, for A >
0 (Q log (/\(71\{)) the algorithm terminates with a probability at least O(1—46/A?). Denote

T := [ 5557 and two events Ey, E as follows,

By = {3t
EQ = {Ht

: CROS, },

>T
>T.kek:(nf¥ > 16n5,) U (k € Mid,)}.

19



577 We first upper bound the number of rounds after T as follows,

Z A(m) 1 {~TERM, } Z A(m) 1 {~TERM, N ~CROS, }
t>T t>T

(b)
< Y AMIL{(4, € Midy) U (uy € Midy)}

t>T
<SS TAPIL{((k = ) U (k = up)) N (k € Midy)}
t>T kek
() (my) (m}) *
<SS AI{((k = 6) U (k= w)) 0 (a3 < 16n7,) |
t>T kek
-y ,\<mt>1{((k — 4 U (k=) N (n{H < 16n;;7t)}
ke t>T (18)
my,—1
MO log(Lt* /5 S
ke /=1

mEL A 1eami) (LT4>
0g

L\t w

keK =1 Y
my—1 *
A 16A(m7%) <LT>
<4 + —
2 ( 2 cop T A 5
my—1 *
O 16A(mk) LA
<4 —=
2 ( 2. oy T TA? <A<U6)

578 where the equation (a) is due to —E, the inequality (b) is due to Step 1, and the inequality (c) is due
579 to 1 Fs.

ss0  Also notice that
A
A= Z A(me) 4 Z A7) 1 {~TERM, } < 5T Z (M) 1 {~TERM, },
t<T t>T t>T
581 and, combining with Eq.(18), we have,

my,—1 *
A©) 161 (m%) LA
A<SZ Z GQAE + A? log(/\u)(;) :

ke {=1

ss2  Solving the above inequality concludes the cost complexity upper bound for EXPLORE-C.

583 In the end of Step 4, we show that the LUCB algorithm fulfills the fixed confidence requirement.
584 The probability that the algorithm does not terminate after spending A budget is upper bounded by
sss P(E7 U E9). Based on Steps 2 and 3, it can be upper bounded as follows,

KMS 165 0x A2 1 1 ;
P(E1UE2)<Z< I3 + L4 <A()\(l) 2,\(M)) ( A/)\ 1) )ZA
t>T kek
(1))3
(1)y2 ()
Sz Z Ak ( (A 2A(M) >

ke

<.
586 O
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D Detailed Theorems for Regret Minimization Case

We first present both the problem-independent (worst-case) and problem-dependent regret lower
bounds in Section D.1 and then devise an elimination algorithm whose worst-case upper bounds
match the worst-case lower bound up to some logarithmic factors and whose problem-dependent
upper bound matches the problem-dependent lower bound in a class of MF-MAB in Section D.2.

D.1 Regret Lower Bound
We present the problem-independent regret lower bound in Theorem D.1 and the problem-dependent
regret lower bound in Theorem D.2. Both proofs are deferred to Appendix E.1 and E.2 respectively.

Theorem D.1 (Problem-independent regret lower bound). Given budget A, the regret of MF-MAB is
lower bounded as follows,

inf supE [R(A)] = Q (K1/3A2/3) ,
Algo

where the inf is over any algorithms, the sup is over any possible MF-MAB instances T.

Theorem D.2 (Problem-dependent lower bound). For any consistent policy that, after spending A

budgets, fulfills that for any suboptimal arm k (with A,gM) > 0) and any a > 0, E[ngvm) (A)] =
o(A®), its regret is lower bounded by the following inequality,

R(M)] (Mm) (M) (M)) C
lim inf > g I — 1 _—
A—oo g(A) i ms A(m)>0 O k (Aim))z

The above two lower bound proofs utilize two different regret decomposition as follows,

Alme) A1)
R(A) 2 Z ( H1 +A(M)>

P )
M
m Alm) 2D m
= Y NP g+ Y N @R (19)
m=2 ket k(M)
M (m)
_ (m) AT oy ()
R(A)_,%,:CZ%N’“ (A)( S ) (20)

where the inequality (a) is due to A > Zivz LA the N, ,im) (A) is the number of times that arm
k is pulled in fidelity m after paying budget A. The N with subscript vz and superscript (V%)
mean the pulling times of all arms and all fidelities respectively. Due to the multi-fidelity feedback,
both decompositions are different from classic bandits’ regret decomposition [24, Lemma 4.5], and,
therefore, we need to non-trivially extend the known approaches to our scenario.

To prove the problem-independent lower bound Q(K'/3A2/3) in Theorem D.1, we utilize the
decomposition in Eq.(19): In the RHS, the first term increases whether one choose fidelity other
than the lowest; this is a novel term. The second term of RHS corresponds to the cost of pulling
suboptimal arms which also appears in the classic MAB. With this observation, one can construct
instance pairs such that it is unavoidable to do exploration at higher fidelities and, therefore, the
first term is not negligible. Lastly, one needs to balance the magnitude of the above two terms
case-by-case, which together bounds the regret as 2 (AQ/ ‘3) To prove the problem-dependent lower
bound in Theorem E.1, we utilize Eq.(20) to decompose the regret to each arm and bound each of
them separately.

D.2 An Elimination Algorithm and Its Regret Upper Bound

In this section, we propose an elimination algorithm for MF-MAB based on Auer and Ortner [1]. This
algorithm proceeds in phases p = 0,1, ... and maintains a candidate arm set C,,. The set C, is
initialized as the full arm set /C and the algorithm gradually eliminates arms from the set until there is

21



620
621
622

623

624

625

626
627

628

629
630

631

633

634

635
636
637
638
639
640

641

only one arm remaining. When the candidate arm set contains more than one arms, the algorithm
explores arms with the highest fidelity M, and when the set |C,| = 1, the algorithm exploits the
singleton in the set with the lowest fidelity m = 1. We present the detail in Algorithm 4.

Algorithm 4 Elimination for MF-MAB

1: Input: full arm set /C, budget A, and parameter &
2: Initialization: phase p < 0, candidate set C, «— K
3: while p < log, 2 and [C,| > 1 do

4 pull each arm k € C, in highest fidelity M such that T,EM) {221’ log 5555 Mﬂ

5 Update reward means /i ( ) for all arms £ € C,

6: Cpr1+{k € Cp:/l](;\ﬁ) + 2 PH> maxyee, u;,,p)} > Elimination
7 p—p+1

8: Pull the remaining arms of C, in turn in fidelity m = 1 until the budget runs up

D.2.1 Analysis Results

We first present the problem-dependent regret upper bound of Algorithm 4 in Theorem D.3. Its full
proof is deferred to Appendix E.3.

Theorem D.3 (Problem-Dependent Regret Upper Bound). For any € > 0. Algorithm 4’s regret is
upper bounded as follows,

A\
E[R(A)] < . fﬁi Ok

(M)y2
My an 16 A(APD) 48 64
> << T ><(A§j“)2 et ame T A | an

AN >e

(M) (M) E Ae? 32 %
s ((A“) i )(ﬁlog(mx(w =R R

k‘AiJVI)g

Especially, if letting € go to zero and budget A go to infinity, the above upper bound becomes

E[R(A)] (M”) a0 <M)) 16
limsup ———— < —_— (22)
P Togm) < 2\ ) R,

Letting e = (K logA/ A)l/ % in Eq.(21) of Theorem D.3, one can obtain a problem-independent
regret upper bound of Algorithm 4 in Theorem D.4 as follows.

Theorem D.4 (Regret Upper Bound for Algorithm 4). Letting e = (K log A/ A)l/ % Algorithm 4’s
regret is upper bounded as follows,

E[R(A)] < O (K1/3A2/3(1og A)1/3) .

E Proofs for Regret Minimization Results

E.1 Proof of Theorem D.1

Step 1. Construct instances and upper bound KL-divergence Fix a policy 7. We construct two
MF-MAB instances, each with K arms and M fidelities. For the pulling costs of different fidelities,
we set A(M) < 20\ For reward feedback, we assume all arms’ reward distributions at any
fidelity are Bernoulli, and denote x{"™ (1), u{"™(2) as the reward means of these two instances.
Let Py = Puy,m E1 = Epy,» and Py = Pyo) x, E2 = E,(2),~ be the probability measures
and expectations on the canonical MF-MAB model induced by A-budget interconnection of 7 and
p1 (and p2). Denote k' = arg min, ¢ Eq [N,gm>1)(A)].
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The only difference between both instance pair is in the arm &'’s reward mean for fidelities m > 1,
so that instance 1’s optimal arm is arm 1 and instance 2’s optimal arm is arm %’. The detailed reward
means are listed as follows,

m=1 m>1
(u%m;(l))ke)c (1 LA, %7 %7 ,%) . (1% + A,lé,lé, 7%1) )
(uk (2))k€)C (§+Aa§a )27 92 2A7§7 75)

Denote the entry (M, I;, X;) as a tuple of the pulled fidelity, pulled arm, and observed reward
random variables at time ¢, and H := (M1, I, X1; Mo, I5, Xo;...; My, In, Xn) as a sequence of
applying policy . We note that IV is also a random variable depending on the sequence of fidelities
in pulling arms. Next, we calculate the upper bound of the KL-divergence of the above two instances
in this sequence.

KL(Py, Ps)

 /dP,
=5 o ({52
 dP,
:El 1 (d]P (M1711aX17M27IQaX25"';MN7IN7XN)>:|
2
AP
=E; E1 [IOg (dpl(M1,117X1;M2,12,X2;--~;MN7IN,XN)>'N”
Zl (i
(X¢| My, I)
N
1(X¢| My, I) )‘ }
=E, N
l; |: ( Xt‘MhIt
OIES ) o
(M 1y My, 1)
Vs, 3w s (10, ) o]
N
_ lz {1{Mt m, I, = k} KL (P(M“I’) P(M”I‘))‘NH
(m,k)EMXK t=1
N
_ E, KL( (m.) P(’"’“)Z [1{M, = m,]t:k}|N]]
(m,k)eMXK t=1
N
_ Z KL (Pl(m,k)’Pz(m,k)) E, |E,; [Zl{Mt:vat:k} N‘|‘|
(m,k)EMXK t=1
2y KL (PP R R 1M ()]
(m,k)eMxK

— KL (me’z), Pé’”’z)) E, [T;S"“)(A)}

@ 1 1
(m>1) . =+ <
K E, [T (A)} KL<B<2),B(2+2A>>
(e) m 9A?
< By [Tv(k >1)(A)} N
(23)
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651 where the equation (a) is due to

dPq
7N(m1,k1,x1;m2,k2,x2; .. .;mN,kN,xN)
d(px pxA)
= DPpy,w(ma, k1, x15ma, ko, ;. ymn, kN, TN)
N
= Hﬂt(mt,kt|m1, ki, eis .o csmy—n, ki1, Te—1)Dpy (@ me, k),

t=1

652 the equation (b) is due to

pl(Xt|MtJt)>‘ } { { (pl(Xt|MtaIt)>’ }
Ey |log (P20 20N | vl | Ry [log [ PRSH2Z0 Iy
! { & <P2(Xt|MtvIt) TR p2(X¢| My, I) o

= By [KL (P, P N,

N]

653 the equation (c) is due to the tower property as well, the inequality (d) is because arm &’ is the arm
654 with the smallest number of pulled with fidelity m > 1, and the inequality (e) is by calculating the
655 KL-divergent between two Bernoulli distributions.

656 Step 2. Lower bound the regret We first note that the regret defined in Eq.(9) for instance 1 can
657 be decomposed as follows,

— (D)
M
m Alm) A1) Vin
= 2 T s 3 T @Al
m=2 k(M)

ess  where inequality (a) is due to A > Zf; LA the T,Em) (A) is the number of times that arm £ is
650 pulled in fidelity m (given total budget A).
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es0 Then, we lower bound the summation of the regrets under both instances,
E,[R(A)] + Ex[R(A)]

M ) Alm) 2@ (Vm) (M)
-E | SR s 3 T wa
m=2 k;ﬁkiM)

L my oy A = A (¥m) ( xy A (M)
+E, Z Ty (A)Tﬂl + Z T, (M)A,
m=2 etk (M)

A2 2D

> E, TV(ZAL>1) (A)W

pt Y T W)ANM
k;ﬁk%M)

A2 @

FE [TV (M)

H1 + Z Tévm)(A)AéM)
k#AEM)

(a

) A2 @D
> B [TV )]

OB

_ A A A (Vm) A (Vm) A
JrAmm{/\(M) BEIOR 2)\(1)} (IP’l (T1 < D + Py | T > o@D

(®) A2 —\@) AA 1 1 1
(m>1) .
= ]El |:TVk (A):| Tﬂl + 7 min { A(JVI) - 2)\(1)3 2)\(1) } exp(f KL(]P)la]PQ))
(c) ” A2) —\@®
> E, {Tékpl)(/\)} Tﬂl
AA 1 1 1 27-—1 (m>1)
+ —~ Tin { 0D~ 2@ oD }exp (72A K 'E, [TVk (A)D ,

661 where inequality (a) uses the A(M) < 2X\(1) condition, inequality (b) is by Bretagnolle-Huber
e62 inequality [24, Theorem 14.2], and inequality (c) is by Eq.(23).

663 Step 3. Obtain the (K 3A3) lower bound We show that E1[R(A)] + Eo[R(A)] > Q(K3A3)
664 for any possible quantity of Eq [T\%Dl) (A)} via categorized discussion as follows,

665 e Case 1: If E; {T\gkmﬂ)(A)} = 0, then the last formula becomes CAA. Letting A be a
666 constant (via sup), we have a Q(A) lower bound, which means Q(K 3 A%) is also valid.
667 » Case 2: If E; [TV(ZDU (A)} > K3 A%, then we have the Q(K 3A3) lower bound from the
668 first term.

669 e Case 3: If 0 < {T\%Dl)(A)] < K35A3, we choose A = KA~ 3 and also obtain the
670 Q(K3A3) lower bound.

671 E.2 Proof of Theorem D.2

672 In this proof, we prove that for any arm & € KC, the total regret due to this arm k is lower bounded as
673 follows,

(m) )
liminfw Z  min ()\(1) /‘gM) - r“l(cM)> : ‘
A—oo  log(A) m:A{™ >0 A (Agcm))Q

674 Then, noticing that R(A) = ), -\, Rx(A) concludes the proof.
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We construct instances v and v’. We set the reward distributions v = (1/l(€7"))(;€’m)G cx M as Bernoulli

and the reward means fulfill /,LgM) > ,uéM) > uéM) > ,u(KM), where ,ugfm) =E [X]. We

let I/;m) be the same to V,im) for all k and m, except for that an arm ¢ # 1. We set arm ¢’s reward

means on fidelities m € M, to be V/Em) = I/{M) —

(m)
Xrvy

¢(™) 1 €. One can verify that the reward means
of arm k under instance v’ fulfill the condition that |’ ém) —u ,EM )| < €™ for any fidelity m. Notice

that 11/ fﬁM) > ,ugf). Hence, under instance Z’, the optimal arm is k. We denote P, E and P/, E’ as the

probability measures and expectations for instances Z and Z’ respectively.

Next, we employ the (extended) key inequality from Garivier et al. [12] as follows,
> > BV A)KLE™ o) > KEZ] E2).
keK meM

Let Z = AM) N"™(A) /A in the above inequality, we have

>0 EV )KL, v ™)

m:Aém)>0
B[N (M)] B[N (M)
> kl 4 14
( TSR (24)
(@) A ENT™) (A A
> |1- [Ae ()] log ) —log2
A — AMDEN, ™ (A)]

where inequality (a) is due to that for all (p, ¢) € [0, 1]%.kl(p,q) > (1 — p)log(1/(1 —q)) — log 2.
Notice that the regret attributed to any arm % can be decomposed and lower bounded as follows,
M (m)
(m) AT () ()
RN > 0N (Jarst = u®).

with the constraint in Eq.(24). Since this is a linear programming, we know its solution is reached at
its vertex. Therefore, we lower bound the regret as follows,

A (M) 1
Ry(A) > min (u( ) ! > —_—
mia{™ >0 \ AL © ) KL@™ v

AGDE[NS™ (A A
X 1-— [Ny ()] log ) —log2 ],
A A= XODENT™ ()]

Notice that the policy is consistent, that is, IE[NZ(W"’) (A)] = o(T*) and E/ [N,Evm) (A)] = o(A®) for

(M) (Vm)
any a € (0, 1] and any suboptimal arm k # ¢. We have M = o(1) and

A= AUDENS™ (A)] < OO 3 TR/ NG (8)] = o(A).
k#£L

(25)

Dividing both sides of Eq.(25) by A, and letting A go to infinity and a go to 1, we have
E[R¢(A Am) 1
i inf B (A)] > min ( - 0 MEM)) .
A—o0 A m:Aém)>O A KL(’UK s UIZ )
(m) , 1
> min <A () _ ()

"
mialim s \ AW ¢ >KL(U§*"),U§M)<<m>+e)

To bound the optimal arm 1°s sample cost, we use the same v as above and construct another instance
v". The instance v"’s reward means are the same to v except for arm 1 whose reward means for

fidelity m € M, are set as u Y”) = uém) + ¢(™) — €. Then, with similar procedure as the above,
we obtain
A Am) 1
lim inf [R1(A)] > min < - gM) B gM)) —
A—oe A m:a{™ >0 \ A KL(v;™, 03™ 4 ¢(m) —¢)
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E.3 Proof of Theorem D.4

We first prove a problem dependent regret upper bound as follows and then convert this bound to the
problem independent regret upper bound presented in Theorem D.4.

M M M
1) _ G0 _ (o)

Denote A — py , and, especially, AEM) =0.

Theorem E.1 (Problem-Dependent Regret Upper Bound). For any € > 0. Algorithm 4’s regret is
upper bounded as follows,

2D n o 16 A(AN)2 48 64
,CEMBE A (A2 16X Ay A

)\(M) (M) (M) 16 A€2 32 64 A (M)
+ Z (()\(1) M1 © = g ) (glog (16)&”“) +3€2+1)+€> +k-ir(l%))(<5WAk .
k:AECM)gs AL

(26)
Proof of Theorem E. 1. By Hoeffding’s inequality, we have
2—2p 92p )\ (M)
P (ﬂ%) > M 4 2—1’) < exp (— - ) =%
2 X 3 log(A /27 AT
2—2p 92p )\ (M)
P (ﬂ%) < uéM) — 2_p) < exp (— T > = A
2 X 3 log(A /27 AT)
That is, the empirical mean [IJ;M) is within the confidence interval (,uggM) —27P, MEM) + 27P) with
high probability.
(M) . A
Choose any € > <. Let K' = {k € K|A," > ¢}. Denote py = min{p : 277 < =~£—}. From py’s
definition, we have the following inequality
2Pk < < 2Pt (27)

A](CJ\/I)

We also note that the cost of pulling a suboptimal arm &k € K’ at highest fidelity M is upper bounded

S k/\(f)) ugM) — ,u,(CM), where the factor % is because the budget paying to pull an arm at fidelity

M can be used to the the arm at fidelity 1 for fractional times.

The rest of this proof consists of two steps. In the first step, we assume that all empirical means
are in their corresponding confidence intervals at each phases, and show the algorithm can properly
eliminate all suboptimal arms in K'—the arm is eliminated in or before the phase py. In the second
step, we upper bound the regret if there are any empirical estimates lying outside their corresponding
confidence intervals.

Step 1. If all arms’ empirical means lie in confidence intervals. That is, any suboptimal arm k is
eliminated in or before the phase py. Because, if & € C,,, we have
(a)
2P0 gt g = 0 g < D e ),
€

Pr

where (a) is due to Eq.(27). That is, if this arm k haven’t been eliminated before phase pg, it must be
eliminated in this phase. Therefore, the total pulling times of this arm k at highest fidelity M is upper

bounded as follows,
A (@ 16 (A2
22pm<MJ S (A0): 10g< won | T (28)

Tk(:]\/j) < ’722171: log
where (a) is due to Eq.(27).
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We then handle the number of times of pulling arms k£ with A,(CM) < e in fidelity M. Although these

arms’ total pulling times, eliminated in or before phase py, are also upper bounded by Eq.(28), their
corresponding phases py, is greater than log, % and, therefore, cannot be reached. So, these arms’
(including the optimal arm 1’s) total pulling times in fidelity M is upper bounded by

16, Ae? )
=2 8\ 1gaan ) T
Therefore, the cost due to pulling arms at fidelity M is upper bounded as follows,

]
(max {2, 001 16X

MM M
Z(/\(l)uﬁ ) M 11]. @9
ke

After the elimination process, arms with A;CM) < € may remain in the candidate arm set C,, and are
exploited in turn at fidelity m = 1. As some of them are not the optimal arm, this additional cost can
be upper bounded as follows,

A\
— A 30
kA e A TR G0

Step 2. There are two cases that some arms are eliminated improperly: for an suboptimal arm £,
either

2.1 The suboptimal arm k is not eliminated in (or before) the phase py, and the optimal arm 1 is
in Cp, in phase py; or

2.2 The suboptimal arm k is eliminated in (or before) the phase py, and the optimal arm 1 is not
in Cp, in phase py.

Case 2.1’s happening means that arm k is not eliminated in or before phase pj, which can only
happen when the arm’s empirical mean ,&,(CM) lies outside its corresponding confidence interval. This
. S . D . .

event in or before phase py, is with a probability no greater than 2 X 2272 Since this event may

happen to any suboptimal arm k € K’, then the regret of this case is upper bounded by

2P AOD A (A(M) () _ <M>) _ Zg%u(“” () (M))

M 1 /’1/1 Mk; 1 u’l IU/k;
keK’ A AD A ke’ AW (31)
(@) 32 <)\(M) (M) (M)
< § —ar | T >
M 1) M1 k )
dam (A \A

where (a) is due to Eq.(27).

If Case 2.2 happens, the optimal arm 1 is not in the candidate arm set C,,, in phase p,. We denote p;
as the phase that the optimal arm 1 is eliminated, and it is at this phase that some arms’ empirical
means lie outside their confidence interval so that this mis-elimination happens. The probability of
this event is upper bounded by 2 x 22%/\(1\” We assume that arms k& with p;, < p; are eliminated in
or before phase p; properly; otherwise, the regret is counted in Case 2.1. Therefore, the optimal arm
1 eliminated in phase p; should be eliminated by an arm k with p; > p;. Consequently, the maximal
per time slot regret in Case 2.2 is among arms with p, > p;. Denote p, := min{p[27F < 5}. We

28



746

747

748

749
750

751

752

754

755 where the equation of (a) holds when € = (

bound the cost of Case 2.2 as follows,

max, i o2+l \(M) A AL

Z Z T NGO, max ( a 'ugM)_MI(CJ/VI))
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gz Z 2 . w = py 4 x2
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k>1  p1=0 )\(
min{pk,pe } min{px,pe }
<y < D uﬁM)> Sty 3 g
k>1 p1=0 p1=0

)\(]L ) o M 22 min{py,pe }+1 in
< Z (( e :u(1 ) Ng )) 5 +2 {kaps}+4>
k>1
(M) (M) (M) 92pk+1 T A(M) (M) (A1) 92pe+1
< Z (()\(1) My g >3 + 2Pk >+ Z <(/\(1) M )3
keK! E>1,k@K!
(©) )\(M) M) (M)> 32 64 ) A M)\ 32
s . S ()
= 1 H1 M M 1 2
S\ (A Al 3
)\(M) (M)) 32 64 M) () 32
— My M + M (( - My ) 9.2 +
ford ( (a2 Al 3¢

(32)
where (a) and (c) are due to Eq.(27), and (b) is due to the property of swapping two summations.

Summing up the costs in Eq.(29), Eq.(30), Eq.(31), and Eq.(32) concludes the proof. O

Next, we derive the problem-independent regret bound from Eq.(26). When A is large, the O(log A)
and O(A) terms dominate other terms in Eq.(26). For any given ¢, if A is large enough, we always have

)\(M)e 16 A(A“”))2

k 16 Ae?
e>4 T log =¥ = log Toxc for

, which, with some calculus, guarantees that

all A(M > e. Therefore, we can scale all logarithmic arm pulling times as S log o /\(M) , and upper

bound the pulling cost ( 5] ,u(M) — uéM)) by ’\;f)) M(M). We derive the problem-independent

regret upper bound as follows,

Kp{M a0 16, Ac?

D 22 8 gan T am©
Kpu{™ . AGD 16 g A A
STOam 2 %00 Thm°

E[R(A)] <

@, 16K M)A I S s
S D 08 160D OV

1
KuM 1og(A/16,\<M>)> 8
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