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Abstract

Bilevel optimization has become a powerful tool in a wide variety of machine1

learning problems. However, the current nonconvex bilevel optimization considers2

an offline dataset and static functions, which may not work well in emerging online3

applications with streaming data and time-varying functions. In this work, we4

study online bilevel optimization (OBO) where the functions can be time-varying5

and the agent continuously updates the decisions with online streaming data. To6

deal with the function variations and the unavailability of the true hypergradients7

in OBO, we propose a single-loop online bilevel optimizer with window averaging8

(SOBOW), which updates the outer-level decision based on a window average9

of the most recent hypergradient estimations stored in the memory. Compared10

to existing algorithms, SOBOW is computationally efficient and does not need11

to know previous functions. To handle the unique technical difficulties rooted in12

single-loop update and function variations for OBO, we develop a novel analytical13

technique that disentangles the complex couplings between decision variables,14

and carefully controls the hypergradient estimation error. We show that SOBOW15

can achieve a sublinear bilevel local regret under mild conditions. Extensive16

experiments across multiple domains corroborate the effectiveness of SOBOW.17

1 Introduction18

Bilevel optimization has attracted significant recent attention, which in general studies the following19

problem:20

min
x∈Rd1

f(x, y∗(x)) s.t. y∗(x) = arg min
y∈Rd2

g(x, y). (1)

Here both the outer-level function f and the inner-level function g are continuously differentiable,21

and the outer optimization problem is solved subject to the optimality of the inner problem. Due to22

its capability of capturing hierarchical structures in many machine learning problems, this nested23

optimization framework has been exploited in a wide variety of applications, e.g., meta-learning24

[4, 29], hyperparameter optimization [12, 3], reinforcement learning [59, 54] and neural architecture25

search [35, 8].26

However, numerous machine learning problems with hierarchical structures are online in nature, e.g.,27

online meta-learning [10] and online hyperparameter optimization [60], where the current bilevel28

optimization framework cannot be directly applied due to the following reasons: (1) (streaming29

data) The nature of online streaming data requires decision making on-the-fly with low regret,30

whereas the offline framework emphasizes more on the quality of the final solution; (2) (time-31

varying functions) The objective functions in online applications can be time-varying because32

of non-stationary environments and changing tasks, in contrast to static functions considered in33

Equation (1); (3) (limited information) The online learning is nontrivial when the decision maker only34
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has limited information, e.g., regarding the inner-level function, which can be even more challenging35

with time-varying functions. For example, in wireless network control [34], the controller has to36

operate under limited knowledge about the time-varying wireless channels (see Appendix).37

To reap the success of bilevel optimization in online applications, there is an urgent need to develop a38

new online bilevel optimization (OBO) framework. Generally speaking, OBO considers the scenario39

where the data comes in an online manner and the agent continuously updates her outer-level decision40

based on the estimation of the optimal inner-level decision. Both outer-level and inner-level objective41

functions can be time-varying to capture the data distribution shifts in many online scenarios. Note42

that OBO is significantly different from single-level online optimization [21], due to the unavailability43

of the true outer-level objective function composed by f and y∗.44

The study of OBO was recently initiated in [56], but much of this new framework still remains45

under-explored and not well understood. In particular, [56] combines offline bilevel optimization46

with online optimization and proposes an online alternating time-averaged gradient method. Such an47

approach suffers from several limitations: 1) Multi-step update is required for inner-level decision48

variable yt at each time t, which can be problematic when only limited information of the inner-level49

function g is available. 2) The hypergradient estimation at each time requires the knowledge of50

previous objective functions in a window, and also evaluates current models on each previous function;51

such a design can be inefficient and infeasible in online scenarios. In this work, we seek to address52

these limitations and develop a new OBO algorithm that can work efficiently without the knowledge53

of previous objective functions.

Table 1: Comparison of OBO algorithms. ‘HV’ product refers to the Hessian inverse-vector product
in hypergradient estimation. OAGD estimates the hypergradient by 1

W

∑w−1
i=0 ηi∇̂ft−i(xt, yt+1),

which requires the evaluation of ft−i on current model (xt, yt+1).

Algorithm Single-loop update Study estimation error of HV product Do not require previous function info

OAGD [56] ✗ ✗ ✗
SOBOW (this paper) ✓ ✓ ✓

54 The main contributions can be summarized as follows.55

(Efficient algorithm design) We propose a new single-loop online bilevel optimizer with window56

averaging (SOBOW), which works in a fully online manner with limited information about the57

objective functions. In contrast to the OAGD algorithm in [56], SOBOW has the following major58

differences (as summarized in Table 1): (1) (single-loop update) Compared to the multi-step updates59

of the inner-level decision yt at each round in OAGD, we only require a one-step update of yt, which60

is more practical for online applications where only limited information about the inner-level function61

gt is available. (2) (estimation error of Hessian inverse-vector product) Estimating the hypergradient62

requires the outer-level Hessian inverse-vector product. [56] assumes that the exact Hessian inverse-63

vector product can be obtained, which can introduce high computational cost. In contrast, we consider64

a more practical scenario where there could be an estimation error in the Hessian-inverse vector65

product calculation in solving the linear system. (3) (window averaged hypergradient descent) While66

a window averaged hypergradient estimation is considered in both OAGD and SOBOW, SOBOW67

is more realistic and efficient than OAGD. Specifically, OAGD requires the knowledge of the most68

recent objective functions within a window and evaluates the current model on each previous function69

at every round, whereas SOBOW only stores the historical hypergradient estimation in the memory70

without any additional knowledge or evaluations about previous functions.71

(Novel regret analysis) Based on the previous studies in single-level online non-convex optimization72

[22, 2], we introduce a new bilevel local regret as the performance measure of OBO algorithms.73

We show that the proposed SOBOW algorithm can achieve a sublinear bilevel local regret under74

mild conditions. Compared to offline bilevel optimization and OAGD, new technical challenges75

need to be addressed here: (1) unlike the multi-step update of inner-level variable yt in OAGD,76

the single-step update in SOBOW will lead to an inaccurate estimation of the optimal inner-level77

decision y∗t (xt) and consequently a large estimation error for the hypergradient; this problem can78

be addressed in offline bilevel optimization by controlling the gap ∥y∗t (xt)− y∗t+1(xt+1)∥2, which79

depends only on ∥xt − xt+1∥2 for static inner-level functions. But this technique cannot be applied80

here due to the time-varying gt; (2) the function variations in OBO can blow up the impact of the81

hypergradient estimation error if not handled appropriately, whereas offline bilevel optimization does82

not have this issue due to the static functions therein. Towards this end, we appropriately control the83
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Algorithm 1 General procedure of OBO
1: Initialize decisions x1 and y1
2: for t = 1, ..., T do
3: Get information about functions ft and gt
4: Update decision yt+1 based on xt and gt
5: Update decision xt+1 based on yt+1 and ft
6: end for

estimation error of the Hessian inverse-vector product at each round, and disentangle the complex84

couplings between the decision variables through a three-level analysis. This enables the control of85

the hypergradient estimation error, by using a decaying coefficient to diminish the impact of the large86

inner-level estimation error and leveraging the historical information to smooth the update of the87

outer-level decision.88

(Extensive experimental evaluations) OBO has the potential to be used in various online applications,89

by capturing the hierarchical structures therein in an online manner. In this work, the experimental90

results clearly validate the effectiveness of SOBOW in online hyperparameter optimization and online91

hyper-representation learning.92

2 Related Work93

Online optimization Online optimization has been extensively studied for strongly convex and convex94

functions in terms of both static regret, e.g., [65, 20, 44] and dynamic regret, e.g., [5, 45, 58, 61, 63].95

Recently, there has been increasing interest in studying online optimization for non-convex functions,96

e.g., [1, 55, 32, 48, 14], where minimizing the standard definitions of regret is computationally97

intractable. Specifically, [22] introduced a notion of local regret in the spirit of the optimality measure98

in non-convex optimization, and developed an algorithm that averages the gradients of the most99

recent loss functions evaluated in the current model. [2] proposed a dynamic local regret to handle the100

distribution shift and also a computationally efficient SGD update for achieving sublinear regret. [23]101

and [24] studied the zeroth-order online non-convex optimization where the agent only has access to102

the actual loss incurred at each round.103

Offline bilevel optimization Bilevel optimization was first introduced in the seminal work [6].104

Following this work, a number of algorithms have been developed to solve the bilevel optimization105

problem. Initially, the bilevel problem was reformulated into a single-level constrained problem based106

on the optimality conditions of the inner-level problem [19, 52, 40, 46], which typically involves107

many constraints and is difficult to implement in machine learning problems. Recently, gradient-based108

bilevel optimization algorithms have attracted much attention due to their simplicity and efficiency.109

These can be roughly classified into two categories, the approximate implicit differentiation (AID)110

based approach [9, 49, 15, 13, 16, 39, 30] and the iterative differentiation (ITD) based approach111

[42, 11, 50, 41, 16]. Bilevel optimization has also been studied very recently for the cases with112

stochastic objective functions [13, 29, 7, 31, 17] and multiple inner minima [33, 37, 36, 53].113

Online bilevel optimization The investigation of OBO is still in the very early stage, and to the best114

of our knowledge, [56] is the only work so far that has studied OBO.115

3 Online Bilevel Optimization116

Following the same spirit as the online optimization in [21], the decisions are made iteratively in117

OBO without knowing their outcomes at the time of decision-making. Let T denote the total number118

of rounds in OBO. Define xt ∈ X ⊂ Rd1 and ft : X × Rd2 as the decision variable and the online119

function for the outer level problem, respectively. Define yt ∈ Rd2 and gt ∈ X ×Rd2 as the decision120

variable and the online objective function for the inner level problem, respectively. Given the initial121

values of (x1, y1), the general procedure of OBO is described in Algorithm 1.122

Let y∗t (x) = argminy∈Rd2 gt(x, y) for any x. The OBO framework in Algorithm 1 can be interpreted123

from two different perspectives: (1) (single-player) The player makes the decision on xt without124

knowing the optimal inner-level decision y∗t (x). Note, yt serves as an estimation of y∗t (x) from the125

player’s perspective based on her knowledge of function gt; (2) (two-player) OBO can also be viewed126
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as a leader (xt) and follower (yt) game, where each player considers an online optimization problem127

and the leader seeks to play against the optimal decision y∗t (x) of the follower at each round under128

limited knowledge of gt.129

It is worthwhile noting that OBO is quite different from the single-level online optimization. First, the130

outer-level objective function with respect to (w.r.t) xt, i.e., ft(xt, y
∗
t (xt)), is not available to update131

xt, whereas, in standard single-level online optimization, the true loss is revealed immediately after132

making decisions. Besides, as a composite function of ft(x, y) and y∗t (x), ft(x, y
∗
t (x)) is non-convex133

in general w.r.t. the outer-level decision variable x. Hence, standard regret definitions in online134

convex optimization [21] are not directly applicable here.135

Motivated by the dynamic local regret defined in online non-convex optimization [2], we consider the136

following bilevel local regret:137

BLRw(T ) =
∑T

t=1
∥∇Ft,η(xt, y

∗
t (xt))∥2 (2)

where138

Ft,η(xt, y
∗
t (xt)) =

1

W

∑K−1

i=1
ηift−i(xt−i, y

∗
t−i(xt−i)),

and W =
∑K−1

i=0 ηi, η ∈ (0, 1), and ft(·, ·) = 0 for t ≤ 0. In contrast, the static regret in [56]139

evaluates the objective at time slot i using variable updates at different time slot j, which does not140

properly characterize the online learning performance of the model update for time-varying functions141

(see Appendix for more discussion). Intuitively, the regret in Equation (2) is defined as a sliding142

average of the hypergradients w.r.t. the decision variables at the corresponding instant for all rounds in143

OBO. This indeed approximately computes the exponential average of the outer-level function values144

ft(xt, y
∗
t (xt)) at the corresponding decision variables over a sliding window [2]. Larger weights145

will be assigned to more recent updates. The objective here is to design efficient OBO algorithms146

with sublinear bilevel regret BLRw(T ) in T , which implies that the outer-level decision is becoming147

better and closer to the local optima for the outer-level optimization problem at each round. This148

gradient-norm based regret shares the same spirit as the first-order optimality criterion [13, 30], which149

is widely used in offline bilevel optimization to characterize the convergence to the local optima.150

4 Algorithm Design151

It is well known that online gradient descent (OGD) [51] has achieved great successes in single-152

level online optimization. On the other hand, gradient-based methods (e.g., [15, 13, 39, 37, 27])153

have become extremely popular for solving offline bilevel optimization due to their high efficiency.154

Thus, we also study the online gradient descent based algorithm to solve the OBO problem. As155

mentioned earlier, the unique challenges of OBO should be carefully handled in the algorithm design,156

including 1) the inaccessibility of the objective function and accurate hypergradients compared to157

single-level online optimization and 2) the time-varying functions and limited information compared158

to offline bilevel optimization. To this end, our algorithm includes two major designs, i.e., efficient159

hypergradient estimation with limited information and window averaged outer-level decision update.160

Hypergradient estimation In OBO, the exact hypergradient ∇ft(xt, y
∗
t (xt)) w.r.t. xt can be161

represented as162

∇ft(xt, y
∗
t (xt)) = ∇xft(xt, y

∗
t (xt))−∇x∇ygt(xt, y

∗
t (xt))v

∗
t (3)

where v∗t solves the linear system ∇2
ygt(xt, y

∗
t (xt))v = ∇yft(xt, y

∗
t (xt)). The optimal inner-level163

decision y∗t (xt) is generally unavailable in OBO. To estimate the hypergradient ∇ft(xt, y
∗
t (xt)),164

the AID-based approach [9, 13, 30] for offline bilevel optimization can be leveraged here, which165

will involve the following steps: (1) given xt, run N steps of gradient descent w.r.t. the inner-level166

objective function gt to find a good approximation yNt close to y∗t (xt); (2) given yNt , obtain vQt167

by solving ∇2
ygt(xt, y

N
t )v = ∇yft(xt, y

N
t ) with Qt steps of conjugate gradient. The estimated168

hypergradient is constructed as169

∇̂ft(xt, y
N
t ) =∇xft(xt, y

N
t )−∇x∇ygt(xt, y

N
t )vQt . (4)

Nevertheless, the N steps gradient descent for estimating y∗t (xt) require multiple inquiries about170

the inner-level function gt, which can be inefficient and infeasible for online applications. For the171
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Algorithm 2 Single-loop Online Bilevel Optimizer with Window averaging (SOBOW)
1: Initialize decisions x1, y1, v0
2: for t = 1, ..., T do
3: Get information about functions ft and gt
4: Update yt+1 based on Equation (5)
5: Solve the linear system ∇2

ygt(xt, yt+1)v = ∇yft(xt, yt+1) using Qt steps of conjugate
gradient starting from a fixed point v0 with stepsize λ to obtain vQt

6: Construct the hypergradient ∇̂ft(xt, yt+1) based on Equation (4) with yNt = yt+1

7: Store ∇̂ft(xt, yt+1) in the memory
8: Update xt+1 based on Equation (6)
9: end for

algorithm being used in more practical scenarios with limited information about gt, we consider the172

extreme case where N = 1, i.e.,173

yt+1 = y1
t = yt − α∇ygt(xt, yt), (5)

where α is the inner-level step size. This would lead to an inaccurate estimation of y∗t (xt), which174

can pose critical challenges for making satisfying outer-level decisions in OBO due to the unreliable175

hypergradient estimation, especially when the objective functions are time-varying.176

Window averaged decision update To deal with the non-convex and time-varying functions,177

inspired by time-smoothed gradient descent in online non-convex optimization [22, 2, 64, 18], we178

consider a time-smoothed hypergradient descent for updating the outer-level decision variable xt:179

xt+1 = ΠX (xt − β∇̂Ft,η(xt, yt+1)) (6)

where ΠX is the projection onto the set X , β is the outer-level step size and180

∇̂Ft,η(xt, yt+1) =
1

W

K−1∑
i=1

ηi∇̂ft−i(xt−i, yt+1−i). (7)

Here ∇̂ft−i(xt−i, yt+1−i) is the hypergradient estimation at the round t − i, as in Equation (4).181

Intuitively, the update of the current xt is smoothed by the historical hypergradient estimations182

w.r.t. the decision variables at that time, which is particularly important here for OBO due to the183

following reasons: (1) To compute the averaged ∇̂Ft,η(xt, yt+1) at each round t, we only store the184

hypergradient estimation for previous rounds in the memory, i.e., store ∇̂fi(xi, yi+1) at each round i,185

and estimate the current hypergradient ∇̂ft(xt, yt+1) using the available information at current round186

t. Compared to OAGD in [56], there is no need to access to the previous outer-level and inner-level187

objective functions and evaluate the current decisions on those functions, which is clearly more188

efficient and practical for online applications. (2) Leveraging the historical information in the window189

to update the current decision is helpful to deal with the inaccurate hypergradient estimation for the190

current round, especially under mild function variations. This indeed shares the same rationale with191

using past tasks to facilitate forward knowledge transfer in online meta-learning [10] and continual192

learning [38], for better decision making in the current task and improving the overall performance in193

non-stationary environments.194

Building upon these two major components, we can have our main OBO algorithm, Single-loop195

Online Bilevel Optimizer with Window averaging (SOBOW), as summarized in Algorithm 2. At the196

round t, we first estimate yt+1 as in Equation (5) given xt and yt, which will be next leveraged to197

solve the linear system and construct the hypergradient estimation as in Equation (4). Based on the198

historical hypergradient estimations stored in the memory for previous rounds, we next update xt199

based on Equation (6).200

5 Theoretical Analysis201

In this section, we provide the theoretical analysis of the regret bound for SOBOW.202

5.1 Technical Assumptions203

Let z = (x, y). Before the regret analysis, we first make the following assumptions.204
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Assumption 5.1. The inner-level function gt(x, y) is µg-strongly convex w.r.t. y, and the composite205

objective function ft(x, y
∗
t (x)) is non-convex w.r.t x.206

Assumption 5.2. The following conditions hold for objective functions ft(z) and gt(z), ∀t ∈207

[1, T ]: (1) The function ft(z) is L0-Lipschitz continuous; (2) ∇ft(z) and ∇gt(z) are L1-Lipschitiz208

continuous; (3) The high-order derivatives ∇x∇ygt(z) and ∇2
ygt(z) are L2-Lipschitz continuous.209

Note that both Assumption 5.1 and Assumption 5.2 are standard and widely used in the literature of210

bilevel optimization, e.g., [49, 13, 27, 56, 25].211

Assumption 5.3. For any t ∈ [1, T ], the function ft(z) is bounded, i.e., |ft(z)| ≤ M with M > 0.212

Besides, the convex set X is bounded, i.e., ∥x− x′∥ ≤ D with D > 0, for any x and x′ in X .213

Assumption 5.3 on the boundedness of the objection functions is also standard in the literature214

of non-convex optimization, e.g., [22, 2, 47, 56]. Moreover, to guarantee the boundedness of the215

hypergradient estimation error, previous studies (e.g., [13, 26, 16]) in offline bilevel optimization216

usually assume that the gradient norm ∥∇f(z)∥ is bounded from above for all z. In this work, we217

make a weaker assumption on the feasibility of ∇yft(x, y
∗
t (x)):218

Assumption 5.4. There exists at least one x̂ ∈ X such that ∥∇yft(x̂, y
∗
t (x̂))∥ ≤ ρ where ρ > 0 is219

some constant.220

5.2 Theoretical Results221

Technical challenges in analysis: To analyze the regret performance of SOBOW, several key and222

unique technical challenges need to be addressed, compared to offline bilevel optimization and OAGD223

in [56]: (1) unlike the multi-step update of inner-level variable yt in OAGD, the single-step update in224

SOBOW will lead to an inaccurate estimation of y∗t (xt) and consequently a large estimation error225

for the hypergradient ∇ft(xt, y
∗
t (xt)); this problem can be addressed in offline bilevel optimization226

by controlling the gap ∥y∗t (xt) − y∗t+1(xt+1)∥2, which depends only on ∥xt − xt+1∥2 for static227

inner-level functions, but this technique cannot be applied here due to the time-varying gt; (2) the228

function variations in OBO can blow up the impact of the hypergradient estimation error if not229

handled appropriately, whereas offline bilevel optimization does not have this issue due to the static230

functions therein; (3) a new three-level analysis is required to understand the involved couplings231

among the estimation errors about vt, yt and xt in online learning.232

Towards this end, the very first step is to understand the estimation error of the opti-233

mal solution v∗t to the linear system ∇2
ygt(xt, y

∗
t (xt))v = ∇yft(xt, y

∗
t (xt)). Here v∗t =234

(∇2
ygt(xt, y

∗
t (xt)))

−1∇yft(xt, y
∗
t (xt)). We have the following lemma about ∥vQt − v∗t ∥2, where vQt235

is obtained by solving ∇2
ygt(xt, yt+1)v = ∇yft(xt, yt+1) using Qt steps of conjugate gradient.236

Lemma 5.5. Suppose Assumptions 5.1-5.4 hold, λ ≤ 1
L1

, α ≤ 1
L1

and Qt+1 −Qt ≥
log(1−αµg

2 )

2 log(1−λµg)
.237

We can have that238

∥vQt − v∗t ∥2 ≤ c2∥yt+1 − y∗
t (xt)∥2 + ϵ2t

where c2 > 0 is some constant and the error ϵ2t decays with t, i.e., ϵ2t+1 ≤ (1− αµg/2)ϵ
2
t .239

Lemma 5.5 characterizes the estimation error ∥vQt − v∗t ∥2 in a neat way, by constructing an upper240

bound with the estimation error of the inner-level optimal decision y∗t (xt), i.e., ∥yt+1−y∗t (xt)∥2, and241

a decaying error term ϵ2t . The way of controlling ∥vQt −v∗t ∥2 here is particularly important, which not242

only clarifies the coupling between vt and yt but also helps to control the hypergradient estimation243

error. Note that solving the linear system with a larger Qt does not require more information about244

the inner-level function, and the introduced computation cost can be negligible, because the conjugate245

gradient only involves Hessian-vector product which can be efficiently computed.246

Next we seek to bound the hypergradient estimation error ∥∇ft(xt, y
∗
t (xt))−∇̂ft(xt, yt+1)∥2 at the247

round t. Intuitively, the hypergradient estimation error depends on both ∥yt+1 − y∗t (xt)∥2 and ∥vQt −248

v∗t ∥2. Building upon Lemma 5.5, this dependence can be shifted to the joint error of ∥yt+1−y∗t (xt)∥2249

and ϵ2t , which contains iteratively decreasing components after careful manipulations. Specifically, let250

G1 = 1 + c2 +
L2

2(ρµg+DL2
1+DL1µg)

2

L2
1µ

4
g

and G2 = 2G1(1 +
2

αµg
)(1− αµg). We have the following251

theorem to characterize the hypergradient estimation error.252

6



Theorem 5.6. Suppose that Assumptions 5.1-5.4 hold, λ ≤ 1
L1

, α ≤ 1
L1

and Qt − Qt−1 ≥253

log(1−αµg
2 )

2 log(1−λµg)
. For t ∈ [2, T ], we can bound the hypergradient estimation error as follows:254

∥∇ft(xt, y
∗
t (xt))− ∇̂ft(xt, yt+1)∥2 ≤ 3L2

1

{
2L2

1G2

µ2
g

t−2∑
j=0

(
1− αµg

2

)j

∥xt−1−j − xt−j∥2

+G2

t−2∑
j=0

(
1− αµg

2

)j

∥y∗
t−1−j(xt−1−j)− y∗

t−j(xt−1−j)∥2 +
(
1− αµg

2

)t−1

δ1

}
where δ1 = G1∥y2 − y∗1(x1)∥2 + ϵ21.255

As shown in Theorem 5.6, the upper bound of the hypergradient estimation error includes three terms:256

(1) The first term decays with t, which captures the iteratively decreasing component in the joint error257

of ∥yt+1 − y∗t (xt)∥2 and ϵ2t ; (2) The second term characterizes the dependence on the variation of258

the outer-level decision between adjacent rounds in the history; (3) The third term characterizes the259

dependence on the variation of the optimal inner-level decision between adjacent rounds.260

To control the hypergradient estimation error as in Theorem 5.6, the key idea is to decouple the source261

of the estimation error ∥yt+1 − y∗t (xt)∥2 at the current round into three different components, i.e.,262

∥yt−y∗t−1(xt−1)∥2 for the previous round, the variation of the out-level decision, and the variation of263

the optimal inner-level decision. Since the inner-level estimation error is large due to the single-step264

update, we diminish its impact through a decaying coefficient, which inevitably enlarges the impact265

of the other two components. The variation of the optimal inner-level decision is due to nature of the266

OBO problem, which cannot be controlled. One has to impose some regularity constraints on this267

variation to achieve a sublinear regret, in the same spirit to the regularities on functional variations268

widely used in the dynamic regret literature (e.g., [5, 63]). Therefore, the key point now becomes269

the control of the variation of the out-level decision ∥xt−1−j − xt−j∥2, which can be achieved270

through the window averaged update of xt in Equation (6). Intuitively, by leveraging the historical271

information, the window averaged hypergradient in Equation (7) smooths the outer-level decision272

update, which serves as a better update direction compared to the deviated single-round estimation273

∇̂ft(xt, yt+1). Before presenting the main result, we first introduce the following definitions to274

characterize the variations of the objective function ft(·, y∗t (·)) and the optimal inner-level decision275

y∗t (·) in OBO, respectively:276

V1,T =

T∑
t=1

sup
x

[ft+1(x, y
∗
t+1(x))− ft(x, y

∗
t (x))], H2,T =

T∑
t=2

sup
x

∥y∗
t−1(x)− y∗

t (x)∥2.

Intuitively, V1,T measures the overall fluctuations between the adjacent objective functions in all277

rounds under the same outer-level decision variable, and H2,T can be regarded as the inner-level278

path length to capture the variation of the optimal inner-level decisions as in [56]. Note that V1,T279

is a weaker regularity for the functional variation compared to absolute values used in single-level280

online optimization for dynamic regret [5, 63]. When the functions are static, these variations terms281

are simply 0. We are interested in the case where both V1,T and H2,T are o(T ) as in the literature of282

dynamic regret.283

Based on Theorem 5.6, we can have the following theorem to characterize the regret of SOBOW.284

Theorem 5.7. Suppose that Assumptions 5.1-5.4 hold. Let λ ≤ 1
L1

, α ≤ 1
L1

, Qt+1 − Qt ≥285

log(1−αµg
2 )

2 log(1−λµg)
, η ∈ (1 − αµg

2 , 1), and β ≤ min{ 1
4Lf

,
µ2
gLfW (1−η)(η−1+αµg/2)

24L4
1G2η

} where Lf is the286

smoothness parameter of the function ft(·, y∗t (·)). Then we can have287

BLRw(T ) ≤ O

(
T

βW
+

V1,T

β
+H2,T

)
.

The value of Lf can be found in the proof in Appendix. Note that the hypergradient estimation at the288

current round depends on all previous outer-level decisions as shown in Theorem 5.6. While these289

decisions may not be good at the early stage in OBO, choosing η ∈ (1− αµg

2 , 1) would diminish their290

impact on the local regret. When the variations V1,T and H2,T are both o(T ), a sublinear bilevel local291

regret can be achieved for an appropriately selected window, e.g., W = o(T ) when η = 1− h(T ),292

where h(T ) → 0 as T → ∞. Note that the value β does not change substantially since W (1− η)293

converges to 1. Particularly, when η = 1− o( 1
T ), W = ω(T ). In this case, we can have the smallest294

regret O
(

V1,T

β +H2,T

)
that only depends on the function variations in OBO.295
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6 Experiments296

In this section, we conduct experiments in multiple domains to corroborate the utility of the OBO297

framework and the effectiveness of SOBOW.298
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Figure 1: Evaluation for online HR. As shown in subfigures (a) and (b), SOBOW performs similarly
to OAGD and significantly outperforms OGD in both static and dynamic setups. Subfigure (c) shows
the performance of SOBOW under different values of the averaging parameter η for online HR. Better
performance is achieved as η → 1. Subfigure (d) shows the performance of SOBOW under different
values of inner steps N when the data stream contains two data points (one in Xg

t and one in Xf
t ).

The performance saturates at N = 2.

Specifically, we compare our algorithm SOBOW with the following baseline methods: (1) OAGD299

[56], which is the only method for OBO in the literature; (2) OGD, a natural method which updates300

the outer-level decision by using the current hypergradient estimation only without any window301

averaging. Intuitively, OGD is not only a special case of OAGD when the information of previous302

functions is not available, but also a direct application of offline bilevel optimization, e.g., AID-based303

method [30]. We also denote SOBOW-K/OAGD-K as SOBOW and OAGD with window size K,304

respectively. And we evaluate the regret using the definition in Equation (2). We also compare the305

performance using the regret in [56] in Appendix where similar results can be observed.306

Online Hyper-representation Learning Representation learning [12, 16] seeks to extract good307

representations of the data. The learnt representation mapping can be used in downstream tasks to308

facilitate the learning of task specific model parameters. This formulation is typically encountered309

in a multi-task setup, where Λ captures the common representation extracted for multiple tasks and310

w defines the task-specific model parameters. When the data/task arrives in an online manner, the311

hyper-representation needs to be continuously adapted to incorporate the new knowledge.312

Following [16], we study online hyper-representation learning (Online HR) with linear models.313

Specifically, at each round t, the agent applies the hyper-representation Λt ∈ Rp×d and the linear314

model prediction wt ∈ Rd, and then receives small minibatches (Xf
t , Y

f
t ) and (Xg

t , Y
g
t ). Based on315

Λt and (Xg
t , Y

g
t ), the agent updates her linear model prediction wt+1 as an estimation of w∗(Λt) =316

argminw∈Rd gt(Λt, w) := ∥Xg
t Λtw−Y g

t ∥2+
γ
2 ∥w∥

2. Based on the estimation wt+1 and (Xf
t , Y

f
t ),317

the agent further updates her decision Λt+1 about the hyper-representation to minimize the loss318

ft(Λ, w
∗
t (Λ)) := ∥Xf

t Λw
∗
t (Λ)− Y f

t ∥2. In our experiments, we consider synthetic data generated as319

in [16] and explore two distinct settings: (i) a static setup where the underlying model generating the320

minibatches is fixed; and (ii) a staged dynamic setup where the model changes after some steps.321

As shown in Figure 1(a) and Figure 1(b), SOBOW achieves comparable regret with OAGD in both322

static and dynamic setups, without the need of knowing previous functions. In terms of the running323

time for 5000 steps with K = 50, SOBOW takes 11 seconds, OAGD takes 228 seconds and OGD324

takes 7 seconds. Therefore, SOBOW is much more computationally efficient compared to OAGD,325

because SOBOW does not need to re-evaluate the previous functions on the current model at each326

round. On the other hand, SOBOW performs substantially better than OGD (i.e., OAGD when327

previous functions are not available) with similar running time. These results not only demonstrate328

the usefulness of SOBOW when the previous functions are not available, but also corroborate the329

benefit of window-averaged outer-level decision update by leveraging the historical hypergradient330

estimations in OBO. Figure 1(c) shows the performance of SOBOW under different values of the331

averaging parameter η. The performance is better as η → 1, which is also consistent with our332

theoretical results. Figure 1(d) indicates that a small number of updates for the inner-level variable is333

indeed enough for online HR.334

Online Hyperparameter Optimization The goal of hyperparameter optimization (HO) [12, 16] is335

to search for the best values of hyperparameters λ, which seeks to minimize the validation loss of the336
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Table 2: Left: Comparison for static online HO. We report accuracy and loss on a separate test split
after 12000 steps. Right: Comparison for dynamic online HO. We report accuracy on a separate test
split at the end of stream with corruption level 20% and 30%. Each level lasts for 4000 steps.

Method Accuracy (%) Test Loss Time (s)
SOBOW-4 65.87 1.287 899
OAGD-4 65.96 1.285 2304

SOBOW-50 66.32 1.28 1188
OAGD-50 66.44 1.273 20161

Method End 20% stream End 30% stream Time (s)
SOBOW-4 58.39 59.70 1198
OAGD-4 62.61 59.26 3072

learnt model parameters w and is usually done offline. However, in online applications where the337

data distribution can dynamically change, e.g., the unusual traffic patterns in online traffic time series338

prediction problem [60], keeping the hyperparameters static could lead to sub-optimal performance.339

Therefore, the hyperparameters should be continuously updated together with the model parameters340

in an online manner.341

Specifically, at each online round t, the agent applies the hyperparameters λt and the model wt, and342

then receives a small dataset Dt = {Dtr
t ,Dval

t } composed of a training subset Dtr
t and a validation343

subset Dval
t . Based on λt and Dtr

t , the agent first updates her model prediction wt+1 as an estimation344

of w∗
t (λt) := argminw Ltr

t (λt, w), where Ltr
t (λ,w) :=

1
|Dtr

t |
∑

ζ∈Dtr
t
L(w; ζ) + Ω(λ,w), L(w, ζ)345

is a cost function computed on data point ζ with prediction model w, and Ω(w, λ) is a regularizer.346

Based on the model prediction wt+1 and Dtr
t , the agent updates the hyperparameters λt+1 to minimize347

the validation loss Lval
t (λ,w∗

t (λ)) :=
1

|Dval
t |
∑

ξ∈Dval
t

L (w∗
t (λ); ξ).348

We consider an online classification setting on the 20 Newsgroup dataset, where the classifier is349

modeled by an affine transformation and we use the cross-entropy loss as the losscost function. For350

Ω(λ,w), we use one ℓ2-regularization parameter for each row of the transformation matrix in w, so351

that we have one regularization parameter for each data feature (i.e., |λ| is given by the dimension of352

the data). We remove all news headers in the 20 Newsgroup dataset and pre-process the dataset so353

as to have data feature vectors of dimension d = 99238. In our implementations, we approximate354

the hypergradient using implicit differentiation with the fixed point method [16]. We consider two355

different setups: (i) a static setup where the agent receives a stream of clean data batches {Dt}t;356

(ii) a dynamic setting in which the agent receives a stream of corrupted batches {Dt}t, where the357

corruption level changes after some time steps. For both setups the batchsize is fixed to 16. For358

the dynamic setting we consider four different corruption levels {5%, 10%, 20%, 30%} and also359

optimize the learning rate as an additional hyperparameter.360

We evaluate the testing accuracy for SOBOW and OAGD in Table 2 for both static (Left) and dynamic361

(Right) setups. It can be seen that compared to OAGD, SOBOW achieves similar accuracy but with a362

much shorter running time. When the window size increases in Table 2, performance of both SOBOW363

and OAGD increases and the computational advantage of SOBOW becomes more significant. In364

particular, SOBOW runs around 20 times faster than OAGD when the window size is 50.365

7 Conclusions and Discussion366

In this work, we study non-convex bilevel optimization where the functions can be time-varying and367

the agent continuously updates the decisions with online streaming data. We proposed a single-loop368

online bilevel optimizer with window averaging (SOBOW) to handle the function variations and369

the unavailability of the true hypergradients in OBO. Compared to existing algorithms, SOBOW is370

computationally efficient and does not require previous function information. We next developed371

a novel analytical technique to tackle the unique challenges in OBO and showed that SOBOW can372

achieve a sublinear bilevel local regret. Extensive experiments justified the effectiveness of SOBOW.373

We also discuss the potential applications of the OBO framework in online meta-learning and online374

adversarial training (see Appendix).375

Limitation and future directions The study of online bilevel optimization is still in a very early stage,376

and much of this new framework still remains under-explored and not well understood. We started377

with the second-order approach for hypergradient estimation, which is less scalable. One future378

direction is to leverage the recently developed first order approaches for hypergradient estimation.379

Another limitation is that we assume that the inner-level objective function is strongly convex. In the380

future, we will investigate the convex and even non-convex case.381
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Appendix544

A Discussion about practical applications of OBO545

(1) In the traffic flow prediction problem [60], since the data collected by the traffic sensors arrive546

at the controller continuously and frequently, the hyperparameters need to be optimized (in the547

outer level) quickly in an online manner in order to guarantee the performance of the prediction548

model (in the inner level). Keeping the hyperparameters static for the prediction model may result in549

sub-optimal performance, because the distribution of the traffic flow can change gradually. Further,550

the controller may not have global information of the traffic flows, because it is exorbitantly expensive551

to deploy sensors to cover all traffic flows.552

(2) In the wireless network control problem [34], the controller allocates resources, e.g., wireless553

channel bandwidth, to the users, where each user can have its own utility function depending on554

the wireless channel conditions given the allocated resources. Since wireless channels are usually555

time-varying, the controller has to continuously update the resource allocation quickly to maximize556

the network performance. The rate allocation decisions (deciding what packet rate a user transmits at557

any given time) and scheduling decisions (which users transmit) are done at a fast time-scale (in the558

inner level), while determining the utility functions of the users could be done at a slower time scale559

(in the outer level). Further these decisions need to be made in a distributed fashion, so under local560

knowledge of the channel conditions and interference levels.561

In these applications, the current offline bilevel optimization framework cannot be directly applied562

because of the streaming data, the time-varying functions and possibly the limited information about563

the system. In contrast, online bilevel optimization has great potential for these online applications.564

Moreover, the decision making in these online applications also needs to be fast and efficient without565

the need of knowing all previous functions. Thus, the regret captures the performance of the learning566

model over the sequential process rather than just the performance of a final output model in the567

offline setting. How to design such algorithms with a sublinear regret guarantee is very important for568

making online bilevel optimization more practical in real applications.569

B Applications of OBO in meta-learning and adversarial training570

Online meta-learning In online meta-learning, learning tasks arrive one at a time, and the agent571

aims to learn a good meta-model θ based on the past tasks in a sequential manner, which can be572

quickly adapted to a good task-specific model ϕ for the current task. Specifically, each task t has a573

training dataset Dtr
t and a testing dataset Dte

t , and given a meta- model θ, the optimal task model is574

defined as575

ϕ∗
t (θ) ∈ argmin

ϕ
gt(θ, ϕ) = Lt(ϕ,Dtr

t ) + λ∥θ − ϕ∥2.

In the OBO framework of online meta-learning, the meta-model θt is the outer-level decision variable576

at round t, and the task model ϕt is the inner-level decision variable. At round t, the task model ϕt+1577

is first obtained based on gt(θt, ϕ) as an estimation of ϕ∗
t (θt); and then given ϕt+1, the meta-model578

will be further updated w.r.t.579

ft(θ, ϕt+1) = Lt(ϕt+1,Dte
t ) + λ∥θ − ϕt+1∥2.

Online adversarial training Adversarial training [43, 57, 62] is usually formulated as a min-max580

optimization problem. The defender learns a robust model to minimize the worst-case training loss581

against an attacker, where the attacker aims to maximize the loss by perturbing the training data. A582

static setting is often considered with full access to the target dataset at all times. Nevertheless, many583

real-world applications involve streaming data that arrive in an online manner, e.g., the financial584

markets or real-time sensor networks. A continuously robust model update is more desirable in these585

applications against potential attacks on the streaming data.586

This online adversarial training problem can also be addressed by the OBO framework. Here the587

model parameters θ is the outer-level decision variable and the adversarial perturbations δ to the588

data point (x, y) is the inner-level decision variable. At each time t, the defender updates the589

estimate δt+1 of the worst adversarial perturbations, given her knowledge about the inner-level590

objection function gt(θt, δt) = −L(θt, xt + δ, yt) subject to the perturbation constraint. Based591
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on δt+1, the defender updates the model θt+1 robustly w.r.t. the outer-level objective function592

ft(θ, δt+1) = L(θ, xt + δt+1, yt).593

C Experimental details594

We use a grid of values between 10−5 and 10 to set the stepsizes and did not find the algorithm par-595

ticularly sensitive to them for the experiments considered. For example, we achieve best performance596

by setting both the inner and outer stepsizes to 10−4 for the online hyper-representation learning597

experiments and small values around that scale yield the same performance. For the dynamic OHO598

experiments, only the outer step size is set manually to 0.01. The inner step size is optimized along599

with the other regularization hyperparameters.600

OAGD needs to store the previous objective functions, which requires all the previous data points to601

compute the function values and additional resources to store the knowledge of the function structures.602

In contrast, our method only stores the previous hypergradient estimates averaged over previous data603

points. For example, when n data points are used to evaluate the function at each round, the memory604

requirement for OAGD is O(nK), compared to O(K) for our method. Here, K is the window size.605

Therefore, the memory cost of our method can be lower, especially when the number of data points is606

large.607

D Comparison between the regret definitions608

For a clear comparison, we restate the definitions of bilevel local regret in our work and OAGD here:609

Our definition:610

BLR =

T∑
t=1

∥∥∥∥∥ 1

W

K−1∑
i=1

ηi∇ft−i(xt−i, y
∗
t−i(xt−i))

∥∥∥∥∥
2

.

In OAGD:611

BLR =

T∑
t=1

∥∥∥∥∥ 1

W

K−1∑
i=1

ηi∇ft−i(xt, y
∗
t (xt))

∥∥∥∥∥
2

.

The key difference is that we evaluate the past loss ft−i using the variable updates xt−i and y∗t−i(xt−i)612

at exactly same time t−i, while in OAGD the past loss ft−i is evaluated using the most recent updates613

xt and y∗t (xt). As shown in [2], the static regret in OAGD can cause problems for time-varying loss614

functions. Intuitively, evaluating the objective at time slot i using variable updates at different time615

slot j can be misleading, because it does not properly characterize the online learning performance of616

the model update at time slot i, especially when the objective functions vary a lot.617

In Figure 2 we compare our algorithm and OAGD using the regret notion proposed in OAGD. The618

results show that our algorithm still achieves similar regret performance compared to OAGD, but619

with a much shorter runtime.620

E Proof of Lemma 5.5621

To prove Lemma 5.5, we first have the following lemma about v∗t :622

Lemma E.1. Suppose that Assumption 5.2, Assumption 5.3 and Assumption 5.4 hold. We can have623

the following upper bound on ∥v∗t ∥:624

∥v∗t ∥ ≤ ρµg +DL2
1 +DL1µg

µ2
g

≜ Mv.

Proof. Based on Lemma 2.2 in [13], it can be shown that y∗t (x) is L1

µg
-Lipschitz continuous in x, i.e.,625

∥y∗t (x)− y∗t (x
′)∥ ≤ L1

µg
∥x− x′∥ (8)
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Figure 2: Comparison between our SOBOW and OAGD using the regret notion proposed in [56] on
the dynamic online HR problem.

for any x and x′. According to Assumption 5.4, let x̂ ∈ X such that ∥∇yft(x̂, y
∗
t (x̂))∥ ≤ ρ. Then it626

follows that627

∥∇yft(xt, y
∗
t (xt))∥ =∥∇yft(x̂, y

∗
t (x̂)) +∇yft(xt, y

∗
t (xt))−∇yft(x̂, y

∗
t (x̂))∥

≤∥∇yft(x̂, y
∗
t (x̂))∥+ ∥∇yft(xt, y

∗
t (xt))−∇yft(x̂, y

∗
t (x̂))∥

≤ρ+

(
L1 +

L2
1

µg

)
∥xt − x̂∥

≤ρµg +DL2
1 +DL1µg

µg
.

Therefore,628

∥v∗t ∥ =∥(∇2
ygt(xt, y

∗
t (xt)))

−1∇yft(xt, y
∗
t (xt))∥

≤∥(∇2
ygt(xt, y

∗
t (xt)))

−1∥∥∇yft(xt, y
∗
t (xt))∥

≤ 1

µg
∥∇yft(xt, y

∗
t (xt))∥

≤ρµg +DL2
1 +DL1µg

µ2
g

.

629

Based on Lemma 1 in [28], we can have that630

∥vQt − v∗t ∥

≤
[
Qt(1− λµg)

Qt−1L2λMv +
1− (1− λµg)

Qt(1 + λQtµg)

µg
L2Mv

]
∥y∗t − yt+1∥

+ (1− (1− λµg)
Qt)

L1

µg
∥y∗t − yt+1∥+ (1− λµg)

Qt∥v0t − v∗t ∥

≤

[
1

1− λµg

Qt

1 +Qt log
1

1−λµg

L2λMv +
1

µg
L2Mv +

L1

µg

]
∥y∗t − yt+1∥+ (1− λµg)

Qt∥v0t − v∗t ∥

=

(
L2λMv

(1− λµg) log
1

1−λµg

+
L2Mv + L1

µg

)
∥y∗t − yt+1∥+ (1− λµg)

Qt∥v0t − v∗t ∥

≜CQ∥y∗t − yt+1∥+ (1− λµg)
Qt∥v0 − v∗t ∥

where CQ = L2λMv

(1−λµg) log
1

1−λµg

+ L2Mv+L1

µg
. By using the Young’s inequality and Lemma E.1, it631

follows that632
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∥vQt − v∗t ∥2 ≤
(
1 +

1

λµg

)
C2

Q∥y∗t − yt+1∥2 + (1 + λµg)(1− λµg)
2Qt∥v0 − v∗t ∥2

≤
(
1 +

1

λµg

)
C2

Q∥y∗t − yt+1∥2 + (1 + λµg)(1− λµg)
2Qt(2∥v0∥2 + 2Mv)

≜c2∥y∗t − yt+1∥2 + ϵ2t

where c2 =
(
1 + 1

λµg

)
C2

Q, and ϵ2t = (1 + λµg)(1− λµg)
2Qt(2∥v0∥2 + 2Mv).633

F Proof of Theorem 5.6634

Based on Equation (3) and Equation (4), it follows that635

∥∇ft(xt, y
∗
t (xt))− ∇̂ft(xt, yt+1)∥2

=∥∇xft(xt, y
∗
t (xt))−∇x∇ygt(xt, y

∗
t (xt))v

∗
t −∇xft(xt, yt+1) +∇x∇ygt(xt, yt+1)v

Q
t ∥2

=∥∇xft(xt, y
∗
t (xt))−∇xft(xt, yt+1) +∇x∇ygt(xt, yt+1)v

Q
t −∇x∇ygt(xt, yt+1)v

∗
t

+∇x∇ygt(xt, yt+1)v
∗
t −∇x∇ygt(xt, y

∗
t (xt))v

∗
t ∥2

≤3∥∇xft(xt, yt+1)−∇xft(xt, y
∗
t (xt))∥2 + 3∥∇x∇ygt(xt, yt+1)∥2∥v∗t − vQt ∥2

+ 3∥∇x∇ygt(xt, y
∗
t (xt))−∇x∇ygt(xt, yt+1)∥2∥v∗t ∥2

(a)

≤3L2
1∥yt+1 − y∗t (xt)∥2 + 3L2

1∥v∗t − vQt ∥2 + 3L2
2∥yt+1 − y∗t (xt)∥2∥v∗t ∥2

(b)

≤
(
3L2

1 +
3L2

2(ρµg +DL2
1 +DL1µg)

2

µ4
g

)
∥yt+1 − y∗t (xt)∥2 + 3L2

1∥v∗t − vQt ∥2

(c)

≤
(
3L2

1(1 + c2) +
3L2

2(ρµg +DL2
1 +DL1µg)

2

µ4
g

)
∥yt+1 − y∗t (xt)∥2 + 3L2

1ϵ
2
t

=3L2
1

[(
1 + c2 +

L2
2(ρµg +DL2

1 +DL1µg)
2

L2
1µ

4
g

)
∥yt+1 − y∗t (xt)∥2 + ϵ2t

]
(9)

where (a) is true because of Assumption 5.2, (b) is true because of Lemma E.1 and (c) holds due to636

Lemma 5.5.637

Next, based on Assumption 5.1 and Assumption 5.2, for any t and α < 1
L1

we can have638

∥yt+1 − y∗t (xt)∥2

≤(1− αµg)∥yt − y∗t (xt)∥2

=(1− αµg)∥yt − y∗t−1(xt−1) + y∗t−1(xt−1)− y∗t (xt)∥2

(a)

≤ (1 + λ)(1− αµg)∥yt − y∗t−1(xt−1)∥2 + (1 +
1

λ
)(1− αµg)∥y∗t−1(xt−1)− y∗t (xt)∥2

≤(1 + λ)(1− αµg)∥yt − y∗t−1(xt−1)∥2 + 2(1 +
1

λ
)(1− αµg)∥y∗t−1(xt−1)− y∗t (xt−1)∥2

+ 2(1 +
1

λ
)(1− αµg)∥y∗t (xt−1)− y∗t (xt)∥2

(b)

≤(1 + λ)(1− αµg)∥yt − y∗t−1(xt−1)∥2 + 2(1 +
1

λ
)(1− αµg)∥y∗t−1(xt−1)− y∗t (xt−1)∥2

+
2L2

1

µ2
g

(1 +
1

λ
)(1− αµg)∥xt−1 − xt∥2,

where (a) is based on the Young’s inequality and (b) is due to Equation (8).639
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For λ =
αµg

2 , it follows that640

(1 + λ)(1− αµg) =(1 +
αµg

2
)(1− αµg)

=1− αµg

2
−

α2µ2
g

2

<1− αµg

2
.

Let G1 = 1+ c2+
L2

2(ρµg+DL2
1+DL1µg)

2

L2
1µ

4
g

and δt = G1∥yt+1− y∗t (xt)∥2+ ϵ2t . Based on Lemma 5.5,641

we can have that642

δt =G1∥yt+1 − y∗t (xt)∥2 + ϵ2t

≤G1(1 + λ)(1− αµg)∥yt − y∗t−1(xt−1)∥2 + 2G1(1 +
1

λ
)(1− αµg)∥y∗t−1(xt−1)− y∗t (xt−1)∥2

+
2L2

1G1

µ2
g

(1 +
1

λ
)(1− αµg)∥xt−1 − xt∥2 + ϵ2t

≤G1

(
1− αµg

2

)
∥yt − y∗t−1(xt−1)∥2 +G2∥y∗t−1(xt−1)− y∗t (xt−1)∥2

+
L2
1G2

µ2
g

∥xt−1 − xt∥2 +
(
1− αµg

2

)
ϵ2t−1

=
(
1− αµg

2

)
δt−1 +G2∥y∗t−1(xt−1)− y∗t (xt−1)∥2 +

L2
1G2

µ2
g

∥xt−1 − xt∥2

≤
(
1− αµg

2

)t−1

δ1 +G2

t−2∑
j=0

(
1− αµg

2

)j
∥y∗t−1−j(xt−1−j)− y∗t−j(xt−1−j)∥2

+
2L2

1G2

µ2
g

t−2∑
j=0

(
1− αµg

2

)j
∥xt−1−j − xt−j∥2 (10)

where G2 = 2G1(1+
2

αµg
)(1−αµg) and δ1 =

(
1 + c2 +

L2
2(ρµg+DL2

1+DL1µg)
2

L2
1µ

4
g

)
∥y2−y∗1(x1)∥2+643

ϵ21.644

By substituting Equation (10) back into Equation (9), we can obtain that645

∥∇ft(xt, y
∗
t (xt))− ∇̂ft(xt, yt+1)∥2

≤3L2
1

{(
1− αµg

2

)t−1

δ1 +G2

t−2∑
j=0

(
1− αµg

2

)j
∥y∗t−1−j(xt−1−j)− y∗t−j(xt−1−j)∥2

+
2L2

1G2

µ2
g

t−2∑
j=0

(
1− αµg

2

)j
∥xt−1−j − xt−j∥2

}
.

G Proof of Theorem 5.7646

Based on Lemma 2.2 in [13], we can have the following lemma to characterize the smoothness of the647

function ft(x, y
∗
t (x)) w.r.t. x for any t ∈ [1, T ].648

Lemma G.1. Suppose that Assumption 5.1 and Assumption 5.2 hold. Then for any t ∈ [1, T ], the649

function ft(x, y
∗
t (x)) is Lf -smooth, i.e., for any x and x′,650

∥∇ft(x, y
∗
t (x))−∇ft(x

′, y∗t (x
′))∥ ≤ Lf∥x− x′∥,

where the constant Lf is given by651

Lf = L1 +
2L2

1 + L2
0L2

µg
+

L3
1 + 2L0L1L2

µ2
g

+
L0L

2
1L2

µ3
g

.
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For any t ∈ [1, T ] we first define652

Ft,η(xt+1, y
∗
t (xt+1)) =

1

W

K−1∑
i=0

ηift−i(xt+1−i, y
∗
t−i(xt+1−i)).

Based on Assumption 5.2, we can show the smoothness of Ft,η(x, y
∗
t (x)) w.r.t. x.653

Lemma G.2. Suppose Assumption 5.2 holds. Then the following holds for function654

Ft,η(xt+1, y
∗
t (xt+1)):655

Ft,η(xt+1, y
∗
t (xt+1))− Ft,η(xt, y

∗
t (xt)) ≤ ⟨∇Ft,η(xt, y

∗
t (xt)), xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2.

Proof. For any x and x′, we can know that656

Ft,η(xt+1, y
∗
t (xt+1))− Ft,η(xt, y

∗
t (xt))

=
1

W

K−1∑
i=0

ηift−i(xt+1−i, y
∗
t−i(xt+1−i))−

1

W

K−1∑
i=0

ηift−i(xt−i, y
∗
t−i(xt−i))

=
1

W

K−1∑
i=0

ηi[ft−i(xt+1−i, y
∗
t−i(xt+1−i))− ft−i(xt−i, y

∗
t−i(xt−i))]

(a)

≤ 1

W

K−1∑
i=0

ηi
[
⟨∇ft−i(xt−i, y

∗
t−i(xt−i), xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2

]

=

〈
1

W

K−1∑
i=0

ηi∇ft−i(xt−i, y
∗
t−i(xt−i), xt+1 − xt

〉
+

Lf

2
∥xt+1 − xt∥2

=⟨∇Ft,η(xt, y
∗
t (xt)), xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2

where (a) holds because of the smoothness of function ft(x, y
∗
t (x)) w.r.t. x.657

658

Next, based on Lemma G.2, we can have that659

Ft,η(xt+1, y
∗
t (xt+1))− Ft,η(xt, y

∗
t (xt))

≤⟨∇Ft,η(xt, y
∗
t (xt)), xt+1 − xt⟩+

Lf

2
∥xt+1 − xt∥2

≤− β⟨∇Ft,η(xt, y
∗
t (xt)), ∇̂Ft,η(xt, yt+1)⟩+

β2Lf

2
∥∇̂Ft,η(xt, yt+1)∥2

≤− β∥∇Ft,η(xt, y
∗
t (xt))∥2 − β⟨∇Ft,η(xt, y

∗
t (xt)), ∇̂Ft,η(xt, yt+1)−∇Ft,η(xt, y

∗
t (xt))⟩

+
β2Lf

2
∥∇̂Ft,η(xt, yt+1)∥2

≤−
(
β

2
− β2Lf

)
∥∇Ft,η(xt, y

∗
t (xt))∥2

+

(
β

2
+ β2Lf

)
∥∇Ft,η(xt, y

∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

such that660 (
β

2
− β2Lf

) T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))∥2 ≤

T∑
t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))]︸ ︷︷ ︸

(a)

+

(
β

2
+ β2Lf

) T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2︸ ︷︷ ︸

(b)

. (11)
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(1) We first have the following lemma to bound the term (a) from above:661

Lemma G.3. The following inequality holds:662

T∑
t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))] ≤

2MT

W
+ V1,T .

Proof. First, it is clear that663

Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))

=
1

W

K−1∑
i=0

ηift−i(xt−i, y
∗
t−i(xt−i))−

1

W

K−1∑
i=0

ηift−i(xt+1−i, y
∗
t−i(xt+1−i))

=
1

W

K−1∑
i=0

ηi[ft−i(xt−i, y
∗
t−i(xt−i))− ft+1−i(xt+1−i, y

∗
t+1−i(xt+1−i))]︸ ︷︷ ︸

(a.1)

+
1

W

K−1∑
i=0

ηi[ft+1−i(xt+1−i, y
∗
t+1−i(xt+1−i))− ft−i(xt+1−i, y

∗
t−i(xt+1−i))]︸ ︷︷ ︸

(a.2)

. (12)

For the term (a.1), we can obtain that664

1

W

K−1∑
i=0

ηi[ft−i(xt−i, y
∗
t−i(xt−i))− ft+1−i(xt+1−i, y

∗
t+1−i(xt+1−i))]

=
1

W
[ft(xt, y

∗
t (xt)) + ηft−1(xt−1, y

∗
t−1(xt−1)) + ...+ ηK−1ft+1−K(xt+1−K , y∗t+1−K(xt+1−K))

− ft+1(xt+1, y
∗
t+1(xt+1)− ηft(xt, y

∗
t (xt))− ...− ηK−1ft+2−K(xt+2−K , y∗t+2−K(xt+2−K)))]

=
1

W
[ηK−1ft+1−K(xt+1−K , y∗t+1−K(xt+1−K))− ft+1(xt+1, y

∗
t+1(xt+1))]

+
1

W

K−1∑
i=1

(ηi−1 − ηi)ft+1−i(xt+1−i, y
∗
t+1−i(xt+1−i))

≤M(1 + ηK−1)

W
+

M

W

K−1∑
i=1

(ηi−1 − ηi)

=
2M

W
(13)

where the inequality holds because of Assumption 5.3.665

For the term (a.2), we can have that666

1

W

K−1∑
i=0

ηi[ft+1−i(xt+1−i, y
∗
t+1−i(xt+1−i))− ft−i(xt+1−i, y

∗
t−i(xt+1−i))]

≤ 1

W

K−1∑
i=0

ηi sup
x
[ft+1−i(x, y

∗
t+1−i(x))− ft−i(x, y

∗
t−i(x))]. (14)

By substituting Equation (13) and Equation (14) back to Equation (12), Lemma G.3 can be proved:667

T∑
t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))]
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≤
T∑

t=1

[
2M

W
+

1

W

K−1∑
i=0

ηi sup
x
[ft+1−i(x, y

∗
t+1−i(x))− ft−i(x, y

∗
t−i(x))]

]

≤2MT

W
+ V1,T .

668

(2) Next, for the term (b) which captures the window-averaged hypergradient estimation error, it669

follows that670

T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

=

T∑
t=1

∥∥∥∥∥ 1

W

K−1∑
i=0

ηi[∇ft−i(xt−i, y
∗
t−i(xt−i))− ∇̂ft−i(xt−i, yt+1−i)]

∥∥∥∥∥
2

=

T∑
t=1

[
K−1∑
i=0

ηi

W

K−1∑
j=0

ηj

W
⟨∇ft−i(xt−i, y

∗
t−i(xt−i))− ∇̂ft−i(xt−i, yt+1−i),

∇ft−j(xt−j , y
∗
t−j(xt−j))− ∇̂ft−j(xt−j , yt+1−j)⟩

]

≤
T∑

t=1

[
K−1∑
i=0

ηi

W

K−1∑
j=0

ηj

W

[1
2

∥∥∥∇ft−i(xt−i, y
∗
t−i(xt−i))− ∇̂ft−i(xt−i, yt+1−i)

∥∥∥2
+

1

2

∥∥∥∇ft−j(xt−j , y
∗
t−j(xt−j))− ∇̂ft−j(xt−j , yt+1−j)

∥∥∥2 ]]

=

T∑
t=1

[
1

W

K−1∑
i=0

ηi
∥∥∥∇ft−i(xt−i, y

∗
t−i(xt−i))− ∇̂ft−i(xt−i, yt+1−i)

∥∥∥2] , (15)

which boils down to characterize the hypergradient estimation error ∥∇ft(xt, y
∗
t (xt)) −671

∇̂ft(xt, yt+1)∥2 on the outer level objective function at each round.672

By leveraging Theorem 5.6, it is clear that673

T∑
t=2

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

≤
T∑

t=2

[
1

W

K−1∑
i=0

ηi∥∇ft−i(xt−i, y
∗
t−i(xt−i))− ∇̂ft−i(xt−i, yt+1−i)∥2

]

=

T∑
t=2

[
3L2

1

W

K−1∑
i=0

ηiδt−i

]

≤3L2
1

W

T∑
t=2

K−1∑
i=0

ηi

{(
1− αµg

2

)t−1−i

δ1︸ ︷︷ ︸
(b.1)

+G2

t−i−2∑
j=0

(
1− αµg

2

)j
∥y∗t−1−i−j(xt−1−i−j)− y∗t−i−j(xt−1−i−j)∥2︸ ︷︷ ︸

(b.2)
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+
2L2

1G2

µ2
g

t−2−i∑
j=0

(
1− αµg

2

)j
∥xt−1−i−j − xt−i−j∥2︸ ︷︷ ︸

(b.3)

}
. (16)

Let γ = α
2 . For the first term (b.1), it can be seen that for 1− αµg

2 < η < 1674

T∑
t=2

K−1∑
i=0

ηi(1− γµg)
t−1−iδ1 =δ1

T∑
t=2

K−1∑
i=0

[(
1− γµg

η

)t−1−i

ηt−1

]

≤δ1

T∑
t=2

ηt−1

1−γµg

η

1− 1−γµg

η

=
δ1(1− γµg)

η − 1 + γµg

η(1− ηT−1)

1− η

≤ δ1η(1− γµg)

(1− η)(η − 1 + γµg)
. (17)

For the second term (b.2), we have675

K−1∑
i=0

ηi
t−2−i∑
j=0

(1− γµg)
j∥y∗t−1−i−j(xt−1−i−j)− y∗t−i−j(xt−1−i−j)∥2

=

t−2∑
j=0

(1− γµg)
j∥y∗t−1−j(xt−1−j)− y∗t−j(xt−1−j)∥2

+

t−3∑
j=0

η(1− γµg)
j∥y∗t−2−j(xt−2−j)− y∗t−1−j(xt−2−j)∥2

+ · · ·

+

t−1−K∑
j=0

ηK−1(1− γµg)
j∥y∗t−K−j(xt−K−j)− y∗t+1−K−j(xt−K−j)∥2

=∥y∗t−1(xt−1)− y∗t (xt−1)∥2 + [(1− γµg) + η]∥y∗t−2(xt−2)− y∗t−1(xt−2)∥2

+ [(1− γµg)
2 + η(1− γµg) + η2]∥y∗t−3(xt−3)− y∗t−2(xt−3)∥2

+ · · ·
+ [(1− γµg)

K−2 + (1− γµg)
K−3η + ...+ ηK−2]∥y∗t+1−K(xt+1−K)− y∗t+2−K(xt+1−K)∥2

+

t−1−K∑
j=0

{
[(1− γµg)

j+K−1 + η(1− γµg)
j+K−2 + ...+ ηK−1(1− γµg)

j ]

· ∥y∗t−K−j(xt−K−j)− y∗t+1−K−j(xt−K−j)∥2
}

=∥y∗t−1(xt−1)− y∗t (xt−1)∥2 +
1− (

1−γµg

η )2

1− 1−γµg

η

η∥y∗t−2(xt−2)− y∗t−1(xt−2)∥2

+
1− (

1−γµg

η )3

1− 1−γµg

η

η2∥y∗t−3(xt−3)− y∗t−2(xt−3)∥2 + · · ·

+
1− (

1−γµg

η )K−1

1− 1−γµg

η

ηK−2∥y∗t+1−K(xt+1−K)− y∗t+2−K(xt+1−K)∥2

22



+
1− (

1−γµg

η )K

1− 1−γµg

η

ηK−1
t−1−K∑
j=0

(1− γµg)
j∥y∗t−K−j(xt−K−j)− y∗t+1−K−j(xt−K−j)∥2

≤ 1

1− 1−γµg

η

[
∥y∗t−1(xt−1)− y∗t (xt−1)∥2 + η∥y∗t−2(xt−2)− y∗t−1(xt−2)∥2

+ · · ·+ ηK−2∥y∗t+1−K(xt+1−K)− y∗t+2−K(xt+1−K)∥2

+

t−1−K∑
j=0

ηK−1+j∥y∗t−K−j(xt−K−j)− y∗t+1−K−j(xt−K−j)∥2
]
,

such that676

T∑
t=2

K−1∑
i=0

ηi
t−2−i∑
j=0

(1− γµg)
j∥y∗t−1−i−j(xt−1−i−j)− y∗t−i−j(xt−1−i−j)∥2

≤ η

η − 1 + γµg

T∑
t=2

[
∥y∗t−1(xt−1)− y∗t (xt−1)∥2 + η∥y∗t−2(xt−2)− y∗t−1(xt−2)∥2

+ · · ·+ ηK−2∥y∗t+1−K(xt+1−K)− y∗t+2−K(xt+1−K)∥2

+

t−1−K∑
j=0

ηK−1+j∥y∗t−K−j(xt−K−j)− y∗t+1−K−j(xt−K−j)∥2
]

≤ η

(1− η)(η − 1 + γµg)

T∑
t=2

sup
x

∥y∗t−1(x)− y∗t (x)∥2

=
η

(1− η)(η − 1 + γµg)
H2,T (18)

where H2,T =
∑T

t=2 supx ∥y∗t−1(x)− y∗t (x)∥2.677

Besides, we know that678

∥xt−1 − xt∥2

=β2∥∇̂Ft−1(xt−1, yt)∥2

≤2β2∥∇Ft−1(xt−1, y
∗
t−1(xt−1))− ∇̂Ft−1(xt−1, yt)∥2 + 2β2∥∇Ft−1(xt−1, y

∗
t−1(xt−1))∥2.

Following the same analysis for the second term (b.2), the following result can be obtained that for679

the third term (b.3):680

T∑
t=2

K−1∑
i=0

ηi
t−2−i∑
j=0

(1− γµg)
j∥xt−1−i−j − xt−i−j∥2

≤ η

η − 1 + γµg

T∑
t=2

[
∥xt−1 − xt∥2 + η∥xt−2 − xt−1∥2

+ · · ·+ ηK−2∥xt+1−K − xt+2−K∥2

+

t−1−K∑
j=0

ηK−1+j∥xt−K−j − xt+1−K−j∥2
]

≤ 2β2η

η − 1 + γµg

T∑
t=2

[
∥∇Ft−1(xt−1, y

∗
t−1(xt−1))− ∇̂Ft−1(xt−1, yt)∥2

+ ∥∇Ft−1(xt−1, y
∗
t−1(xt−1))∥2

+ η
(
∥∇Ft−2(xt−2, y

∗
t−2(xt−2))− ∇̂Ft−2(xt−2, yt−1)∥2 + ∥∇Ft−2(xt−2, y

∗
t−2(xt−2))∥2

)
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+ · · ·

+ ηK−2
(
∥∇Ft+1−K(xt+1−K , y∗t+1−K(xt+1−K))− ∇̂Ft+1−K(xt+1−K , yt+2−K)∥2

+ ∥∇Ft+1−K(xt+1−K , y∗t+1−K(xt+1−K))∥2
)

+

t−1−K∑
j=0

ηK−1+j
(
∥∇Ft−K−j(xt−K−j , y

∗
t−K−j(xt−K−j))− ∇̂Ft−K−j(xt−K−j , yt+1−K−j)∥2

+ ∥∇Ft−K−j(xt−K−j , y
∗
t−K−j(xt−K−j))∥2

)]

≤ 2β2η

η − 1 + γµg

1− ηT−1

1− η

T∑
t=2

∥∇Ft−1(xt−1, y
∗
t−1(xt−1))− ∇̂Ft−1(xt−1, yt)∥2

+
2β2η

η − 1 + γµg

1− ηT−1

1− η

T∑
t=2

∥∇Ft−1(xt−1, y
∗
t−1(xt−1))∥2

≤ 2β2η

(1− η)(η − 1 + γµg)

T∑
t=2

∥∇Ft−1(xt−1, y
∗
t−1(xt−1))− ∇̂Ft−1(xt−1, yt)∥2

+
2β2η

(1− η)(η − 1 + γµg)

T∑
t=2

∥∇Ft−1(xt−1, y
∗
t−1(xt−1))∥2. (19)

Therefore, by substituting Equation (17), Equation (18) and Equation (19) into Equation (16), we can681

have that682

T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

≤3L2
1

W

T∑
t=2

K−1∑
i=0

ηi

{
(1− γµg)

t−1−iδ1

+G2

t−i−2∑
j=0

(1− γµg)
j∥y∗t−1−i−j(xt−1−i−j)− y∗t−i−j(xt−1−i−j)∥2

+
2L2

1G2

µ2
g

t−2−i∑
j=0

(1− γµg)
j∥xt−1−i−j − xt−i−j∥2

}
+ ∥∇f1(x1, y

∗
1(x1))− ∇̂f1(x1, y2)∥2

≤3L2
1

W

[
δ1η(1− γµg)

(1− η)(η − 1 + γµg)
+G2

η

(1− η)(η − 1 + γµg)
H2,T

+
2L2

1G2

µ2
g

2β2η

(1− η)(η − 1 + γµg)

T∑
t=1

∥∇Ft(xt, y
∗
t (xt))− ∇̂Ft(xt, yt+1)∥2

+
2L2

1G2

µ2
g

2β2η

(1− η)(η − 1 + γµg)

T∑
t=1

∥∇Ft(xt, y
∗
t (xt))∥2

]
+ ∥∇f1(x1, y

∗
1(x1))− ∇̂f1(x1, y2)∥2

which gives that683 (
1− 12L4

1β
2G2η

µ2
gW (1− η)(η − 1 + γµg)

) T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

≤ 3L2
1η

W (1− η)(η − 1 + γµg)

[
δ1(1− γµg) +G2H2,T +

4L2
1G2β

2

µ2
g

T∑
t=1

∥∇Ft(xt, y
∗
t (xt))∥2

]
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+ ∥∇f1(x1, y
∗
1(x1))− ∇̂f1(x1, y2)∥2.

Here 1− 12L4
1β

2G2η
µ2
gW (1−η)(η−1+γµg)

≥ 1
2 because684

β2 ≤ β

Lf
≤
µ2
gLfW (1− η)(η − 1− αµg/2)

24L4
1G2η

Lf

=
µ2
gW (1− η)(η − 1− αµg/2)

24L4
1G2η

.

Let G3 = 1− 12L4
1β

2G2η
µ2
gW (1−η)(η−1+γµg)

and G4 =
3L2

1η
W (1−η)(η−1+γµg)

. It is clear that685

T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

≤G4

G3
[δ1(1− γµg) +G2H2,T ] +

G4

G3

4L2
1G2β

2

µ2
g

T∑
t=1

∥∇Ft(xt, y
∗
t (xt))∥2

+
1

G3
∥∇f1(x1, y

∗
1(x1))− ∇̂f1(x1, y2)∥2.

Based on Equation (11), we can have686

(
β

2
− β2Lf

) T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))∥2

≤
T∑

t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))]

+

(
β

2
+ β2Lf

) T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))− ∇̂Ft,η(xt, yt+1)∥2

≤
T∑

t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))] +

(
β

2
+ β2Lf

)[
G4

G3
[δ1(1− γµg) +G2H2,T ]

+
G4

G3

4L2
1G2β

2

µ2
g

T∑
t=1

∥∇Ft(xt, y
∗
t (xt))∥2 +

1

G3
∥∇f1(x1, y

∗
1(x1))− ∇̂f1(x1, y2)∥2

]
such that687

T∑
t=1

∥∇Ft,η(xt, y
∗
t (xt))∥2

≤ 1

β
2 − β2Lf − G4

G3

4L2
1G2β2

µ2
g

(
β
2 + β2Lf

) T∑
t=1

[Ft,η(xt, y
∗
t (xt))− Ft,η(xt+1, y

∗
t (xt+1))]

+

(
1
2 + βLf

){
G4

G3
[δ1(1− γµg) +G2H2,T ] +

1
G3

∥∇f1(x1, y
∗
1(x1))− ∇̂f1(x1, y2)∥2

}
1
2 − βLf − G4

G3

4L2
1G2β
µ2
g

(
β
2 + β2Lf

)
≤

2MT
W + V1,T

β
2 − β2Lf − G4

G3

4L2
1G2β2

µ2
g

(
β
2 + β2Lf

) +

(
1
2 + βLf

) G4G2H2,T

G3

1
2 − βLf − G4

G3

4L2
1G2β
µ2
g

(
β
2 + β2Lf

)
+

(
1
2 + βLf

){
G4

G3
δ1(1− γµg) +

1
G3

∥∇f1(x1, y
∗
1(x1))− ∇̂f1(x1, y2)∥2

}
1
2 − βLf − G4

G3

4L2
1G2β
µ2
g

(
β
2 + β2Lf

)
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=O

(
T

βW
+

V1,T

β
+H2,T

)
.

Here 1
2 − βLf − G4

G3

4L2
1G2β
µ2
g

(
β
2 + β2Lf

)
> 0 because688

1

2
− βLf − G4

G3

4L2
1G2β

µ2
g

(
β

2
+ β2Lf

)
(a)
>

1

2
− βLf − G4

G3

4L2
1G2β

2

µ2
g

(b)

≥ 1

2
− 2βLf

(c)

≥0,

where (a) and (c) are because βLf < 1
4 , and (b) is because βLf > G4

G3

4L2
1G2β

2

µ2
g

.689
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