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Abstract

Simulation-Based Inference (SBI) is a common name for an emerging family of
approaches that infer the model parameters when the likelihood is intractable. Exist-
ing SBI methods either approximate the likelihood, such as Approximate Bayesian
Computation (ABC), or directly model the posterior, such as Sequential Neural
Posterior Estimation (SNPE). While ABC is efficient on low-dimensional prob-
lems, on higher-dimensional tasks, it is generally outperformed by SNPE which
leverages function approximation. In this paper, we propose Pseudo-Likelihood
Inference (PLI), a new method that brings neural approximation into ABC, making
it competitive on challenging Bayesian system identification tasks. By utilizing
integral probability metrics, we introduce a smooth likelihood kernel with an adap-
tive bandwidth that is updated based on information-theoretic trust regions. Thanks
to this formulation, our method (i) allows for optimizing neural posteriors via
gradient descent, (ii) does not rely on summary statistics, and (iii) enables multiple
observations as input. In comparison to SNPE, it leads to improved performance
when more data is available. The effectiveness of PLI is evaluated on four classical
SBI benchmark tasks and on a highly dynamic physical system, showing particular
advantages on stochastic simulations and multi-modal posterior landscapes.

1 Introduction

Parametric stochastic simulators are a well-established tool for predicting the behavior of real-world
phenomena. These statistical models find widespread use in various scientific fields such as physics,
economics, biology, ecology, computer science, and robotics, where they help to gain knowledge about
the underlying stochastic processes [27, 34] or generate additional data for subsequent downstream
tasks [38]. In both cases, the practitioner seeks to explain the observations as accurately as possible
while incorporating all available information. The output of such a simulator is largely determined by
its parameters and their values. When estimating these parameters using Bayesian inference, given
observations from a physical system, which are inevitably subject to measurement noise, we obtain a
distribution over values instead of a point estimate. Additionally, there might be several parameter
configurations yielding the same observation, hence rendering the resulting distribution to be multi-
modal. Moreover, the likelihood function might be unknown or too expensive to evaluate for many
practical use cases. The combination of these difficulties makes obtaining a posterior distribution over
simulator parameters challenging for state-of-the-art inference methods, both regarding effectiveness
and efficiency.

SBI approaches address the issue of intractable likelihoods by using (stochastic) simulators as forward
models to generate observations from proposal distributions over parameters. The approaches are
also often called likelihood-free, which can be easily misunderstood since some of them directly
approximate the likelihood [7]. ABC is a family of SBI methods that approximate the posterior with
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a set of weighted particles which are obtained from Monte Carlo simulations and updated based
on an empirical estimation of the intractable likelihood [48]. For an ABC approach to work well,
three criteria have to be fulfilled: (i) the likelihood kernel is capable of measuring the similarity
of observations meaningfully, (ii) the proposal distribution samples close to the posterior, (iii) the
decision-making rule balances between accepting a sufficient amount of samples from the proposal
and steering inference towards the posterior distribution. Constructing a suitable likelihood kernel
often means tailoring summary statistics to the problem at hand. However, recent advances promise
to replace this heuristic-based process by employing Integral Probability Metrics (IPMs) to measure
statistical distances in observation space [3, 16, 17]. While these methods significantly increase the
required number of simulations, approximations of the statistical distances [25, 8] can be computed
in parallel, hence facilitating the parallelization of the whole inference pipeline. Following up on
the shortcomings of ABC, the family of SNPE approaches provide Bayesian inference methods that
leverage conditional neural density estimators to approximate the posterior [40, 24, 41, 19]. The
benchmarking study of Lueckmann et al. [32] concludes that, generally, SNPE approaches are to
be preferred over ABC as they are superior in terms of expressibility and accuracy across a wide
range of benchmarking tasks. However, it is important to point out that the analysis of the posterior
inference has solely been reported for single observations. These single-sample scenarios favor SNPE
in high dimensions since ABC relies on summary statistics to evaluate the likelihood. Therefore, it
remains an open question whether SNPE methods can transfer their benefits to settings where the
(approximated) posterior is conditioned on multiple observations at once.

Contributions. By deriving the ABC posterior from a constrained variational inference objec-
tive, we introduce a novel SBI method called Pseudo-Likelihood Inference (PLI). Our formulation
allows for approximating the posterior with neural density estimators. PLI updates this posterior
from pseudo-likelihoods which are exponentially transformed statistical distances computed using
IPMs. To further remove heuristics from the inference process, we derive an adaptive bandwidth
update of PLI’s likelihood kernel that bounds the loss of information based on information-geometric
trust-region principles. This way, PLI can update its neural posterior solely given observations
from a (stochastic) black-box simulator. Moreover, the usage of IPMs enables PLI to simultane-
ously condition on a variable number of observations, while SNPE methods need to concatenate
them and, therefore, degrade when the number of observations increases. We compare PLI against
ABC and one SNPE method on two SBI benchmarking tasks as well as a highly dynamical double
pendulum task. For both, ABC and PLI, we investigate two IPMs: the Maximum Mean Discrep-
ancy (MMD) and the Wasserstein distance. Motivated by recent benchmarking results, we chose
Automatic Posterior Transformation (APT) [24] to represent SNPE approaches. Our experiments
investigate the dependency of the trained density estimator’s performance on the number of observa-
tions, where performance is measured in observation as well as in parameter space. We show the
merits and disadvantages of all methods and conclude with concrete recommendations.

2 Bayesian inference with intractable likelihoods

The objective of Bayesian inference is to find the posterior parameter distribution p( jX7,,/) given a
set of reference data points X}, ;, which are assumed to be drawn from the likelihood model p(xj ).
Given a prior belief over the parameters p( ), the posterior is expressed via Bayes’ rule

P( iXi.n) 4 PCind ) PC): (1
In the following, we describe SBI methodologies that aim to approximate the posterior (1) when the

likelihood is given by a simulator model, from which only sampling is possible, X;.p;  p(X]j ) but
evaluating the likelihood is infeasible.

2.1 Approximate Bayesian computation

ABC methodg perform Bayesian inference without explicitly computing the likelihood function
P(XT NI ) = PO NIXiin; )p(Xlz:Mj ) dx1.ps [48]. Instead, they approximate it

Pe(X1.ni )7/ Ka(D(XT.n: X1:01)) P(Xi:arj )dXi:ar (2)

using Monte Carlo samples X;.,; from the simulator as the reference points and smoothening them
with a kernel Kg(D(X7.; X1:ar)) [28]. The kernel assesses the similarity of the reference data



x7.y and the simulated date;.y based on a distance measOrethe kernel type , and the kernel
bandwidth . The uniform kernelltp xz x.,) g¢ (see Table A.1) has emerged as the default
kernel ch0|ce of manBC methods 49 15, 30, 31]. In this case, the bandwidth represents a
rejection threshold that assigns zero probability to all parameters whose simulations lie outside of
the -ball in terms of the distanc®. The uniform kernel exhibits the favorable characteristic of
converging to the likelihood in the limit [28]

. . R . .
lim , op (X]n) )= Lixz o(Xum )P(Xam ] )dX1m = P(XTn] ) 3)
Once the approximate likelihod@) is obtained ABC draws samples from the approximate posterior
pCixin)/p (XTnd ) RO (4)

There exist multiple ways of implementing this sampling procedure. In rejegtiR® [49], the
simplest form, proposal parameters are drawn from the prior distribpionand are accepted if

the simulated data falls close to the true data, as measured by the kernel function. While rejection
ABC yields a simple algorithm with desirable convergence properties, nding posterior samples for
small bandwidths in high dimensions often becomes computationally infeas&8f [Therefore,

the research 0oABC focuses on three directions of improvement: (i) replacing the prior with a
sequentially updated proposal distributioff ) to reduce the search space during sampling, (ii)
adapting the bandwidth to draw samples with an appropriate acceptance rate, and (iii) nding
suf cient statistics to represent the simulated output in low dimensidfils MCMC-ABC [33]

and SMC-ABC [47, 51, 15, 31] build upon sampling strategies based on Markov Chain Monte
Carlo MCMC) and Sequential Monte Carl8MC) to sequentially update the proposal distribution.
MCMC-ABC does not allow for an adaptive bandwidth, and tt&iglC sampling strategies have
evolved as the leading ABC methods for these cases [15].

2.2 Sequential Monte Carlo ABC

SMC-ABC builds onSMC samplers introduced by Del Moral et §l4]. FundamentallySMC-
ABC approximates the posterior distribution through a sequence of interméaligét posterior
distributionsp , ( jx3.y ) (4) that are characterized by an adaptable bandwidth parameteheret
denotes the inference time. Furtherm@®]C-ABC uses importance sampling from a sequentially
updated proposal distribution( ) to improve the saglple ef ciency. The proposal distribution is

represented by an empircal distributior( ) = 1=M I, (.)( ) that is de ned through a set

of partlclesf (i )g Importance sampling then enables the approximation of the target posterior
B (jXiy) from the proposal distribution

b4 : ) (i)
P (i) a0)= w0y w = b,
i=1

Here,W; are the weights between the target posterior and the proposal dlstrleM@ABC
methods follow three steps to carry out inference for the next target posperiof jx3.,): (i)
A new bandwidth (,; of the target posteriop ., (x;.yj ) is estimated. Typically, the update
is based on heuristics, such as the Effective Sample &i2§ (15] to ensure that the particle
variance does not degrade. (ii) New proposal particﬁ@sare sampled from a forward Markov kernel

O K D5 Dy to stay close to the target posterior of the next iteragiqn ( jx2.,, ). (iii)
The weights of the patrticles are adjusted based on approximati¢h¥ @fs the weight update is
typically numerically intractablelld], different SMC-ABC methods 15, 30, 31] have been introduced
which propose approximations to the optimal weight update. We refer to Appendix B for a more
detailed explanation of SMC-ABC and its different approaches.

®)

3 Pseudo-likelihood inference

The proposedLl methodology, summarized in Figure 1, generalizesABE approaches by
introducing exponential likelihood kernels with adaptive bandwidth updates, which are motivated
from a Variational Inference (VI) perspective.



Figure 1: Schematic overview of the introduced iterative Pseudo-Likelihood InferBh&eapproach.

(top) Based on samples drawn from the simulator, the pseudo-likelif®)dsl evaluated based on the
discrepancy between the empirical data-generating and likelihood distributions. The bar chart shows
how the pseudo-likelihood evaluation changes for different bandwidths. (bottom) The evaluation
of the pseudo-likelihood is used to estimate a target posterionder trust-region constraints that
moves from the prior distribution to the nal posterior.

3.1 Exponential likelihood kernels

PLI adopts the view of SMC-ABC on approximating a smoothed target postg(ig; . ), in the
following denoted by (( ), by formulating the following constrainédl problem for each inference
stept,
()= argmin KL( ()i p( jxin)):
()2P ()

st:KLC () «2() ™

The optimization is balanced between tting the posterior distribugiprix. ) and constraining

the information loss between two inference steps;( ) and ¢( ). The loss of information is

incorporated as a trust-region constraint with the bolndO in the space of probability distributions
P ( ) through the Kullback-Leibler (KL) divergend€L ( ( )jj ¢ 1( ).

Theorem 1. The optimal target distribution,( ) in the optimization probler(6) is given by

()1 tp(l()) T I )T () @)

where > 0Ois a dual Lagrangian variable corresponding to the trust-region constraint.

(6)

Proof. See Appendix A.1. O

The temperature parameterplays the role of an adaptive step size that controls the update step

from  1( )to (). Inthe limit of small step sizes; ! 0 at convergence, the target poste(ioy

turns into the true posterior;( ) ! p( )p(xi.nj ). In the spirit of ABC-based methods, we

approximate the intractable likelihogafx ., j ) with a Gibbs distributiorp(x}. j ), which we

call pseudo-likelihoodansl which is based on a discrepancy measure between the empirical data

distributionp?(x) = 1=N | x? () and the simulator likelihoog(xj )
2 .o 1 D (p”(x); p(Xj ))

P(Xin] )= meXp - 5 ®)
Here,Z () is the normalization constant, and 0 is a bandwidth parameter that controls the

sharpness of the approximation. When the KL divergence is used as the discrepancy measure
recover the true likelihood, as the following lemma states.



Lemma 1. WhenD =KL and2 =1=N in (8), the pseudo-likelihoog(x?. j ) equals the true
likelihoodp(x3.yj )-

Proof. SinceKL(p (x)kp(xj ))= H[p (x)] N llogp(xi.j ), thenprovide® =1=N,the
exponential in(8) is given byexp( NKL(p (x)kp(xj ))) / p(xi.yi )andZ( )isaconstant. I

However, the KL divergence is intractable in SBI because we cannot evaluate the likelihood. There-
fore, we propose replacing the KL divergence with Integral Probability Metrics (IPMs), such as
theMMD and the Wasserstein distance, which can be evaluated on distribution samples. Although
theoretical analysis is less straightforward in these cases, some results have been obtained in prior
works. Consistency and robustness of an MMD-based posterior estimator were shown by Chérief-
Abdellatif and Alquier[5] and Wasserstein-based exponential kernels were studied by De Plaen et al.
[12]. In this paper, we focus on a practical instantiation of pseudo-likelihood inference, which can
accommodate a variety of divergence functions and obtain superior empirical results by leveraging
neural posterior approximators and adaptive step-size updates. The following subsections introduce
the key components that constitute our method.

3.2 Bandwidth adaptation from trust-region principles

The Lagrangian parameter has a particularly interesting property. Frd), we see that pulling,
into the pseudo-likelihood (2), yieldstime-dependent tempered pseudo-likelihood

p(Xind )= Z()Y texp( (2 1) 'D(P7(X);p(xj ) = P(XTn] )T ©)
Here, we introduce the adaptive bandwidth= (1 + ) that approachesinthe limit ;! O.
The dual formulation of the stochastic search prob{éjrieads to a tractable solution for the optimal

Lagrangian parametet, and hence an optimal bandwidth (see Appendix A.1 for more details).
1

t

o=« @+ )logE, ;) X5 7 mxiai) (10)

t

While we obtain the primal optimal point in closed fo(i@) to

obtain the optimal dual variable, we need to resort to numer-

ical optimization of the Lagrangian dual objective. The optimal

bandwidth parameter,, that is obtained by maximizing.0),

can be seen as an information-bounded trust region update to

move the pseudo-likelihood towards the likelihood. In the early

inference stages, the proposal pior 1 ( ) is typically uninfor-

mative, and thus the information loss is moderate evey(if)

moves far away fronp; 1( ). In the later inference steps, the

proposal distribution is typically pronounced, and small devigure 2: Bandwidth ; recorded
ations may lead to signi cant information loss. This intuitioffior different” on the Gaussian loca-
suggests that the bandwidtlh should decay over iterationstjon task. The bandwidth is mono-
and indeed Figure 2 shows thatquickly decays towards zerotonically decreasing over iterations.
over a range of values ¢fon the Gaussian location task (Sec.

C.2). The exact decay schedule gfis problem-dependent. Therefore, it is convenient to set an
information-loss bound and obtain an adaptive bandwidth schedule by optimizing the (A0l
rather than pre-specifying a decay schedule by hand for each problem.

3.3 Approximate Bayesian inference with pseudo-likelihoods

Pseudo-Likelihood Inferencél) is a sequentiabBl methodology based on approximating the
target posterior (( ) (7). Itis closely tied toSMC-ABC by (i) sequentially approximating the target
posteriors, (ii) sequentially adapting the bandwidth parameter, and (iii) sequentially updating the
proposal distribution for higher sample ef ciency. Instead of representing the posterior through a set
of weighted particles, the PLI formulation allows for various powerful neural density estimators.

A parameterized density model( ) is trained to approximate tHelL| posterior(7) using the m-
projectionmin , KL( {( )kq ( )), which results in the Weighted Maximum Likelihood (WML)
objective with parameter samples drawn from the proposal pffor — ; 1( ()

P« () e :
max 2 oy wlogg (), wi = P T g ) (1)



Thus, we derive a practicdLl algorithm by a|gorithm 1 Pseudo-Likelihood Inferenc®(I)
leveraging this empirical WML objective. Fur-

ther details on the objective derivation are del: iNput: reference dataf., prior p( ),
scribed in Appendix A.2. Our proposéL| Al- stochastic simulatop(xj ), IPM D(;; ),
gorithm 1 consists of four main steps. First, in_PoSterior approximatay ( ), max. iter.T
lines 4-8, training pairs from the proposal and®* initialize proposal prior o( ) = p( )
simulator are drawn, and the discrepancy measure for tin 1:T do 1K)

D(x2, ;X1:m ) between the observations and the®: sample pakrameteré ' t 1()
simulations is evaluated for each). We follow 5 for each (9 do )

Gretton et al[25] to approximate th&IMD be- 6: simulate data (), p(xj *)
tween two discrete probability measures, whereag: compute IPMs®) = D (x{), 1 x2.4)
we make use of the entropy regularized optimag:  end for ' '
transport formulation to appro_ximate the Wassefs:  update ; by maximizing the dual (10)
stein distanceq] (see Appendix C.1). Both ver-q. evaluatep (x2.j ) (9)

sions facilitate parallelization on the GPU. Segy.  t q () by WML (11)

ond, in line 9, the optimal bandwidth under trusf,.  set new proposal priori( ) = q ,( )
region constraint is estimated, and the tempered. and for

pseudo-likelihood is evaluated. by maximizingy: output: approximate posteriar |, ( )

the dual(10). Third, in line 11, the parameterized
density estimatog ( ) is trained to approximate the target posteripf ) via the m-projectior(11).

Note that the expectation w.r.t. the proposal distribution ( ) enables gradient descent on the
estimator without requiring a differentiable simulator. Fourth, in line 12, we set the current posterior
approximatiorg , ( ) as the proposal; ( ) for the next inference step, thus leveraging bootstrapping

of the density estimator. While we restrict the analysis in this paper to the m-projection, we note that
the i-projection can also be employed, as shown in Appendix A.3.

Normalization. The normalization terrd ( ) in the de nition of the pseudo-likelihoo(B) requires
taking an integral over the reference daig, , which is infeasible in practice. When the KL
divergence is used in the kerngl( ) does not depend on as shown in Lemma 1. While in general,

the dependence oncannot be neglected, its in uence on the weightg1f) and(11) may be
negligible, provided the relative ranking of the samples is not affected signi cantly. In Appendix A.4,
we provide an ablation study on low-dimensional problems where the integrak@yercan be
approximated by sampling. We observed that, even though the ranking correlation of the wéfghts

in (11)is different with and without estimating( ), the nal posterior is not affected. Therefore,

in the subsequent experiments, we treat it as a constant, as in the ideal case of the KL divergence.
Nevertheless, this is a point where our practical implementation does not follow the theoretical
derivation strictly, and this issue should be addressed in future work.

4 Experiments

We compare th@LI framework againsEMC-ABC [15] and APT [24] on ve diverse tasks. Our
implementation is based on WasserstaBE [3], but instead of the employed r-hit kernéd(],

our implementation is based on population Monte Carlo (Alogrithralp) [because we observed
improved performance in preliminary studies. A summary of the diffef&€ methods is given in
Appendix B and Table A.1APT was chosen as the representative for the clas$\¢fEalgorithms.

We leverage Neural Spline FlowsI$Fs) [19] as density estimators for bofiLl andAPT. Both
neural ow con gurations share the same base network architecture, bdiH®r the conditional

ow is augmented with an embedding network (Appendix C). All experiments are implemented in
JAX [4], and each ran on a single Nvidia RTX 30900 make the experiments comparable, the
simulation budgets dPLI andAPT were xed to 5000 samples per inference step over 20 episodes,
while ABC ran for 200 episodes on 1000 particles.

4.1 Evaluation metrics

The model is compared against the reference posterior sampigisen available. We also quantify
the methods' performances based on their realizations by computing the Wasserstein distance and

https://github.com/theogruner/pseudo_likelihood_inference



Figure 3: Evaluation of the posterior performance on ve different tasks. We report the mean and 95%
ci over 10 random seeds, each carried out ublndata points for conditioning. We compare samples

from the approximate posterior q( jx;., ) against reference posterior samples usitidD and

the Wasserstein distance. No posterior samples were available for the Furuta pendulum. Therefore,
the performance is evaluated in the observation space. Lower values are better for all metrics. PLI is
the preferred method for conditioning on multiple observations due to its steady improvement with
increasingN . ABC performs better than PLI on Gaussian Location and Gaussian Mixture tasks but
lags in more complex tasks. APT excels with few observations but degratiesnaseases.

theMMD. The comparison is carried out @@ 000samples each. Furthermore, we use Posterior
Predictive Checks (PPCs) to evaluate the predictive capabilities of the posterior models in the
observation spacgq( jx2.,) [D (3.5 i X1:m )] Due to the computational limits, the PPCs are carried

out on1000simulations against the reference data. Lueckmann fg2jlalso report results with

classi er-based tests and the kernelized Stein-discrepancy. However, since benchmarking is not our
focus, we restrict the analysis to comparing with the Wasserstein and MMD.

4.2 Tasks

We evaluateéPL| on four common benchmarking tasks within tBBI community B2]: Gaussian
Location, a Gaussian Mixture Model, Simple-Likelihood Complex-Posterior, and SIR. Further, we add
a system identi cation task on a Furuta pendulum representing a highly dynamic continuous control
system. The tasks' speci cations are listed in Appendix C. For each task, we conduct experiments
for different numbers of available reference observati®ns f 1; 2; 5; 10; 20; 50; 100, 1000y. The
reference observations are simulated based on a pre-de ned ground-truth para@netéhough

PLI andABC can cope with varying numbers of observatidh&nd numbers of simulations per
parameteM , we choosdN = M for all experiments since it is required BWPT. In the following
paragraphs, we rst discuss the results of the benchmarking tasks and present a separate discussion
for the Furuta pendulum. Figure 3 gives a quantitative overview of the benchmarking tasks compared
to the reference posteriors, while Figure C.1 in the Appendix complements the study by showing the
posterior predictive performances.

Benchmarking tasks. Each benchmarking task presents different challenges that must be addressed
by theSBI methods. In Gaussian Location, the task is to infer a uni-modal 10-dimensional Gaussian
distribution. Gaussian Mixture Model and SLCP feature multi-modal posteriors that require exible
density estimators. SIR is a well-known epidemiological model that features 10-dimensional data
of the dynamical system. All methods generally depict a reoccurring behavior on the different
benchmarking tasks, as shown in Figure 3. For fewer observatibris 0), APT matches the
reference posterior better than the other approaches, whdB&asandPLI match the posterior data
better with increasin®l . In particular,PLI consistently improves with an increasing number of
reference samples. The in uenceMfon the shape of the posterior is further visualized in Figure C.2,
which compares the posterior approximations of all method$lfer 2 andN = 100 reference
observations. For the SLCP tagkBC struggles to capture the multi-modality of the SLCP task.
This effect is further illustrated when comparing Figures C.3 and C.4, which allow for a qualitative



Figure 4: Empirical and quantitative evaluation on the Furuta pendulum. (top) Snapshots of the
posterior evolution onthg mj plane on the Furuta pendulum fidr = 1000. (bottom) Predictive
performance of the learn@édMD -PLI posterior for the angular rotatiasin . The stochasticity

of the simulator is removed by synchronizing the initial state between the reference and predicted
simulations. Thus, the only discrepancies between trajectories are due to the model not capturing
the dynamics parameters of the system. After the inference has been completed (step 20), the
predictive simulator-= MMD-PLI) can completely recover the ground truth dynamiesReference).

(right) Evaluation of the mean accumulated error over 1000 trajectories with synchronized initial
states between the simulation and the reference trajectory. All approaches improve witNrising
while PLI with MMD matches the reference data best.

assessment of the posterior approximations. On BIR variants show signi cantly improved
performance compared to the other baselines. Generally, we nd\B@tandPLI perform better

with MMD than with Wasserstein distance. This observation can be attributed to the Wasserstein
distance not scaling well to high dimensions, which has been reported by recent studies [17, 16].

Furuta pendulum. The Furuta pendulum is an inverted double pendulum settip [While

the system's dynamics are inherently deterministic, small perturbations of the initial state around
its unstable equilibrium point lead to highly diverse trajectories. The observation spbce &
dimensional, wher@& is the number of time steps per trajectory. We set the sampling frequency of
the simulation tdl00 Hzand the duration td seg resulting in 600-dimensional observations. No
reference posterior is available for this task; thus, the analysis is restricted to quantifying the observed
data. Given the similarity of the Wasserstein distance aniti® in parameter and observation
space on the previous tasks, we argue that a comparison based on PP@#Z (x€., ; X1:m )
andMMD 2(XE:N i X1:m ), IS suf cient. In Figure 3, the Wasserstein PPC and MMD PPC exhibit
divergent behaviors, with the former indicating enhanced performance as reference observations
increase, in contrast to the moderate improvement suggested by MMD. Therefore, we evaluate the
models' predictive performances on the deterministic system by synchronizing the initial states of the
reference data and the simulations in Figure 4. This modi gation ensures that the similarity between
two rollouts can be evaluated by the accumulated emor jx? xij. While all approaches
perform better with more reference observations, MMD-PLI matches the reference dynamics best.
Additionally, MMD is favored here, as MMD-based PLI and ABC outperform their Wasserstein
counterparts, with both the MMD PPC plot and error plot showcasing congruent trerids fa20.

The appended posterior plots in Figures C.5 and C.6 reveal thist foR, all methods are widely
spread over the prior region, yet converge to the ground truth. How&Rdrcannot recover the
ground truth foN 100, whereas PLI and ABC center around the ground truth.

5 Related work

In the previous sections, we have seen Blaktis algorithmically similar toABC methods witrSMC
samplers. Therefore, approximating the likelihood by the empirical pseudo-likel{2pedables



drawing from the rich toolbox of existing approximate inference algorithms. This section introduces
related research elds and shows how PLI ts among them.

Sequential neural density estimation. With the enriched class of neural density estimators, amor-
tized SBI methods have received increasing interest in recent years. SimieB@0 synthetic
samples from the simulator are used to approximate the posterior. Sequential neural density estima-
tion methods can be further classi ed into methods that directly train a posterior estif@tad],

a neural likelihood 41, 22], or a neural ratio estimatodd, 36]. All methods have in common

that they do not rely on an approximation of the posterior model but are optimized solely on pairs
of parameter samples from a proposal distributiéii  p,( ) and its corresponding simulation

x(®)  p(xj K)). We note that the original papers have only reported posteriors conditioned on a
single observation. While technically, these methods can incorporate multiple data points, this
requires either stacking multiple observations or falling back to summary statistics. As nos&f in [
neural likelihood estimators can sidestep these requirements by evaluating the log-likelihood of single
observations and carrying oMlICMC sampling on the joint log-likelihood. Yet, leveraging the neural
likelihood restricts the evaluation of the posterior.

Summary statistics. ABC has commonly relied on reducing the dimensionality of the raw ob-
servations with summary statisticdd. These summaries must be carefully chosen and are often
task-speci c, restricting the general applicability ABC. Recent additions t&BC methods report

on replacing summary statistics with statistical distan&@s While direct comparison of the raw

data suffers from the curse of dimensionality, comparing the observations through empirical measures
sidesteps this issud.7]. Bernton et al[3] report on augmenting the likelihood kernel with the
Wasserstein distance, while Park et{dR] leverage the kernelized approximation of & D [25].

Other contributions include the Cramér-von-Mises dista@€kdnd the energy distancd9]. While
statistical distances are appealing due to their general applicability, Drovandi and Frakemn-

clude that they are limited by their high computational requirements. Approaches proposed for
automated summary design includBC with indirect inference, which utilizes an auxiliary model

to evaluate data summaries [23, 18].

Particle mirror descent. A posterior updating similar to oufg) has been derived in Particle Mirror
Descent (PMD) 10]. PMD tackles particle depletion by incorporating the proposal distribution of
the previous round into the optimization process. Furthermore,F;he authors show that the proposed
method converges to the posterior givarposterior samples b@(1="m). Our version can be seen

as extending their approach to the case of intractable likelihoods. We extend PMD to neural density
estimators using samples from the proposal posterior (7) as a training set.

Geometric path and likelihood tempering. Rewriting the optimal posterio(7) reveals a
close relation of the optimdPL| posterior(4) and the geometric path formulatiof, [p. 335],

t()/ tl 1 () p(xi.y; ) :The optimal posterior moves from the proposal distributipf ) at
inference time to the target posteriory( jxi.,) / p(xi.: ) along the geometric path that is
parameterized by. The formulation differentiates from likelihood tempering in SMC samplers [6]
by leveraging the proposal instead of the prior distribution. Note, however, that$od, the
proposal mimics the prior, and thus tR&l geometric path has the same boundary values as in
classical likelihood tempering. While the tempered posterior cannot be applgdd@samplers
due to its dependence on the proposal distribution, the geometric path formulation based on the prior
distribution gives rise to sequential annealing ABC [1].

Generalized variational inference. Introduced by Knoblauch et 9], Generalized Variational
Inference (GVI) is an extension of the standard variational inference framework that starts from the
optimization view of Bayes' rule and generalizes it by considering different losses, divergences, and
variational families. Therefore, various Bayesian inference methods can be seen as instantiations
of GVI with different choices of these three parameters. In particARRC andPLI can be seen as

GVI with the choice® (K (3.5 ;X1:m ); KL; P()) since they employ a likelihood kernel as a loss.
Crucially, specifying a different loss function instead of the typical log-likelihood can be shown to
add robustness against model misspeci catid®]. PAC-Bayes P6] can be seen as a generalization

of ABC as it covers the whole space of possible loss functigns,, ; ). ThePAC-Bayesian theory
provides a broad array of risk bounds for generalized Bayesian learning methods.



6 Conclusion

We propose Pseudo-Likelihood Inferen&d.(), a new addition to the toolbox &BI methods. PLI

is targeted for Bayesian inference tasks in which the posterior is conditioned on multiple observations
simultaneously. For that, we derive a softened ABC posterior from a constrained variational inference
problem and leverage IPMs between the empirical observations to assess the intractable likelihood.
The derived posterior formulation enables the learning of exible neural density estimators from
black-box simulators, extending the range of applicabilityA&C methods. Our experiments assess

how well PLI, ABC, and SNPE perform based on their generative power when given varying amounts
of reference observations as a condition. Given few observations, SNPE-based methods perform
better than ABC and PLI, which rely on statistical distances. However, when more data is available,
ABC and PLI methods perform better. When the posterior distribution is simple, ABC is ef cient

at reproducing it using fast particle updates. However, PLI is a better option for complex posterior
distributions because of its more adaptable neural density estimator. Additionally, PLI evaluates the
posterior probability, which is useful in downstream tasks that require uncertainty quanti cation.

Limitations. In PLI, the computational cost is distributed among three main computations: the
simulation, the summary statistics estimation, and the normalizing ow training. While the com-
putational effort is large for every computation, PLI leverages parallelization on GPUs for all three
computations. In the provided experiments, the training process of the neural model takes the main
computational budget, while simulation and summary statistics are negligible. On a Nvidia RTX
3090, ABC typically runs 2-10 min, while PLI and SNPE take 60-90 min, depending on the task.
Simpler models however, such as multivariate Gaussian or GMM, reduce the computation time to the
simulation. Furthermore, we would like to express that high- delity simulators might increase the
simulation time signi cantly, making the simulation the most costly operation within the inference
pipeline. Instead of utilizing IPMs, one could exploit adversarial strategies to approximate the KL
divergence, as explored by Mescheder et al. [35] and Santana and Hernandez-Lobato [45].
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A Algorithmic details: pseudo-likelihood inference
A.1 Deriving the optimal PLI parameter distribution
Theorem 1. The optimal target distribution( ) in the optimization problen(6) is given by

t( )/ tp(l()) ﬁp(XE:Nj )ﬁ t 1( ) 12)

where > 0is a dual Lagrangian variable corresponding to the trust-region constraint.

Proof. The solution to the stochastic search probl@jcan be obtained from Lagrangian optimiza-
tion. The optimization problem is restated here for readability

«()=argmin KL( ()i p( X))
StKLC () cal)

()d =1:
We decompose the KL objective into two terms by applying Bayes' rule
KL ()i p( ix7n)) = F)[Ing(Xz:Nj N+HKLC () Jip(): 13)
The Constraine%optimization problem (6) can be reformulated with Lagrange multipliers as
L()= ()logp(x7:nj )d
z
+ ()log Qd
7 p( )
)
+ ()log d
. e 1()
+ ()d 1
g 0O O
= logp(xi.nj ) +log —=+ o + d " 14
() gp(Xind ) 950 9—0) (14)

Here, we leveraged the assumption that the likelihgod.v j ) is xed for all joint distributions,

and thus, the joint distributions can be split into the likelihqufa?., j ) and their associated

prior/proposal distributions. The gradient of the Lagrangian vanishes for the optimal parameter

distribution
Q@

& = logp(ini)+ log p‘(())

t

()

tl()+1 + =0: (15)

+1 + log

Reformulation yields

logp(x{ni ) 1+ +
1+ 1+

_ p() T logp(<ai ) .
=Q () 10) eXp?lN t 1():

The normalization consta@( ) =exp((1L+ + )=(1+ )) follows by marginalization of (16)
" #

()= pF () TL()exp
(16)

p() ™ logp(xiyi)

()= v 1() v 1() 1+
We further obtain the dual of the Lagrangian by reinserting (16) into the Lagrangian (14)
g()= " (1+ )log(Q()): 7

O
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A.2 Weighted maximum likelihood optimization (m-projection)

The m-projection of the optimal posterior onto the approximation family results in a weighted
maximum likelihood formulation

min KL( «()ji g () (18)
Z

=max logq () «()d
Z 1 () == L

=max o 2 tpl() PO nd )T T ¢ a( )Iog:;q ()d

max £ § PO T i )™ loga ()L (19)
v 1() | pt l() {Z }

The weighting ternw is independent of , and as such, the formulation facilitates optimizing neural
density estimators with gradient descent. This optimization resolves to weighted maximum likelihood
where the weights are obtained from the pseudo-likelin@@nd the importance weights. The
weighted maximum likelihood formulation can be optimized in closed form for linear Gaussian
models 3, 13], with Expectation-MaximizationEM) using Gaussian Mixture Model&MMs) [11]

or with gradient descent as done in this paper.

A.3  Optimizing with the i-projection

We can reformulate the minimization problem for the i-projection in the following way

min KL(q () Ji «()) (20)
2
=min E glog 1:(1+q‘)() : £ (21)
a0 Q ! ptp(l()) P(XE:NJ' )ﬁ t 1( )
2 0 ) 13

P(X]. ] )ﬁgg

p(
=min KL(q ()j () E 330 10gB PO
L0 3

The equation above alleviates the issue of back-propagating through the simulator by using importance
sampling. The optimization problem is tting the posterior estimattwo the proposap( ) while

having a regularization term that forces the distribution to t the reference data. The temperature
parameter can thus be interpreted as weighting the regularization term. Small valugsuvfmore
emphasis on the regularization term, while large values concentrate on containing the information of
the proposal. For linear Gaussian models, a closed-form expression i teem in (21) exists.
Therefore, it can be directly optimized using any non-linear optimization method.

Table A.1: Kernels used for th®BC andPLI variants during the experiments in Section 4. IRV
denoted byD plays the role of a distance measure between the referenceidatand simulated
samplesx;. . Parameter; controls the kernel bandwidth (see Section 3.1). Effective Sample
Size (ESS) is de ned as the inverse of the normalized weight's variance.

K (D(X1:m ;X5.n)) Algorithm ¢ estimation Update
SMC ABC ESS ;= argmin , ESYw; )

Lo pow ) o ESgW: 1; t 1)
PMC ABC  -Quantile {= Qoxt, x2y)
exp D(X#(Xl”) PLI Trust-region 7= (L+argmax , g( 1)), see (10)
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A.4 Analysis of the partition function

We shed some light on the intractable log-partition functibfi) introduced in the pseudo-
likelihood (8). The partition functioZ ( ) of (8) is an integral over sample spacexo? X

D(x7.\ X1
Z()= exp M dxz:N : (22)
X
To approximate the intractable quantity, we approximate the integral through Monte Carlo simulations
with a uniform distributionJ

X ?2 .- _ _
2() 7 e 2Cwmdia) ooy 8 Txest ) (29

Figure A.1: Spearman correlation coef cientw; W) 2 [ 1; 1] between the partition corrected
weightsw; and the uncorrected weights. High values of correspond to a high correlation of the
weight rankings, thus meaning that the weights preserve relative ordering.

Figure A.2: Training plots comparing PLI trained with and without the partition fundipn on

N = 100 samples. Top rowMMD between posterior samples and model samples. Bottom row:
Wasserstein distance between posterior samples and model samples. On all tasks but SLCP, the
inclusion of the partition function does not change the posterior inference.

As we cannot sample over the whole spXcewe choose to sample over tbe interval of the
exponential kernel, whepe represents the mean of 100 prior simulations. We use 10000 samples
from U to approximate the partition function and evaluateZt{e) based on 100 samples from the
target posterior ;( ).

We evaluate the in uence of the partition functi@ ) on the performance of our PLI algorithm by
comparing the weighté; andw; as de ned in(11)with and withoutZ ( ), respectively. Despite the
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weights being numerically different, we hypothesize that they do not change the relative ordering of
the samples and, therefore, do not affect the Weighted Maximum Likelihood (WML) ufidgte

signi cantly. Therefore, we employ the Spearman correlation coef cient, a nonparametric measure
of rank correlation, to capture such dependencies, which we report in Figure A.1. Contrary to our
hypothesis, the weights with and without normalization are not perfectly rank-correlated in four out
of ve experiments when there is more than one observed data point. Potentially, this could lead to a
different WML update, but when we evaluate the whole PLI algorithm with and without the partition
functionZ ( ), we nd that its in uence is marginal for botMMD-PLI and WPLI in Figure A.2.

Only on the SLCP task, an improvement of W-PLI can be seen when using the partition function,
whereas MMD-PLI performs even better without it.

We have motivate®LI| from aVI perspective. As mentioned in the related work section (see Sec. 5),
this is similar to the General Variational Inferenc&\1) approach 29|, which also de nes the
posterior as a solution to an optimization problem, namely

()=argmin N I(E)[LN( N+KLC () Jip()): (24)

When the loss is de ned as the log-likelihoddy ( ) = log p(x}.yj ) with = 1=N, thePLI
objective(6) is recovered. However, when we substitute the pseudo-likelili@pishto the GVI
objective, we obtain an additional term in the loss which is given as an expectation over the log-
partition functione [ logZ( )]. Therefore, PLI can be seen as GVI with an additional loss term,
or GVI can be equated with PLI using unnormalized pseudo-likelihood.

B Algorithmic details: sequential Monte Carlo ABC

The foundations oSMC-ABC have been laid by Del Moral et dl14], who introducedSMC
samplers. These samplers describe an approximate inference routine in which the posterior is
approximated through a sequence of intermediate target posteriors. In the com®¢ othe
sequence of intermediate posteriors is de ned by an adaptive bandwidihthe approximate
posteriorp ( jx3.y) (4). Additionally, the sample ef ciency oABC is improved by replacing the

prior as the sampling distribution with a pr?posal distributigfi ). The proposal distribution is
represented by a set of particlef ) =1=M 7; (.>( ) and through importance sampling an

approximation of the target posteripr, ( jx3.y ) can be obtained, (see (5)),

hd ) ) (1) 34,2
P.Cdn) a0z W O w? = Pabifd, (25)
i=1

whereW[(') denote the importance weights. The proposal distributidn) should ideally stay
close to the target posteripr, ( jxi.y ) to improve the sample ef ciency. Therefore, the proposal
distribution is updated based on a Markov kefdel; ( ¢; t+1 ) which is the transition probability
from {to (+1. The update of the proposal distribution is typically numerically intractable as it
requires marginalization, i.e., integration overfor each inference step: t

Z
41 (t+1) = K (15 t42) «( 0)d ¢ (26)

To alleviate the computational burden, Del Moral efa#l] show that the joint representation of the
proposal distribution {( o:t) can be ef ciently calculated as it only requires solving the product over
t transitions

vt
t( 0t) = ol o) K (5 t41): (27)
=0

We ge ne the joint proposal distribution as the empirical distribution( o) =
M iz1 (.>( o-t) de ned by a set of joint partlcles( ). Thus, the joint posterior approxi-
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mation ofp , ( o:tjx}.y ) based on the importance weights reads as

hd ) (i)
a( o)z w® o( o0 w? = PeloXin) (28)

i=1 ot t( (I)

) a0z w0 o W = P

i=1 ' g @9

The marginal target posterior approximatig ;) can be directly recovered from the joint approx-
imation g ( o). Furthermore, both distributions share their weights which means that it is only
required to estimate the weights in order to approximate the target posteriprs( jx;., ). In

general, the probability of the target joint postenioy ( g}j ) is intractable. Therefore, the authors
introduce an auxiliary backward Markov kernal( {+1; ) to simplify the computation

ty 1

P (oXxin)=p . (1xin) L ( s ) (30)
=0

Assuming that a posterior approximation of the target postemiof (jx}.) is available
through the slgt of weighted parhcléSN('), ('))g and the particles of the proposal distribution
()=mM I (.)( ) are updated based on a kernel transmb,lli K ( t('), t('+)1) then

the importance Weighwm are updated based on the following recursion

P Cotet) _ Pon Ciog) g el e )
t+1( 0.t+1) o( o)\dtzo Kt( ) +1)
:pt+l(t+1)Lt( t+1 t)pt(t)Q =0 Le( w1y ).
|p t( I)KI{-%( ts t+1)}| 0( O) _0{ ( ; +1}.

Wi+t

W = (31)

(32)

Thus, the sequential update is performed by updating the current weigltgh the marginal
weightswy .1 . Up to now, the choice of the backward kernel has been neglected. As it is an auxiliary
guantity, several approximations can be made to model the backward kernel. Del Mor§l 4} al.
refer to the optimal backward kernel as the Markov kernel that minimizes the variance of the particles

( K1 (15 t+l):

L?pt( t+1; t) = 1 (1)

They further show that the optimal backward kernel recovers the marginal weights from (25)

L (X3
W:)f{ = p 1+tf1]( 1)N) - Wt+1: (33)

In general, the optimal backward kernel is numerically intractable and has led to several other

approximations summarized in Table B.2. Depending on choice of approximation, a number of

different SMC-ABC methods have evolved, namely the class®sllIC-ABC approach by Del Moral

et al.[15], Population Monte CarloRMC)-ABC [51, 2, 31], and Metropolis-Hasting&BC [30].

Please refer to those references as well as Algorithms 2 and 3 for implementation details of these
approaches.
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Algorithm 2 Sequential Monte Carl8BC [15]  Algorithm 3 PMC-ABC [31]
1: input: reference data:.,, prior p( ), 1: input: reference data?.,, prior p( ),

stochastic simulatop(xj ), IPM D(; ), stochastic simulatop(xj ), IPM D(; ),
max. iteration counfl, forward kernel max. iteration counfl, forward kernel
K( ¢; t+1), resampling threshold, Kisz ( t; t+#1), -Quantile
2: initialize particles () p() 2: initialize particles (k) p()
3: initialize particle we|ghtsrv(k) =1=K 3: initialize particle welght:w(k) =1=K
4: fortin1:T dko 4: store number of best particlés = K
5: for each t( )1 do 5: fortin1:T do
6: S|mulatex(k) = fx% p(x] (k))g 6: electk best partlclest 1 0
7. compute IPlvlsfk)l = D(xI,y ,x(k) 7 sam/elke)K .(|)K proposal particles;
8: end for Ki('t7 1)
9: update the bandwidth; by solving 8. for each™" do
| h - (1
Esstw¥g )= ESSEw g ¢ 1) ¥ simulate’, _Ifx p(xﬁl))g
1, . 10: computelPMsS) = D(xlN,x()
k)/ wk St 9 11:  end for
v 1, s®, ¢ 1g 12:  update bandwidth based on the empirical
1 .
-Quantile { = Qfok)l;Sfl)g( )
10: if ESS(fw(k) g; t) <V then 13:  update weights
11 resample K partlclest(k) from f t(k)lg “ (..(k))
W'[ = i
12: set weightsv(®) = 1=K P ) W( ( - NG
13:  endif © © . © !
14: sampleK particles ; K ;
15: end forp P () 14:  setK new particles § = f’\fk)l, “fk)g
16: output: posterior particles ) 15 update forward kerné{ .1 ( t; t+1)
16: end for

17: output: posterior partlcles(k)

C Experimental details

Here we detail the experimental con gurations to reproduce the results covered in Figure 3 and C.1.
A small grid search has been carried out overddiagning rate thetrust-region parametet, thebatch

size and thenumber of training samplesn the SLCP and Furuta task fdr = 50. The best- tting
hyperparameters over the two tasks are reported in Table C.3 and used throughout the experiments.
The remaining parameters are taken from [32] to make the results comparable.

We complement Figure 3 with Figure C.1 to compare the results in the observation space and include
the Furuta pendulum.

Table B.2: Approximations of the optimal backward kerh%‘ft( t+1; t) lead to differenSMC-
ABC approaches.

Algorithm  Assumption Ci W1
i _ t(C K1 (15 t41) _
Optimal St (o) Conix?)
_ g P (i) )Ke (15 ) R P Gt Xy
PMC-ABC P 2 CCOXOKen (o) 0 b DK {1 a
- (X3 )Kin (5 1) P v CtdXain
SMC-ABC p,., p, S G ix) LX)

p t+1 (ter XN )Ktsn (15 1)

MH-ABC Le( te1s t) = Kerr (415 1) XK (o o)
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Figure C.1: Evaluation of the posterior performance on three different tasks (displayed along the
columns). A node represents the mean and standard deviation of 10 experiments with different random
seeds, each carried out usiNgdata points for conditioning. The samples from the approximate
posterior  q( jx3.,) are compared against the reference posterior samples with the Wasserstein
distance and th®IMD when available. Additionally, the log probability of the ground-truth parameter

9t is evaluated and posterior predictive checks are carried out on all tasks. The ground-truth
parameters are described in Appendix C. Lower values are better for all metrics.

C.1 Approximation of the integral probability metrics

In the context of this paper, we consider two instancetPs D (p’(x); p(xj )) between the
data generating distributige’ (x) and the likelihoody(xj ) — the maximum mean discrepancy
MMD and the squared 2-Wasserstein distate To simplify the notation, we formulate the
d|screpancy|9etween the pafx) andq(x) \ghose empirical probability distributions are denoted by

p(x) =1=N i, x (x)ande(y)=1=M 2, y (y). Furthermore, we denote the cost between
individual samples bg(x;y).

Maximum mean discrepancy The MMD [25] can be formulated with respect to an evaluation
kernelk(x;y) as the sum of three terms

MMD?(p;g)= E [kOGY)] 2 E [k(;yl+ E [K(;y)l: (34)
X p(x) X p(x) X q(x)
y p(y) y a(y) y a(y)

As the expectations are generally intractable, an unbiased estimdfdibf based on samples drawn
from p andqis used [25]

2 X 1

K(Xi; Xjo) K(Xi;yj)+ ———
i6i0 NM ij =1 MM 1)

MMD (p; &) k(xj;xj0):  (35)

_ 1
N(N 1) .
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Here,x; andy; represent samples drawn from the sampling distributiang  p(x) andy 1.u

q(y). In this paper, a Gaussian kerreedp( 1=(2)c(x;y)) with bandwidth® is employed. The
bandwidth is known to be very sensitive, which is why the kernel is evaluated over a variety of
bandwidthsp= f 1; 10; 20; 40; 80; 100, 130, 200, 400, 800, 100Qy by summing over the bandwidths

k(xiyj) =k (xiyj) [16].

Wasserstein distance. In the experiments, we consider the squared 2-Wasserstein, which can be
formulated as the solution to the optimal transport problem
4

W3(p;g) =inf  c(x;y) (x;y)dxdy: (36)

The problem is also known as the Kantorovich problem, searching for the optimal couing p; 9)
in the set of joint distributions that adnptandq through marginalization. For the empirical measures
pande, the Kantorovich problem can be formulated as a linear program

X
W, = g]ZIrL]J B Pij Cij . (37)

i;j
Here,Cj = c(xi;Y;) is the cost matrix containing the pairwise comparisons between the samples
drawn fromp(x) ande(y). The linear program searches for the optimal coupling m&ramong
the set of doubly stochastic matrices= fP 2 RY M : P1y =1=N1y; Pl 1y =1=M1yg.
Peyré and Cutufd4] show that introducing an entropy regularization tétin(P) to the objective
(37)leads to an iterative scheme that can be solved with the Sinkhorn algodginT pe iterative
procedure enables parallelization on hardware accelerators to ef ciently solve the optimal transport
problem. Furthermore, it can be seen that the 2-Wasserstein distance can be recovered in the limit
"1 0. We leverage the JAX library, OT®], to approximatéN'3 with Sinkhorn iterations for the
computations.

C.2 Gaussian location

The Gaussian location model is a 10-dimensional Gaussian model. The ten dimensional parameters
2 [ 1;1]*° de ne the means of the modBI (xj = ; =0:11). We choose a Gaussian prior

p( ) = N( jO;0:11) for which the posterior can be recovered in closed form. The ground-truth

parameter is sampled uniformly within the posterior suppért U ( 1;1).

Figure C.2: Slice of the posterior through the  , plane. The upper row shows experiments
conducted ofN = 2 reference observations. The lower row shows the approximate posteriors for
N = 100 reference observations. The dotted line represents the ground truth paraffletivat

was used to generatg ., . All approaches show that the posterior becomes denser when conditioned
on more data.
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C.3 Gaussian mixture model

The task is to infer the mean parameters of a two-dimensional multivariate Gaussian mixture
model [47]

p(xj )= N(xj = ; =D)+N(Xj = ; =0:01) (38)
The two-dimensional observation space represents samples from the Gaussian mixture model. We
assume a uniform prige( ) = U( 10;10).

C.4 Simple-likelihood complex-posterior

The Simple-Likelihood Complex-PosteridBl(CP) task consists of a 5-dimensional parameter space
2 [ 3; 3] with a uniform priorU( 3; 3). The ground-truth parameter, from which the reference

observations are generated, is set® = (0:7;1:5; 1:0; 0:9;0:6) . The observations represent
four samples from a 2-dimensional Gaussian distribution

x =[xy X2 X3 X415 i = N(xi; ()i () (39)
For further information, we refer to the SBI benchmarking paper from Lueckmann et al. [32].

C5 SIR

The SIR model is an epidemiological time-series model that models the spreading of a disease. The
name derives from the three states, (i) susceptible, (ii) infectious, (iii) recovered, that an individual
can be in. The parameters of the dynamics model are the contact aatkthe mean recovery rate

(0;2]

= 2 (0: 0:5] : (40)

The prior is a log-normal distribution overand
LogNormal(log(0:4); 0:5) (41)
LogNormal(log(0:125); 0:2) (42)

We rollout the dynamics over 160 timesteps and evaluate the simulation at 20 equidistant time-steps by
taking a sample from the binomiad; Binom(1000;1;=N). HereN denotes the total population
at the start of the simulation. See Lueckmann e3] for details on the dynamics of the SIR model.

C.6 The Furuta pendulum

This inverted double pendulum can be described by the angular de ection,] of the rods
w.r.t. their equilibrium positior{0; 0]. The equations of motion can be derived by formulating the
Euler-Lagrange equation [37]:

1 2 2 lm 2 oin2 lm .

d++ - il Tlr +l mplr + 4 plpsm p 2 pllplr CZOS p r
L]

do 2Mplplr COS p 3Mplp p

2

1 2 qj 1 i
zMplgsin2 5 + 5 smMplplrsin p 3 : (43)

1m |2 241 i
gMplgsin2 p £+ smplygsin

Here, the mild assumption is made that the pole length is signi cantly greater than its diameter for
which the moments of inertia of the poles around their pivotlare 1=3 m;1?; i 2 fr;pg. The

mass matrix contains entries from the translatory and rotational movement of the two poles. As the
reference coordinate systems are constantly rotatingthe basis coordinate system, Coriolis forces
occur. They are complemented by gravitation which works on the rotational pole. The left-hand side
considers damping in the joints, represented by the damping coef aieretadd,, and the torque

which is applied from a servo motor. For this paper, we omit external forces, Fe0, Nm. The

Furuta pendulum is set into motion by perturbing the initial state around its unstable equilibrium.

For the system identi Cati(ﬂ‘l ta§ks we select the ye system paiametgs

[9;11] 3 9:81
Iy [0:08; 0:09] 0:08
= Emé 2 § [0:08;0:1] Z; 9t = §O:09§
lo [0:12,0:135 0:12
mp [0:02; 0:03] 0:024

with a uniform prior on the prede ned ranges.
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Table C.3: Hyper-parameter settings of 88l methods as used for the experiments in Section 4.
Forward slashes symbolize layers of a neural network.

Parameter

Value

PLI (Ours)

Likelihood kernel
Trust-region threshold
Model

Bijector

# Bins

Conditioning MLP

# Bijectors / Transforms
Base distribution
Learning rate

Epochs

Train samples per iteration

Batch size

Exponential Kernel
0.5
Neural Spline Flow (NSF)
Rational Quadratic Spline with param sze
10
input dim /50 /50 / 50
5
N (0;1)
1 10°
20
5000
125

PMC-ABC [31]

Likelihood kernel

Uniform Kernel

Likelihood update -Quantile, =0:1(see Table A.1)
0.1
Reverse transition kerngj, reverse PMC kernel (see Table B.2)
Particles 1000
Epochs 200
Perturbation kernel GMM with 5 components
APT [24]

Model

Bijector

# Bins

# Bijectors / Transforms
Conditioning MLP

Base distribution

# Atoms

Learning rate

Epochs

Train samples per epoch
Batch size

Conditional Neural Spline Flow (NSF)
Rational Quadratic Spline with param slze
10
5
inputdim /32 /32 /32D
N (0;1)
10
1 10°
20
5000
500
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Figure C.3: Results of posterior inference on the SLCP task Mith 2 reference observations.
The unimodal distribution of the parametersand ;) are depicted well by all approaches. On
the contrary, the multi-modality is only represented properly byAR& posterior &= Reference,
= MMD-PLI, = APT, = MMD-ABC).
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Figure C.4: Results of posterior inference on the SLCP taskMith 100 reference observations.
Compared to the posterior givéh = 2 observations (Figure C.3), the posterier Reference) is
distributed tightly around distinct points. Here, MMD-PLI captures all modes of the posterior,
= MMD-ABC centers around a uni-mode, white APT cannot represent the multi-modality.
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Figure C.5: Results of posterior inference on the Furuta pendulum with N = 2 reference observations.
All methods center around the ground truth parameter. == APT finds the expected correlations among
the parameters while == MMD-PLI and == MMD-ABC remain more widespread.
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