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Supplement to ‘“Energy-Based Sliced Wasserstein Distance"

We first provide skipped proofs in the main text in Appendix [A. We then provide additional materials
including additional background, detailed algorithms, and discussion in Appendix [B| Additional
experimental results in point-cloud gradient flows, color transfer, and deep point-cloud reconstruction
in Appendix [C| Finally, we report the computational infrastructure in Appendix [D.

A Proofs

A.1 Proof of Theorem|T]

Non-negativity and Symmetry. the non-negativity and symmetry properties of the EBSW follow
directly by the non-negativity and symmetry of the Wasserstein distance since it is an expectation of
the one-dimensional Wasserstein distance.

Identity. We need to show that EBSW,, (1, v; f) = 0if and only if ;1 = v. First, from the definition of
EBSW, we obtain directly y = v implies EBSW,, (1, v; f) = 0. For the reverse direction, we use the
same proof technique in [4]. If EBSW (11, v; f) = 0, we have [i,, W), (08, 0fr) do, ., (0; f) = 0.
Hence, we have W, (0fp, 04v) = 0 for o,,,(0; f)-almost surely § € S¢='. Since o, ,(0; f) is
continuous, we have W,,(0u,0r) = 0 for all & € S~ . From the identity property of the
Wasserstein distance, we obtain 04y = 0tv for o, ,,(0; f)-a.e 0 € S¢=1. Therefore, for any ¢ € R
and 6 € S%1, we have:

FU9) = [ (o) = [ e dpsu) = Flozue
= v|(t) = [ e dbtu(z) = e 00 du(z) = Flv
Fiowl(t) = [ e dom(z) = [ e M0av(a) = Flul(o),

where F[y](w) = [ €7**®) dy(z) denotes the Fourier transform of v € P(RY). By the injectiv-
ity of the Fourier transform, we obtain ;1 = v which concludes the proof.

A.2  Proof of Proposition

(a) We first provide the proof for the inequality SW,, (1, v) < EBSW,(u, v; f). It is equivalent to
prove that

Egyisi-1y [Wh(081, 080)] < Eoro,,0:5) [Wh(Ofp, 00)] -

From the law of large number, it is sufficient to demonstrate that

L

5 (0; Ijﬂv O:8v) fF (WP (081, 0:8v))

ZZ zﬁlufv zﬁy < Z ) L ) (4)
i—1 iz f(Wp (0:i8p, 0:8v))

forany L > land 64,...,0L i U(S?1). To ease the presentation, we denote a; = WP (i, 0:fv)

and b; = f(W})(0:u, Zﬁz/)) forall 1 <14 < L. The inequality (4) becomes:

| L L L
Z(Z ai)(z bi) < Zaibi~ 3)
=1 =1 i=1

We prove the inequality via an induction argument. It is clear that this inequality holds when
L = 1. We assume that this inequality holds for any L. We now verify that the inequality (5) also
holds for L + 1. Without loss of generality, we assume that a1 < as < ... < ar < ar41. Since
the function f is an increasing function, it indicates that b, < by < ... < by < bpy1. Applying the
induction hypothesis for ay,...,ar and by, ..., by, we find that

L L

i=1 i=1

.gh
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This inequality leads to

L+1 L+1 L L L

(Z a,)(z b;) < Lzaibi + (Z a;)br41 + (z bi)ar+1 + ar+1br41

i=1 i=1 i=1
Therefore, to obtain the conclusion of the hypothesis for L + 1, it is sufficient to demonstrate that

L L L+1

L
Lzaibi + (Z a;)bp41 + (Z bi)ar+1 + ar+1br41 < (L + 1)(2 a;ib;),
i=1

i=1 i=1 i=1
which is equivalent to show that

L L L

O ai)bryr + (O bi)ari < aib; + Lag1bris. (6

=1 =1 =1

Since ar 1 > a; and br 1 > b; forall 1 <4 < L, we have (ary1 — a;)(br+1 — bi) > 0, which is
equivalent to ay11br4+1 + a;b; > ap11b; + bpyia; forall 1 <+ < L. By taking the sum of these
inequalities over ¢ from 1 to L, we obtain the conclusion of inequality (6)). Therefore, we obtain the
conclusion of the induction argument for L + 1, which indicates that inequality (5) holds for all L.
As a consequence, we obtain the inequality SW, (i, v) < EBSW,,(u, v; f).

(b) We recall the definition of the Max-SW:
Max-SW,, (1, v) = max W,(0tu, 0tv).
fesd—1
Since S?~! is compact and the function & — W, (08u,04r) is continuous, we have §* =
argmaxycgd—1 W, (081, 04v). From Deﬁnition for any p > 1, dimension d > 1, energy-function f,
and i, v € P,(R?) we have:
1
EBSWP(M) V) = (EQNUH,V(G;J‘)) [Wg (Gﬁ,u, Hﬂll)} ) ’
1
< (nggu,u(g;f)) [Wé’ (0%, 0% 1)) ) » = WP (0", 0" v) = Max-SWp,(u, v).

Furthermore, by applying the Cauchy-Schwartz inequality, we have:

Max-SW? = inf 0Tz —0"yl"d
ax-SW (u,v) = max, (wehrbb,y)/Rd‘ x—0"y| dr(z,y)

< ma inf 0||? ||z — y||Pdr(z,

< s (_we [ o1l - ylPan(e)
— o / 161171z — ylIPdm(z, y)
m€ll(p,v) JRd xRd

= inf r — y||Pdn(z,
[ eyl

< [ e yPdray)

m€ll(p,v) Jrd xR

=Wl (wv),

after taking the p-rooth, we completes the proof.

A.3 Proof of Theorem

We aim to show that for any sequence of probability measures (px)ken and p in P,(RY),
limy,, y oo EBSW,, (2, 2 f) = 0 if and only if for any continuous and bounded function f : R — R,
limg 400 [ f dpr = [ f du. We follow the proof techniques in [26]. We first state the following
lemma.

Lemma 1. For any p > 1, energy function f, and dimension d > 1, a sequence of probability
measures ([uy)ken satisfies limg_, oo EBSW),(px, 15 f) = 0 with p in Pp(Rd), there exists an
increasing function ¢ : N — N such that the subsequence (u¢(k)) pen converges weakly to ji.
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Proof. Since limy s+ 00 EBSW,, (pi1, 145 f) = 0, we have
limyg o0 fsd71 W, (O, 081) dUIW(G f) = 0. From Theorem 2.2.5 in [1]], there exists an
increasing function ¢ : N — N such that limy_,co Wy, (0fipgr), 0v) = 0 for o, (0; f)-a.e
6 € S?1. From [39], the Wasserstein distance of order p implies weak convergence in Pp(Rd),
hence, (0414 (x) ) .oy converges weakly to Oty for 7, ,(6; f)-a.e § € ST~

Let @, = [p. e dp(w) be the characteristic function of 1 € P,(R?), the weak convergence
implies the convergence of characteristic function (Theorem 4.3 [17]): limy_ o Poyp M)(s) =
®gyu(s), Vs € R, for 0,,(0; f)-ae 0 € S=1. Therefore, limj_, o ® (2) = ®,(z), for
almost most every z € R

—d/2
We denote f,(z) = f * g(z) = (2m?) / Jga f(@ — z) exp (—||2]|?/ (24*)) dz for any v > 0
and a continuous function f : R? — R with compact support, and g~ is the density function of
N(0,~1;). Now, we have:

Ho (k)

/ Fo(2)dpgr) (2 / 09y (z —w)dw dpigay (2)
—d/2
/Rd / Flw) (277%) " exp(— ||z — w][2/(2%))dw dpuga) (2)
—d/2 (z—w,x)
= (2m7?) f(w) 91/~ (x)dz dw dpgr (2)
Rd JRd
—d/2 i i
— (271-72) / / / w)/ e “””>e<z’”>gl/7($)dx dw dpg ) (2)
Rd JRd R4
—d/2 —i{w,x i(z,x
= (2m7?) / Flw)e gy, (2) / 57 dpugry ()da dw
Re JRd R
—d/2 —i{
~ ) [ / 917 (2) @ 0, ()
Rd JRd
f

27W d/2/

where the third equality is because [, e!*=%%) g, (z)dz = exp(—||z — w[|*/(27?)), and

gl/'y ) Ko (k) (a?)dx,

w) = f]Rd' f(z)e~ ) dz: denotes the Fourier transform of the bounded function f. Similarly,
we have:

/ fv z)du(z / Rdf gy(z— w)dw dp(z)
:/Rd/ f(w) (27Tf72)*d eXp(_HZ_wHQ/(Q’YQ))dw dp(z)
/d zmwalg,, (x)de dw du(z)

/ e w0, (@)de dw dp(z)
R

R R

o Jurte

/Rd /R T g1,(@) /R e dp(z)de duw
J. /Rd :

| 7

—d/2
—d/2
—d/2
—d/2

g1/ (@) @y (2) dar dw

271'
271'7
271'7
27r’y
—d/2
= (2m7?) / ) g1 /5 (7) @, (7)da.
We know that F[f] exists and is bounded by [,.|f(w)|dw < 4oco since f has compact
support. Hence, for any x e R and k € R, we have |F[f](2)g1/,(2)®p,, (z)| <
91/2(2) i | F(0)ldw and | FLF)(2)g1 (@)D, ()] < g1/5 (&) fya | F(w)lcdo. Using the proved
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result of limy 00 @y, ;) (2) = @ (2) and Lebesgue’s Dominated Convergence Therefore, we obtain
. —d/2
lim / Ty (2)dpgy(z) = hm (2m?) / Flf1(2)g1/(2) Py, (z)dw

k—oo Jra
(mr2) ™ [ FUfI@01, (0 (2)da

= [ £eanc2
/f z)dpg ) (2 /f )du(z

< lim lim sup [2 sup |f(z) — fy(2)] + ‘/ Ty (2)dpg ) (2 / fy(z)du(z

770 ko +oo 2€R4
= lim 2 sup |f(2) — fy(2)| =0,
~y—0 2€R4

Moreover, we have:

lim lim sup
720 koo

i

which implies (u¢( k.)) converges weakly to p. O

kEN
Continuing the proof of Theorem |Z, we show that limy, o EBSW,(pug, 1; f) = 0 implies (px) 1y
converges weakly to 1. Let (fig(x)), oy be a sequence such that limy,_, o EBSW, (u, 15 f) = 0,
we suppose (u¢( k)) keN does not converge weakly to u. So, let Dp be the Lévy-Prokhorov metric,
limy 00 Dp(ue,) # O that implies there exists ¢ > 0 and a subsequence (“w(k))keN with an
increasing function 1) : N — N such that for any & € N: Dp(pyx), 1) > €. Using the Holder

inequality with p1, v € P,(R), we have:

"=

EBSW,, (11, %3 f) = (Boo,, 0:5) (W7 (011, 01)] )
> Eoro, , (0:1) [Wp (0811, 041/)]
> Eomo, ,(0:5) (W1 (081, 081)]
= EBSW; (i, v; f).
Therefore, limy,_,oo EBSW1 (fty k), 15 f) = 0 which implies that there exists s a subsequence

(I%W(k))) ey With an increasing function ¢ : N — N such that (u¢(¢(k))) converges weakly to

keN
1 by Lemmal(l} Therefore a contradiction appears, namely, limy_, . dp (u¢(¢( ) ,u) = 0. Therefore,

limg 00 EBSW, (pg, 15 f) = 0, (i), cOnverges weakly to .

We have (0fux,),,cry converges weakly to 0y for any 0 € S4=1 by the continuous mapping theorem.
From [39], the weak convergence implies the convergence under the Wasserstein distance. So, we
have limy_, oo W, (0fer, ) = 0. Moreover, using the fact that the Wasserstein distance is also
bounded, hence, the bounded convergence theorem implies:

kli{rolc EBSW;;Z(/-“?’ s f) = EGNU“YV(Q;f) [Wé) (Gﬁﬂ]m eﬂﬂ)}
=Egpo,,0:5) [0] = 0.

Again, usingthe continuous mapping theorem with function x — '/, we have
limy,_, oo EBSW,, (11, 115 f) — 0. We conclude the proof.

A4  Proof of Proposition

We first show that the following inequality holds

EMax-SW,(pn, )] < C/(d+ 1)logn/n

where C' > 0 is some universal constant and the outer expectation is taken with respect to the random
variables X, ..., X;. We now follow the proof technique from in [28]. Let F, ! and Fy ! be the
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Algorithm 1 Computational algorithm of the SW distance

Input: Probability measures i and v, p > 1, and the number of projections L.
for! =1to L do

Sample 0; ~ U(S?1)

Compute v; = W, (0, 0;8v)
end for

Compute SW (11, v; L) = (% S vl>
Return: §V\Vp(u, v; L)

=

inverse cumulative distributions of two push-forward measures 0f:,, and 64u. Using the closed-form
expression of the Wasserstein distance in one dimension, we obtain to the following equations and
inequalities:

Max-SWJ (jin, 1) = max, / [Fro(w) = Fy ' (w)Pdu
~  max / Ton 1 () Pdu
OER:||0]=1
<di X F, — F, P,
< diam( )aeRrng' o(z) — Fy(z)]

where X C R is the compact set of the probability measure 1. We can check that

max |Fnhe(x) — Fy(x)| = su n(A) — u(A)l,
s [Froe) = Fo(w)] = sup lin (4) = (4)
where B is the set of half-spaces {z € R? : §7 2z < z} for all § € R? such that ||§]| < 1. We know
that the Vapnik-Chervonenkis (VC) dimension of 3 is at most d + 1 [40]. Therefore, using the VC
inequality, we obtain:

sup [un(A) — p(A)| < \/32[(61 + 1) log(n + 1) + log(8/4)],
AcA n

with probability at least 1 — §. Therefore, we obtain that

EMax-SW,,(fn, )] < C+/(d+ 1)logn/n,

where C' > 0 is some universal constant. Moreover, we have E[EBSW, (i, u; f)] <
E [Max-SW,, (jtn,, 11)] from Proposition [1} Therefore, As a consequence, we obtain:

E[EBSW,,(in, 115 f)] < C+/(d+ 1) logn/n,

which completes the proof.

B Additional Materials

B.1 Additional Background

Sliced Wasserstein. When two probability measures are empirical probability measures on n
supports: p = %Z?:l 0y, and v = %Z?:l dy,, the SW distance can be computed by sort-
ing projected supports. In particular, we have i = = 3" | 647, Oy = 23" | 647, and
WP (08, 0fv) = 1 Ly (0T — 0 y))P where 6T z(;) is the ordered projected supports. We
pr0v1de the pseudo code for computing the SW in Algorithm T}

Macx sliced Wasserstein. The Max-SW is often computed by the projected gradient ascent. The
sub-gradient is used when the one-dimensional optimal matching is not unique e.g., in discrete cases.
We provide the projected (sub)-gradient ascent algorithm for computing the Max-SW in Algorithm 2]
Compared to the SW, the Max-SW needs two hyperparameters which are the number of iterations 7'
and the step size . Moreover, the empirical estimation of the Max-SW might not converge to the
Max-SW when T' — o0.
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Algorithm 2 Computational algorithm of the Max-SW distance

Input: Probability measures i and v, p > 1, the number of iterations 7', and the step size 7).
Sample 6 ~ U(S?1)
fort=1to7T do . .
Compute 0y = 0,1 + 1V~ Wy (0r—18u, 0,—14v)
0,
110e1]2

Compute ét =

endfor ) )
Compute Max-SW,, (11, v; T) = W, (08, Ortr)

Return: Max-SW,,(u, v; T)

Algorithm 3 Computational algorithm of the DSW distance

Input: Probability measures p and v, p > 1, the number of projections L, the number of iterations
T, and the step size 7.
Initialize )
fort =1toT do
Vy =0
for!=1to L do

Sample 0;,y ~ 0, | ) Via reparameterization.

At7
0

Compute 6; = A

end for
1-p

Compute Uy = 1 + 7)% (% Zle W2 (0,1, Gl’wﬁy)) P % Z§=1 Vi Wh (0,1, 01,8v))
end for

for! =1to Ldo
Sample 6; ~ o b (0) via reparameterization.

end for
Compute DSW, (1,37, L) = (4 X1, Wh(Bity, 0120))
Return: D/STVP(;L, v;T,L)

o=

Distributional sliced Wasserstein. To solve the optimization of the DSW, we need to use the
stochastic (sub)-gradient ascent algorithm. In particular, we first need to estimate the gradient
1

Vi (Egme, (0)WE (012, 0)) 7
1
V,l/, (EQN%(Q)Wg(Gﬁu, Qﬁl/)) = ]; (]EGN(,w(g)Wg(Oﬂu, 91:11/)) ’ qu]EeNgw(e)W;’;(eﬁM, Gﬂy)

To estimate the gradient VyEg-,,9) W5 (041, 0fv), we need to use reparameterization trick for
oy (0) e.g., the vYMF distribution. After using the reparameterization trick, we can approximate
the gradient Vw]EQN%(g)Wg(Gﬂu, Ofr) = % Z§:1 wag(ﬁlwﬁ,u, 0;,ptv) where 61 y, ..., 0 4 are
i.i.d reparameterized samples from o, (0). Similarly, we approximiate Eg,,g)Wh (081, 0fr) =
1 Zle WP (011, 1) . We refer to the details in the following papers [7,30]. We review the

algorithm for computing the DSW in Algorithm [3. Compared to the SW, the DSW needs three
hyperparameters i.e., the number of projections L, the number of iterations 7", and the step size 7.

1-p

=

Minimum Distance Estimator and Gradient Estimation. In statistical inference, we are given the
empirical samples X7, ..., X, from the interested distribution v. Since we do not know the form
of v, we might want to find an alternative representation. In particular, we want to find the best
member pg in a family of distribution parameterized by ¢ € ®. To do that, we want to minimize the
distance between u4 and the empirical distribution v,, = % >, 0x,. This framework is named the
minimum distance estimator [41]]:

gleig D(pgp, vn),

where D is a discrepancy between two distributions. The gradient ascent algorithm is often used to
solve the problem. To do so, we need to compute the gradient V4D (uy, v,,). When using sliced
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Algorithm 4 Computational algorithm of the IS-EBSW distance

Input: Probability measures i and v, p > 1, the number of projections L, the energy function f.
for! =1to Ldo
Sample 6; ~ U(S471)
Compute v; = W,(0iti, 0;8v)
Compute w; = f(W,(0:fp, 0,8v))
end for
Compute ISEI%WP(M7 v;L, f) = (% Zle vlﬁ>

Return: ISEI%WP(N, v; L, f)

=

Wasserstein distances, the gradient V4D (4, vy, is often approximated by a stochastic gradient since
the SW distances involve an intractable expectation. In previous SW variants, the expectation does not
depend on ¢, hence, we can use directly the Leibniz rule to exchange the gradient and the expectation,
then perform the Monte Carlo approximation. In particular, we have V 3Eq..,(9)[W5 (0, 0fv)] =

Egmo(0) Vo WE (0811, 040)] & + 31, Vo WE(O1tp, 0yv) for 01, ... 0 ().

B.2 Importance Sampling

Derivation. We first provide the derivation of the importance sampling estimation of EBSW. From
the definition of the EBSW, we have:

EBSWP(:“? v .f) ]EGNO'“ (0;f) [Wp(eﬁ,uﬂ Gﬁy)] )%
- (fevon enmf(wpww,euu))de)
gd (W (08, Otv))do

F(WP (08,080 P
Juas WE(O211, 02) L0 6 ()

W5 (08,08
Sd L I( 50%5) # ))Uo(o)da

080,041 >
Eo~o0(0) Wp(eﬂuﬂﬁ )%} ’

S (W (08p,081))
Bproo(0) [ o‘o(g) }

_ ( Eorono) [WE (0811, 081)Wp10.00 (0)] \ 7
EGNUO(G) [wp,,l/,oo (9)]

Algorithms. We provide the algorithm for the IS estimation of the EBSW in Algorithm |4} Compared
to the algorithm of the SW in Algorithm T, the IS-EBSW can be obtained by only adding one or
two lines of code in practice. Therefore, the computation of the IS-EBSW is as fast as the SW while
being more meaningful.

Gradient Estimators. Let u, be parameterized by ¢, we derive now the gradient estimator
V4EBSW,,(u, v; f) through importance sampling. We have:

1-p

Eono0(0) [Wh(04H, 080)0pg.0.00.5 (6)] ) ’
Eoroo(0) [wlt¢>%00,f(9)]

Eonoo(0) (Wh(08ke, 081 Wy 000,57 (0)]
IE9~<70(9) [w#qsal’vffo,f(e)}

?]VC denote A((vb) = E9N0'0(9) [Wg(eﬁﬂm eﬂu)w11¢,u,no,f(9)J P B(¢) = EGNU@(@) I:wltd),l/,o'o,f(a)] , We
ave

1
VoEBSW), (g, v; f) = » <

Vg

o AG) _ B()VeA(@) — A¢)VEB(9)
*B(¢) B2(¢) '
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Using Monte Carlo samples 61, ...,0;, ~ o0¢(0) after using the Lebnitz rule to exchange the
differentiation and the expectation, we obtain:

<Ee~ao<9> (W (0115, 080) Wy 00,7 (6)] ) v (i S [WE(Buttig, 0u80) Wy 00,5 (61)] ) o
E9N0'0(9) [wu¢ v rfo,f(o)] % Zlel [wﬂquyvffo,f(el)]

Vch ~ — Z V¢ 0lﬂﬂ¢7 Qlﬁy)w#d) V,00, f(e))

1
V¢B(¢) ~ E Z v¢wﬂ¢7ya007f(9)7

=1
which yields the gradient estimation. If we construct the slicing distribution by using a copy of ji¢
i.e., uy with ¢’ = ¢ in terms of value, the gradient estimator can be derived by:

1—-p

1 Eomon) |[Wh (02116, 000, 00,10) |\ 7
VoEBSW, (119, v; f) = —

Eo~o(0) [w%/,u,ao,f(@)}
VEomon ) |[Wh(O8H0: 08001y 0,1 (6)|

Eewao (6) [wudy W,00,f (9)]

Using Monte Carlo samples 01, ...,0;, ~ oo(6) after using the Lebnitz rule to exchange the
differentiation and the expectation, we obtain:

1—-p

Eonoo0) |Wh 0800, 090000 s O]\ 7 (£ 500 [ WoOk110, 08004 0, s O]\

~ L
Eoro(6) [wud,/,u,ao,f(@)} S [wlw%ao,f(el)}

L
1
VEimrs(0) |Wh (0116, 0800 0,1 0)] = 1 D (VoW (Oitt16,0180) W00 0.5 (0),
=1

1
Eomon(0) [y oo (0)] ~ T D Wy 0 6)
=1

It is worth noting that using a copy of 1.4 does not change the value of the distance. This trick will
show its true benefit when dealing with the SIR, and the MCMC methods. However, we still discuss
it in the IS case for completeness. We refer to the "copy" trick is the "parameter-copy" gradient
estimator while the original one is the conventional estimator.

Importance Weighted sliced Wasserstein distance. Although the IS estimation of the EBSW is not
an unbiased estimation for finite L, it is an unbiased estimation of a valid distance on the space of
probability measures. We refer to the distance as the importance weighted sliced Wasserstein distance
(IWSW) which has the following definition.

Definition 3. For any p > 1, dimension d > 1, energy function f, a continuous proposal distribution
00(0) ~ P(S%1) and two probability measures ;1 € Pp(R?) and v € R, the importance weighted
sliced Wasserstein (IWSW) distance is defined as follows:

1
LS [WE (B, 6180) Wy, 5 (6)] ] ) ’
L 9
201 [Whwoo, £ (01)]

o .i.d
where the expectation is with respect to 01, ..., 01, """ 00(0), and w5y, (0) = 20 (@)

IWSW,(p,v; f) = (E [ @)

The IWSW is semi-metric, it also does not suffer from the curse of dimensionality, and it induces
weak convergence. The proofs can be derived by following directly the proofs of the EBSW in
Appendix Apendix and Appendix Therefore, using the IS estimation of the EBSW is
as safe as the SW.
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Algorithm 5 Computational algorithm of the SIR-EBSW distance

Input: Probability measures i and v, p > 1, the number of projections L, the energy function f.
for! =1to Ldo
Sample 0; ~ U(S?1)
Compute w; = f(W,(6ifiy, i8v))
end for
for! =1to Ldo
Compute w; =

f(Wp (018p,0:8v))
Zf:l F(Wp(0:p,0:4v))

end for
for! =1to L do
Sample 6, ~ Cat(w, ..., W)
Compute v; = W,,(0;ti, 08v)
end for

=

Compute Smp(u, viL, f) = (% Y Ul)
Return: Sﬁ-s\wp(m v; L, f)

Algorithm 6 Computational algorithm of the SW distance and the IMH-EBSW distance

Input: Probability measures p and v, p > 1, the number of projections L, the energy function f.
Sample 6, ~ U(S?1)
Compute v1 = W, (01, 614v)
for! =2to Ldo
Sample 0] ~ U(S41)

Compute v = min (1

Sample u ~ U([0,1])
if o« > u then
Set 0, = 91/
else if & < u then
Set; = 6,_4
end if
v = Wy (0ifip, 018v)
end for

Compute IMIﬁEESWp(,u7 v;L, f) = (% Zlel vl)
Return: IM@SWP(N, v; L)

FWE (0 81,0,81))) )
P f(Wh(O1—1tp,011tv)))

o=

B.3 Sampling Importance Resampling and Markov Chain Monte Carlo

Algorithms. We first provide the algorithm for computing the EBSW via the SIR, the IMH, and the
RMH in Algorithm
Gradient estimators. We derive the reinforce gradient estimator of the EBSW for the SIR, the IMH,
and the RHM sampling.

1-p

VGEBSW,, (114, 3 ) = — (Bomo,, ,(0:) [WE (08110, 00)] ) 7 VoBono, (s [WE (02119, 080)]
P 4

"=

‘We have:

VoEono,, . 0:0) (W (081, 08v)] =Eoo, . 0) [Wh(Ooth, 041)V s log (W (08416, 081)0,u,.0(6; f))]
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Algorithm 7 Computational algorithm of the SW distance and the RMH-EBSW distance

Input: Probability measures i and v, p > 1, the number of projections L, the energy function f,
the concentration parameter .
Sample 0; ~ U(S41)
Compute v1 = Wy, (0:1p, 6:1v)
for{ =2to L do
Sample 0] ~ vMF(6;_1, k)
: F(WE(0781,0 v
Compute or = min (1. ety )
Sample u ~ U([0, 1])
if o > u then
Set 6; = 92
else if o < u then
Set0;, = 6,_,
end if
v = Wp((?ljj,u, Hljjy)
end for

Compute RM@SWP(M, v;L, )= (% Zle vl)
Return: RMH-EBSW,, (11, v; L)

=

and
Vi o8 (WE(05p15. 030) 1, 0 ) = Vi log(WEOH114,050) + V. log( F(WE (B5p 05))
= Vaton ([ £V 650,030

1

~ WE (08, 080))
1

T P W04, 020))

Vo ( [ f(WZ(Hﬁu¢,9ﬁV))d9> ,

Vo WE (0311, 0tv)

Vo f(Wh(08pg,08v))

and
d/2

Votog ([ 5OV 050, 080)a0 ) = V1o (Eaaroo s [ 10308100 000) S )
= Vg log (Egy(sa-1) [f(WE(B5pg, 040))])

1
= VoEoi(si— WP (01, 08v)| .
o OV 0] 0ot (V5 e 020

Using L Monte Carlo samples from the SIR (or the IMH or the RMH) to approximate the expectation
]EQM,%,V(G; 7)» and L samples from U/ (S%=1) to approximate the expectation Eg~y¢(sa-1), we obtain
the gradient estimator of the EBSW. However, the reinforce gradient estimator is unstable in practice,
especially with the energy function f.(z) = e®. Therefore, we propose a more simple gradient
estimator which is

i—p

1
VUEBSWy (16,5 ) % (B 0:0) W3 0800, 08] ) 7 Bonar,toss) [VoWE (Ot 000)]

The key is to use a copy of the parameter ¢’ for constructing the slicing distribution o, ¢,7,,(9; s
hence, we can exchange directly the differentiation and the expectation. It is worth noting that using
the copy also affects the gradient estimation, it does not change the value of the distance. We refer to
the "copy" trick is the "parameter-copy" gradient estimator while the original one is the conventional
estimator.

Population distance. The approximated values of p-power EBSW from using the SIR, the IMH,
and the RMH can be all written as + ZzL:1 WPE(0i5p, 0,v). Here, the distributions of 61, ..., 0L,
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are different. Therefore, they are not an unbiased estimation of the EBSW? (1, v; f). However, the
population distance of the estimation can be defined as in Definition ]

Definition 4. For any p > 1, dimension d > 1, energy function f, and two probability measures
ne 'Pp(Rd) and v € R, the projected sliced Wasserstein (PSW) distance is defined as follows:

L 5
PSW, (:u’7 7f < [ Z elﬁ:u79ﬁy ]) ) (8)

=1

=~

where the expectation is with respect to (61, ...,01) ~ o(b,...,0L) which is a distribution defined
by the SIR (the IMH or the RHM).

The PSW is a valid metric since it satisfies the triangle inequality in addition to the symmetry, the
non-negativity, and the identity. In particular, given three probability measures pi1, o, jt3 € Pp(Rd)
we have:

3=

L
1
PSWy(k1, 13) = | E@r.o)mo(010) | T > wp (91ﬁu1,01ﬁu3)D

=

E9,..)~o(61.1) (Wy (01, Orfpz) + Wy (Oifipe, Glﬁug))pl >

p

<

A
Ve e R
==
Mh

L
1
E@r.)~vo000) | T S WP (i, 9111#2)] )

1 < »
+ (]E(el;L)w(el;L) I > wr (@ﬁmﬁzﬂ%)])
=1

= PSW,, (111, p2) + PSWy, (112, p3),

where the first inequality is due to the triangle inequality of Wasserstein distance and the second
inequality is due to the Minkowski inequality. The PSW also does not suffer from the curse of
dimensionality, and it induces weak convergence. The proofs can be derived by following directly
the proofs of the EBSW in Appendix [A.T] Apendix[A.3] and Appendix [A.4] Therefore, using the
SIR, the IMH, and the RMH estimation of the EBSWs are as safe as the SW.

C Additional Experiments

In this section, we provide additional results for point-cloud gradient flows in Appendix [C.T, color
transfer in Appendix [C.2, and deep point-cloud reconstruction in Appendix [C.3.

C.1 Point-Cloud Gradient Flows

We provide the full experimental results including the IS-EBSW, the SIR-EBSW, the IMH-EBSW,
and the RMH-EBSW with both the exponential energy function and the identity energy function in
Table[3. In the table, we also include the results for the number of projections L = 10. In Table3;
we use the conventional gradient estimator for the IS-EBSW while the "parameter-copy" estimator
is used for other variants of the EBSW. Therefore, we also provide the ablation studies comparing
the gradient estimators in Table 4 by adding the results for the "parameter-copy" estimator for the
IS-EBSW and the conventional estimator for other variants. Experimental settings are the same as in
the main text.

Quantitative Results. From the two tables, we observe that the IS-EBSW is the best variant of the
EBSW in both performance and computational time. Also, we observe that the exponential energy
function is better than the identity energy function in this application. It is worth noting that the
EBSW variants of all computational methods and energy functions are better than the baselines in
terms of Wasserstein-2 distances at the last epoch. For all sliced Wasserstein variants, we see that
reducing the number of projections leads to worsening performance which is consistent with previous
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Table 3: Summary of Wasserstein-2 scores (multiplied by 10*) from three different runs, computational time in
second (s) to reach step 500 of different sliced Wasserstein variants in gradient flows.

Distances Step 0 (W2 )  Step 100 (W3 ])  Step 200 (W3 ) Step 300 (W2 |) Step 400(W2 |)  Step 500 (W2 |) Time (s )
SW L=100 204829+ 0.0  986.93 £9.55 350.66 + 5.32 99.69 £+ 1.85 27.03 £0.65 9.41+0.27 17.06 + 0.45
Max-SW T=100 2048.29 £ 0.0  506.56 +9.28 93.54 £ 3.39 22.24+0.79 9.62 £+ 0.22 6.83 4+ 0.22 28.38 £ 0.05
v-DSW L*T=100 2048.29 £ 0.0  649.33 £ 8.77 127.4 +5.06 29.44+£1.25 10.95+ 1.0 5.68 £ 0.56 21.2 £0.02
IS-EBSW-¢ L=100 2048.29 £ 0.0 419.09 +£2.64 71.02+0.46 18.2+0.05 6.9 +0.08 3.3+£0.08 17.63 +0.02
SIR-EBSW-¢ L=100 2048.29 + 0.0 435.02 £ 1.1 85.26 £0.11 21.96 +£0.12 7.9+0.22 3.79+£0.17 29.8 £0.04
IMH-EBSW-e L=100  2048.29 + 0.0  460.19 & 3.46 91.28 £1.19 23.35 £ 0.52 8.26 £ 0.26 3.934+0.14 49.34+0.54
RMH-EBSW-¢ L=100 2048.29 +£ 0.0  454.92 4+ 3.25 87.92 £ 0.69 22.66 £ 0.46 8.144+0.31 3.824+0.24 62.5 4+ 0.09
IS-EBSW-1 L=100 2048.29 +£0.0  692.63 + 7.21 167.75 + 3.12 41.8£0.93 12.31+0.27 5.35£0.1 17.91 +0.28
SIR-EBSW-1 L=100 204829 +£0.0  704.08 £2.75 169.88 4 0.47 41.854+0.28 12.58 £0.24 5.6440.18 30.56 £ 0.05
IMH-EBSW-1L=100 2048.29 +£0.0  715.97 +4.49 171.42+1.25 42.05 £ 0.42 12.6 £0.1 5.63 & 0.06 50.01 £0.01
RMH-EBSW-1 L=100 2048.29+0.0 712.11+1.64 173.47+1.49 4294+ 04 12.68 £0.15 5.54 4+ 0.09 64.01 £+ 0.08
SW L=10 2048.29 £ 0.0 988.57 £ 14.01 351.63 £ 2.63 101.54 +2.45 28.19 £ 1.04 10.11 +0.34 3.84+0.04
Max-SW T=10 2048.29 £ 0.0  525.72 £7.35 134.8 +4.6 34.074+0.34 10.77 £0.15 7.36 £0.31 6.55 4 0.06
IS-EBSW-e L=10 2048.29 £ 0.0  519.73 +8.63 92.14+1.29 23.94 +0.07 9.03 +0.33 4.59 +0.22 5.5740.03
SIR-EBSW-e L=10 2048.29 £ 0.0 508.86 +8.49  104.47 +1.93 28.27 £0.68 10.56 + 0.08 5.6140.16 6.84 4 0.06

IMH-EBSW-e L=10 2048.29+0.0  621.51 +22.49 131.75+7.09 34.42+1.89 11.554+0.38 5.56 = 0.09 8.41£0.04
RMH-EBSW-e L=10 2048.29 £ 0.0  642.87 £ 5.25 135.91 +8.39 36.11+2.13 12.57+0.75 5.94£0.31 9.69 £0.04

IS-EBSW-1 L=10 204829+ 0.0  713.65 £5.68 177.16 £ 1.19 45.07+0.17 13.6 +0.26 6.16 £ 0.22 5.69£0.0
SIR-EBSW-1 L=10 2048.29 £ 0.0 731.4 £9.37 181.28 +5.05 44.99 £ 1.07 13.59 +£0.51 6.68 £0.27 6.9 £0.03
IMH-EBSW-1 L=10 2048.29 £ 0.0  772.86 £ 28.09 199.29 & 7.02 48.73 +1.69 14.1 £0.49 6.25 £0.35 8.61 £0.02

RMH-EBSW-1L=10  2048.29 £ 0.0 810.1£10.2 212.11£9.53 54.62 £ 2.63 15.444+0.93 6.74 £0.32 9.86 £ 0.06

Table 4: Summary of Wasserstein-2 scores (multiplied by 10%) from three different runs, computational time in
second (s) to reach step 500 of different sliced Wasserstein variants in gradient flows.

Distances Step 0 (W3 |)  Step 100 (W3 ) Step200 (W3 |) Step 300 (W3 |) Step400(Ws ) Step 500 (W3 |) Time (s |)

IS-EBSW-e L=100 (¢c) 2048.29 £0.0  435.39 4+ 1.82 85.31+£0.44 21.9£0.09 7.81£0.06 3.68 £0.07 17.51 £ 0.01
IS-EBSW-1 L=100 (c) 2048.29 £ 0.0 711.33 £ 7.2 170.69 +2.91 42.2+£0.79 12.624+0.2 5.7+£0.11 17.72 £ 0.02
SIR-EBSW-1 L=100 2048.29 £0.0  685.87 +8.35 166.39 + 2.65 41.52 £ 0.56 12.294+0.32 5.56 £0.1 44.51 £0.16
IMH-EBSW-1L=100  2048.29+0.0  700.47 +9.13 173.25 +1.26 44.08 £0.52 13.03+0.18 5.93+£0.2 63.83 £ 0.02

RMH-EBSW-1L=100 2048.29+0.0  711.04+10.98 175.76 £ 1.45 44.5 £ 0.56 13.39+0.13 6.06 = 0.05 77.32+£0.2

IS-EBSW-¢ L=10 (c) 204829+ 0.0  524.69 £7.38 107.37+2.18 28.46 £0.35 10.13+0.38 4.9340.37 5.54 £0.04
IS-EBSW-1 L=10 (c) 2048.29+0.0  729.53 +6.74 179.35 £ 1.7 45.03 +£0.79 13.324+0.82 6.15 £ 0.46 5.7+£0.03

SIR-EBSW-1 L=10 2048.29 £ 0.0  762.23 & 9.66 202.2£5.23 56.48 £ 1.55 19.054+0.83 10.42 £ 0.53 8.45 £ 0.02
IMH-EBSW-1 L=10 2048.29 +0.0 762.67 £ 14.63 200.3 £6.48 54.28 +£1.17 18.114+0.36 9.29 £0.26 10.02 £+ 0.02
RMH-EBSW-1L=10  2048.29 £0.0 817.92 £ 23.86 220.66 £ 2.55 60.15 £ 1.53 20.0£0.7 9.8 £0.36 11.35 £ 0.03

studies in previous works [27,[19]]. In Table @ the IS-EBSW uses the conventional gradient estimator
while the SIR-EBSW, the IMH-EBSW, and the RMH-EBSW use the "parameter-copy" estimator.
Therefore, we report the IS-EBSW with the "parameter-copy" estimator and the SIR-EBSW, the
IMH-EBSW, and the RMH-EBSW with the Reinforce estimator (conventional estimator) in Table 4]
From the table, we observe the "parameter-copy” estimator is worse than the conventional estimator
in the case of IS-EBSW. For the SIR-EBSW, the IMH-EBSW, and the RMH-EBSW, we cannot use
the exponential energy function due to the numerically unstable Reinforce estimator. In the case of
the identity energy function, the exponential energy function is also worse than the "parameter-copy"
estimator. Therefore, we recommend to use the IS-EBSW-e with the conventional gradient estimator.

Qualitative Results. We provide the visualization of the gradient flows from SW (L=100), Max-
SW (T=100), v-DSW (L=10,T=10), and all the EBSW-e variants in Figure E Overall, we see
that EBSW-e variants give smoother flows than other baselines. Despite having slightly different
quantitative scores due to the approximation methods, the visualization from the EBSW-e variants
is consistent. Therefore, the energy-based slicing function helps to improve the convergence of the
source point-cloud to the target point-cloud.

C.2 Color Transfer

Similar to the point-cloud gradient flow, we follow the same experimental settings of color transfer in
the main text. We provide the full experimental results including the IS-EBSW, the SIR-EBSW, the
IMH-EBSW, and the RMH-EBSW with both the exponential energy function and the identity energy
function, with both L = 10 and L = 100, and with both gradient estimators in Figure@

Results. From the figure, we observe that IMH-EBSW-e gives the best Wasserstein-2 distance
among all EBSW variants. Between the exponential energy function and the identity energy function,
we see that the exponential energy function yields a better result for all EBSW variants. Similar
to the gradient flow, reducing the number of projections to 10 also leads to worse results for all
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Figure 4: Gradient flows from the SW, the Max-SW, the v-DSW, the IS-EBSW-e, the SIR-EBSW-¢, the
IMH-EBSW-¢, and the RMH-EBSW-¢ in turn.

SIR-EBSW-e 328.69(s), W, =277.2  IMH-EBSW-e 287.53(s), W, = 256.77 RMH-EBSW-e 328.69(s), W, =277.2  IS-EBSW-1 86.09(s), W, =374.84  IS-EBSW-e (c) 86.3(s), W, =270.59  IS-EBSW-1 (c) 86.19(s), W, = 306.21

IMH-EBSW-e, the RMH-EBSW always use the "parameter-copy" estimator since the conventional estimator is
not stable for them), and the last row is with L = 10.

sliced Wasserstein variants For the gradient estimators, the conventional estimator is preferred for the
IS-EBSW while the "parameter-copy" estimator is preferred for other EBSW variants.

C.3 Deep Point-cloud Reconstruction

We follow the same experimental settings as in the main text. We provide the full experimental
results including the IS-EBSW, the SIR-EBSW, the IMH-EBSW, and the RMH-EBSW with both
the exponential energy function and the identity energy function, with both L = 10 and L = 100
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Table 5: Reconstruction errors of different autoencoders measured by the (sliced) Wasserstein distance (x 100).
The results are from three different runs.

Dis | Epoch 20 | Epoch 100 | Epoch 200 |
1stance

| SWa() Wa(l) | SWa() Wa()) | SWa()) Wo()) |
SW L=100 2.97+0.14 12.67£0.18 2.29 +£0.04 10.63 £ 0.05 2.15+0.04 9.97 £ 0.08
Max-SW T=100 2.91 £ 0.06 12.33 £0.05 2.24 +£0.05 10.40 £ 0.06 2.14£0.10 9.84 £0.12
v-DSW L*T=100 2.84 £0.02 12.64 £0.02 2.21 +£0.01 10.52 £ 0.04 2.07 £0.09 9.81 £ 0.05
IS-EBSW-e L=100 2.68+0.03 11.90+0.04 | 2.18+0.04 10.27+0.01 | 2.04+£0.09 9.69+0.14

SIR-EBSW-e L=100 2.77+0.01 1216 £0.04 | 2.244+0.04 10.404+0.01 | 2.00£0.03 9.72+£0.04
IMH-EBSW-e L=100 2.7540.03 12.15+£0.04 | 2.19+0.08 10.39£0.09 | 1.994+0.05 9.724+0.10
RMH-EBSW-e L=100 | 2.83 4+ 0.02 12.21£0.03 | 2.20£0.03 10.38 £0.07 | 2.024+0.02 9.724+0.03
IS-EBSW-1 L=100 2.83 £0.01 12.37 £ 0.01 2.27 +0.06 10.59 £0.07 | 2.11£0.04  9.90 £0.02
SIR-EBSW-1 L=100 2.8140.02 12.32 £0.03 | 2.26 +£0.08 10.56 £0.14 | 2.074+0.01  9.814+0.08
IMH-EBSW-1 L=100 2.8240.01 12.32£0.02 | 2.28£0.11 10.55 £0.13 | 2.03+0.02  9.814+0.02
RMH-EBSW-1L=100 | 2.88 £0.04 1242 £0.06 | 2.22+£0.07 10.374+0.06 | 2.01£0.02 9.73£0.02

SW L=10 2.994+0.12 12.70£0.16 | 2.30+0.01 10.64 £0.04 | 2.174+0.06 10.01£0.09
Max-SW T=10 3.00+£0.07 12.68+£0.05 | 2.31+0.08 10.67+0.06 | 2.14+£0.04 9.95+0.05
IS-EBSW-e L=10 276 +0.04 12.15+0.06 | 2.20+0.08 10.39+0.10 | 2.04+£0.07 9.77+0.10
SIR-EBSW-e L=10 2.794+0.03 12.26+£0.05 | 2.26+0.08 10.53+0.09 | 2.08+0.11  9.87+0.16

IMH-EBSW-¢ L=10 2.824+0.02 12.33+£0.02 | 2.26+0.12 10.5634+0.20 | 2.07+£0.02  9.86 £ 0.03
RMH-EBSW-e L=10 2.86+0.04 12.37£0.03 | 2.21£0.01 10.45£0.05 | 2.02+£0.02 9.78+0.01
IS-EBSW-1 L=10 2.84 4+ 0.01 12.43£0.01 | 2.284£0.10 10.634+0.11 | 2.10£0.05  9.91£0.05
SIR-EBSW-1 L=10 2.844+0.01 12.38 £0.01 | 2.284£0.07 10.594+0.10 | 2.07£0.07 9.88£0.12
IMH-EBSW-1 L=10 2.8240.01 12.36 £0.03 | 2.284£0.08 10.524+0.05 | 2.08 £0.06  9.86 £0.09
RMH-EBSW-1 L=10 2.80+0.04 12.47+£0.03 | 221£0.03 10.454+0.08 | 2.03£0.03  9.80£0.02

Table 6: Reconstruction errors of different autoencoders measured by the (sliced) Wasserstein distance (x 100).
We use (c) for the "parameter-copy” gradient estimator. The results are from three different runs.

Distance | Epoch 20 | Epoch 100 \ Epoch 200 |

| SWa(h) Waoh) | SW2(h) Wa) | SWa2 (b Wolh) |

IS-EBSW-e L=100 (c) | 2.74£0.04 12.144+0.12 | 2.22£0.07 10.424+0.05 | 2.07£0.01  9.77 £0.07
IS-EBSW-1L=100 (c) | 2.83 £0.01 12.344+0.03 | 2.30+£0.05 10.60+0.09 | 2.05+£0.07 9.83+0.11
SIR-EBSW-1 L=100 2.80+£0.02 12.29+£0.01 | 2.21 £0.05 10.46£0.08 | 2.04 £0.02 9.81 £0.07
IMH-EBSW-1L=100 | 2.96 £0.05 12.674+0.08 | 2.354+0.05 10.82+0.07 | 2.20£0.11 10.20 £0.16
RMH-EBSW-1L=100 | 3.00£0.06 12.674+0.10 | 2.274+0.02 10.66+0.06 | 2.15+0.05 10.11+£0.11

IS-EBSW-e L=10 (c) 2.77+£0.01 12.22+0.04 | 2.28+£0.09 10.63£0.11 | 2.07£0.07 9.80£0.15
IS-EBSW-1L=10(c) | 2.86+£0.02 12.42+0.02 | 2.24+0.08 10.524+0.13 | 2.054+0.04 9.84 £0.10
SIR-EBSW-1 L=10 2.87+£0.02 12434+0.08 | 2.36 £0.11 10.67+0.19 | 208 £0.10 9.88+0.14
IMH-EBSW-1 L=10 2.98+0.02 12.65+£0.04 | 2.35£0.05 10.84£0.06 | 2.21£0.11 10.22£0.11
RMH-EBSW-1L=10 | 3.01£0.04 12.824+0.05 | 2.37+0.03 10.87+0.03 | 2.11£0.02 10.13+£0.06

in Table [5. In Table[5, we use the conventional gradient estimator for the IS-EBSW while other
variants of EBSW use the "parameter-copy" gradient estimator. We also compare gradient estimators
for the EBSW by adding the results for the "parameter-copy" gradient estimator for the IS-EBSW
(denoted as (c)), and the conventional gradient estimator for the SIR-EBSW, the IMH-EBSW, and the
RMH-EBSW in Table

Quantitative Results. From the two tables, we observe that the IS-EBSW-e performs the best for
both settings of the number of projections L = 10 and L = 100 in terms of the Wasserstein-2
reconstruction errors. For the SW reconstruction error, it is only slightly worse than the SIR-EBSW-e
at epoch 200. Comparing the exponential energy function and the identity energy function, we
observe that the exponential function is better in both settings of the number of projections. For
the same number of projections, the EBSW variants with both types of energy function give lower
errors than the baseline including the SW, the Max-SW, and the v-DSW. For all sliced Wasserstein
variants, a higher value of the number of projections gives better results. For the gradient estimator of
the EBSW, we see that the conventional gradient estimator is preferred for the IS-EBSW while the
"parameter-copy" estimator is preferred for other EBSW variants.

Qualitative Results. We show some ground-truth point-clouds ModelNet40 and their corresponding
reconstructed point-clouds from different models (L = 100) at epochs 200 and 20 in Figure [6- [7
respectively. From the top to the bottom is the ground truth, the SW, the Max-SW, the v-DSW, the
IS-EBSW-e, the SIR-EBSW-¢, the IMH-EBSW-¢, and the RMH-EBSW-e.
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Figure 6: From the top to the bottom is the ground truth, the reconstructed point-clouds at epoch 200 of the
SW, the Max-SW, the v-DSW, the IS-EBSW-¢, the SIR-EBSW-¢, the IMH-EBSW-¢, and the RMH-EBSW-¢
respectively.

D Computational Infrastructure

For the point-cloud gradient flows and the color transfer, we use a Macbook Pro M1 for conducting
experiments. For deep point-cloud reconstruction, experiments are run on a single NVIDIA V100
GPU.
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Figure 7: From the top to the bottom is the ground truth, the reconstructed point-clouds at epoch 20 of the
SW, the Max-SW, the v-DSW, the IS-EBSW-e, the SIR-EBSW-e, the IMH-EBSW-¢, and the RMH-EBSW-¢e
respectively.
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