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Abstract

High training costs of generative models and the need to fine-tune them for specific
tasks have created a strong interest in model reuse and composition. A key challenge
in composing iterative generative processes, such as GFlowNets and diffusion mod-
els, is that to realize the desired target distribution, all steps of the generative process
need to be coordinated, and satisfy delicate balance conditions. In this work, we
propose Compositional Sculpting: a general approach for defining compositions of
iterative generative processes. We then introduce a method for sampling from these
compositions built on classifier guidance. We showcase ways to accomplish compo-
sitional sculpting in both GFlowNets and diffusion models. We highlight two binary
operations — the harmonic mean (p; ® p,) and the contrast (p; @ p,) between pairs,
and the generalization of these operations to multiple component distributions. We
offer empirical results on image and molecular generation tasks. Project codebase:
https://github.com/timgaripov/compositional-sculpting.

1 Introduction

Large-scale general-purpose pre-training of machine learning models has produced impressive results
in computer vision [1-3], image generation [4—6], natural language processing [7—11], robotics [ 12—

], and basic sciences [15]. By distilling vast amounts of data, such models can produce powerful
inferences that lead to emergent capabilities beyond the specified training objective [16]. However,
generic pre-trained models are often insufficient for specialized tasks in engineering and basic
sciences. Field-adaptation via techniques such as explicit fine-tuning on bespoke datasets [17],
human feedback [ 18], or cleverly designed prompts [19, 20] is therefore often required. Alternatively,
capabilities of pre-trained models can be utilized and extended via model composition.

Compositional generation [21-28] views a complex target distribution in terms of simpler pre-trained
building blocks which can be mixed and matched into a tailored solution to a specialized task. Given
a set of base models capturing different properties of the data, composition provides a way to fuse
these models into a single composite model with capacity greater than any individual base model. In
this way it allows one to specify distributions over examples that exhibit multiple desired properties
simultaneously [22]. The need to construct complex distributions adhering to multiple constraints
arises in numerous practical multi-objective design problems such as molecule generation [29-31].
In this context, compositional modeling provides mechanisms for control of the resulting distribution
and exploration of different trade-offs between the objectives and constraints.

Prior work on generative model composition [21, 22, 24] has developed operations for piecing
together Energy-Based Models (EBMs) via algebraic manipulations of their energy functions. For
example, consider two distributions p;(x) xexp(—E;(x)) and p,(x) «xexp(—E,(x)) induced by energy
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Figure 1: Composition operators. (a,b) base distributions p; and p,. (c) harmonic mean of p; and p,.
(d) contrast of p; with p, (e) reverse contrast p; © p,. Lines show the contours of the PDF level sets.

functions E; and E,. Their product Pprod(X) & p1(x)py(x) o exp(—(E;(x) + E»(x))) and negation
Preg(X) < py(x) /(D (%)) xexp(—(E(x)—y E5(x))), ¥ > 0 correspond to operations on the underlying
energy functions. The product assigns high likelihood to points x that have high likelihood under
both base distributions but assigns low likelihood to points that have close-to-zero likelihood under
one (or both). The negation distribution assigns high likelihood to points that are likely under p; but
unlikely under p, and assigns low likelihood to points that are likely under p, but unlikely under p;.

Iterative generative processes including diffusion models [5, 32—-34] and GFlowNets [35, 36] progres-
sively refine coarse objects into cleaner ones over multiple steps. Realizing effective compositions of
these models is complicated by the fact that simple alterations in their generation processes result in
non-trivial changes in the distributions of the final objects. Unlike for EBMs, products and negations
of diffusion models cannot be realized through simple algebraic operations on their score functions.
Du et al. [28] show that the result of the addition of score functions is not equal to the score of the
diffused product distribution and develop a method that corrects the sum-of-scores sampling via
additional MCMC steps nested under each step of the diffusion time loop.

Jain et al. [31] develop Multi-Objective GFlowNets (MOGFNs), an extension of GFlowNets for
multi-objective optimization tasks. While a vanilla GFlowNet captures a distribution induced by a
single reward (objective) function p(x) o R(x) (see Section 2 for details), an MOGFN aims to learn a
single conditional model that can realize distributions corresponding to various combinations (e.g. a
convex combination) of multiple reward functions. Though a single MOGFN realizes a spectrum of
compositions of base reward functions, the approach assumes access to the base rewards at training
time. Moreover, MOFGNSs require the set of possible composition operations to be specified at
training time. In this work, we address post hoc composition of pre-trained GFlowNets (or diffusion
models) and provide a way to create compositions that need not be specified in advance.

In this work, we introduce Compositional Sculpting, a general approach for the composition of pre-
trained models. We highlight two special examples of binary operations — harmonic mean: (p; ® p,)
and contrast: (p; @ p,). More general compositions are obtained as conditional distributions in a
probabilistic model constructed on top of pre-trained base models. We show that these operations
can be realized via classifier guidance. We provide results of empirical verification of our method on
molecular generation (with GFlowNets) and image generation (with diffusion models).

2 Background

Generative flow networks (GFlowNets). GFlowNets [35, 36] are an approach for generating
structured objects (e.g. graphs) from a discrete space X. Given a “reward function” R(x) > 0, a
GFlowNet seeks to sample from p(x) = Rx)/z, where Z = ~ | R(x), i.e. the model assigns larger

probabilities to high-reward objects.

Starting at a fixed initial state s, objects x are generated through a sequence of changes corresponding
to a trajectory of incomplete states 7 = (s, 5, ... S,_1  x). The structure of possible
trajectories corresponds to by a DAG (S, .A) where S is a set of states (both complete and incomplete)
and A is the set of directed edges (actions) s s’. The set of complete objects (terminal states) X is
a subset of S. The generation process starts at s and follows a parameterized stochastic “forward
policy” Pp(s’ s;6) which for each state s € S X specifies a probability distribution over all possible
successor states s’ : (s s") € A. The process terminates once a terminal state is reached.



Diffusion models. Diffusion models [5, 32-34, 37] are a family of ggx_qerative models developed for
continuous domains. Given an empirical (data) distribution p(x)=1/n 5&,- (x) in X = R4, diffusion
models seek to approximate p(x) via a generative process p(x).

A diffusion process is a noising process that gradually destroys the original “clean” data x. Viewed
as a stochastic differential equation (SDE) [34], it is a time-indexed collection of random variables
{x,}tT=0 in X = R? which interpolates between the data distribution py(x) = p(x) att = 0 and a
prior distribution py(x) att = T. The evolution of x, is described by the “forward SDE” dx, =
fi(x,) dt + g, dw, with drift coefficient f, : R R and diffusion coefficient g, € R. Here, w, is
the standard Wiener process. Crucially, the coefficients f;, g; are generally chosen such that the prior
pr and the transition probabilities py(x; x,), 0 < s < ¢t < T have a closed form (see [34]).

Song et al. [34] invoke a result from the theory of stochastic processes [38] which gives the expression
for the reverse-time process or “backward SDE”: dx, = f,(x,) — ngx log p,(x,) dt+ g, dw,,where
w;, is the standard Wiener process in reversed time. This SDE involves the known coefficients f,,
g; and the unknown score function V log p,(-) of the marginal distribution p,(-) at time ¢. A “score
network™ s,(x; ) (a deep neural network with parameters ) is trained to approximate V,, log p,(x).
Once s,(+; 0) is trained, sampling reduces to numerical integration of the backward SDE.

Classifier guidance in diffusion models. Classifier guidance [32, 39] is a technique for con-
trollable generation in diffusion models. Suppose that each example x( is accompanied by a
discrete class label y. The goal is to sample from the conditional distribution py(xy y). The
Bayes rule p,(x; y) o« p;(x,)p;(y x,) implies the score-function decomposition th log p;(x, y) =
V,, log pi(x;) + V. log p;(y x;), where the first term is already approximated by a pre-trained uncon-
ditional diffusion model and the second term can be derived from a time-dependent classifier p,(y x,).
Therefore, the stated goal can be achieved by first training the classifier p,(y x,) using noisy samples
x, from the intermediate steps of the process, and then plugging in the expression for the conditional
score into the backward SDE sampling process [34].

3 Related Work

Generative model composition. In Section 1 we reviewed prior work on energy-based composition
operations and Multi-Objective GFlowNets. Learning mixtures of Generative Adversarial Networks
has been addressed in [40], where the mixture components are learned simultaneously, and in [41],
where the components are learned one by one in an adaptive boosting fashion. Algorithms for additive
and multiplicative boosting of generative models have been developed in [42].

This work focuses on the composition of pre-trained models. Assuming that each pre-trained model
represents the distribution of examples demonstrating certain concepts (e.g. molecular properties), the
composition of models is equivalent to concept composition (e.g. property “A” AND property “B”).
The inverse problem is known as “unsupervised concept discovery”, where the goal is to automatically
discover composable concepts from data. Unsupervised concept discovery and concept composition
methods have been proposed for energy-based models [25] and text-to-image diffusion models [43].

Controllable generation. Generative model composition is a form of post-training control of
the generation process — an established area of research. A simple approach to control is training
a conditional generative model p(x c) on pairs (x, ¢) of objects x and conditioning information c.
Annotations ¢ can be class labels [39], text prompts [4, 6, 44], semantic maps, and images [4].
Different from out work, this assumes that generation control operations are specified at training
time. Dhariwal and Nichol [39] apply classifier guidance [32] on top of (conditional) diffusion
models to improve their fidelity. Ho and Salimans [45] develop classifier-free guidance by combining
conditional and unconditional score functions. In ControlNet [17], an additional network is trained to
enable a pre-trained diffusion model to incorporate previously unavailable conditioning information.
Meng et al. [46] and Couairon et al. [47] develop semantic image editing methods which first partially
noise and then denoise an image to generate an edited version, possibly conditioned on a segmentation
mask [47]. Similar to conditional diffusion models, conditional GFlowNets have been used to condition
generation on reward exponents [36] or combinations of multiple predefined reward functions [31].
Note that the methods developed in this work can be combined with conditional diffusion models and
GFlowNets: p(x cp), ..., p(x c,,) can act as base generative models to be composed.



Compositional generalization. The notion of compositionality has a broad spectrum of inter-
pretations across a variety of disciplines including linguistics, cognitive science, and philosophy.
Hupkes et al. [48] collect a list of aspects of compositionality from linguistic and philosophical the-
ories and design practical tests for neural language models. Conwell and Ullman [49] empirically
examine the relational understanding of DALL-E 2 [50], a text-guided image generation model, and
point out limitations in the model’s ability to capture relations such as “in”, “on”, “hanging over”, etc.
In this work, we focus on a narrow but well-defined type of composition where we seek to algebraically
compose probability densities in a controllable fashion, such that we can emphasize or de-emphasize

regions in the data space where specific base distributions have high density.

Connections between GFlowNets and diffusion models. Our method is applicable to compositions
of both GFlowNets and diffusion models. This is due to deep connections between these two model
families. GFlowNets were initially developed for generating discrete (structured) data [36] and
diffusion models were initially developed for continuous data [5, 32]. Lahlou et al. [51] develop an
extension of GFlowNets for DAGs with continuous state-action spaces. Zhang et al. [52] point out
unifying connections between GFlowNets and other generative model families, including diffusion
models. In this work, we articulate another aspect of the relation between GFlowNets and diffusion
models: in Section 5.2 we derive the expressions for mixture GFlowNet policies and classifier-guided
GFlowNet policies analogous to those derived for diffusion models in [32, 39, 53, 54].

4 Compositional Sculpting of Generative Models

Suppose we can access a number of pre-trained generative models { p;(x) }l’,”: over acommon domain X.
We may wish to compose these distributions such that we can, say, draw samples that are likely to
arise from p; (x) and p,(x), or that are likely to arise from p;(x) but not from p,(x). In other words, we
wish to specify a distribution that we can shape to emphasize and de-emphasize specific base models.

4.1 Binary Composition Operations

Letus @Est focus on composing two base models. We could specify the composition as a weighted sum
p(x)= i2=1 w; p;(x) with weights @, @, > 0 summing to one. The weights determine the prevalence
of each base model in the composition, but beyond that our control is limited. We cannot emphasize
regions where p; and p, both have high density, or de-emphasize regions where p, has high density.

An alternative is to use conditioning to shape a prior p(x) based on the base models. When we
condition x on some observation y;, the resulting posterior takes the form p(x y,) « p(y; x)p(x).
Points x that match y; according to p(y; x) will have increased density, and the density of points that
do not match it decreases. Intuitively, by defining y; € {1,2} as the event that x was generated by a
specific base model, we can shape a prior p(x) based on the densities of the base models. To this end
we define a uniform prior over y, and define the conditional density p(x y; = i) to represent the fact
that x was generated from p;(x). This gives us the following model:

p(x yy=i) = p;(x), ply;=0)=1/2, p(x)=plx y;=D)py;=1) +p(x y;=2)p(y;=2). (1)
Under this model, the prior p(x) is a uniform mixture of the base models. The likelihood of y,
Py =1x)=1-py; =2 x) = p;(x)/(p(x) + pr(x)), 2)

implied by this model tells us how likely it is that x was generated by p;(x) rather than p,(x). In fact,
it corresponds to the output of an optimal classifier trained to tell p;(x) and p,(x) apart.

Our goal is to realize compositions which generate samples likely to arise from both p;(x) and p,(x)
or from p; (x) but not p,(x). Thus we introduce a second observation y, € {1,2} such that y; and y,
are independent and identically distributed given x. The resulting model and inferred posterior are:

)
~ ~ ~ ~ 1 1 ~ .
POy y) = p) - Py X0, PO = 5p1(0) + 5pa(x). Py =1 %) = pi(x)/(p1(x) + p2 (X)), (3)
k=1
Plx y1 =i,y =) o p(x)p(yy =i X)p(y,=j x) o p;(x)p;(x)/(p1(x) + pp(x)). “
The above posterior shows clearly how conditioning on observations y; =i, y, =j has shaped the prior
mixture to accentuate regions in the posterior where the observed base models i, j have high density.



Conditioning on observationg =1 andy,=2, or equivalentlyy, =2;y,=1, results in the posterior

Prapol.xl = pxd=1;y,=2/ ~ py.xXIpy.X/_.py. X/ + po.x/: (5)
We refer to this posterior as thbarmonic meanof p; andp, , and denote it as a binary operation
p; &p 5. Its value is high only at points that have high likelihood under Ipgtk/ andp,.x/ at the
same time (Figure 1(c)). Thus, the harmonic mean is an alternative to the product operation for
EBMs. The harmonic mean is commutatiyg & p, = p, &p 1) and is unde ned whep,; andp,
have disjoint supports, since then the RHS of (5) is zero everywhere.

Conditioning on observationg =1 andy, =1 results in the posterior

P& Pol.xl = p.x&yy=1;y,=1/ ~ .p.x/?_py.xI + py.xll: (6)
We refer to this binary operation, providing an alternative to the negation operation in EBMs, as the
contrast of p; andp, , and denote it ap, € p,. The ratio(6) is high whenp;.x/ is high andp,.x/ is
low (Figure 1(d)). The contrast is not commutatipe € p, * p, € py, unlesgp; = p,). We denote
the reverse contrast @as¢ p, = p, € p;. Appendix C provides a detailed comparison between the
contrast and negation operations, and between the harmonic mean and product operations.

Controlling the individual contributions of p; and p, to the composition. In order to provide
more control over the extent of individual contributiongpgfandp, to the composition, we modify
model(3). Speci cally, we introduce an mterpolatlon parameteand change the likelihood of
observatiory, in (3)p.y,=i&; /= . p.x/UF 1% Jp,.x//U=2 _p x/+.1% [pyxll;
where E .0;1/and[ ] denotes the |nd|cator functlon Conditional dlstributions in this model give
harmonic interpolation? andparameterized contrast

P1-X/Pa.X/
pixX+.1% [p, x/

pr.XII? _
pox/+.1*% Jp,x/

Pr@ 1+ Pl X/~ Pr€ gx Pl X/~ (7)
Operation chaining. As the operations we have introduced result in proper distributions, we can
create newN -ary operations by chaining binary (aht-ary) operations together. For instance,
chaining binary harmonic means gives the harmonic mean of three distributions
P1-X/po.X/P3. X/

Py XIPo. X+ py.XIpg.X/ + Po.X/ps. x/

~prapoyéapsl.xi=.pa .papsll.x/ ~ (8)

4.2 Compositional Sculpting: General Approach

The above approach for realizing compositions of two base models can be generalized to compositions
of mbase modelp,.x/; 8 ; py,.x/ controlled byn observations. Though operator chaining can also
realize compositions ah base models, our generalized method allows us to specify compositions
more exibly and results in di erent compositions. We introduce an augmented probabilistic model
P.X;y1;§ Y,/ as ajoint distribution over the original objeots= X andn observation variables

y; EY;8 ;y, EY whereY ="1;8 ;m . By de ning approprlate conditionalg.y, &/ we can
controllably shape a pripr.x/ into a posterlop XY1;8 ;Y.

As in the binary case, we propose to use a uniformly-weighted mixture of the base phodels

L/ i”:‘l p;.x/. The support of this mixture is the union of the supports of the base models:
{gl supp’p;.x/” = supp’p .x/" . This is essential as the prior can only be shaped in places where it

has non-zero density. As before we de ne the conditiopafg = i&/ to correspond to the observation

thatx was generated by base modeThe resulting full model is

s ¢ . 1 E pi-x/
P.X;¥1;8 Vi/=p X p.y&/p.xI==  p.x/;p. yk—|/— = p.y=i/= 3— (9)
k=1 Mz jz Xl

3
Note that under this model the mixture can be representedkas ykzlp.xéyk,b .yi/ for anyk.

The inferred posterior over for this model is

P.X&1=11;8 [Yn=iy/ Xp.XP.y;=i1;8 [y, =i,&/ (10)
I F H L | n*1
¢ . ¢ En
~p.xl " Py =i &~ pik.x/ Py X/ : (12)
k=1 k=1 j=1

2the harmonic interpolation approachgsvhen ™ 0andp, when ™ 1



The posteriop.xd/,=i1;8 ;y,=1,/ is a composition of distribution¥p;.x/" {Ql that can be adjusted

by choosing values foy,; 8 ;y,. By adding or omitting an observatigR = i we cansculptthe
posterior to our liking, emphasizing or de-emphasizing regions wherep; has high density. The
observations can be introduced with multiplicities (eyg.= 1;y, = 1;y3 = 2) to further strengthen

the e ect. Moreover, one can choose to introduce all observations simultaneoush(ldy or
sequentially as if11). As we show below (Section 5.1 for GFlowNets; Appendix A.2 for di usion
models), the compositiofi0) can be realized by a sampling policy that can be expressed as a function
of the pre-trained (base) sampling policies.

Special instances and general formulation. The general approach outlined in this section is not lim-
ited to choices we made to construct the model in equéijn.e.p .x/ does not have to be a uniformly
weighted mixture of the base distributiong; 8 ;y, do not have to be independent and identically
distributed giverx, and di erent choices of the likelihoqal.y=id/ are possible. For instance, in the
model for parameterized operations (7) the likelihoods of observatigné/,p.y,/ di er.

5 Compositional Sculpting of Iterative Generative Processes

In this Section, we show how to apply the model above to compose GFlowNets, and how one can
use classi er guidance to sample from the composition. The similar method for di usion model
composition is described in Appendix A.2.

5.1 Composition of GFlowNets

Besides a sampbefrom p;.x/, a GFlowNet also generates a trajectonyhich ends in the state
Thus, we extend the modelx;y,;8 K Y./, described above, and introduceas a variable with
conditional distributiop. &, =i/ = = ?:gl Pi.F -St+1 88/, wherep, is the forward policy of the
GFlowNet that samples from.

Our approach for sampling from the composition is conceptually simple. GiMegse GFlowNets

that sample fronp,; 8 ; p, respectively, we start by de ning the priprx/ as the uniform mixture of

these GFlowNets. Proposition 5.1 shows that this mixture can be realized by a policy constructed
from the forward policies of the base GFlowNets. We then apply classi er guidance to this mixture to
sample from the composition. Proposition 5.2 shows that classi er guidance results in a new policy
which can be constructed directly from the GFlowNet being guided.

Proposition 5.1 (GFlowNet mixture policy) Suppose distributiong,.x/; 8 ;py,.x/ are realized
by GFlowNets with forward policiesyg. 6/;8 ; py.g. 6/. Then, the mixture distributiopy.x/ =

M olipx/with! ;8 ;1 g Oand 1, ! = 1is realized by the GFlowNet forward policy

- , .
Pwp-S&® = py=i&/pe.s&; (12)
i=1
wherey is a random variable such that the joint distribution of a GFlowNet trajectogndy is
givenbyp. ;y=i/="!;p. /fori E”*L;8 ;m.
Proposition 5.2 (GFlowNet classi er guidance)Consider a joint distributiorp.x; y/ over a discrete

spaceX ¢ Y such that the margingb.x/ is realized by a GFlowNet with forward poliqy. d/.
Assume that the joint distribution &f y, and GFlowNet trajectories = .5y 8§ s,,= X/ decomposes

asp. ;x;y/=p. ;x/p.y&/, i.e.y is independent of the intermediate states I”:(lJ in givenx. Then,
1. For all non-terminal nodes E S & X, the probabilitiesp.y&/ satisfy
p.yd/ = Pe.s &/p.ys [ (13)

s s™S/EA

2. The conditional distributiop.xdy/ is realized by the classi er-guided policy
Pe.S&® Y = pr.s& pyds/_pydl: (14)

3 -
Note that (13) ensures thaty. qmgea Pr-S &Y = 1.



Proposition 5.1 is analogous to results on mixtures of di usion models (TheorenP&lo€hetti [53]
Theorem 1 of Lipman et aJ54]). Proposition 5.2 is analogous to classi er guidance for di usion
models | ]. Tothe best of our knowledge, our work is the rstto derive both results for GFlowNets.

Theorem 5.3 summarizes our approach. The propositions and the theorem are proved in Appendix D.
Theorem 5.3. Suppose distributions,.x/; 8§ ; p,.X/ are realized by GFlowNets with forward policies

Prr- 0/, 8 , P O/ respectively. Ley;;8 ;y, be random variables de ned b@). Then, the
conditionap .xd/,; 8 ;y,/ is realized by the forward policy

'8 ;y.&/ B . .
=B T sapy=is (15)

Pr.S& V8 1Y/
FETIRT TN by 8 iy,

Note that the result of conditioning on observatignsg ;y, is just another GFlowNet policy.
Therefore, to condition on more observations, one can apply classi er guidance repeatedly.

5.2 Classi er Training (GFlowNets)

The evaluation of policy15) requires knowledge of the probabilities/;; 8 ;y,&/,p.yd®/. These
probabilities can be estimated by a classi er tted to trajectories sampled from the base GFlowNets.

Let® .y;;8 ;y,&/ be aclassi er with parametersthat we wish to train to approximate the ground-
truth conditionap.y;; 8 ;y,&/. Under mode(9),y,;8 ;Y, are dependent given a stat& S aXx,

but, are independent given a terminal staté X. This motivates separate treatment of terminal and
non-terminal states.

Learning the terminal state classi er. For a terminal statg, the varlable$'1,§ 'Y, are inde-
pendent, hence we can use the factoriza@ny,; 8§ ;y,&/ = k 1 @ .yx&/. Moreover, all

distributions on the.h.s. must be the same, i.e. it is enough to learn fisty,&/. This marginal
classi er can be learned by minimizing the cross-entropy loss
L. /= E *lo Y1=$X=8/ : 16
TS i gy 09 @ 1T (16)
Hereg, is sampled frorp.y;/, which is uniform under our choice pfx/. Then,%dy;= %,/ is
generated from the base GFlowNgt, since (9) implies that.xd/=¥$,/ = pg .X/.

Learning the non-terminal state classi er. Given a non-terminal stagE S 4 X, we need to
modely;; § ;y, jointly, and training requires sampling tupl&sg,; § ;%,/. Non-terminal states
can be generated as intermediate states in trajectoriesy; ™s; ™ 8 ™ x/. Given a sampled
trajectoryS and a set of label;; § ; %, we denote the trajectory cross-entropy by
§51
| .§%1;8 1%y /= “log @ .y1=¥1:8 [Yn=$BE=8/ a7
t=0
Pairs.§¥ 4/ can be generated in the same way as in the terminal classi er training abgiet b).y,/;
2)S 1 p,. /. Samplingg,; § ;¥%, givenx (the terminal state of) requires access to values
P.Yk = $&/, which are not directly available. However, if the terminal classi er is learned as

described above, the estimatess; /= @ .y, =i& =%/ can be used instead. In this case, the
loss and the sampling procedure for the non-terminal classi er rely on the outputs of the terminal
classi er. In order to train two classi ers simultaneously, and avoid the instability due to a feedback
loop, we employ the target network technique developed in the context of deep Q-leafriing [
We introduce a target network parameter vectowhich is used to produce the estimatess;
for the non-terminal loss. We updateas the exponential moving average of the recent iterates of
After putting all components together the training loss for the non-terminal state classi er is
. . H I
_ bE“ =ey o . c
Ly.; /= E 5 wg B, [ 1.5%,;8 (%, /9 (18)
B1/ip. oyl f “ 1 k=2 ° g
=1 $p=1 2
We refer the reader to Appendix D.4 for a more detailed derivation of th€1@3sAlgorithm A.1
shows the complete classi er training procedure.
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Figure 2:Composed GFlowNets or82 « 32 grid domain. (Top) operations on two distributions.
(Bottom) operations on three distributions. Cell probabilities are shown with color, darker is higher.
Red circles indicate the high probability regionsef p,, ps.

(@) Base at =32 (b) Harmonic mean  (c) Contrasts (d)Base at =96 (e) Harmonic mean

Figure 3: Reward distributions in the molecular generation domain. (a) Base GFlowNets at

=32: psgn andpgp are trained wittR gy X/3? andRga. x/32. (b) harmonic mean gfsgy andpga
at =32. (c) contrasts at =32. (d) base GFlowNets at=96. (e) harmonic mean at=96. Lines
show the contours of the level sets of the kernel density estimates iRzg; Rga/ plane.

6 Experiments

2D distributions via GFlowNet. We tested our GFlowNet composition method on 2D grid[a
controlled domain, where the ground-truth composite distributions can be evaluated directly.

In the 2D grid domain, the states are the cells oHam H grid. The starting state is the upper-left
cell s, =.0;0/. At each state, the allowed actions are: 1) move right; 2) move down; 3) terminate the
trajectory at the current position. We rst trained GFlowNptx/ ~ R;.x/ with reward functions
R;.x/ > 0, and then trained classi ers and constructed compositions following Theorem 5.3.

Figure 2 (top row) shows the distributions obtained by composing two pre-trained GFlowNets (top
row; left). The harmonic meamy & p ,, covers the regions that have high probability under Ipgth
andp, and excludes locations where either of the probabilities is jgw. p, resembleg,; but the
relative masses of the modesmfare modulated bp,: regions with highp, have lower probability
under contrast. The parameterized contpast .95 p, With = 0:05 magni es the contrasting

e ect: high p,.x/ implies very low.p; & .95 po/. /. The bottom row of Figure 2 shows operations

on 3 distributions. The conditionalxd/;=1;y,=2/ is concentrated on the points that have high
likelihood under botlp; andp,. Similarly, the valug .xd/,=1;y,=2; y,=3/ is high if x is likely to

be observed under all three distributions at the same time. The condiporéls=2;y,=2/ and
p.x9/1=2;Y,=2; y3=2/ highlight the points with higlp,.x/ but low p;.x/ andpg.x/. Conditioning on

three labels results in a sharper distribution compared to double-conditioning. We provide quantitative
results and further details in Appendix F.1. The classi er learning curves are provided in Appendix G.4.

Molecule generation via GFlowNet. Next, we evaluated our method for GFlowNet composition
on a large and highly structured data space, and assessed the e ect that composition operations have



Table 1. Reward distributions of composite GFlowNets.

SEH low high

SA low high low high

QED low high low high low high low high
Psen 0 0O O 0 62 9 24 5
Psa 0O 0O 73 4 0 0 18 5
PoED 0O 40 0 26 0 21 0 13
(@)y="SeH;sA" 1 0 16 2 6 3 54 18
(b) y="sEH QED’ 0 11 0 4 1 48 4 32 . _
(c) y="sa; QD' 0 15 1 42 0 8 2 32 F_Igure 4. 2D t-SNE embed-
(d) y="seH; sA; QED' o 7 2 11 2 19 10 49 dings of three base GFlowNets
(e)y="seHsesses O 0O O 0 63 9 24 4 trained withRggp. X/ , Rga. X/,
(f) y="sa; sa;sa° 0 0 74 5 0 0 17 4 R / at = 32 and their
(9 y="oEpoedjoE O 40 O 23 0 23 0 14 QED-X =

compositions. The t-SNE embed-
In each row, the numbers show the percentage of the sampleatings are computed based on pair-
from the respective model that fall into one®bins according  wise earth mover's distances be-
to rewards. The low and high categories are decided by tween the distributions. Labels
thresholding SEH: 0.5, SA: 0.6, QED: 0.25. (a)-(g) match rows in Table 1.

on resulting data distributions in a practical setting. To that end, we conducted experiments with
GFlowNets trained for the molecular generation task proposed by Bengid &ilalWe train base
GFlowNets with 3 reward functiorBgg. X/, Rsa. X/, andRgep. X/ measuring 3 distinct molecular
properties (details in Appendix F.2). Following Bengio etfat], we introduced the parameter
which controls the sharpness (temperature) of the target distribygimh:~ R.x/ , increasing
results in a distribution skewed towards high-reward objects. We experimented wi2 and

= 96 (Figures 3(a),3(d)). After training base GFlowNets with the respective reward functions,
we trained classi ers with Algorithm A.1. In order to evaluate the base models and the composed
GFlowNet policies, we generat&D00samples with each policy and anaylzed the samples. Further
details are in Appendix F.2. Classi er learning curves are provided in Appendix G.4. Sample diversity
statistics of base GFlowNets at di erent values ddire provided in Appendix G.5.

Figure 3 shows reward distributions of base GFlowNets (trained with reiRgglsx/ , Rga.X/ ,

E 732;96") and their compositions. Base GFlowNet distributions are concentrated on examples
that score high in their respective rewards. For each model, there is considerable variation in the
reward that was not used for training. The harmonic mean operation (Figures 3(b), 3(e)) results in
distributions that are concentrated on the samples scoring high in both rewards. The contrast operation
(Figure 3(c)) has the opposite e ect: the distributions are skewed towards the examples scoring high
in only one of the original rewards. Note that the tails of the contrast distributions are retreating from
the area covered by the harmonic mean.

We show reward distribution statistics of three GFlowNets (trained with SEH, SA, and QED 3aP)

and their compositions in Table 1. Each row of the table gives a percentage breakdown of the samples
from a given model into one & = 8 bins according to rewards. For all three base models, the
majority of the samples fall into the high category according to the respective reward, while the
rewards that were not used for training show variation. Conditioning on two di erent labels (e.qg.
y="SEH QED) results in concentration on examples that score high in two selected rewards, but
not necessarily scoring high in the reward that was not selected. The condjtiohS8EH QED; SA

shifts the focus to examples that have all three properties.

Figure 4 shows 2D embeddings of the distributions appearing in Table 1. The embeddings were
computed with t-SNE based on the pairwise earth mover's distances (details in Appendix F.2, complete
summary of distribution distances in Table G.5). The con guration of the embeddings provides
insight into the relative positions of the base models and conditionals in the distribution space. The
points corresponding to the pairwise conditionals lie in between the two base models selected for
conditioning. The conditiongt="SEH SA; QED appears to be near the centroid of the triangle
-Psens Psa; Poep/ and lies close the the pairwise conditionals. The distributions obtained by repeated
conditioning on the same label (e g="SEH SEH, SEH ) are spread out to the boundary, lying
closer to the respective base distributions and relatively far from pairwise conditionals.

Colored MNIST generation via di usion models. Finally, we empirically tested our method for
the composition of di usion models on an image generation task. In this experiment, we composed
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