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1 Scaling Up Forecast Horizon

In this section, we introduce the capability of Koopa to scale up forecast horizon. In detail, we train
a Koopa model with forecast length H,; and attempt to apply it on a larger length H.. The basic
approach conducts rolling forecast by taking the model prediction as the input of the next iteration
until the desired forecast horizon is all filled. Instead, we further assume that after the model gives a
prediction, the model can utilize the incoming ground truth for model adaptation and continue rolling
forecast for the next iteration. It is notable that we do not retrain parameters during model adaptation,
since it will lead to overfitting on the incoming ground truth and Catastrophic Forgetting [3} 15, [10].

Koopa can naturally cope with the scenario by learning Koopman embedding and operator Kj,, in
Time-invariant KPs while calculating localized operator K, to describe the dynamics in the temporal
neighborhood. Therefore, we freeze the parameters of Koopa but only use the incoming ground truth
for operator adaptation of K, in Time-variant KPs.

1.1 TImplementation of Operator Adaptation

At the beginning of rolling forecast, the Encoder in Time-variant KP outputs D-dimensional Koopman
embedding for each observed series segment as [z, 2o, ..., 2r], where F = = is the segment
number with S as the segment length. The operator K, in Time-variant KP is calculated as follows:

Zback = [Zlv 22y e ey ZFfl]a qure = [227 23y e aZF]a Kvar = ZforeZJackv (1)

where Zyaek, Ziore € RPXEF-D K .. € RP*P With the calculated operator, we obtain the next
predicted Koopman embedding by one-step forwarding:

Zry1 = Koarzp. ()

After decoding the embedding 2 1 to the series prediction, we can utilize the true value of incoming
Koopman embedding zr,; obtained by Koopa with frozen parameters. Instead of using K, to
obtain the next embedding 2 o, we use incremental embedding collections Zyaei 4, Zfore € RPXF
to obtain a more accurate operator K, € RP*P to describe the local dynamics:

Zback+ == [Zbacka ZF]a Zfore+ = [Zback»ZF+1]; Kvar+ = Zfore+Z|IaCk+‘ (3)

The procedure repeats for L times (L o< H,.) until the forecast horizon is all filled, we formulate
it as Algorithm|[I] And experimental results (Koopa OA) in the Section 5.3 of the main text have
demonstrated the promotion of forecasting performance due to more precisely fitted dynamics.
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1.2 Computational Acceleration

The naive implementation shown in Algorithm [I|repeatedly conducts Equation [3on the incremental
embedding collection to obtain new operators, which has a complexity of O(LD?). We propose an
equivalent algorithm with improved complexity of O((L + D)D?) as shown in Algorithm [2

Theorem. Algorithm gives the same K,,, as Algorithmin each iteration with O(D?) complexity.

Proof. We start with the first iteration analysis. By the definition of Moore—Penrose inverse, we

have ZgackZback = Ip_1, where Ir_; is an identity matrix with the dimension of F' — 1. When the
model receives the incoming embedding zp, 1, incremental embedding m = zp,n = zp4; will
be appended to Zp,ekx and Zg,e respectively. Instead of calculating new K\, from incremental
collections, we utilize calculated K, to find the iteration rule on K,,.,. Concretely, we suppose

zZl A
Zliack—i- = [ bacll;_l_ :| € RFXDa (4)

where A € RF-DxD ¢ RP are variables to be identified. By the definition of Moore—Penrose
inverse, we have Zgack + Zback+ = Ir. By unfolding it, we have the following equations:

AZback - 07 bTZback = 6’ bTm = 1, ZJr

bac
We suppose A = 6b ', where § € R¥~1, such that when b Zy, o = 0, then AZpaex = 0. Then we
have Z,Iackm —6b"'m = Zyam—38 = 0, thus A = ZgackmbT. Given equations that b Zy, = 0
and b"m = 1, we have the analytical solution of b:

b=r/llr|

Therefore, we find the equation between the incremental version Ky, and calculated /,;:

m— Am = 0. ®)

2 wherer = m — ZbaCngaCkm. (6)

Z5 (Ip —mb"
Z[;rack_;,_ = I: back( lg‘r mn ):| ; Kvar—i— = Zfore+Z[;raCk+ = Ky + (’I’L - Kvarm)bTa @)
where m, n are the incremental embedding of Zy,ek, Ziore and b can be calculated by Equation@ We
also derive the iteration rule on X = ZbaCngack to obtain b, which is formulated as follows:
Xt = Zer Z4

ack+

=X+(m—-—Xmb' =X +rb". (8)

By adopting Equation @] and permuting the matrix multiplication order, we reduce the complexity
of each iteration to O(D<). Therefore, Algorithm has a overall complexity of O((L + D)D?).
Since L o< Hye, Algorithm[1H2|have O(H,.D?) and O((Hy. + D)D?) complexity respectively.

Algorithm 1 Koopa Operator Adaptation.

Require: Observed embedding Z = [z1, . .., zr| and successively incoming ground truth embedding
[2Fi1,-- ., 2F1r] with each embedding z; € RP.

1 Zoack = [215 -+, 2F-1], Ztore = [225 - - -, 2F) b Zoack, Ztore € RP*(F=1)
2 Ky = Ziore 2y b Ky € RPXP
3: Zp41 = Kyan > 2py1 € RP
4: forlin {1,...,L}: > zp4 comes successively
5: M = ZFp41—1,M = ZF4] >m,n € RP
6. Zback < [Zback, M), Ztore < [Ztore; 1] > Zoacks Ztore € RPXEH=D)
7 K = ZioeZy b Ky € RPXP
8: Zrii+1 = Ko > 2pyie1 € RP
9: End for

10: Return [Zpq1,...,2F+L041] > Return predicted embedding




47

48
49
50
51
52

53
54
55
56

s7 3 Hyperparameter Sensitivity

58
59

Algorithm 2 Accelerated Koopa Operator Adaptation.

Require: Observed embedding Z = [z1, ..

[2Fy1;--

—_

R A A A S

Zpack = [Zlv .-

ack

Zpy1 = Ky
forlin{1,...,L}:
m=Zp4i—-1,1N = ZF41
r=m-—Xm
b=r/|lr|?
Kyar 4 Koar + (n
X« X+rb"

10: Zrti41 = Kyan

11: End for

12: Return [2F+17 ceey ,?A/’F+L+1]T

) ZF—l]a Zfore = [227 ..
Ky = Zforezl;rack7 X = ZbackZ|;r

— Kyym)b'"

., zr 1] with each embedding z; € RP.

'7ZF]

., zr] and successively incoming ground truth embedding

> Zpacks Ztore € RPXF=1)
> Kyar, X € RPXP
>2py1 € RP

> zp4 comes successively
>m,n € RP

>r e RP

>beRP

> Ky € RPXD

> X € RPXD

s D
>Zpiy1 €R

> Return predicted embedding

2 Implementation Details

Koopa is trained with L2 loss and optimized by ADAM [4] with an initial learning rate of 0.001
and batch size set to 32. The training process is early stopped within 10 epochs. We repeat each
experiment three times with different random seeds to obtain average test MSE/MAE and detailed
results with standard deviations are listed in Table [T} All experiments are implemented in PyTorch [9]
and conducted on NVIDIA TITAN RTX 24GB GPUs.

All the baselines that we reproduced are implemented based on the benchmark of TimesNet [[14]
Repository, which is fairly built on the configurations provided by each model’s original paper or offi-
cial code. Since several baselines adopt Series Stationarization from Non-stationary Transformers [6]]
while others do not, we equip all models with the method for a fair comparison.

Table 1: Detailed performance of Koopa. We report the MSE/MAE and standard deviation of different
forecast horizons { Hy, Ho, H3, Hy} = {24, 36,48,60} for ILI and {48, 96, 144,192} for others.

Dataset

Horizon

ECL

ETTh2

Exchange

MSE MAE

MSE MAE

| MSE MAE

0.1304+0.003  0.23440.003
0.136+0.004  0.23640.005
0.1494+0.003  0.24740.003
0.156+0.004  0.25440.003

0.226+0.003  0.30040.003
0.2974+0.004  0.349+0.004
0.333+0.004  0.381+0.003
0.356+0.005  0.393+0.004

0.0424+0.002  0.14340.003
0.083+0.004  0.207+0.004
0.1304£0.005  0.26140.003
0.18440.009  0.309+0.005

Dataset

Horizon
H,y
H»>
H;
Hy

ILI

Traffic

Weather

MSE MAE
1.621+0.008  0.800-+0.006
1.803+0.040  0.855+0.020
1.768+0.015  0.903-+0.008
1.743+0.040  0.891=£0.009

MSE MAE
0.4154+0.003  0.27440.005
0.4014+0.005  0.275+0.004
0.397+0.004  0.276+0.003
0.403+0.007  0.284+0.009

MSE MAE
0.126+0.005  0.168+0.004
0.154+0.006  0.205+0.003
0.17240.005  0.22540.005
0.193+0.003  0.241+0.004

We verify the robustness of Koopa with respect to hyperparameters as follows: the dimension of
Koopman embedding D, the hidden layer number [ and the hidden dimension d used in Encoder and
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Decoder. Considering the efficiency of hyperparameters search, we fix the segment length S = 7'/2
and the number of Koopa blocks B = 3. As the detailed hyperparameter sensitivity analysis is shown
in Figure[T] we find the proposed model is insensitive to the choices of above hyperparameters, which
can be beneficial for practitioners to reduce hyperparameters search burden in real-world applications.

0.4 0.4 0.4

MSE

0.2 = ETThl__=— ETIml 0.2 = ETThl__— ETiml 0.2 — ETTh1  — ETTml
ETTh2 —— ETTm2 ETTh2 —— ETTm2 ETTh2 —— ETTm2
01 7 7 7 o 3 3 O 7 7 Y
Dii ion of Koopman Embedding Hidden Layer Number Hidden Dimension

Figure 1: Hyperparameter sensitivity with respect to the dimension of Koopman embedding, hidden
layer number, and hidden dimension of Encoder and Decoder in Koopa. The results are recorded
with forecast window length H = 48 in ETT datasets.

4 Supplementary Experimental Results

4.1 Full Forecasting Results

Due to the limited pages, we list additional multivariate benchmarks on ETT datasets [[17] in Table
which includes the hourly recorded ETTh2 and 15-minutely recorded ETTm1/ETTm?2, and the full
univariate results of M4 [[L1] in Table 3] which contains the yearly, quarterly and monthly collected
univariate marketing data. Notably, Koopa still achieves competitive performance compared with
state-of-the-art deep forecasting models and specialized univariate models.

Table 2: Forecasting results with different forecast window lengths H € {48,96, 144,192} on ETT
dataset. We set the lookback window length 7" = 2H.

Models KooPA PatchTST [7] TimesNet [14] DLinear [16] MICN [12] KNF [13] FiLM [18] Autoformer [15]
Metric MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE MSE MAE

48(0.283 0.333 0.286 0.336 0.308 0.354 0.322 0.355 0.294 0.353 1.026 0.792 0.324 0.353 0.592 0.419
96(0.294 0.345 0.299 0.346 0.329 0.370 0.309 0.346 0.306 0.364 0.957 0.782 0.311 0.346 0.493 0.469
144/0.322 0.366 0.325 0.363 0.358 0.387 0.327 0.359 0.342 0.390 0.921 0.760 0.328 0.358 0.735 0.569
192(0.337 0.378 0.343 0.375 0.462 0.441 0.337 0.365 0.386 0.415 0.896 0.731 0.339 0.366 0.592 0.506

48|0.134 0.226 0.135 0.231 0.142 0.234 0.144 0.240 0.131 0.238 0.621 0.623 0.146 0.243 0.191 0.280
96/0.171 0.254 0.171 0.255 0.187 0.269 0.172 0.256 0.197 0.295 1.535 1.012 0.174 0.257 0.241 0.311
144/0.206 0.280 0.205 0.282 0.216 0.291 0.200 0.276 0.210 0.297 1.337 0.876 0.204 0.279 0.300 0.352
192]0.226 0.298 0.221 0.294 0.243 0.313 0.219 0.290 0.248 0.328 1.355 0.908 0.224 0.293 0.324 0.370

48]0.336 0.377 0.337 0.375 0.365 0.399 0.343 0.371 0.375 0.406 0.876 0.709 0.407 0.427 0.442 0.438
96(0.371 0.405 0.372 0.393 0.411 0.430 0.379 0.393 0.406 0.429 0.975 0.744 0.429 0.431 0.634 0.523
144/0.405 0.418 0.394 0.412 0.442 0.447 0.393 0.403 0.437 0.448 0.801 0.662 0.451 0.448 0.522 0.491
192]0.416 0.429 0.416 0.439 0.469 0.470 0.407 0.416 0.518 0.496 0.941 0.744 0.460 0.459 0.525 0.501

ETTml

ETTm2

ETThl

4.2 Full Ablation Results

We elaborately conduct model ablations in Table []to verify the effect of our proposed modules:
Time-invariant KP, Time-variant KP, Fourier Filter and the choices to tackle dynamics.

Dynamics underlying time series As shown in Table ] Time-variant and Time-invariant KPs
perform as complementary modules for exploring the dynamics underlying time series, discarding
any one of them (Only Kj,, and Only K,,) will lead to the inferior forecasting performance. It is
also a surprising finding that only utilizing Time-invariant KP surpasses only utilizing Time-variant
KP in more cases (ECL, ETTh2, Exchange, Traffic), indicating the time-variant dynamics plays a



Table 3: Full univariate forecasting results for M4 dataset. We follow the same data processing
and forecasting length settings used in TimesNet [14] benchmark. Additional forecasting models
N-HiTS [1]] and N-BEATS [8]] are also included.

Models KooPA N-HiTS N-BEATS PatchTST TimesNet DLinear MICN KNF FiLM  Autoformer

5 SMAPE | 13.352 13.371 13.466 13.517 13.394 13.866 14.532 13.986 14.012 14.786
2 MASE | 2997 3.025 3.059 3.031 3.004 3.006 3.359 3.029 3.071 3.349
OWA | 0.786 0.790 0.797 0.795 0.787 0.802 0.867 0.804 0.815 0.874

& sMAPE|10.159 10.454 10.074 10.847 10.101 10.689 11.395 10.343 10.758 12.125
§ MASE| 1.189 1.219 1.163 1.315 1.183 1.294 1.379 1.202 1.306 1.483
o OWA | 0.895 0919 0.881 0.972 0.890 0.957 1.020 0.965 0.905 1.091
< SsMAPE|12.730 12.794 12.801 14.584 12.866 13.372 13.829 12.894 13.377 15.530
g MASE | 0953 0.960 0.955 1.169 0964 1.014 1.082 1.023 1.021 1.277
= OWA | 0.901 0.895 0.893 1.055 0.894 0940 0988 0.985 0.944 1.139
g SMAPE | 4.861 4.696 5.008 6.184 4982 4.894 6.151 4.753 5.259 5.841

< MASE | 3.124 3.130 3.443 4818 3323 3358 4.263 3.138 3.608 4.308
o OWA | 1.004 0988 1.070 1.140 1.048 1.044 1.319 1.019 1.122 1.294
3 E‘J SMAPE | 11.863 11.960 11910 13.022 11.930 12.418 13.023 12.126 12.489 14.057
=) 5 MASE | 1.595 1.606 1.613 1.814 1.597 1.656 1.836 1.641 1.690 1.954
g < OWA | 0.858 0.861 0.862 0954 0.867 0.891 0960 0.874 0.902 1.029

Table 4: Model ablation with detailed forecasting performance. We report forecasting results with
different prediction lengths {24, 36, 48,60} for ILI and H € {48,96, 144,192} for others. For
columns: Only Kj,, uses one-block Time-invariant KP; Only K,,, stacks Time-variant KPs only;
Truncated Filter replaces Fourier Filter with High-Low Frequency Pass Filter; Branch Switch changes
the order of KPs to deal with disentangled components.

Models KooPA Only Kiny Only Kyar Truncated Filter =~ Branch Switch
Metric MSE MAE | MSE MAE | MSE MAE | MSE MAE | MSE MAE

48 0.130 0.234 | 0.150 0.243 | 1.041 0.777 | 0.149  0.245 | 0.137 0.234

d 9 | 0136 0.236 | 0.137 0.242 | 4643 1.669 | 0.172  0.280 | 2.240 0.724
M| 144 | 0149 0247 | 0.150 0.252 | 0.238 0327 | 0.149 0.246 | 0.226 0.331
192 | 0.156 0.254 | 0.158 0.260 | 0.267 0.355 | 0.152 0.248 | 0.181 0.284

« 48 0.226  0.300 | 0.235 0304 | 0271 0.334 | 0340 0310 | 0.245 0317
= 9 | 0.297 0.349 | 0311 0353 | 0382 0.405 | 0.301 0.352 | 0343 0.384
E 144 | 0333 0381 | 0.337 0379 | 0.427 0444 | 0338 0386 | 0.403 0418
192 | 0356 0393 | 0363 0.397 | 0402 0437 | 0363 0.400 | 0.384 0.420

& | 48 0.042 0.143 | 0.046 0.150 | 0.065 0.184 | 0.048  0.150 | 0.055 0.165

§ 9% | 0.083 0.207 | 0.083 0.210 | 0.147 0.274 | 0.087 0.210 | 0.151  0.277
S | 144 | 0130 0261 | 0.149 0281 | 0.222 0351 | 0.150 0278 | 0.254  0.369

= 192 | 0.184 0.309 | 0.200 0322 | 0.385 0456 | 0229 0.345 | 0463 0.490
24 1.621  0.800 | 2.165 0.882 | 1.972 0919 | 2.140 0.874 | 2.092 0.894

= 36 1.803 0.855 | 1.815 0.882 | 2.675 1.091 | 1.692 0.844 | 2.116 0.950
= 48 1.768 0903 | 2.107 0981 | 2.446 1.045 | 1.762  0.895 | 2394 1.084
60 | 1.743 0.891 | 2.496 1.108 | 2.387 0970 | 2.357 1.018 1917 0926

o 48 0415 0274 | 0445 0295 | 0915 0.536 | 0.668 0363 | 0.468 0.300

Eﬁ 9 | 0.401 0.275 | 0.403 0.277 | 0.833 0.465 | 0.441 0.323 | 0.429 0.298
e | 1441 0397 0.276 | 0400 0.278 | 0.816 0452 | 0436  0.321 | 0438 0.307
192 | 0.403 0.284 | 1371 0.788 | 1.224 0.723 | 0.597 0.331 0.469 0312

5 48 0.126  0.168 | 0.142 0.181 | 0.140 0.190 | 0.125 0.166 | 0.130 0.173

= 9 | 0.154 0.205 | 0.164 0.209 | 0.169 0.224 | 0.154 0.202 | 0.163  0.210
é’ 144 | 0.172 0.225 | 0.178 0226 | 0.194 0.247 | 0.176  0.226 | 0.187  0.238
192 | 0.193 0241 | 0.195 0.245 | 0.217 0.268 | 0.195 0.244 | 0.212 0.261
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dominant role in these time series datasets and it also emphasizes the significance to first establish
the time-invariant dynamics and then assisted it with adapted local time-variant dynamics.

Appropriate disentanglement By replacing the proposed Fourier Filter with another disentangling
method (Truncated Filter), we validate the effectiveness of our proposed modules to disentangle
time-variant and time-invariant dynamics, since the amplitude statistics of frequency spectrums work
as a global view to exhibit the time-agnostic information, and thus reveals perfectly the specific and
common dynamics underlying each series window. Besides, Koopa fundamentally considers the
properties of disentangled time series with the right Koopman Predictors, and switching the order of
KPs (Branch Switch) will lead to degrading performance.

4.3 Model Efficiency

ETTh2 Traffic
s——————————  ——————————————
F——————— - i !
| I I !
| | 07 | |
| |
} | 1.459GB, 142.4ms } |
| ! | |
1.0GB 2.0GB  4.0GB | 4.583GB, 167.2ms 1GB, 195.41 10GB 20GB  40GB |
|1.06B 2068 _40GB | 0.6 505168, 195.4ms | 10GB 20GB 40GB |\ 1) 468, 350.2ms
w w
Yo i L 8 12.135GB, 1596.4ms
= -  96.6ms -  205Ams 05 2.847GB, 140.9ms
0.807GB, 7.0ms
1.143GB, 47.3ms
\ 0.4 35.287GB, 1556.4
\ PatchTST 1.993GB, 263.2ms Koopa ' "
Koopa 3.645GB, 53.9ms 2.339GB, 58.8ms PatchTST
0.977GB, 20.3ms 79.674GB, 1692.2ms
% 50 100 150 200 250 0375 300 660 900 1200 1500
Training Time (ms/iter) Training Time (ms/iter)

Figure 2: Model efficiency comparison with forecast length H = 144 for ETTh2 and Traffic.
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w 8
@ = 4.803GB, 164.2ms
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Figure 3: Model efficiency comparison with forecast length H = 144 for Exchange and ECL.

We comprehensively compare the forecasting performance, training speed, and memory footprint
of our model with well-acknowledged deep forecasting models. The results are recorded with the
official model configuration and the same batch size. We visualize the model efficiency under all
six multivariate datasets in Figure[2}-[] In detail, compared with the previous state-of-the-art model
PatchTST [2], Koopa consumes only 15.2% training time and 3.6% memory footprint respectively in
ECL, 37.8% training time and 26.8% memory in ETTh2, 23.5% training time and 37.3% memory in
Exchange, 50.9% training time and 47.8% memory in ILI, 3.5% training time and 2.9% memory in
Traffic, and 5.4% training time and 25.4% memory in Weather, leading to the averaged 77.3% and
76.0% saving of training time and memory footprint in all six datasets. The remarkable efficiency can
be attributed to Koopa with MLPs as the building blocks, and we find the budget saving becoming
more significant on datasets with more series variables (ECL, Traffic).

Besides, as an efficient linear model, the performance of Koopa still surpasses other MLP-based
models. Especially, Compared with DLinear [16], our model reduces 38.0% MSE (2.852—1.768) in
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Figure 4: Model efficiency comparison with forecast length H = 144 for Weather and 48 for ILIL

ILI and 13.6% MSE (0.452—0.397) in Weather. And the average MSE reduction of Koopa compared
with the previous state-of-the-art MLP-based model reaches 12.2%.

Therefore, our proposed Koopa is efficiently built with MLP networks and shows great model capacity
to exploit nonlinear dynamics and complicated temporal dependencies in real-world time series.

5 Broader Impact

5.1 Impact on Real-world Applications

This paper copes with real-world time series forecasting, which is characterized by intrinsic non-
stationarity that poses fundamental challenges for deep forecasting models. Since previous studies
hardly research the theoretical basis that can naturally address the time-variant property in non-
stationary data, we propose a novel Koopman forecaster that fundamentally considers the implicit
time-variant and time-invariant dynamics based on Koopman theory. Our model achieves the state-of-
the-art performance on six real-world forecasting tasks, covering energy, economics, disease, traffic,
and weather, and demonstrates remarkable model efficiency in training time and memory footprint.
Therefore, the proposed model makes it promising to tackle real-world forecasting applications, which
helps our society prevent risks in advance and make better decisions with limited computational
budgets. Our paper mainly focuses on scientific research and has no obvious negative social impact.

5.2 Impact on Future Research

In this paper, we find modern Koopman theory natural to learn the dynamics underlying non-stationary
time series. The proposed model explores complex non-stationary patterns with temporal localization
inspired by Koopman approaches and implements respective deep network modules to disentangle
and portray time-variant and time-invariant dynamics with the enlightenment of Wold’s Theorem.
The remarkable efficiency and insights from the theory can be instructive for future research.

6 Limitation

Our proposed model does not respectively considers dynamics in different variates, which leaves
improvement for better multivariate forecasting with the consideration of various evolution patterns
and series relationships. And Koopman spectral theory is still under leveraging in our work, which
can discover Koopman modes to interpret the linear behavior underlying non-stationary data in a
high-dimensional representation. Besides, Koopman theory for control considering factors outside
the system can be promising for series forecasting with covariates, which leaves our future work.
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