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Figure A.1: We show the accuracy of the lazy-limit ODE in equation (where) comapared to a two-
layer finite width NV = 100 ReLU network trained with v = 0.05 on P = 10 random training data
points. (a) The average dynamics over an ensemble of E = 500 networks (solid colors) compared to
the infinite width predictions (dashed black). (b) The predicted finite size variance for each eigenmode
of the error A (t) = A(t) - ¢. These are not ordered simply by magnitude of eigenvalues or the
target projections yx = vy - ¢y, but rather depend on all eigenvalue gaps A\, — A, for k # ¢ and also
the Kjenm tensor. (c) The total variance for all training points N 3° , VarA,(t) = N 3°, VarA(t)
is also well predicted by the DMFT propagator equations.
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Figure A.2: The  and D functions for varying + in Figure 2. (a) The uncoupled kernel variance
k(t,t) increases monotonically with ~. This reveals that the dynamical filtering of & is what is
responsible for the late time decrease in variance during feature learning. (b) The tensor D(¢, s)
measures sensitivity of kernel at time ¢ to perturbation in A at time s. The D(t, s) entries also
increase with ~y. This suggests that the reduction in variance of the training error and the kernel are
not due to reduction in &, but rather a dynamical filtering effect due to scale growth in K, and rapid
reduction in A .
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Figure A.3: Online learning follows identical finite size effects to offline training in two layer linear
networks. (a) The variance of 3(¢) in online learning vs input dimension D. (b) The predicted
leading correction to the generalization error is accurate for N >> D but breaks down as D becomes
comparable to V.
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Figure A.4: A comparison of the bias and variance corrections in the toy model of Figure 3. At
small D/N (or P/N for offline training) the leading variance and the leading variance and leading
bias both track the experiment. Both the bias and the variance contribute positively towards the
total generalization error since the variance correction alone (orange) exceeds the DMFT limiting
error (dashed) and the variance and bias correction together (green) exceed variance alone (orange).
However, for large D/N (or P/N) the leading order picture fails to describe the finite width
experiment, indicating significant variance possibly at higher order scales (like D?/N?2, D3 /N3, ..).
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Figure A.6: The ensemble averaged train loss for the same depth 6 CNN trained on a random
subsample of P = 64 CIFAR-10 points. Training is full batch gradient descent with v = 0.05. (a)
The ensemble train accuracy for this subset of CIFAR-10 is well modeled as an exponential in time
L(t) x exp (—Ryt) with a rate R that depends on width. (b) The projection of the errors A on
the average NTK (K') (which is related to the rate of decay of the training loss, see Appendix @)
reveals that wider networks are more aligned with their instantaneous error signals. (c¢) The rates Ry

are indeed a linear functions of N1, with Ry = R + RWI, consistent with the average NTK (K)

receiving a N ~! correction. Using ensembling to find a scaling law like that above can thus allow
one extrapolate the training rate of infinite width mean field models.

07
— y=0.035 0.10

0.05 — y=0.050 0.6
0 — y=0.100 ~ ,
0 - £ 0.08 Sos
9 004 — y:O.ZOO i‘. &J
c EELY = 0.06 204
IS e 2 o3
= 0.03 < 0.04 :
= 0.2
e 0.02
0.02 0.1
0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250
Epochs Epochs Epochs
(a) Training MSE (b) Kernel-Task Alignment (c) Test Acc.

2120
o -f—j 1.08
° ©
5 115 -2
%) -
=110 S0
{= -
‘o (%]
© 1.05 D 102
= [

1.00 1.00

0 50 100 150 200 250 0 50 100 150 200 250
Epochs Epochs

(d) Single vs Ensembled Ratio (e) Single vs Ensembled Ratio

Figure A.7: Width N = 64 depth 6 CNNs trained on the full CIFAR-10 with MSE. An ensemble of
size £ = 10 randomly initialized networks are trained. (a) Training MSE for varying ~. (b) Final
layer kernel-task alignment does strongly depend on ~y, despite similar train dynamics. (c) Top-1
classification test accuracy is only slightly different across . A small benefit from ensembling is
visible late in training. (c) Initialization variance (measured by the ratio of single model to ensembled
MSE) for training and test losses. Richer networks have lower variance throughout training. (b)
Networks have distinct kernel dynamics when trained with different ~y as evidenced by the alignment
(cosine similarity) between the final layer feature kernel ®% and the target test labels y.
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B CIFAR-10 Experimental Details

We trained the following depth 6 CNN architecture in the mean field parameterization using FLAX
[58] on a single GPU. The bias parameters were zero in each hidden Conv layer, but were used for
the readout weights. The networks were trained with MSE loss on centered 10 dimensional targets
y, € R for pu € [P]. Each convolution was followed by an average pooling operation. To obtain
mean field behavior, NTK parameterization with a modified final layer is used [7, 9].

from flax import linen as nn
import jax.numpy as jnp

class CNN(nn.Module):
width: int

def setup(self):

kif = nn.initializers.normal(stddev = 1.0) # 0_N(1) entries
self.convl = nn.Conv(features = self.width, kernel_init = kif,
use_bias = False, kernel_size = (3,3))
self.conv2 = nn.Conv(features = self.width, kernel_init = kif,
use_bias = False, kernel_size = (3,3))
self.conv3 = nn.Conv(features = self.width, kernel_init = kif,
use_bias = False, kernel_size = (3,3))
self.conv4d = nn.Conv(features = self.width, kernel_init = kif,
use_bias = False, kernel_size = (3,3))
self.convb = nn.Conv(features = self.width, kermel_init = kif,
use_bias = False, kernel_size = (3,3))
self.readout = nn.Dense(features = 10, use_bias = True,
kernel_init = kif)
return

def __call__(self, x, train = True):
N = self.width
D =3
x = self.convi(x) / jnp.sqrt(D * 9)
X = jnp.sqrt(2.0) * nn.relu(x)
x = nn.avg_pool(x, window_shape=(2,2), strides = (2,2)) # 32 x 32

-> 16 x 16
= self.conv2(x) / jnp.sqrt(Nx*9) # explicit N~{-1/2}

X = jnp.sqrt(2.0) * nn.relu(x)

x = nn.avg_pool(x, window_shape=(2,2), strides

-> 8 x 8

x = self.conv3(x)/jnp.sqrt (N*9)

X = jnp.sqrt(2.0) * nn.relu(x)

X = nn.avg_pool(x, window_shape=(2,2), strides = (2,2)) # 8 x 8 ->

4 x 4

x = self.conv4(x) / jnp.sqrt(N*9)

X = jnp.sqrt(2.0) * nn.relu(x)

x = nn.avg_pool(x, window_shape=(2,2), strides = (2,2)) # 4 x 4

-> 2 x 2

x = self.conv5(x) / jnp.sqrt(N*9)

X = jnp.sqrt(2.0) * nn.relu(x)

o]
|

(2,2)) # 16 x 16

x = nn.avg_pool(x, window_shape=(2,2), strides = (2,2)) # 2 x 2
-> 1 x 1

x = x.reshape ((x.shape[0], -1)) # flatten

x = self.readout(x) / N # for mean field scaling

return x

All models were trained with standard SGD with a batch size of 256. Each element in the ensemble of
E networks is trained on identical batches presented in identical order. For the Figure [6|experiments,
the raw learning rate is scaled as n = 10N,/y with v = 0.2 (note that mean field theory requires
scaling the raw learning rate linearly with IV since the raw NTK is O(N~1) [9]). For Figure the
learning rate is n = 5V, /7. We find that choosing n o< /7 gives approximately conserved training

18



533
534

535

536
537

538
539
540
541

542
543
544

545

546

547
548

549
550

551

552
553
554

555
556

times across 7 (though distinct representation dynamics). The Figure [A.6|shows the dynamics of
fitting P = 64 training points with full batch gradient descent and v = 0.1.

C Cumulant Expansion of Observables

We are interested in a principled power series expansion (in 1/N) of any observable average (O(q))
that depends on DMFT order parameters q. At any width N the observable average takes the form

J dgexp (NS(q))O(q)

(Og)y = [dgexp (NS(q))

Y

As discussed in the main text, the N — oo limit gives (O(q))y ~ O(gs) Where %hw =0
by a steepest descent argument [55]. We assume that S’s Hessian is negative semidefinite so
that ¥ = — [V25(q)|q.. | ~' ~ 0 and Taylor expand S(g) around the saddle point g giving
5(q) = 5(qoo) + 3(q— goo) " V2S(q) (g — goo) + V(g — @oo). We note that the remainder function

V contains only cubic and higher powers of ¢ — goc = 8/ V/N. The variable & will be order o).
This will allow us to verify that additional terms are suppressed in powers of 1/N. Expanding both
the numerator and denominator’s integrands in powers of V', we find

(Ol ~L939P 50— a) "7 (g~ a) + NV(a — ) Ola)
Jdaexp (—5(q— go0) TE7HG — o) + NV (g — d))
[dsexp (~36TS716) (1+ NV + V2 4 )0O(gue + N71/28)
- [ddexp (—36TE18) (1 4+ NV + 22v2 4 )
(0) +N(VO), %.2 (120)., + i <v30> + ..

1+N(V), <V2> + 3— <V3)
S i +N<v> % <v2> % TN
(12)

where () _ represents an average over the Gaussian fluctuation N/ (qoo, — [V25(q0) ] _1). We

see that the series in the denomlnator contains terms of the form £ o <Vk> while the numerator

depends on terms of the form & o <V’C O> / (O) .- In either of these power series, the k-th term
can contribute at most

N* (VEO)

—(k+1)/2
o N {O(N p ) Kodd (13)

O(N~F/2) k even

o0

since V' contributes only cubic and higher terms. Thus each term in the numerator and denominator’s
series contains increasing powers of 1/N. Concretely, each of the two series have terms of order

{N° N-1 N-1 N—2 N—2 ..} Thus any quantity of the form (<o(§> admits a ratio of power series

in powers of 1/N. One could truncate each of the series in the numerator and denominator to a
desired order in N. Alternatively, the denominator could be expanded giving a single series (the
cumulant expansion [56[]). The first few terms in the cumulant expansion have the form

2
+ N7 [<V2o>oo —2(VO) . (V) +2(V)2 (0) — (V2) <o>oo} F.. (1)

In this work, we mainly are interested in the leading order correction to (O) which can always be
obtained with the truncation after the terms linear in V' for any observable O.
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C.1 Square Deviation from DMFT

We will now analyze the fluctuation statistics of our order parameters around the saddle point
((@ — g)(q — goo) ")\, Which has the form

((@=05)(@—q0) ")+ NV (g—qc)(@—qoc) ")+ -
TN (VI 1.

((@— )@ —ax) ")y =

LY+ O(N72?) 1 _
_ | -~ N2
_[ 1+ O(N-T) ] NE oW, (>

as stated in the main text and verified empirically in Figure[2 (a). The reason that the terms in the
numerator involving V can be no larger than O(N ~2) comes from vanishing of odd moments for
q — g in the unperturbed distribution. Thus the leading expression for ((q — goc)(q — goc) " ) only
depends on X and not on V.

C.2 Mean Deviation from DMFT

Although the square displacement from DMFT only depended on ¥ and not on V/, we note that the
average order parameter displacement (q — o) does receive a O(1/N) correction that depends on
the perturbed potential V'

(@ — o) T N (0= :)V) oo + 2 (= @) V) + -
1+ N(V) + 22 (V2 +..
2(55) _+OW? av .

where in the last line we used Stein’s lemma (Gaussian integration by parts) for the Gaussian

<q - qoo>N =

distribution over q. Note that <%—Z> ~ O (+) since the derivative of the cubic term in V' gives a
oo

quadratic function of ¢ — g.., whose average must be O(N~1). In this work, we focus primarily on
the structure of the propagator, but outline a general recipe for getting the leading mean correction in

Appendix [Fland

C.3 Covariance of Order Parameters
Lastly, we combine the previous two observations to reason about the scaling of the order parameter

covariance over initializations. We note that the leading covariance of the order parameters over
random initializations is also given by the propagator: Cov(q) ~ %E + O(N~1), since

Covla) = ((a—(@)x) la— @) ") |
- <(q —gs0) (g — qoo)T>N - <(Q<x> —{@)n) (g — <Q>N)T>

1 -2
~ B+ O (17)

N

due to the arguments above which showed that ((q — ¢oo)(q — @oc) ') ~ &3 + O(N~2) and that
ds — (@) 5 ~ O(N™!). Therefore, in the leading order picture, it is safe to associate X with the
covariance of order parameters over random initializations of the network weights.

D Propagator Structure for the full DMFT Action

In this section, we examine the propagator structure for the full DMFT action. This action is modified
from other prior works [9} [46] to include the evolution of the network prediction errors A(t). Those
prior works noted that A and the NTK K are deterministic functions of deterministic order parameters
{®*,G*} inthe N — oo limit so those authors did not explicitly include A or K in the action. At
finite width NV, including A, K in the action is crucial as the fluctuation in prediction errors A
has significant consequences for dynamical fluctuations of kernels through the preactivation and
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pre-gradient fields. In this section, we will mainly focus on gradient flow, but we describe large step
size in Appendix[L,

S =37 [ dtds [, (19 (1:5) + Gl (1,56 (1:5) — 77 4L, (5. 0B (1.5

Luv

+> / dtA,(t)
+y / dtK (1)

+) I zZA, @G e G AT BY (18)

—Yu + Z/ds@(t - S)K,LLII(S)AV(S)

Kot~ 3 Gﬁtl(t@,‘;u(t)]

14

where the single site moment generating functionals Z, have the form

20 =E(n (6,541 X (— > / dtds | (hf, (1) (b, () D, (2, 5) + gL (1)L (5) G (2, s>}>

B0 =)+ [ s 3 B0 98006) + AT 4 9] 66) (0} ~ TP,

0

v

2, (t) =, (t) +7/0 ds Y [GE (8 ) Au(s) + By, (1 5)] o(hy(s)) » {r(8)} ~ GP(0,GY)
19)

v

with gf, (t) = (;S(hf ())z/,(t). The saddle point equations give the infinite width evolution of our order
parameters.

aq»afu = @ (t,5) = ($(h, ()9 (s))) = 0

aafif) = Gl (t,s) = (g(D)g,(s)) = 0

sy = o 20

afsf(t) K ( ZG’Z“tt@f( H=0

aff(t) =Au(t) =y, +/0 dszy:KW(s)Au(s) —0 0)

These equations exactly recover the mean field description obtained [9]. Note that () for field averages
is an average defined by Z, and is distinct from the types averages () , (), we have been considering
over the order parameters q. The complementary set of equations for the primal variables, such as

m = 0, give that K =A =& =@ = 0at the saddle point. We now set out to compute the

Hessan V2 S. To simplify the set of expressions, we will only explicitly write out the nonvanishing
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s98 Next, we consider the second derivatives involving only primal variables {®*, G, K, A} which all
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600 Now we consider all derivatives which involve one of the dual variables {@Z, G‘Z, A Bf} and the
primal variable A
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602 Now, we consider the second derivatives involving one derivative on a dual variable {@Z, (;27 A, B}
603 and one of the primal variables {®*, G*}.
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We note that terms such as W%(t”) <d>(hft (t))¢(h!(s))) can be further decomposed since the
apB »S
average over the {u/,(t)} ~ GP(0, ®“~') and h*’s explicit dynamics both depend on ®*~!
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where the first term comes from differentiating the Gaussian probability density for u* (e.g. Price’s
theorem) and the second term is an explicit derivative of the preactivation fields with u* treated as

constant. Next we consider the nonvanishing terms which involve {A, K , A, K} which give

__ 5 s S(t — 8) + Ot — 8) K ua(5)
ON,(H)0AL(s) e
82

———————— = 0,0t — 5)A
DA, (1)K ap(s) ua®(t — 5)Ag(s)

2

= 075 = (;,u,aéuﬁ(s(t - t/)

0K, (t) 0K 5(t")

0’5 = 0,a0,3G Nt )0 (t —t')(t — &)
8Kuy(t)3q)g5(t’7s’) nalvBirap ’

625 C—1 740 / !

= 8uad, @ (1, 8)3(t —)6(t — &) (25)

0K, (0G4t 8')

24



609 This enumerates all possible non-vanishing terms in the Hessian. We can now construct a block
st0 matrix of these Hessians by partitioning our order parameters ¢ = [q;,q2] " where

= Vec{®,,, (t,5), GJ, (1, 5), Ky (1), Au(8), D7, (8, 8), Gl (1 8), K (0, Au(t)} - (26)

= Vec{Aj, (1, 5), B, (t, 5)}. 27
611 This choice will become apparent shortly.

V2 S VvZ_S
V23S = |: q192 :| (28)
q V?DQIS V2 S
612 To calculate the full propagator 3 = — [V?J S} , we will assume invertibility of the upper block
o3 20 =— [V(QI L S] ~! and use this in the Schur complement
2171 _ | X1 X2
B [VqS] N [221 222]
Y= 20 -3 [vzllh ] (V2 S+ (v?lths)zo(vzllhs)) [v(212q15] =0
-1
Y = E;rl = -5 [v?hqu} (V2 S+ (V?hths)zo(vilqgs))
-1
oo =— (V2,8 + (ViQQIS)EO(VquQS)) (29)
614 We now need to solve for X0 = [ ] . To perform this inverse, we again partition g; into
615  two sets of ordeAr parameters ¢; = [q1 ql] ere qi = Vec{®!(t,5),G", (t, ), K, (t), Au(t)}
st6 and g7 = Vec{®! (t,5),G", (t,s), K, (t ), AL()}
v2s=|0 wr = V%8, U=V2%,S 30
o’ Ty k|0 FTVa? ¥ = Vaial (30)

617 We seek a physically sensible inverse where the variance of g7 is vanishing [5153]. This leads to
s18 the following sub-propagator X°
- U-'slU YT —-U!
2 1_

—[VQIS] - |: —[UT]_I 0
st9 Thus given K, U, we can solve for X9 and ultimately for the full propagator X. The relevant entries
620 in Kk and U are given by those second derivatives calculated above. We note that each of the field
621 derivatives needed for U can be computed implicitly from the field dynamics. For example, for the
622 A, (t) derivatives we have

TR ) =28~ R (. )k

/ dsz AL () 1 B3 1, ), ()] 20

3D

OAL(t)
9 4
t) =0t — )G H (1) p(hL (¢
587 (D) =10~ )G ()0l 1)
t ¢
9¢(hy,(s))
4 +1 v
+ ’yA ds ; [B#V(t, S) + G,Ll.l/ (t, S)A,,(S)} W (32)
623 These can then be used in the averages such as <ﬁ¢(hﬁ(t))¢(hf(s))>. Similarly, we can
4
624 compute terms such as # through the following closed equations

aB(t!,s)
4
Oh,(t)

W =70t = t')0,aO(t — 8" ) Ap(s’)

w/tdsZ[Af;,l(t,s)—&-A (5)0% (¢, )] 9, (s)
0 v

9B, (t', )
9zL (1) t , ‘ 9¢(hy(s))
— = B A i v
ey O ) T AO] Gs0)

625 These terms can then be used to compute quantities like D?",
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e2s E  Solving for the Propagator

627 Below we provide a pseudocode algorithm to solve for the propagator elements.

Algorithm 1: Propagator Solver

Data: K*,y, Initial Guesses {®*, G*}}_,, {A’, B‘}}~", Sample count S, Update Speed 3
Result: Propagator Matrix 3
Solve DMFT equations with Algorithmfor order parameters f,(t), <I>fm (t,s),...3
Draw § samples {U/L n (t) n=1"" gP(O @E 1) {T,ll n( ) i:l ~ gP(Oa GEJFI);
Integrate dynamics for each sample to get {h!, ,(t), 2}, ,,(t) =1
Estimate k functions with Monte-Carlo integration, for instance
628 uuaﬁ (t 5, t/ /) =
5 Lones) Oy ()0 (hy, 1 () (h (1) SR, (5) — By (t, 5) D5t 87) ¢

ont,  (t
6 For each sample, compute field sensitivities to error signals, such as £ "(()) , and kernels

ant  (t)
w,m .
58T (1) implicitly using equations (32 ;

7 Use these sensitivities to compute the necessary D tensors such as

DA = 1Y s aaiy [0 (D)S(RE ()]

8 Invert U matrix and compute X in equation (31));
9 Compute the Schur-complement in equation (29) to handle the response functions ;

A W N =

620 The above propagator solver builds on the solution to the DMFT equations which is provided below.

Algorithm 2: Alternating Monte-Carlo Solution to Saddle Point Equations

Data: K*,y, Initial Guesses {®‘, G*}}_,, {A’, B‘}[~!, Sample count S, Update Speed 3
Result: Final Kernels {®, G}, {AY, B‘}[!, Network predictions through training f,,(t)

1 P'=K*®117",GI*t =117,

2 while Kernels Not Converged do

3 From {®¢, G’} compute KV7X (¢, 1) and solve %f“ (t) = 20 Aa(t) KT (L, 1);
4 {=1;

5 while / < L 4+ 1 do

6 Draw S samples {u, ,,(t)}5_; ~ GP(0, 8" 1), {rf, . (t)}5_; ~ GP(0,G**);
7 Integrate dynamics for each sample to get {hY, ,,(t), 2/, ,,(t) ﬁ "

8 Compute new ®¢, G* estimates:

9 D0 (t5) = 5 X ers) OMpun ()S(hG 1(5)), Gla(t:s) = 5 Xners) T ()96, (5) 3
10 Solve for Jacobians on each sample 8(’}7 n) , 885,7 ;

% Compute new A¢, B~! estimates:

12 =s ZnE[S] a;s(?T) B~ = =s EnE[S au” >

13 £ — 0+ 1;

14 end

15 /=1,

16 while / < L 4+ 1 do

17 Update feature kernels: ®¢ < (1 — 8)®° + &, G' + (1 — )G’ + BG* ;
18 if { < L then

19 Update A’ « (1 — B)A’ + BA!, B + (1 — B)B' + 3B*

20 end

21 {1041
22 end
23 end
24 return {‘I’Z Gz}z 1 {AZ BE}EL 11, {fu(t ) p=1
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F Leading Correction to the Mean Order Parameters

In this section we use the propagator structure derived in the last section to reason about the leading
finite size correction to (g) at width V. Letting the indices ¢, j, k, n enumerate all entries of the order
parameters in g (technically this is a sum over samples and an integral over time for gradient flow),
we find the leading Pade Approximant for the mean has the form (App

N4 = @)WV + 5 (@ = a)V?)

(@ = a%)w 1+ N (V) + 222+
Z s (6:0;6161) . + O(N2) (34)
3'N 8q]8qk3ql 3%k oo '

. -2
=% Z 8qJ8qk8q %%+ O(N?) (35)

where §; = V/N(q; — q3°) and the derivatives are computed at the saddle point. In the last line, we

utilized Wick’s theorem and the permutation symmetry of the third derivative o7 9.5

9q.00.09. t© evaluate

104
the four point averages in terms of the propagator X;;, which was provided in the preceding section
[D. In practice computing even the full set of second derivatives for the DMFT action to get ¥ is
quite challenging. Despite the challenge of computing the mean order parameter correction, these
corrections are relevant in practice and crucially distinguish the training timescales of deep networks

at different widths as we show in Figures |6 and

F.1 Correction to Mean Predictions and Full MSE Correction

Supposing that we solved for the propagator X, using the formalism in the preceeding section, we
can compute the O(IN 1) correction to the average network prediction error due to finite size. We let
(A(t)) represent the average of errors over an ensemble of width N networks.

7 (Bu(t) =~ D (K ()AL (D)
== (Ku®) (A1) - Z Cov (K (1), Au (1))

~ =) (K (1) (A ——ZE,{% t.t)+O(N~?) (36)
where foy (t,t) is the leading covariance (propagator element) between the kernel K, (t) and
prediction error A, (t). We see that the average kernel (K, (t)) (which depends on the finite width
N) plays an important role in characterizing the timescales of the average prediction dynamics. Once
this equation is solved for (A, (t)), the square loss at width N and time ¢ has the form

S a0~ (1- 2 ) T Az + 3 (a0, A Z S3 (t,) + O(N"2)
u 1 1 a7

We will now comment on the structure of the cross term in this above solution. First, if (K) > K
and X2 is negligible then the average errors at finite width will decay more rapidly than the infinite
width model. However, we suspect that in general, (K') — K °° contains many negative eigenvalues
since signal propagation at finite width tends to reduce the scale of feature kernels [14]. We suspect
that this is the cause of the slower dynamics of ensembled predlctors for narrower networks in Figure
|§ and Figure [A.6l Additionally, the term involving X% will generically increase the cross term
since the dynamlcs of A cause its fluctuations to become anti-correlated with the fluctuations in K.
In general, it is challenging to make strong definitive statements about the relative scale of these
competing effects on the cross term. However, we can say more about this solution in the lazy limit,
where we find that the cross term will generically be positive, leading to larger MSE (Appendix [G.2).
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F.2 Perturbation Theory in Rates rather than Predictions

In experiments on deep CNNs trained on CIFAR-10 in[6 and[A.6] we find that the loss curves for
the ensemble averaged predictors are effectively time rescaled by a function of network width. In
this section, we argue that a proper way to account for this is to compute a perturbation expansion in
the exponent which defines the rate of decay of the training errors. To illustrate the point, we first
consider the case of a single training example before describing larger datasets. In this case, we
consider the change of variables A(t) = e~"(*)yy. We now treat r as an order parameter of the theory
with dynamics

d
St = K() (38)

Note that this equation is now a linear relation between two order parameters (r(¢), K (t)), whereas
the relation was previously quadratic. In the lazy limit, if K — K — e then r — r — €t, giving an

. . o p
effective rescaling of training time by 1 — .

For multiple training examples, we introduce the notion of a transition matrix T'(t) € RF>*¥ which
has dynamics

2T =-KMOT(t), T(0) =1 (39)

The solution to the training prediction errors can be obtained at any time ¢ by multiplying the initial

condition A(0) = y with the transition matrix A(t) = T'(t)y, where y are the training targets. In
this case, the relevant rate matrix, which would be an alternative order parameter is

R(t) = —logT(t) (40)

where log is the matrix logarithm function. Note that in general T'(¢) admits a Peano-Baker series

solution [59H61]. In the special case where K () commutes with K (t) = + fot dsK (s), we obtain
the following simplified formula for the rate matrix R

R(t) = /O ds K (s) (41)

The benefit of this representation is the elimination of coupled order parameter dynamics which are
quadratic in fluctuations (in A and K) into a linear dynamical relation between order parameters R
and K. An expansion in R will thus give better predictions at long times ¢ than a direct expansion in
A. In the lazy v — 0 limit, the constancy of K (t) = K gives the further simplification R = K.
Working with this representation, we have the following finite width expression for the training loss

(AWDP) =y {exp (~2R(0)) y
~yT exp (—2 (Rwu) ; _,1VR1<t>>) y

2

1 R 9 T 2
+ ngﬁ Euyag(t,t)my exp(—2R)ylp—r. )+ Lr1t) T O(N ) (42)

where (R) ~ R + + R'+ O(N~?) is the leading correction to the mean R. In this representation,
it is clear that finite width can alter the timescale of the dynamics through a correction to the mean of
R, as well as contribute an additive correction from fluctuations. This justifies the study perturbation
analysis of rates Ry as a function of 1/N in Figures [6|and[A.6]

G Variance in the Lazy Limit

We can simplify the propagator equations in the lazy v — 0 limit. To demonstrate how to use our
formalism, we go through the complete process of inverting the Hessian, however, for this case, this
procedure is a bit cuambersome. A simplified derivation for the lazy limit can be found below in
section[G.T| which relies only on linearizing the dynamics around the infinite width solution. In the
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694
695

~ — 0 limit, all of the D tensors vanish and the x tensors are constant in time. Thus, it suffices to
analyze the kernels restricted to ¢ = 0 and study the evolution of the prediction variance A(t).

S:/dtZA#(t) (A

SN (#0060
¢ pv

2 = Epuy (rey exp (- > 0, 6(ul)
N2

/)

- /ds > oe- s)K,WAV(s)>
+Zm{ - Yaa,

14

—&-Zang
£

ZGWg,Lgy> gL =rho(ul)  @3)

e9 where {uf,} ~ N(0, ®1), {rf} ~ N'(0, G**). Taking two derivatives with respect to {®¢, G*}

697

698

699
700

o

701
702

703
704

give terms of the form

£
B = (S ) () Bug) B(uf)) — Py, P
14
Kivas = (9.909095) — G Gap
i = (sluf)e(ul)ghah) — @4,Ghy (44)
Given these we also have the relevant non-vanishing sensitivity tensors
2
oitigpt 9 0+1 0+1 GGt 9 0 0
uvaf 7 <¢(uu )¢(uu )> ) D;LVO(B = a1 <g;¢gu>
6(I)a6 5Ga,@
Gl@i—l o 8
D;Luaﬁ - aq)g 1 <gugu> (45)
0+1 -1
Dp,l/oc,@ 611«0461’,8Gul/ ’ Dp,l/a,@ - 611«0461’,8(1)/,1,1/
DAK (1) = /ds@(t — 5)0pa s (s) (46)
As before we let g = Vec{A (1), D /w’ wa, K,,} and ga = Vec{A,(t),® /w’ wa, K,.}. The
propagator has the form
I+ Ok 0 0 DAK 0 0 0 0
2 _ 0 I-D®® 0 0 |0 k®? k%G 0
U=Vaqd= 0 -D% 1-D% 0 VS = 0 w9 k% 0
0 —DXk?® —DXG I 0o o0 0 0
(47
The propagator of interest is 3Xg, = U~ [Vi @ S] U~'T. We can exploit the block structure of U
to find an inverse
Usa Usp Use Uik
_ 0 Us. 0 0
U= S (48)
0 UG? Us 0
0 Ugp Ugg 1

where each sub-block can be computed with the Schur-complement formula. Altogether, we multiply

through to get the propagator

Go

0 Urpk®®+UxLK Ursk® +URL
5_ |0 1 Uq:;nﬁl ) Ucp(;n@Gl

0 Ugark®® + USRS Uggr®C +UgnkCC
10 Ugpr®® + UgorC®? Ugpk® + U k%C
[ Uxx 0 0 0

« [U;%]j Uso [Uga]' [Ugyl”
U g;] 0 Usgs [Ugdl
N2 0 I

29
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Two of these blocks corresponding to K, A are especially important for characterizing the fluctuations
of network predictions. The covariance structure for K has the form

Sk =Ugp®Ugpl” + UgehUkp]T + Ugah®C UG + Ui orClUgET (50)

Next we use the fact that Uy = Ux x Ugeg and that Ux S = Ux ;U &, which follows from the
block structure of U. Consequently we arrive at the identity

YA =Ujgk®[Ung)l ™ + Usah Ul + UaahCP U + UnarOIURG™
= U i ZkUghl" (51)

Lastly, we note that, by the Schur-complement formula that UA_}( =-(I+0© K)_1 DA Thus,
writing (I+ Ox) XA I+ Ok)' = DAES[DAK]T as an integral equation, we find

S8 (¢, s) /dt ZK 24, (1, s) /ds’ZKVﬁzﬁﬁ(t,s')
B

0

t
—|—/ dt// dS’ZKWKVgEﬁﬁ(t',s’):Z/ Ay / ds'Ag(s' ua va o (52)
0 0 B R4l

Differentiation with respect to ¢ and s gives a simple differential equation

9% A 9 oa
%E t S +ZK/J'05 ,S)“rZKVﬂaEHﬁ(t,S)
+ KK, 5555t s) ZA K s (53)
ap
Let {11} be the eigenvectors of the kernel matrix K. Projecting these dynamics on the eigenspace
Ske(t, s) = P, Z(t, s)1b, recovers the equation in the main text
0 0
8t + A % + A¢ Zkg t, S Z Akl Az/ Ekklul (54)
k¢!

Replacing XX = x recovers the equation (7) in the main text.

G.1 Perturbed Linear System

In this section, we provide a simpler derivation of the lazy limit training error variance dynamics. In
this case, we merely perturb the dynamics around its infinite width value A(t) = A, (t) + €2(t)
and K = K. + €, and keep terms only linear in these perturbations. The perturbation € is fixed
in time and the dynamics of € (t) are

d A

e = —Ke2(t) — e A (1) (55)
Projecting this equation on the eigenspace of K, gives

d oo

Eeﬁ(zs) = —Arer(t) = Y e AR (1) (56)

k'

This immediately recovers the final result of the last section

N (gt +>\k) (gt +)\k> (i (D)eg (s)) = (gt +)\k> (gt +>\k) Siae(tss)

= S AT ()AF(s) (57)
ke

Qualitatively, the process of computing this linear correction (in €X) to the dynamics of A is identical
to the argument utilized in prior work on perturbative feature learning corrections [11]]. In that context,
the perturbation is caused by small amounts of feature learning, rather than initialization fluctuations.
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G.2 Mean Prediction Error Correction in the Lazy Limit

Using a similar heuristic as in the preceeding section, we now consider the correction to the mean
predictor (A, (t)) in the lazy limit. Taylor expanding (A (t)) in powers of 1/N, we find

d d d .
5 (AM) = AT + N@A () + ..
— (K — K™+ K™) (A — A® + A%))
CK®A® — K™ (A - A®)
— (K — K¥))A” — (K - K) (A - A%))
1

1 1
~ —K®A® K> 1 _ Kl oo K _A N—2
AT - pETAT - QRAT - g T O 68

From the previous section we have that

d t
7€ 2 = —K®e® — A — €2(t) = —/ dsexp (—K>®(t — 5)) €X exp (~K>s)y
0
(59)
Projecting these dynamics onto the eigenspace of the kernel gives
e*)\et _ e*)\kt
k() == el — 5w (60)

/4

where ¢ = k should be seen as the limit where A\, — A, of the above. Thus we find that the leading
mean correction to the error solves the following differential equation

d ot Aglt 7/\1/t
(dt T )‘k> ZKM?WG 4+ %Ekew VS P
et 1 K g et et
= Z yoe M [= K + Sigeet] + Z Ekéﬁ/ﬁyé’ (61)
¢ A0

We see that at late sufficiently large ¢, that the terms involving ©% will dominate. We can gain
more intuition by considering the special case of a single training data point where the mean error
correction has the form

1
(jt +)\> Al(t) = ye [-K! —l—tZK] = Al(t)=y [—tKl + 2t2ZK] e M

1 1
= (A@})*) ~ A1) + i [2y2t62/\t [—Kl + QtzK} + EA(t,t)] +O(N™?)
2
~ A1) + Ny2t6_2’\t [—K'+=Kt] + O(N7?) (62)
While the term involving XX is positive for all ¢, K could be positive or negative for a given

architecture. If K is positive, then MSE is initially improved at early times but after ¢ > K the

MSE is worse than the infinite width. On the other hand, if K is negative (as we suspect is typlcally
the case), then the MSE will strictly decrease with network width for any time ¢.

H Two Layer Equations and Time/Time Diagonal

In this section, we analyze two layer networks in greater detail. Unlike the deep network case, two
layer networks can be analyzed on the time-time diagonal: ie the dynamics only depend on ® (¢, )
and G(t, t) rather than on all possible off-diagonal pairs of time points. Further, there are no response
functions A*, BY which complicate the recipe for calculating the propagator (Appendix E).
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H.1 A Single Training Point

For a two layer network trained on a single training point with norm constraint |z|?> = D, we have
the following DMFT action

SHK (1), K (1), A1), A(1)}] (63)
= /dt [K(t)f((t) + A(t) <A(t) —y+/ds ot — s)A(s)K(s))}

+InZ[K,f], Z=Ej exp <_ / dtK (t)[¢(h(t)? + g(t)Q]) .

The saddle point equations are

afzf@ — K(t) — ([6(h(t))* + g()?]) = 0
(“)th) =Alt)—y+ /ds Ot —s)A(s)K(s) =0
az‘i) —R(s)+ A(s)/dt AO(t—5) =0
ai?s) =A(s) + K(s)/dt At)O(t —s) =0 (64)
From these equations, we can compute the entries in the Hessian of the DMFT action S. Letting
Alt . Alt
o T T
028 —o
dq(t)dq(s)"
928 B 0(t—s)+0O(t—s)K(s) Ot — s)A(s)
9q00q()T |~ (5 (G +9)?) ot —s)
928 0 0
94(1)04(s)T [0 K(t, s)] (65)
where s(t,s) = ((¢(h(t))? + g(t)*)(¢(h(s))* + g(s)?)) — K (t) K (s) is the NTK’s fourth cumulant.

We now vectorize our order parameters over time ¢ = Vec{q(?) };cr, and ¢ = Vec{q(t)}icr, and
express the full Hessian

0 825T ( 6257)71 825( OQST)fl —( E)QST)—l
20 _ 5904 2¢1-1 _ [\9gd 940q \ Dgdq 9G0
Vs = l 025 55 ] — —[V75]7 = l 4 —( s Y qu ]
9GoqT  9GoqT 990G
(66)
The covariance matrix of interest (for g(¢)) is thus
s o I1+0Ox Oa -t 0 0| |I+Or Oa - (67)
4| -D I 0 kK -D I '

where [@k]|(t,s) = O(t — s)K(s) and [Oa](t,s) = O(t — s)A(s). The above equations allow
one to use the infinite width DMFT dynamics for K (¢), A(t) to compute the finite size fluctuation
dynamics of the kernel K and the error signal A.

H.1.1 Computing Field Sensitivities

In this section, we compute D(t, s) by solving for the sensitivity of order parameters. We start with
the DMFT field equations

h(t) =u —1—7/0 dsA(s)g(s), z(t) =1+ ’y/o dsA(s)p(h(t)). (68)
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760 Now, differentiating both sides with respect to A(s) gives

P - 10l 47 [ dss(o) S
m:ve@—sw(h(s’» / dsAs >3gg(< ;’. (69)

761 We can compute D Monte carlo by iteratively solving the above equations for each sampled trajectory
762 {h(t),z(t)} (62, 46]. Averaging the necessary fields over the Monte-carlo samples will give us the
763 final expressions for D(t, s).

D) = Gy O+ 9(0°) ) 70)

764 Similarly, the uncoupled kernel variance k(t, s) can be evaluated via Monte-carlo sampling for
765 nonlinear networks.

766 H.2 Test Point Fluctuation Dynamics

767 We now are in a position to calculate the test/train kernel and test prediction fluctuations. To do this
768 systematically, we augment .S with the test point prediction f, and field h, and introduce the kernel
760 K, (t) = (d(h(t))P(hs(t)) + g(t)g«(t)). The test prediction f, and field h, have dynamics

() = ety [ ALK () = K

0
ot
770 The augmented action for this DMFT has the form

fi(t) = Ku(H)A() , Ki(t) = (o(h(t))p(ha(t)) + 9(1)gx (1)) (7D

S:/dt £u(t) (f*(t)—/ds@(t—s)A(s)IQ(s)) +/dt K, (K. (t)

+/th(t)<A(t) /ds@(tfs) (s)K ()) /dtK()K()

#imEe (~ [ KOG + 907~ [ KOO0 0) +o00.)) 0D
m Weletq(t) = [At), fu(t), K(t), Ki(t)] T
00 0 0 I+0x 0 ©5r 0
L oo 0 o0 ) ) I 0 -©
qus[(Lq]: 00 k I , V S[an] 711){* 0 I OA
0 0 Ky K -D, 0 O I
_ (9 2 2
Dt.5) = (s (G(0()? + 50 73)
d
D.t:9) = a5 OUAO)O01.(0) + 5(0)9.(0) ) 74
772 Our total covariance matrix / propagator is thus
I+©x 0 ©x 0 77'70 0 0 07[I+O®x 0 ©® o0 7'
s_|-©x I 0 -0, 00 0 0f||-© I 0 -©,
=| -D 0 I 0 00 kK K -D 0 I 0
-D, 0 O I 0 0 Ky Kex —D, 0 0 I
(75)

773 This is the equation provided in the main text Equation (8.
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H.3 Two Layer Linear Network Closed Form

For a linear network on a single data point, we can compute D(¢, s) and k(t, s) analytically. We start
from the field equations

dh(t) (1)

= =~vA(t)h(t 76
0 sz, B = samne 76)
We can make a change of variables v, (t) = ( (t) + 2(t)) and v_(t) = %(h(t) —z(t)). We
note that v; (0) = % (u+r)andv_(0) = 12 ( r) are independent Gaussians. These functions
v (t), v_(t) satisfy dynamics
dvy dv_(t)
- YA@)v+(t) a YA(t)v-(1)
! vy (t)
= v4(t) = exp (fy/o dsA(s)) v4(0) = aA(s) YL (B)O(t — s)
¢ t
= v_(t) = exp —’y/ dsA(s) | v_(0) = 0v4(t) =—y_t)Ot—s) (07
0 9A(s)
Now, we use the fact that v (0) = %(u +7) and v_(0) = %(u - r) are independent standard
normal random variables to compute K (t) = (h(t)? + z(t)?) = (v4.(t)? + v_(t)?)

D(t,s) = 0 (h(t)* + z(t)2> =27 [(v+(t)?) — (v_(1)*)] O(t — 3)
OA( )

9y |:eXp (27 /0 t dsA(s)> ~exp (—27 /0 t dsA(s))] Ot—s) (18

This operator is causal (D(t, s) = 0 for s > t) as expected and vanishes as t — 0. If we take v — 0,
we have D(t, s) — 0 which agrees with our reasoning that fields /, z only depend on A in the feature
learning regime. Since all fields are Gaussian in the linear network case, we can use Wick’s theorem
to obtain the exact uncoupled kernel variance in the two layer case.

r(t,s) = ((h(t)* + 2()*) (h(s)* + 2(s)*)) — K(H) K (s)
=2 (h(t)h(s))* + 2 (h(t)=(s )> +2< h ( ) +2(=(t)z(s))”
= (v (D)o (5) + o= (D)o () + (04 (D)v+(s) = v-(H)v-(s))’ (79)

The vy (t) functions are those given above. Using the fact that (v (0)?) = (v_(0)?) = 1 allows us
to easily compute the single site average above.

I Multiple Samples with Whitened Data

In this section, we analyze the role that sample number plays in dynamics in a simplified model of a
two layer linear network trained on whitened data. Concretely, we assume that % = d,,. The
field equations for preactivations h,,(t) and pregradients z(t) obey

Dy (0 =18 0:(0) . o) = 3" A (80)
dt " = 5w T dt 7pyu=1 " i

We will assume the targets have unit norm |y|?> = 1 and we define the projection of A onto the
target as Ay (t) = y - A(t). The other P — 1 orthogonal components are denoted A | (¢) so that
A=A, (t)y + Ay(t) with A () -y = 0. At infinite width, A; = 0 and our field equations
become

d

dt
However, at finite width IV, the off-target predictions A | fluctuate over random initialization. To
model all of the fluctuations simultaneously, we consider the following action

/dtZA —y,) + InEexp (/ dtZAM(t)z(t)hM(t)> (82)

hy(8) = A, (H)=(t) | %z(t) — A (Ohy(t), AL(t) =0, hy ~N(0,1) (1)
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which enforces the constraint that A, (t) = y,, — % (z(t)h,(t)) at infinite width. The Hessian over
order parameters ¢ = Vec{A,,(t), A,,(t)} has the form

V28 = vl?rD (1 J;DW . Dy (t,s) = <8A(j(5)z(t)hu(t)> (83)

We thus get the following covariance for predictions ¥a = (7I+ D) "'k [(7I+ D)™}] . We now
compute the necessary components of the D tensor

SZ*:((’;)) = 6Ot — 5)2(s) + 7 / | dt’AM(t’)aaAZ(t(/))

d2(t) ) i Ohyu(t)
55() = 7O(t — s)hy (s / dt ZAN (t") A ®
)

—0(t — 5)h ﬂ/ at'A, ( (84)

In the last line, we used the fact that these equations are to be evaluated at the mean field infinite width
stochastic process where A (t) = 0. To compute the sensitivity tensor D, we find the following
equations for our correlators of interest:

(D)) = 09000 ) 15120 v
o:(

<3sz2) h“(t)> =70t = 8)0u > v #y (85)
oh

< y((ts))z(t)> =70l =) (:(s)2(0) + 7 | ) < aajf(/)) (t >>
(1) o

{ st )) =60 = 9 ((s):(0) + [ L, () (% fwotd )

We therefore see that the components of D decouple over indices. In the y direction, we have the

following equations
oo (o) (o) o

where the correlators must be solved self-consistently. We will provide this solution in one moment,
but first, we will look at the orthogonal directions. For the P — 1 orthogonal directions, we obtain the
explicit formula for D in each of these directions

Ohy (t) 0z(t)
D,(t,s)= t hy(t
1(t:5) <8AL(3)Z( )) T\ aa, ™™
=70(t — ) (2(t)2(s)) +71O(t — 5) (87)
Now, we return to D,,. To solve these equations we utilize the change of variables employed in the

single sample case v (t) = %(hy(t) +2(t)),v_(t) = %(hy(t) — 2(t)) (see Appendix . This
orthogonal transformation decouples the dynamics

d
S0 () =3B (i (1), - (1) = =7, (- (1) (88)
As a consequence, the field derivatives close
(9’U+ (t) _ _ ! / / 8U+ (t/)
dv_(t) _ B B y N Ou_(t)
DA, () YO(t — s)v_(s) /0 dt' Ay (t )78Ay(s) (89)
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The correlator of interest is

(hy (t)2(t)) =

So we get that

[0+ (0) +v-(O]os(6) —v- () = 5 (v (O —v_ () ©O0)

|
N~

Dy(tv 5)

3 (g (0402~ 0-0?))
o osB)

Similarly, we can derive the on-target and off-target uncoupled variances &, (¢, s) and « (¢, s), which
satisfy

ry(t,5) = (04 (Bvs () +v- ()= ()" + (o1 (v (5) = v-(t)o—(5))”
1
kL(t,s) = 5 (v (t)vs(s) +v-(t)o-(s) 92)
Using these functions, we arrive at the following variance for each of the P dimensions
¥a, =01+ Dy)71 Ky (VI + Dy)71

Ya, =(I+Dy) ki (v I+ D) (93)

Using the fact that all A, variables are independent and identically distributed under the leading
order picture, the expected training loss has the form

2 1
(IA]) = AF 1) + 54, (AT (0) + 24, (1) +

where (A, — A%) = L AL(t) + O(N~2). We note that the bias correction if O(N ') while the
variance is O(P/N). We compare the above leading order theory with and without the bias correction
in Appendix Figure[A.4]

(P]; l Ya, () +O(N72).  (94)

J Online Learning

Our technology for computing finite size effects can easily be translated to a setting where the neural
network is trained in an online fashion, disregarding the effect of SGD noise. At each step, we
compute the gradient over the full data distribution p(x). Focusing on MSE loss, we study the
following equation

d
%A(mvt) = _]E:D/Np(m’)K(mvm/;t)A(wlvt) 95)
where K (x,2’;t) is the dynamic NTK and A(z,t) = y(x) — f(x,t) is the prediction error. In
general the distribution involves integration over an uncountable set of possible inputs x. To remedy
this, we utilize a countable orthonormal basis of functions for the data distribution {9 (x)}72 ;.
For example, if p(x) were the isotropic Gaussian density for A'(0, ), then 1 could be Hermite
polynomials. We expand A and K in this basis 1, and arrive at the following differential equation

=3 KA 96)
14

By orthonormality, the average turned into a sum over all possible orthonormal functions {t}.
We note that since K is evolving in time, there is not generally a fixed basis of functions that
diagonalize K, resulting in the couplings across eigenmodes in Equation (96). Since, in online
learning, there is no distinction between the training and test distribution, our error of interest is
simply £(t) = Y, Ay (). To obtain the finite size corrections to this quantity, we compute the joint
propagator for all variables { Ky (t), Ax(t)}. If we wanted to pursue a perturbation theory in rates
(Appendix [Iz), we could again define a transition matrix T and rate matrix R(t) as

R(t) = —logT(1), kae ZKW )The(t) , The(0) = die 97)

We can then obtain A = exp(—R(t))y, where yr, = Eztr(x)y(x). Since R has a finite size mean
correction and finite size fluctuations, so too does the error A (t) and the loss £ (Appendix [P:)
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J.1 Two Layer Networks

In the two layer case, instead of tracking kernels, we could instead deal with the distribution over
read-in vectors w € R” and readout scalars a € R as in the original works on mean field networks
(6 [63]). When training on the population risk equations for  ~ N (0, I)

d : L OA(w) .
P aBxA(x)p(w - x)x = ]Ewa7¢(w cx) + EA(x)p(w - x)w
d
aa =EzA(z)p(w - x) ©8)

The action has the form

S =r / dtdeA(t, z)(A(t,z) — y(z)) + InEq 4 exp ( / dtdxA(t, x)a(t)p(w(t) - ac)) (99)

The Hessian over ¢ = {A,(t), A, (1)} is

0 1+D
vESs = [HDA K A} : (100)
where Da (1, ; 5, 2') = <%a(t)¢(w(t) : a:)> We can use the following implicit rule
3a(t) - t , N " 5‘w(t)
(s 1) YO(t — s)p(z)p(w(s) - &) + VEaz /0 d'A( ) d(w - x' ) - o)
9 .
8A1€9(,tc)1:) =~0(t — s)p(xz)a(s)p(w(s) - x)x
t ! ! ! da(t') ’ "o  Ow(t) /
+7Em//0 dt’A(t',x') {M¢(w.m)+a(t )gb(wm)mm (101)

The above equations could be solved and then used to compute Da (t, x; s, ') which must then be
inverted to get the observed prediction variance.

J.2 Linear Activations

Using the ideas in the preceding sections, we can make more progress in the case of a two layer
linear network in the online learning setting. The key idea is to track the kernel and prediction error
projections onto the space of linear functions. In this case we get the following DMFT over the order
parameter 3(t) = W "a € RP.

%a(t) =7(B — B(t)) - w(t)
Lan(t) = (1) 8. ~ (1)
Bt) = % (a(t)w(t)) (1o

At infinite width, we see that the dynamics can be reduced to tracking the projection of the weights
w and B on the 3, direction. The D — 1 off-target dimensions vanish 3, (¢) = 0. At infinite width,
we arrive at the alignment dynamics studied in prior work [61} (9]

d
B0 = M()(B. — B(1)

CM(t) = 12B(1) (B, — B1)T +2B()(B. — B(1)T

dt
+29%(B. = B(t)) - BT (103)

We note that 3(t) = 5(t)3, and that M has only one special eigenvector 3, with eigenvalue m,, (¢).
It thus suffices to track evolution in this single direction

LB() =m. (B, ~ (1) , ma(6) = 4B(O)(B.  B()) (104)
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We note that this equation is identical to the differential equation for a single training example in
Appendix Here 3, — [(t) plays the role of A, (t) and m, (t) plays the role of the kernel K, (¢).

A key observation is the conservation law 4y % 3(t)2 = £, (t)2, from which it follows that
m.(t)? — 4 =49°B(t) [9]

%ﬁ(t) =2/1+~28()%(8« — B(¢)) (105)

This is identical to the differential equations for a single sample (producing prediction f(¢) and kernel
K (t)) if the following substitutions are made

f(@) < B(t) , K(t) < my(t) (106)
We now proceed to compute finite size corrections starting from the action
S = v/dtﬁ(t) - B(t) + InEexp (—/dtB(t) : w(t)a(t)) (107)

The necessary ingredients are

K(t,s) = (a(t)a(s)w(t)w(s)") —v*B(t)B(s)

= {a()a(s)) (w(t)w(s) ") + (a(s)w(®)) (a(t)w(s) ) € RP*P (108)
Similarly we have to compute the sensitivity tensor
9 DxD
D(t,s) = <8ﬂ(s)Ta(t)w(t)> eR (109)

We start from the dynamics

d d

2wt =7a)(B. = B(1), Za(t) =7(B. — B(t)) - w(?t) (110)

Next, we have to calculate causal derivatives for fields

_0 w(t) = — —s)a(s " — B da(t')
980T (t)=—10(t —s) ()I+7/0 dt' (B, ﬁ(t))aﬁ(s)T
La =— —s)w(s " —B(t ~6w(t,)
a0 = 10— (s + [ ar(p. - o) - o )

Following an identical argument as in we see that D has block diagonal structure with Dg_ (¢, s)
on the 3,3, direction and D (¢, s) in any of the D — 1 remaining directions

Dg, (t,s) = <8ﬂa(s)a(t)wﬁ* (t)> , Di(t,s) = <aﬂf(s)a(t)wl(t)> (112)

Similarly, k(t, s) has a similar decomposition

rp, (t,8) = (a(t)a(s)) (wg, (Hwp, (3)) + (a(s)wg, (1)) {a(t)wg, ()

r1(ts) = (a(t)a(s)) (wi(t)wi(s)) + (a(s)wo(t)) (a(t)w(s)) (113)
The processes have the following equations at infinite width
s, () =70l (B — B0))  alt) = s, (6. ~ B0) . FwiB)=0 (14

As a consequence we note that (w (t)a(s)) = 0 so that k) (t,s) = (a(t)a(s)). Letting vy (t) =
% (wg, (t)+a(t)) and v_(t) = %(w,@* (t)+a(t)), we find the same decoupled stochastic processes

as in Appendix

d

D) =9(8 — (1) &

S0 (t) = —1(B — A1) (1) (115)
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We can use these equations to perform the necessary averages for kg, and Dg, . Lastly, we use
0
———w, (t) = —yO(t — s)a(s (116)
55, (o)L (1) = 100t — )als)
to evaluate D (t, s). The observed covariances are just
%p, = (M =Dp,) kg, (- Dp,) ', 2 =(I-D1) 'ki(\I-D)~"" 17

We note that these expressions are identical to those in AppendixEunder the substitution 3, — 3(t) —
A(t) and D — P. Thus the expected test risk is

(18(8) = B.*) ~ (B(t) = B)* + %2@* (t,1) + (DJ; .

This recovers the variance we obtained in the multiple-sample whitened data case|[L.

Yg, (t,t) + O(N~?) (118)

J.3 Connections to Offline Learning in Linear Model

Remark 1 The finite size variance of generalization error in an online learning setting with linear
target function y = 3* - x has an identical form as the model described above. In this setting, we
sample infinitely many fresh data points x ~ N(0,1) at each step leading to the flow %wi(t) =
va;()ExA(z)x and 2a;(t) = yw;(t) - Eo A(x)x. The order parameter of interest in this setting is
B(t) = A%N Zivzl w;(t)a;(t). The precise correspondence between this setting and the offline setting
is summarized in Table[I} We note that this argument could be extended to higher degree monomial
activations as well, at the cost of tracking higher degree tensors (eg for quadratic activations

N . .
M = % et a;w;w,; € RP*P js sufficient).

Setting | Order Params. | Target | Off-target Dims. | Loss | Variance | Infinite Quantity
Offline | A=y f y P-1 Train [ O(%) D
Online B, — B 3. D—-1 Test | O(%) P

Table 1: Summary of the equivalence between the leading 1/N correction in the offline setting and
the online setting for two layer linear networks. In the offline training setting, the order parameters
are the errors A = y — f € R” while in the online case they are 3, — 3 € RP.

As in the offline case, in Fig. (c) and (d) we see that the variance contribution to test loss |3 — B, \2
increases with input dimension D. We note that this perturbative effect to the loss dynamics is
reminiscent of the deviations from mean field behavior studied in SGD [43} 44], though this present
work concerns fluctuations driven by initialization variance rather than stochastic sampling of data.
In Fig. [3 (e) we show that richer networks have lower variance at fixed N. Similarly, leading order
theory for richer networks more accurately captures their dynamics as D /N increases (Fig. [3|(f)).

K Deep Linear Networks

For deep linear networks, the fields hﬁ(t), gf; (t) are Gaussian and have the following self-consistent
equations

hy (1) =, () + W/t ds Y [AL (8 s) + Au(s) Hy (19)] g0 (s) , wp,(t) ~ GP(O, H )
0

v

gu(t) = r,(t) + W/t dsY  [By,(t,s) + A, (s)Gri (¢,9)] hi(s) , ri,(8) ~ GP(0,G).
0
(119)

v

ont
where HY, (1, s) = (K (OR(s)) and G (1, 5) = (g ()gt(s)) and AL, (1, ) = <6T5(<3> and

12
Bf;,/(t7 s) = <‘Z)if§3> [O]. Therefore, we express the action as a differentiable function of the
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order parameters by integrating over the Gaussian field distribution. For concreteness, we vectorize
our ﬁelds over time apd samplgs ht = Vec{hﬁ(t)}{ue[p]¢eR+}, g’ = Vec{gﬁ(t)}{ue[;z]JeR” we
consider the contribution of a single hidden layer.

. Lopes op 2 1, e
Z, = /dhfdg‘fdh‘fdgf exp <—2hfzuh‘ +ih* - (h* - C'g") — 2h”HW)
1 yerr . 1 -
exp (—zgzﬁfg‘ +ig" - (g" - D'h’) — 29”6’@9@)
where Cf, (t,s) = 7Ot — s) [AL (t,s) + HS Mt s)A(s)] and DY, (t,s) = ~vO(t —

s) [BL,(t,s) + GLEL(t, s)A,(s)]. Performing the joint Gaussian integrals over (h', g, h*, §°)
we find

—H' 0 I —-D'T
1 0 -G* -Cc'T I
InZ, = —= Indet 120
o=yt 1 ot oy, 0 (120)
-D' 1 0 s,

We can then automatically differentiate the DMFT action to get the propagator. For example, for a
three layer linear network, the full DMFT action has the form

1 N N ~ N
§=;T |H'H'+ H°H’ + G'G" + GQGﬂ ~’TrAB

~H! 0 I —D'T]
1 0 _él —_C'T I
— ZIndet
g Y 1 ot 11T 0
-D' 1 0 G* |
—H2 0 I —D?7]
1 2 2T
~ 5 lndet | 752 < ' (121)
-D? I 0 117

where C! = 7y@x and C? = 7yOA © H! + vA and D! = y®x © G? + vB and D? = v©.
This above example can be extended to deeper networks. The total size of the block matrices which
we compute determinants over is 4PT" x 4PT for a dataset of size P trained for 1" steps.

L. Discrete Time Dynamics and Edge of Stability Effects

Large step size effects can induce qualitatively different dynamics in neural network training. For
instance, if the step size exceeds that required for linear stability with the initial kernel, the kernel can
decrease in order to stabilize the dynamics [S7]. Alternatively, during training the kernel may exhibit
a “progressive sharpening" phase where its top eigenvalue grows before reaching a stability bound
set by the learning rate [[19]. It is therefore well motivated to study how dynamics in this regime alter
finite size effects in neural networks. We will first solve a special model which was considered in
prior work [57]: a two layer linear network trained on a single training point. We will then provide
the full DMFT equations for the discrete time case and provide an outline for how one could obtain
finite size effects in that picture.

L.1 Two Layer Linear Equations
In a two layer linear network, the DMFT equations are

h(t+1) = h(t) + myA@)z(t) , 2(t+ 1) = 2(t) + nyA(t)h(t)

£(t) = % (=(t)h(1)) (122)
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The NTK has the form K (t) = (h(t)® 4 z(t)?). We can easily show that the kernel and error have
coupled dynamics

FE+1) = F(E) + 0 (h(t)* + 2()%) A(t) + n?vA#)? (h(t)2(t))

= f(t) + nK(O)A®) + 0> A()* (1) (123)
K(t+1) = K(t) + 4myA(t) (h(t)2(1)) + n*v*At)? (h(t)* + 2(1)%)

= K(t) + 4 A1) f(t) + ° 7y A()* K (t) (124)

These equations define the infinite width evolution of A(¢) and K (¢). Already at this level of analysis,
we can reason about the evolution of K (t). In the small  limit, we could disregard terms of order

O(n?) and arrive at the following gradient flow approximation for K (t) ~ 2/1 +~2f(t)? [9]. This
evolution will not reach the edge of stability provided that < 1 =. For large v and y = 1, this

leads to the constraint 7y < 1. However, if 7 exceeds this bound, the gradient flow approximation is
no longer reasonable and the system reaches an edge of stability effect as shown in Figure[5]

To calculate the finite size effects, we need to compute x and D(t, s) = aA( ) (h(t)* + z(t)*). To

evaluate these quantities we utilize the same change of variables employed in Appendix In
discrete time, these decoupled equations are

v (t+1) = v () + Ao (1), v-(t+ 1) = v (t) — Ao (D). (125)

Given A(t), these can be expressed as linear systems of equations. Now, we can easily compute the
uncoupled kernel variance

At s) = 2 (h()h())? +2 (2(0)2(5))° + 2 (h(1)2(5))° + 2 (=(t)h(s))’
— (0 () (8) + v_ (Ov_ () + (os (Ovi () —v_(Do_(s))>.  (126)
2+ 2(0)2) = (03 (02 + v_(8)2)

s-s{ll )

Similarly, we can calculate D(¢, s) by using the fact (h(t

Ovy (t N Ooug (t
3A+((8)) = ~0O(t — s)v4(s) +§A(t) ai((s))
‘?A—(f)) — O(t — s (s) — ﬂ%A(t’)aalZ((j)) (127)

These can be directly solved as a linear system of equations.

M Computing Details
Experiments for Figures[2] [5|and[A.T|were conducted on a Google Colab GPU with JAX. Experiments

for Figures 4, [6 were performed on a NVIDIA SMX4-A100-80GB GPU. The total compute
required for all Figures in the paper took around 4 hours.
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