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A Proof of Theorem 1 and 2

Theorem 1 Single-source edge-wise GNN can learn rule-induced subgraph representation if ¥ =
+,®=+4,0=+ @ = x,®2% = x. ie, there exists nonzero o ; such that

k
k
€ = E E E E 1Ty, X QiaTyg X o X QT (15)

=1 (u,re,v) (v,90,20)  (Ti—3,Yi—2,u)

i

Proof In this case, the rule-induced subgraph representation is:

k

Su,m,v = E E E E Q1T X Qalyq X oo X QL o (]6)

=1 (u,r¢,v) (v,90,%0)  (Ti—3,Yi—2,u)

)

Then we will show that single-source edge-wise GNN can learn this rule-induced sugraph representa-

tion in induction.
k = 1. we have
1 1 0 0
eu,rt,v = hu + th = th + Z (hmo + ewo,yoﬁu) X ryo
(0,y0,u)ET
Note that e) ., # 0if and only if (¢, yo,u) = (u,r¢,v). However, this is impossible as u # v.
Thus e}”w satisfies the definition of rule-induced subgraph representation.
k = 2. we have:
2 2 1 1 1
eu,rt,'u = hu + eu,rt,v = Z (ha:g + emo,yo,u> X ryo + r’Ft
(z0,y0,u)ET
1
= Z 2h, X1y, +1p
z0,Yo,u)ET
(z0,y0,u) ) ) a7
= Z Z Q(hml + exlyylwo) X Ly, X Ty, + Tr,
(w0,y0,u) (£1,y1,%0)
0
— Z Z 2€) 41 2o X Tyy X Tyy + Ty,
(®0,y0,u) (£1,y1,%0)
We can find that €, . # 0ifand only if (z1,y1,%0) = (u,7,v), i.e. there exists both (u, 7y, v)
and (v, 7, u). Obviously, ei,mv satisfies the definition of rule-induced subgraph representation.
Assume that this conclusion exists for n < k — 1. Now we check the k-th term.

k—1
eﬁ,m,v = hfj + Z Z Z Z 0Ty, @ Qaly, _, ® .o @ Ty,  (18)

1=1 (z0,y0,u) (z1,91,%0)  (V,¥i—2,%0)

i—1
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a0 First, we consider h”.

k __ § k—1 k—1
hu - (hmo + ewo,yo,u) X ryo

(z0,Y0,u)
k 2 k 2
E E : h 11;91;930) X Ty, X Tyq + 2 : $0,y0, X Ty,
(z0,Y0,u) (z1,Y1,%0) (z0,Y0,u)

§ § § 0
emk—lgyk—l’mk—Q X Ty X Ty o X oo XTIy

(zo,y0,u) (x1,y1,20)  (Tk—1,Yk—1,Tk—2)

k (19)
1
+ g g g C oYk 2, T3 X Ty o X oo X Ty
(zo,y0,u) (Z1,y1,20)  (Th—2,Yk—2,Tk—3)
k—1
+
=+ E ezo Yo,u X ryo
(z0,y0,u)
. 0 .
411 Notice that g g g €tk ran s X Tyeoy X Ty X oo X Ty #£0if

(z0,y0,u) (T1,y1,%0) (Th—1,Yk—1,Tk—2)

k
412 and only if (z—1,Yk—1,2x—2) = (u,rs,v). In this situation, this term is exactly the k-th term in the

413 expression of eﬁ v+ NOW We want to prove that:

1
E E E € o sians X Typ_y X oo X Ty

(zo,y0,u) (T1,91,%0)  (Th—2,Yk—2,Tk—3)

k—1 20)
_|_

+ § : Io,yo, Xryo

(z0,Y0,u)

414 can be fused in top £ — 1 term of Equation. Let’s check the j-th term of Equation.

13



415
416
417

418
419

420
421
422

423
424
425

426

427

k—j
E E E € vy e X Tyjo1 X oo X Ty

(z0,y0,u) (z1,91,%0)  (Tj—1,¥j-1,%—2)

J
- k—j—1 k—j
= E E E (€, gy vo; o ThHe 7)) XLy, XX Ty,

(zo,y0,u) (z1,91,0)  (%j—1,¥j-1,Tj-2)

j
_ 0 k—j 1
= E E E (€2, 1y, 10,0 The i+t 4hy )Xy, X XTy,

(zo,y0,u) (21,y1,%0)  (Tj—1,Yj-1,T5—2)

J
= eo Xr X Xr
- E : E : E : ZTj—1,Y5—1,L5—2 Yji—1 Yo

(zo,y0,u) (z1,91,%0)  (®Tj—1,Yj-1,T5—2)

(wo,y0,u) (z1,91,%0)  (®j—1,¥j-1,2j-2) (T5,9;,2j-1)

Jj+1
k—j—1 0 k—j—1 0
(h; +othy deg d ey e ) X Ty X X Ty,

2n
Note that egjfhyjfhw # 0 if and only if (x;_1,yj-1,2;-2) = (u,r¢, v), thus the term can be
fused into the j-th term of Equation. el , can be fused into the (j + 1)-th term and so on.

Therefore, we have:

k—j
E E E € s ray_a X Tyjo1 X oo X Ty

(zo0,y0,u) (z1,91,20)  (Tj—1,¥j-1,2;—2)

FRCEREFES

J

k
= E E E E O 1Tp, X Qg X oo X Oyl o

1=1 (u,r¢,v) (v,90,%0)  (Ti—3,Yi—2,u)

(22)

i
There, we prove that single-source edge-wise GNN can learn rule-induced subgraph representation in

this case. O

Theorem 2 Single-source edge-wise GNN can learn rule-induced subgraph representation if & =
D,P=03,0=0 Q' =®,0% =R, where ® and ® are binary operators that satisfy 0 ® a =
a,0® a = 0. i.e., there exists nonzero «; j such that

k
eﬁ,,,,t,u = @ @ @ @ (675 & Q2T ®...Q Qi o (23)

1=1 (u,r¢,v) (v,y0,20) (Ti—3,yi—2,u)

%

Proof  Without loss of generality, we can replace + with @ and x with ® to represent a binary
operator, then we directly get this theorem. Note that we should ensure that & and ® satisfy
0@ a=a,0®a= 0, which we use in the process of proof. ]

B Details of Datasets

We summarize the details of inductive relation prediction benchmark datasets in Table 5]
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Table 5: Statistics of three inductive datasets, which contain four different versions individually. We
use #E and #R and #TR to denote the number of entities, relations, and triples.

WN18RR FB15k-237 NELL-995
#R #E #TR  #R  #E #TR  #R #E #TR
1 train 9 2746 6678 183 2000 5226 14 10915 5540
VU test 9 922 1991 146 1500 2404 14 225 1034
V2 train 10 6954 18968 203 3000 12085 88 2564 10109
test 10 2923 4863 176 2000 5092 79 4937 5521
3 train 11 12078 32150 218 4000 22394 142 4647 20117
V2 test 11 5084 7470 187 3000 9137 122 4921 9668
4 train 9 3861 9842 222 5000 33916 77 2092 9289
YT test 9 7208 15157 204 3500 14554 61 3294 8520

C Implementation Details

In general, our proposed method is implemented in DGL[34]] and PyTorch[33]] and trained on single
GPU of NVIDIA GeForce RTX 3090. We apply Adam optimizer[37] with an initial learning rate
of 0.0005. Observing that batch size has little effect on the performance of the model, We adjust
batch size as large as possible for different datasets to accelerate training. We use the binary cross
entropy loss.The maximum number of training epochs is set to 10. During training, we add reversed
edges to fully capture relevant rules. The number of hop 4 is set to 3 which is consistent with existing
subgraph-based methods. We conduct grid search to obtain optimal hyperparameters, where we
search subgraph types in {enclosing, unclosing}, embedding dimensions in {16, 32}, number of
GNN layers in {3, 4, 5, 6} and dropout in {0, 0.1, 0.2}. Configuration for the best performance of
each dataset is given within the code.
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