a1 A Proofs
472 A.1 Proof of Theorem[d.1]

473 Proof. By the definition of (vpg, ](31]%, 1()2E)>, we have:

Evne S50, 5. 5) = ()£ 02 [ oxp( 31wl + 207 Aw
W T (BWx + B®@y) +xTCWx + ch<2>y> dw

= (271')*%D2 exp (xTC(l)x + yTC(2)y>

X /Rd exp (;wT(Id —4A)w +w (BWx + B(z)y)) dw.

474 Since 8A < I;, we have 4A < 0.51; < I;, meaning that I; — 4 A is positive definite and invertible.
475 The following identity is straightforward to check:

1 1 1
_5“’T(Id —4A)w +w' (BWx+B®y) = 5 (w- w)' = w—p)+ §/~‘T2_1N7
¥ =(I;-4A)"Y, p=32BWx+B®y).

476 Therefore, we have:

_ 1 _
o fop(w, X) fSM (w,y) = (27) Y2 D? exp (XTC(l)X+yTC(2)y+ §HTE 1u>

X /Rd exp (—; (w-p) = (w- u)) dw.

477 Next, we use the fact that the integral of the multivariate Gaussian distribution with mean @ and
478 variance X is 1:

(2m)~4/2 det(E)_1/2/

| exP (—; (w-p) = (w- u)) dw = 1.

479 From that we conclude:

1
Evps fop (@, %) fon(w,y) = D?det(£)/2 exp (XTC“)X +y'CPy+ 2MT21N)
= D?det(I; — 4A) "2 exp (xTC(l)X +y CPy
1
+§(B(1)x +BPy)T (1, —4A) ' (BWx + B<2>y)>

1
= D?det(I; — 4A) "2 exp <xT (C<1> + §(B(1))T(Id - 4A)1B(1)> x

1
+y ' <c<2> + §(B(2))T(Id - 4A)1B<2>) y+x (BM)T (1, - 4A)1B<2>y>.

a0 Based on this expression, we conclude that, indeed, E, SE) (w,x) f](32E) (w,y) = KO (x,y) for all
181 X,y € R if the conditions from theorem’s statement are satisfied.

sg2  Next, we calculate expression for the variance. For any random variable Z, Var Z = EZ? — (EZ)?.

g3 In particular, if Z = f]glpi(w, X) ](DZFZ(w, ¥), w ~ Vpg, wWe get:

2
1 2 1 2 1 2
Vatyo o (@, %) 550, ¥) = Buo fin (@, %)% £ @0, 9)? = (Buns F (@, ) 5@, ) )

1 2
= Eup fop (@, %) 2 fim(w, )2 — KO (x,y)2.
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‘We have:

1
Evor fp8 (@, %)% fip (@, y)* = (2m)* D* / exp<2||w||2 +40TAw + 20T (BVx + BPly)
R4
+2x'CWx + 2yTC(2)y> dw = (271')%D4 exp (QXTC(DX + 2yTC(2)y>

1
X / exp <—2wT(Id —8A)w + 2w (BWx + B(Q)y)) dw.
Rd

Evaluation of the integral above can be done in the same way as calculation of

Eop ]glE)(w,x) ]ng)(w y), noticing that I; — 8A is positive definite and invertible. The result

is as follows:

Evpe S (@.%) 5 (w,y)” = D* det(Ly — 8A) ™/
X exp <2xT (C(l) + BT (1, — 8A)_1B(1)) x
+%ﬁ(d”+um%T@r@Ar%WQy+4§%ﬂ”fad—&g*BQW)
We conclude that the variance expression given in the theorem’s statement is correct. O

A.2 Important lemma

Below, we prove an important lemma which is used in the subsequent proofs:
Lemma A.1. Consider a function f : (—oc, §) defined as

¢

1
A) =log(l —4A) — = log(1 — 84 14
F(4) = log(1 — 44) ~ Slog(1 —84) + 2 (14)
where ¢ > 0. Then, the minimum of f on (—oo, §) is achieved at
1
AF = 160—a¢— Q¢+u2+w). (15)

Proof. Sety = (1 —8A4)~! € (0,+00). Note that there is a one-to-one correspondence between
v € (0,4c0) and A € (— oo,é He nce, we can substitute y~! = 1 — 84 and 1 — 44 =
(1-84)+1)2=(yv1+1)/2= 27 in (14) and equivalently perform minimization with respect
to y:

. +1 1 1
min h(y) =log <7> + —logvy+ ¢y =log(y+ 1) — = logy — log2 + ¢n.
v€(0,400) 2y 2 2
For h(-)’s derivative, we have:
1 1 N1
WA)=¢p+ —— — — =+ ———— 16
() =¢ ooy WA A S oS (16)
2+ 1)+ -1 207+ (20 +1)y— 1 (17
2y(v+1) 2v(y+1) '

Based on (16), we see that h/(y) — —oo asy — 0 and A'(y) > ¢ > 0 for all v > 1. Hence,
we conclude that h(-) is bounded from below on (0, +00) and the global minimum ~* on (0, +00)
exists and it is one of the points satisfying h'(v*) = 0. Hence, it’s one of the positive roots of the
polynomial in numerator of (I7).

If ¢ = 0, there is a single root v* = 1 of the polynomial in the numerator of (I7), hence it is a global
minimum of A(-). If ¢ > 0, then there are two roots of the polynomial in the numerator of (17):

. _—(20+1)—/(2¢4+1)>+8¢
7—_ 4¢ 9
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—20+1)+ /(204 1)+ 8¢

4¢ '
s04 Note that, if ¢ > 0, then 2¢ + 1 > 0 and (2¢ + 1)% + 8¢ > (2¢ + 1)2. Hence, v* < 0 and
505 4 > 0. We conclude that v* = 7 is the minimum of A(-) on (0, +-00). We multiply numerator and
506 denominator of ’s right hand side by (2¢ + 1) + /(2¢ + 1)2 + 8¢ > 0:

ot o (2OHD)TH88) (2041 2
i 16 (o +1)+ V2o + 17 +80) 201+ V(20 +1)7 +86

507 Note that the right hand side of (T9) is equivalent to @) when ¢ > 0 but also holds for the case
sos8  when ¢ = 0 (i.e. when v* = 1). We conclude that f(-) is mlmmlzed at A* = 1(1— (y*)™') since

509 v* = (1 —8A4%)~L It’s easy to see that follows from (19) directly. O

V= (18)

19)

510 A3 Proof of Theorem 4.2]

st Proof. With A = Al, the conditions from Theorem [ 1|read as

1

1
84<1, —— BNMYBA =1, Cc®W=—— - BINTBK D= (1-44)%*
<1, ——(BY) . sy B BY, D=1 -4
(20)

s12 for k € {1,2}. And the variance expression (EI) for all x,y € R? transforms into

_ 1
VarVADEfADE( )fﬁ))E(wa.V) = D*(1 - 84)" " exp (QXT <C(1) * 1-84 (B(l))TB(l)) *

+2y " <C(2> + 1_&4(B(2))TB(2)) Y+ 8AxT(B(1))TB(2)y> —- KO(x,y)2.

513 We express C(®) through A, B(*) and D through A using in the equation above:

2) 1—44 \* 2 1
VarVADEfADE(wvX)fADE(""?Y) = (1&4) eXP(<1 84 1= 4A> XT(B(l))TB(l)X

2 1 4
+ ( - > y (B@)TB®y 4 ?XT

1-8A4 1-44 8A <B(1))TB(2)y> ~ KO y)*

514 Since 4 (BM)TB® is a full-rank matrix I, (2 , both B and B® are full-rank. Hence, we
515 can express B® = (1 —44)(BM®)~T. Also, note that

2 1 2-84-1+84

1-8A4 1-4A (1—8A)(1—4A) = (1-8A4)"1(1 —44)

516 We rewrite the expression for the variance using the identity above and the formula for B():

1—44
v1—8A
+(1-84)71(1 —4A)y (B TBW) "ty + 4(1 —84)"1(1 - 4A)xTy> - K9(x,y)%

d
Var,, o f\Dp (@, x) f D (w, y) = ( ) eXp((l —84)71(1—44)'xT(BM)TBWx

517 We use the expression above to rewrite (8) for (v, f(V), f2)) = (vapg, f/gll%E, f/(j%E) as follows:

L(OapE; X, Y, Tave) = L2 > log(Var,, . fiDg (@, xD) D (@, yD) + KO (xD,y 1))
1<i,j<L

= dlog(1 — 4A) — glog(l —8A) + (1 —8A)" (1 —44)"1L! Z OYT(BM)TBMx®

~

+(1—84)71(1 —4A)L Z TBOY=1BW)~TyW)
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+4(1—-8A) (1 —44)L72 > (xD)Ty0) (21)

1<i,j<L

st Denote E = (B(Y)) "B, Then (21)) becomes:
_ d
L(0apE; X, Y, Tape) = dlog(l — 44) — - log(1 — 84)

L
+(1-84)7 (1 —44) 'L (x@) TEx

i=1

~

+(1=8A) 11 =4 LY (yO)TET YW 4 4(1 - 84) (1 —44) L2 Y (xD)TyY).
j=1 1<4,j<L

(22)
519 We next prove the following lemma:

s20 Lemma A.2. Let BD* = 1T —4AXY2UT(AM)=1/2(QM)T. When A (8A < 1) is fixed,
set  E = E* = (BW*)TBW* minimizes the right hand side of with respect to E.

522 Proof. We have:

L L
Lt Z(x(i))TEx @ -1 Z Trace((x) TEx®) = L7} Z Trace(Ex® (x()T)

i=1 i=1
= Trace (E (L_l Z x(0) (x(i))—r>> = Trace(EMW)
i=1

523 where we use the cyclic property of trace Trace(-) and linearity of trace. Analogously, we obtain
s L1 Z LyONTE ly() = Trace(E~'M®). Assuming that A is fixed, optimization of
525 w1th respect to E reduces to the following minimization problem:
i E) = 3 Trace(EM" Trace(E~'M®) 2
pcin F(E) = p1Trace( ) + B2 Trace( ) (23)
526 where 81 = (1 —8A4)71(1 —4A4)7!, By = (1 — 84)7!(1 — 4A) and the constraint E € S, E = 0
s27  follows from the fact that E = (B(W)TB() and E is invertible. We have 1 — 84 > 0 and

s28 1—4A=(1—-8A)/2+1/2> 0. Hence, 81,52 > 0. Forany E > 0 andany A € S, thereist € R
s29 small enough such that E + ¢B is invertible and the following Neumann series is convergent:

(E+tA) ' =E (I, +tAE )t = i(—t)lE‘l(AE‘l)l
=0

530  We further deduce:

Trace((E + tA)"'M®)) = Trace <<i )l> M(2)> —

1=0
Z Trace( *I(AEfl)lM(Q))
1=0

531 and, therefore,

F(E+4tA) = B Trace((E + tA)YMW) + g, i(—t)lTrace (E_l(AE_l)lM(2)>
1=0

= B Trace(EMW) + ¢4, Trace(AMW) + 3, Z ) Trace ( *I(AE*I)IM(2)> . (24
1=0
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546

Further, we have:

%F(E + tA) BlTrace AM( + Ba Z ltl ITvace (E ( 71(AE,1)1M(2)) 7
2
- _ _1\! _ 1—2 1 1\ 2)
(at)g}-(E‘FtA) = B2 ;( 1)"(l — 1)t'~“Trace (E (AE~H'M ) ,
2
i SsF(E+tA)l =28y Trace (EflAEflAEflM@)) . 25)
(875) —o

We replace M) = Q2 (AP)1/2(A)1/2(Q@)T and apply the cyclic property of trace in :
2

ok S F(E+1A)

= 23 Trace ((A(Q))1/2(Q(Q))TE_lAE_lAE—lQ(Q) (A(2))1/2>
t=0

= 2B Trace (TEflTT)

where T = (A?)1/2(Q@)TE~'A. Since E is positive definite, E~! is also positive definite and
TE!T" is at least positive semidefinite. Hence, Trace (TE’lTT) > 0 and also %}"(E +

tA)|i=o > 0. We conclude that F(E) is a convex function on {E € S;|E > 0}. Since {E €
Sa|E > 0} is an open set, (every) global minimum E of satisfies two conditions

DE=0, and 2) VF(E)= 044 (26)

Set ¢ = 1 and assume that A € Sd is small enough by norm so that E + A is invertible and the
Neumann series for (I; + AE~1)~! is convergent. Then, . 24)) holds for t = 1:

F(E+ A) = B Trace(EM™M) + 8, Trace(AM®) + 3, Z(fl)lTrace (E*l(AE*1)1M<2>)
=0

= F(E) + 8 Trace(AM®M) + 3, Z(—l)lTrace (E_l(AE_l)lM(Q))
=1

= F(E) + ) Trace(AMWM) — B, Trace (E_lAE_lM(2))
+52 Z(—l)lTrace (Eil(AEfl)lM@)) :
1=2

Clearly, B2 32, (—1)!Trace (E7(AE~)'M®) = o(||A||) where || - || is an L-norm. Also,
using the cyclic property of trace, we get:

Trace (E—lAE—1M<2>) — Trace (AE‘lM(2)E‘1> .
Therefore, we have:
F(E+A) = Trace (A (MY - BEMPE) ) + oA, @7
Since A, E~1, MM M® e S, from (27) it follows that
VFE) = /MY - g, E-'MAEL, (28)
Let E* = (BM*)TBMW* - (. Note that

o[ B2 (1-8A)"1(1—-44)
\/; \/1—8A —4A)-1 L-44.

Since \/fB2/p1 # 0, 2, U, A2, QW are full-rank, E* is also full-rank, therefore E* > 0 and it
satisfies condition 1 from (26). Observe that

E*Q( 1) 1/2 _ \/MQ(I A(l 1/2U2UT( ) 1/2(Q(1))TQ(1)(A(1))1/2
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566

~ VRIRQU(AY) Uyt

= /B2// QWA V2unvTVUT

S /ﬂz/ﬁlQ(l)(A(l))_l/Q((A(l))%(Q(l))TQ(Q)(A(Q))%)VUT
_ /Bz/ﬁlQ(Q) (A(Q))1/2VUT

where we use definitions of E*, U, X, V and orthogonality of Q(l), Q(Q), U, V. Hence, we deduce
that

B EMOVE* — BIE*Q(l)(A(l))l/Q ((A(l))l/Q(Q(l))TE*> (29)
= 51&q(2)(A(2))1/2 ((A(2))1/2(Q(2))T)
A
= B,M® (30)

by the definition of Q(V), AW, Q®), A® and due to orthogonality of V, U. By left- and right-
multiplication of by (E*)~! we deduce that
ﬁlM(l) — B2(E*)_1M(2) (E*>_1

or, in other words, VF(E*) = 044 and the condition 2 from is also satisfied. We conclude that
the global minimum of (23) is achieved at E*. O

fixed. Indeed, if there is B(") which leads to a smaller value of (21), E = (B())TB(1) would lead
to a smaller value of ’s right hand side. Also, this E is positive definite by definition (note that
B is nonsingular), leading to contradiction with Lemma

According to Lemma|A.2] B = B(M* is a global minimum of (21)’s right hand side when A is

Substituting E* instead of E in 1| corresponds to the minimum value of £(@ack; o, X,Y, TaGe)
for a fixed A. Our next step is to minimize this expression with respect to A. Denote F =

QWA -12UsUT(AM)~1/2(QM)T . Then E* = (1 — 44)F where F doesn’t depend on A.
We substitute E* into and get:
dlog(1 —44) — glog(l —8A4) 4 (1 — 84)7 (1 — 44) ' Trace((1 — 44)FMY)
+(1 —84)7H(1 — 4A4) Trace((1 — 44)'F~1M®)

+4(1-8A4) M1 —44) L7 > (x)Ty®
1<i,j<L

= dlog(1 —44) — glog(l —8A) + (1 — 84) ' Trace(FMW) + (1 — 84) ' Trace(F~'M®)

+2(1+ (1 —84)71) du® (31)
where we also replace
L T /L
L2 Z (X(i))Ty(j) — 2 <Zx(i)> Zy(j) = dp®
1<i,j<L i=1 j=1
and
(1—8A4)"1(1—44) = a-8d+1_1 (1+(1-84)7")

2(1—84) 2
Based on and since F = /3,/BE*, we conclude that FM(MWF = M®), or MWF =
F~'M®). Using the cyclic property of trace, we get:

Trace(FM™) = Trace(MVF) = Trace(F~'M®).

By the definition of F, A(l), Q) and using the cyclic property and orthogonality of QM) U, we
have:

Trace(FM™M) = Trace (Q(l)(A(l))*lﬂUgUT(A(l))*1/2Q(1))T (Q(l)A(l)(Q(l))T>)
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= Trace (Q(l)(A(l))*l/QUEUT(A(l))1/2(Q(1))T)

= Trace (EUT(A(l))l/Q(Q(l))TQu)(A(l))—l/zU)

d
= Trace(X) = Z 3.
1=1

s67  Hence, (1) finally becomes:

d
dlog(1 — 4A) — glog(l —8A) +2(1—-84)" Y "y +2(1+ (1—84)7 ") du®
=1

d
1
=d <log(1 —44) — 5 log(1 —84) +2(1 - 8A)~1 <d—1 pRITEE u(3)> + 2u‘3)> . (32)
=1

ses8  Next, we use Lemma (¢p = d 1 Zle %, + p® > 0) for deriving expression for A which
se9 minimizes (32). This expression coincides with the one in Theorem’s statement. The expressions
s for B, CI C® follow directly from (20), optimal B®) = BMW* and A. follows from (32).
571 The proof is concluded. O

572 A4 Proof of Theorem 4.3
573 Proof. With B() = B(2) = B and C(V) = C(® = C, the conditions from Theoremread as

1 1
8A <1I;, B'(I;—4A)"'B=1,, C= —iBT(Id—zLA)*lB = —§Id, D = det(I;—4A)"/4,

(33)
57 Denote Q = (I — 4A)~ /2B € R?*9, Then, according to , Q'Q =1, thatis Q € Q4. We
575 rewrite (EI) using and then substitute B = (I — 4A)'/2Q:

Var oo s foe (@, X) il (w, y) = det(Ty — 4A) det(I; — 8A) /2 exp <|x||2
+2x BT (I; - 8A) 'Bx — ||y|? +2y ‘B (I, —8A) 'By + 4x 'B" (I, — 8A)1By>
KO (x,y)? = det(I; — 4A)"* det(I; — 8A) /2 exp <_|x|2 - 2x"QTEQx — |ly|?

-2y "Q"EQy — 4XTQTEQy) - KO(x,y) (34)
576 where we denote:
E=—(I; — 4A)Y?3(I; — 8A) 1 (I — 4A)/2 = —(I; — 4A)(I; — 8A)~?
1 1 1
=5 (Tg—8A) + 1) (I — 8A) ™! = —5la - §(Id —8A)! (35)
577 which is in D, since A € ID,. Next, we observe:
2x"Q'EQx+2y Q'EQy +4x' Q'EQy =2(x+y)  Q'EQ(x +y)

578 We plug this into (34) and use the resulting expression to rewrite for (v, fD, f2)) =

579 (VsDE, fS%)E, f§2D)E> as follows:

L(0spe; X, Y, Tspe) = L2 > log(Varyep, fips (@, x@) D (@, y9) + KO (xD, y0))
1<i,j<L

L L
1 ) .
= logdet(Iy — 4A) — - log det(I; — 8A) — L7 @2 =7y Ty 912
i=1 j=1

_9o[,~2 Z (X(i) + y(j))TQTEQ(x(i) + y(j)). (36)
1<4,j<L
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s80 Using linearity and cyclic property of trace, we deduce that

L2 Z (X(i) + y(j))TQTEQ(x(i) + y(j)) -

1<ij<L

=L? Z Trace ((X(i) +yNTQTEQ((x™ + y(j))>
1<ij<L

—1 Y Trace (QTEQ(Y +y)x +y0)T)
1<i,j<L

=Trace [ QTEQ (L2 Y (x@ +yW)(x® +y0)T
1<i,j<L

ss1  Observe that
2 Z (X(i) + y(j))(x(i) + y(j))T -
1<i,j<L
- Y (Xu)(X(i))T +xO ()T 4y (xNT 4 ym(X(j))T)
1<i,j<L

L L L T L L T
— LS KOO T 4 <lex<z‘>) LSy | 4 (2 Sy <lex<z‘>)
i=1 i=1 i=1 =1 i=1
L . .
FL Yy ()T = MO 4 @ ()T 4y ()T 4 M,
J=1

se2 Denote N = M 4+ @ (O T 4 4G ()T 1 M), We conclude that

L
1 ,
L(Bsprs X, Y, Tspr) = log det(Is — 4A) — 5 logdet(Iy — 8A) — L) x@)2
=1

L
L") " |lyY|]? - 2Trace (Q"EQN) . (37)
j=1
se3 With A fixed, we minimize the right hand side of with respect to Q which is equivalent
584 to minimizing £(0spr; X, Y, Tspr) with respect to B with fixed A, since there is a one-to-one
sss correspondence between B and Q. This is equivalent to maximizing, again using the cyclic property
sgs  Of trace,

Trace (Q ' EQN) = Trace (EQNQ") (38)

s87  with respect to Q. We prove the following lemma first:

sss  Lemma A.3. Suppose that diagonal entries of E are all distinct, and the same holds for A®) Let
ss9 I € {0, 1}7%9 be a permutation matrix sorting diagonal entries of E (i.e. by applying IEI' )ina
500 descending order corresponding to a permutation ™ € N%. Set Q* = HT(Q(3))T € Qy4. Then we
591 have:

d
Trace (EQ'N(Q")T) =Y En, Al (39)
1=1
= sup Trace (EQNQT) (40)
Qe0y

s92  Proof. First of all, we have:

Trace (BQ*N(Q*)T) = Trace (EHT(Q<3>)TNQ<3>H) — Trace (EHTA(3)H) 1)
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610

611
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613
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616

= Trace (MBI A®) = 3" B, AfY, (42)
=1

i.e. (39) is satisfied.
Optimization for finding supgcp, Trace (EQNQ") is a well-studied problem [8]. By the definition,

A® has eigenvalues of N on the main diagonal and E € D, hence it contains its eigenvalues on its
main diagonal. Then, as proven in [8], Q* is indeed a global maximum of this problem in the case of
distinct eigenvalues for E and N. That is, is proven. O

Next, we prove a generalization of Lemmawhen diagonal entries of E and A® are not necessarily
distinct:

Lemma A.4. Let II € {0,1}9% be a permutation matrix sorting diagonal entries of E (i.e. by

applying HEHT) in any non-ascending order corresponding to a permutation ® € N?. Set
Q* =TI (Q®)T € Q4. Then we have:

d
Trace (EQ*N(Q")") = > En xA (43)
=1
— < T
= sup Trace (EQNQ") (44)
Qe0q

Proof. In the same way as 1 , we show that Trace (EQ*N(Q*) ") = 27:1 Em.,mAz(i)’ ie.
(43) is satisfied. Next we prove that for any Q € Oy,
d

Trace (EQNQ') < Er ALY (45)
=1

which would imply (@4).

Our proof is by contradiction. First of all, we can assume that E, A® are nonzero matrices since
otherwise we have (44) trivially. Since Trace (EQNQ ") is a continuous function of Q and Qy is

compact, supgeg, Trace (EQNQ") is finite. Suppose that there is § > 0 such that

d
§ = sup Trace EQNQT ZEm - (3) (46)
Qe@d =1

~ ~(3
Let E, A( ) € D, be matrices with all distinct values on the diagonal such that

~ ) ~(3) 1)
E—E|p <min(|E|p,——— 1], A7 —A®||p < ——— (47)
I - Bl < (n e 50 A(3)||F> || Ie < e
where | - || denotes Frobenius norm and ||E|g, |A® ||z # 0 since these are nonzero matrices.

~(3

Further, we assume that diagonal entries of A"~ are sorted in a descending order and, in addition
~ ~ ~(3

to A(3), 7 also sorts entries of E in a non-ascending (descending) order. Clearly, such E, A( ) can

- ~(3
be obtained by small perturbations of E, A®). Also, denote N = Q(3)A( )(Q(?’))T. Since Qy is
a compact closed set and Trace (EQNQ") is a continuous function of Q, there exists Q** € Qg
such that
Trace (EQ**N(Q**)T) = sup Trace (EQNQT) . (48)
Qec0y

~ ~(3) ~
By the definition of E, A( ), N, we have:

Trace (EQ**N(Q**)T) — Trace (EQ**N(Q**)T)
= (Trace (EQ**N(Q**)T) — Trace <EQ**N(Q**)T)) + (Trace (EQ**N(Q**)T>
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620

621

622

623
624

625

626

627

—Trace (EQ**N(Q**)T)
= Trace (EQ** (N - N) (Q**)T) + Trace ((E - f]) Q**N(Q**)T> .
Next, we apply Cauchy-Schwarz inequality to both terms:
Trace (BQ™ (N = N) Q™)) < (Q)"E[lr [(N = N)(@Q")T|lr = | Ell¢l|IN — N,

Trace ((E - E) Q“N(Q™)") < (@) (E - B)|s|N(@Q"™) ¢ = |E - Elle|N|lr
where we use invariance of the Frobenius norm under multiplications by orthogonal matrices. Using
this invariance again, we deduce that

< ~(3)
IN - NJp = [Q¥A® — A7) Q)5 IIA(?’)—A [

INJle = 1Q@A Q) T [lp = A .
We conclude that
ok Hok I )k N *ok ~(3) o~ ~(3)
Trace (BQN(Q™)") < Trace (BQN(Q")" ) + Bl [A® - A" s + BBl JA .
(49)

~ ~(3
Next, we apply Lemmato E=E,A® = A( ) and deduce that

d
Trace (EQ**N ) Z Erom Ay = Z (E,,WA}?) n <E,,m - E,,m) Al

= (3) 3
JrE‘szﬂ\‘l (All - ( )>)

d d
3) 3) 3
= Z Eﬂ'm"zAl(,l + Z ( LT 7\'177”) Al(l Z T (Al [ Al(,l)>

=1 =1

d -
= Z EmmAl(i) + Trace <H(]§ - E)HT./N\(?’)) + Trace <HEHT(1~X(3) - A(3))> .

We apply Cauchy-Schwarz inequality again to the second and the third term:

3

nace(mE—EmTK )<||<E B [ [T AY | = B~ Ble) A7,

(3)

~ ~(3) ~ ~
Trace (TBIT (A" - A9) ) < BT o1 (A = A®) s = B A~ A

where we use invariance of the Frobenius norm under column and row permutations. We conclude
that

Trace (BQN(Q™)T) < ZEM D4 1B~ Ele A s + [Be|A” — A®r.
We combine this inequality with @]) and obtain:

Trace (EQ**N(Q™) ZEMAE‘?+2HEHF||A<3> Dlr+ 2B Ellr| A e G0)
=1

Next, we use triangle inequality and deduce that
~(3) ~(3)
A lr < AP p + 1A — A®r.

Hence, we continue (50):

d
Trace (EQN(Q™)") <Y B, m, A7) +2/|E[r AP
=1
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<) - <)
A 2B - Bl (||A<3>||F LAY - A<3>|F)

d
3
=Y Enm ALY +2/E[p|A® — A Dlp + 2 AD |6 |E - Ellp +2|E - Bllp|A” — A®) |
=1
d
Z B A + 2 E[6|A® — A7 |5 4+ 2 AD |6 E = Bllp + 2 B[ A — AD s

625 where in the last transition we use ||E — E||p < || E||p which is according to l| We continue this
620 chain of inequalities using (7)) again:

d d
5
Trace (EQ"N(Q™)") <> En, » A} + 75 + 75 + 75 - ZE,U,,”AZ(?;) +2
=1 =
d
<> Em,mAz(i) + 6.
=1

630 This is a contradiction with (46)) taking into account Q**’s definition (48)). Hence, is proven. [

63t Let Q* be defined as in Lemma s statement. Further, we denote w(A) = 7, II(A) = II where
632 7, II are defined as in Lemma|A.4[s statement. That is, 7v(A) denotes some permutation which sorts
633 diagonal entries of E in a non-ascending order. It’s a function of A since E is a function of A defined
634 in . In fact, based on , we see that 7w(A) is some permutation which sorts diagonal entries of
635 A in a non-descending order. IT(A) denotes a permutation matrix corresponding to 7 (A ). That is,
s36 diagonal entries of ITI(A)ATI(A)T are sorted in a non-descending order.

637 Let G(A) denote the right hand side of where we substitute Q = Q*. That is, G(A) is an
633 optimal value of £(0spg; X, ), Tspe) with A fixed:

L
G(A) = logdet(I; — 4A) — = 1og det(Iy — 8A) — L1 Z IxO2 = L7 ly9)”?

3)
—2) Era)yna)Al
=1

L
= log det(Ly ~ 1A) ~ 3 log det(T, — 84) L' Z I =27 5 Iy I
d
£ (14 (1= 8Anayman) ) AL ey
=1

639 where we use E’s definition (35). Let 7~!(A) € N¢ denote a permutation inverse to 7(A). By
640 rearranging terms in the sum, we have:

d
— 3 _ 3
Z (1+ (1= 8Ax(a)y.m(a)) ) Az(,z) = Z (T+(1-8A;)7") A;L(A)l,ﬂ—l(A)z.
=1 =1
641 Therefore, we have:
L
G(A) = logdet(ls — 4A) — 5 L log det(y — 8A) — L Z @2 = L7 3 [y @)
d
F2 (U (1= 8A) T A 4y mr (52
=1
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647
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650
651
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653

654
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656
657

Define a new function G (1& A), where A € Dy satisfies SA < 14, as follows:

d
~ ~ 1 ~ ~
G(A,A) = logdet(I; —4A) — 7 logdet(Iy — 8A) + > (1=8AL) A o) ma
=1

By the definition of Q(K, A), we have:

L
G(A) =G(A,A) - L7y |xW|P - L 1§]w“W+§:Aqumlmﬁ
=1

Hence, it holds:

L
GA)> inf  GAA)-L Y x@|P—L! D245 A8 . (53
ESES VD SR Zny § Z D nremriar 69
Aehy, 8A<1, Q(_/},A).
Since A ¢ Dy, we have: logdet(Iy — 4A) = ;l:1 log(1 — 4Al,l), logdet(I; — 8A) =
sz=1 log(1 — 8A;,;). We further have:

Next, we show that there is a closed-form expression for the solution of inf 4

d

~ - 1 ~ ~
G(A,A) =) <10g(1 —4A17) — S log(1 — 8A1) + (1~ 8A) AL 4 aay, > (54)
=1

From li we see that minimization inf €D, 8L, g (A A) reduces to d independent minimization

problems with respect to Al 1 such that 8Al 1 < 1. I’th problem, 1 <[ < d, is solved using Lemma

Where we set ¢ = A® —1(A)z r1(A) Let A** € Dy denote the corresponding solution. Then,

for all1 <[ < d, we have:

| 3) 3) 2 3)
Al = 16( —2A. (A m1 (A \/(QAW 1(A) T LAY, +1) 81 Ay (A,
(55)

From it follows that

L
G(A) > GA™, A) =LY |x|P - L 1Z]me+§jAﬂth LAY,
=1

1 . ,
= log det(Is — 4A™") — - logdet(I; — 8A™) — Lt Z [x@]2 —L~! Z |y @2

d
3)
+3 1+ (1 =8AT) )AL A (56)
=1

Denote E** = —1T1; — 1(I; — 8A**)~!. Then we have:

Z 1+ (1-8A77)” )A‘(rr)l(A)lﬂ' Ay = —2Trace (E**H(A)—lA(S) (H(A)_l)T>
1=1
d
<23 EBliac miar) ALY (57)

=1

where the second transition follows from Lemma and the fact that 7w(A**) sorts diagonal
entries of A** in a non-descending order, hence its sorts diagonal entries of E** in a non-ascending
order (recall the definition of w(A**) and E**). Denote E* = IT(A**)E**II(A**)". Then

EX pey, m(asy, = Bfy forall 1 <1< dand

* * 3
ZEAmenu—ZEAH (58)
=1
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Further, we have:

1 1
E* = II(A") (—21d — §(Id — SA**)—1> (A"
1 1 sk *% k%) 1 \—1
= —5la— 5 (la = STI(A™)ATTI(A™)T)
1 1
=—-I;— -(I; —8A")~!
ola— 5 (I~ 8A")

where we denote A* = TI(A**)ATI(A*)T, ie. Al = Al Ay m(an), foralll <1 < d.
Given the definition of A** (53), for all 1 < < d we have:

1 2
Ali= (1 —2A8) - \/ (2887 +1)" + 8A§j)> . (59)

)

That is, A* is independent of A. Based on , we see that smaller values of Al(?’l result in

bigger values of Aj,. Since Af}, e ,Agj’gl are ordered in a non-ascending order, we deduce that
A7, ..., A}, are ordered in a non-descending order. By the definition of w(A*), we then have

A;l = A;(A")zm’(A*)z for all 1 <[ < d. Therefore,

d 1 d

d
* 3 1 * O\ — 3 * — 3
ZEl,lAz(,z) =73 Z(l +(1-8A7;) 1)Az(,z) =73 Z(l + (1= 8A% A+, x(a")) 1)Al(,z)'
=1 =1 =1
Combining this with (58), (57), we can continue the chain of inequalities (56):

L L
1 . )
G(A) > logdet(Iy — 4A™) — ~log det(Iy — 8A™) — L1 §' 1: [x@)2 - Lt §_ 1: |y 9|2
1= 1=

* — 3
30 (14 (1= 8A5an ) mian) ) ALY
=1

L L
1 . .
= logdet(Iy — 4A%) — - log det(Is — 8Ax) — LY XD =27y Iy 912
i=1 j=1

d
* - (3) _ *
30 (14 (1= 8A5 an) m(an,) ) ALY = G(A7) (60)
=1

where in the second transition we use the fact that
det(I; — 4A™) = det (H(A**)(Id — 4A**)H(A**)T) =det (I —4A™)

and, similarly, det(I; — 8A*) = det (I — 8A**). In the third transition, we use definition of
G(-) (51). Note that holds for all A € D, such that 8A < I, and also 8A* < I, since
8A™ < I4. We conclude that, when B, C, D are chosen optimally with a given A, the minimum
of L(0spr; X,Y, Tspr) is reached when A = A*. As we have already deduced, diagonal entries
of A = A* are sorted in the non-descending order. Hence, using Lemma[A.4fs notation, diagonal
entries of E are already sorted in a non-ascending sorting order and = = (1,...,d), IT = I; satisfy
requirements of the Lemma. Hence, with A = A*, the optimal B has a form iId — 4A)1/ 2Q"‘ where

Q" =1,(Q®) T = (Q®™)T. Optimal C and D are further determined by (33). (11 follows from
and the fact that, as discussed above, we can replace w(A*); with [ in (60), 1 <1 < d. O

B Additional experimental details

B.1 Compute resources and implementation

We use NumPy [24] in Google Colaboratory the variance comparison and kernel classification
experiment. For the Transformer setups, we use TPU cluster and JAX [7] library. All tested
Transformer variants were trained and tested on a TPU pods containing 4 TPU v3 chips with JAX
and on GPUs (V100).
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B.2 Variance comparison

We repeat the setup of [30] closely: we draw 5 pairs of sets {xV}1<;<r, {yW}1<j<r, L = 1024.
On each pair, we compute the relative variance for all pairs of points and for all indicated RF methods.
Further, the shifted log-variance is optimized separately on each pair of sets for GERF, ADERF and
SDERF.

We take M = 1 since M'’s value is not important in this experiment: bigger M would just shift the
curves below. The reported curves are means over all pairs of points and over all 5 sets.

B.3 Kernel classification

As in [30], we obtain training, validation and test splits by shuffling the raw dataset and taking 90%,
5%, 5% objects respectively. The splits are fixed for all RF methods. We tune o on a logarithmic grid
of 10 values on [10~2,102]. For each o and each RF type, we try 50 seeds for drawing RFs during
validation and testing. Testing is performed for the best o only. Figure [3|reports averages over 50
seeds. We use orthogonal w’s for all types of RFs as described in [30], since orthogonal random
features work better in practice [[15}30].

B.4 DEREFs for long-sequence Transformers
B.4.1 Speech modelling

Our Conformer-Transducer variant was characterized by: 20 conformer layers, model_dim = 512,
relative position embedding dimensionality rped = 512 and A = 8 heads. We used batch size
bs = 2048 and trained with the adam optimizer on TPUs. For the regular Conformer-Transducer
training, we run ablation studies over different number of random features: m = 8,32, 128. In the
NST setting, we run experiments with m = 8. We reported commonly used metric: normalized word
error rate (NWER).

B.4.2 Natural language processing

We pretrained BERT model on two publicly available datasets (see: Table[3). Following the original
BERT training, we mask 15% of tokens in these two datasets, and train to predict the mask. All
methods were warm started from exactly the same pre-trained checkpoint after 1M iteration of BERT
pretraining. We used the exact same hyperparameter-setup for all the baselines (FAVOR++[30],
FAVOR+ [[15]], ELU [25]], ReLU [15]) and FAVOR++. The hyperparameters for pretraining are shown
in Table 2] We finetuned on GLUE task, warm-starting with the weights of the pretrained model. The
setup is analogous to the one from the original BERT paper.

Table 2: Hyperparameters for the base models for pre-training for all methods

Parameter Value
# of heads 12
# of hidden layers 12
Hidden layer size 768
# of tokens 512
Batch size 256
M 256
Pretrain Steps 1M
Loss MLM
Activation layer gelu
Dropout prob 0.1
Attention dropout prob 0.1
Optimizer Adam
Learning rate 1074
Compute resources 8 x 8 TPUV3
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Table 3: Dataset used for pre training.

Dataset 7 tokens  Avg. doc len.
Books [52] 1.0B 37K
Wikipedia 3.1B 592
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