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Abstract

We study Model Predictive Control (MPC) and propose a general analysis pipeline
to bound its dynamic regret. The pipeline first requires deriving a perturbation
bound for a finite-time optimal control problem. Then, the perturbation bound is
used to bound the per-step error of MPC, which leads to a bound on the dynamic
regret. Thus, our pipeline reduces the study of MPC to the well-studied problem
of perturbation analysis, enabling the derivation of regret bounds of MPC under a
variety of settings. To demonstrate the power of our pipeline, we use it to generalize
existing regret bounds on MPC in linear time-varying (LTV) systems to incorporate
prediction errors on costs, dynamics, and disturbances. Further, our pipeline leads
to regret bounds on MPC in systems with nonlinear dynamics and constraints.

1 Introduction

Model Predictive Control (MPC) is an optimal control approach that solves a Finite-Time Optimal
Control Problem (FTOCP) using future predictions in a receding horizon manner [[1]. It is a flexible
approach that is able to accommodate nonlinear and time-varying dynamics, state and actuation
constraints, and general cost functions [2H5]]. As a result, it is broadly applied in a wide spectrum of
control problems, including robotics [6H10], autonomous vehicles [[11H17]], power systems [18-24],
process control [25H27]], etc.

Despite the popularity of MPC, its theoretic analysis has been quite challenging. Early works along
this line focused on the stability and recursive feasibility of MPC [28H31]]. More recently, there has
been tremendous interest in providing finite-time learning-theoretic performance guarantees for MPC,
such as regret and/or competitive ratio bounds [32| 133]]. For example, progress has recently been
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made toward (i) regret analysis of MPC in linear time-invariant (LTI) systems with prediction errors
on the trajectory to track [34], (ii) the dynamic regret and competitive ratio bounds of MPC under
linear time-varying (LTV) dynamics with exact predictions [35], and (iii) exponentially decaying
perturbation bounds of the finite-time optimal control problem in time-varying, constrained, and
non-linear systems [36} 137]]. Beyond MPC, providing regret and/or competitive ratio guarantees for a
variety of (predictive) control policies has been a focus in recent years. Examples include RHGC
[38139] and AFHC [20} 40| for online control/optimization with prediction horizons, OCO-based
controllers [41} 42]] for no-regret online control, and variations of ROBD for competitive online
control without predictions [43| i44]] or with delayed observations [45]. In addition, regret lower
bounds have been studied in known LTI systems [46] and unknown LTV systems [47].

A promising analysis approach that has emerged from the literature studying MPC and, more
generally, predictive control, is the use of perturbation analysis techniques, or more particularly, the
use of so-called exponential decaying perturbation bounds. Such techniques underlie the results in
[34H37]]. This research direction is particularly promising since perturbation bounds exist for FTOCP
in many dynamical systems, e.g., [48H52]], and thus it potentially allows the derivation of regret
and/or competitive ratio bounds in a variety of settings. However, to this point the approach has
only yielded results in unconstrained linear systems with no prediction errors (e.g., [35]]), and often
requires adjusting MPC to include a counter-intuitively large re-planning window due to technical
challenges in the analysis (e.g., [48| 49]).

Thus, though perturbation analysis techniques might seem promising, many important questions about
applying them for the study of predictive control remain open. Firstly, one of the major reasons for
the extensive application of MPC is its flexibility in incorporating constraints and nonlinear dynamics
[S3]]. However, none of the existing results and approaches can analyze the performance of MPC under
constraints and/or nonlinear dynamics. In fact, the anlyasis of MPC under constraints or nonlinearity
has long been known to be challenging because of the intractable form of cost-to-go functions and
optimal solutions. Secondly, prediction error is inevitable for real-world implementations of MPC
due to unpredictable noise and model mismatch, yet the analysis of MPC subject to prediction errors
is limited. Thirdly, existing approaches analyze MPC in a case-by-case manner and, in most cases,
the analysis framework is specific to the assumptions of the particular case (e.g. quadratic costs,
perfect predictions, etc) in a way that does not generalize to other settings [33H35) 48l 149].

Contributions. In this paper, we propose a general analysis pipeline (Section |3)) that converts
perturbation bounds for an FTOCP into dynamic regret bounds for MPC across a variety of settings.
More specifically, the pipeline consists of three steps (see Figure[T). In Step 1, we obtain the required
perturbation bounds for the specific setting. In Step 2, as shown in Lemma [3.1] the perturbation
bounds are used to bound the per-step error, which is defined to be the error of the MPC action against
the clairvoyant optimal action (see Definition [3.1)). In Step 3, the per-step error bound is converted
to a dynamic regret bound for MPC, as shown in Lemma([3.2] The full pipeline is summarized into
a Pipeline Theorm (Theorem [3.3)), which directly converts perturbation bounds into bounds on the
dynamic regret of MPC in general settings, including those with time-variation, prediction error,
constraints, and nonlinearities. The key technical insight that enables the pipeline is the following
recursive relationship between Step 2 and Step 3 (Lemma([3.1]and Lemma[3.2)): Step 2 guarantees
a “small” per-step error e; once the current state z; of MPC is “near” the offline optimal trajectory
(OPT), while Step 3 guarantees the next state x;11 of MPC will be near OPT if all previous per-step
errors ({e; } <) are small. Thus Step 2 and Step 3 work together to guarantee MPC states are always
near OPT and thus MPC per-step errors are always small (Theorem [3.3).

To demonstrate the power of the proposed pipeline, we apply it to a range of settings, as summarized
in Table[I] Our first applications are to two settings with linear time-varying (LTV) dynamics and
prediction errors on (i) disturbances, Section[4.1] and (ii) the dynamical matrices and cost functions,
Section[d.2] The state-of-the-art results in the LTV setting are [35]], which requires exact knowledge
of the disturbances and of the dynamics. To the best of our knowledge, our work provides the first
regret result for MPC with prediction error on the dynamics (see Theorem[.2), a result that enables
the bounds in settings where MPC is applied to learned dynamics [54]].

Our second application is to a setting with nonlinear dynamics and constraints (Section [5). We show
the first dynamic regret bound for MPC under state and actuation constraints in nonlinear systems with
general costs (Theorem[5.1)). Very few prior results exist for MPC in this setting, even with nonlinear
dynamics or constraints individually. The most related works are [48]], which studies constrained



MPC, and [49], which studies nonlinear MPC. In both cases, a counter-intuitive re-planning window
is added to MPC to facilitate the analysis, a downside that our pipeline could avoid. Besides, [48]
and [49] require exact predictions of the cost functions, dynamics, and constraints for the exponential
convergence property of MPC to hold, while our result can apply to more general noisy predictions.

2 Preliminaries

In this section, we first introduce the general predictive online control problem including the settings,
the objective, available information, and the predictive controller class. Then, we introduce the MPC
algorithm, which is a widely-used predictive controller that we focus on in this work. Specifically,
we consider a general, finite-horizon, discrete-time optimal control problem with time-varying costs,
dynamics and constraints, namely

T—1

min th(xt,ut;ﬁf) + Fr(xr;€r)
t=0

Zo:T,U0:T—1

st py1 = ge(@e, uss &), VO<t<T,
se(we,u; &) <0, Vo<t<T, (1)
xo = x(0).

Here, z; € R" is the state, u; € R™ is the control input or action; f; is a time-varying stage cost
function, g; is a time-varying dynamical function, and s; is a time-varying constraint function, all
parameterized by a ground-truth parameter £; (unknown to an online controller); and Fr- is a terminal
cost function parameterized by £7 that regularizes the terminal state.

The offline optimal trajectory OPT is obtained by solving (I)) with the full knowledge of the true
parameters (.. In contrast, an online controller can only observe noisy estimations of the parameters
in a fixed prediction horizon to decide its current action u; at each time step ¢. For example, MPC
picks u; by calculating the optimal sub-trajectory confined to the prediction horizon. The objective
is to design an online controller that can compete against the offline optimal trajectory OPT. We
use dynamic regret as the performance metric, which is widely used to evaluate the performance of
online controllers/algorithms in the literature of online control [32} 34} 35]] and online optimization
(38l 143] [55]]. Specifically, for a concrete problem instance (z(0), £;.1), let cost(OPT) denote the
total cost incurred by OPT, and cost(ALG) denote the total cost incurred by an online controller
ALG. The dynamic regret is defined as the worst-case additional cost incurred by ALG against OPT,
L.e., Sup, (o) ¢z, (Cost(ALG) — cost(OPT)).

The formulation in (I)) is general enough to include a variety of challenging settings. In this paper,
we consider three important settings to illustrate how to apply our analysis pipeline. The settings
differ in (a) the form of costs, dynamics, and constraints, and (b) the quantities in the system to be
predicted (i.e., parameterized by ;), and the prediction error allowed. An overview of the settings is
presented in Table 1| below.

Table 1: Overview of the settings considered in this paper
Section Costs Dynamics Constraints Prediction &; Prediction error
4.1 decomposable LTV none disturbance: wy arbitrary
cost: Q¢, Rt, Ty

4.2 quadratic LTV none dynamics: Ay, B; sufficiently small
. . cost: ft
non-linear non-linear : .
S general . . . dynamics: g; sufficiently small
time-varying  stage constraint .
constraints: s¢

In each setting, we impose different assumptions on cost functions, dynamical systems, constraints,
and properties of the predicted quantities as functions of parameter &;. In general, we require well-
defined costs, Lipschitz and uniformly controllable dynamics, and Lipschitzness of the predicted
quantities with regard to &;. For constraints, additional assumptions characterizing the active con-
straints along and near the optimal trajectory are imposed. Detailed definitions and statements are
deferred to Appendix [B]and Sections [3] ] and[5] To facilitate the statement of the pipeline, we
assume the following universal properties hold throughout the paper:

* Stability of OPT: there exists a constant D, such that ||} || < D, for every state z; on the
offline optimal trajectory OPT.



o Lipschitz dynamics: the ground-truth dynamical function g (-, -; &) is Lipschitz in action; i.e.,
for any feasible x¢, us, uy, g, satisfies || ge(ze, us; &) — ge(@e, uy; §)|| < Ly [Jue — il -

* Well-conditioned costs: every stage cost f;(-,-;&;) and the terminal cost Fp(-; &) are nonnega-
tive, convex, and ¢-smooth in (z, u;) and z7, respectively.

2.1 Predictive Online Control

While Step 3 (Lemma [3.2)) in our pipeline can be generally applied to all online controllers, in the
subsequent applications we focus on Model Predictive Control (MPC), a popular classical controller.
In this subsection, we first define the available information (predictions) as well as its quality
(prediction power), and how general predictive online controllers make decisions. Then, we define a
useful optimization problem called FTOCP, and introduce MPC as a predictive online controller.

We represent the uncertainties in cost functions, dynamics, constraints, and terminal costs as function
families parameterized by & F; = {fi(2s,us; &) | & € St} Ge = {ge(@e,ues &) | & € 5},
St = {se(we,u; &) | & € =i}, and Fr = {Fr(zr;&r) | & € Er}. The online controller
knows the function families Fo.7, Go.7—1, and Sp.7—1 as prior knowledge, but it does not know the
true parameters . € Hf:o Z;. Instead, at time step ¢, the online controller has access to noisy
predictions of these parameters for the future k time steps (where k is called the prediction horizon),
represented by &4y k) € Ht:;’z Z. The parameter space =; at each time step ¢t may have different
dimensions.

We formally define the quality of predictions by introducing the following notion of prediction error.
Definition 2.1. The prediction error is defined as p; , ‘= Hft-ﬁ-ﬂt &, H for an integer T > 0. The

power of T-step-away predictions (for parameter §) is defined as P(1) := ZtT;OT pf’T.

Under this noisy prediction model, a general predictive online controller ALG decides the control
action based on the current state and the latest available predictions of future parameters. We formally
define the class of predictive online controllers considered in this paper in Definition which
includes MPC as a special case.

Definition 2.2. A predictive online controller ALG is a function that takes the current state x; and
the available predictions ;.4 as inputs at time t and outputs the current control action uy, i.e.,

up = ALG(zy, Eppypye). We use mg — x1 — -+ 2L wr to denote the trajectory achieved by
ug uy wp_
ALG, and use xg —> x% —> - -~ -/ i to denote the offline optimal trajectory OPT.

A core component of both the design of online controllers and our analysis is the following finite-time
optimal control problem (FTOCP). Given a time interval [¢, t2], the FTOCP solves the optimal
sub-trajectory subjected to the given initial state z, terminal cost F', and a sequence of (potentially
noisy) parameters &, .+, 1, Ct,, as formalized in the following definition.

Definition 2.3. The finite-time optimal control problem (FTOCP) over the horizon [t1, t2], with initial
state z, parameters &y, .1, —1 and C,, and terminal cost F(-;-), is defined as
to—1

Lif(zvgtl:tz—lacm;F) = min Z ft(ytavt;gt) + F(th;CtZ)

Yty :tg Vtyitg—1

t=t1

8.t Yer1 = ge(Ye, v &) Vi <t <to,
se(ye,ve38) <0, Vii <t <ty, (2
Yt, = %,

and a corresponding optimal solution as wff (2,&t,:t5—1, Cto3 F'). We shall use the shorthand notation
t ¢ ;
V(2,600 F) = 02 (2,&ty:00—1, 6ty 3 I) when the context is clear.

Note that the formulation of the FTOCP in Definition 2.3]does not include a terminal constraint set.
To compensate for this, we allow the terminal cost F'(+; {;, ) to take value 400 in some subset of R™,
and (;, is not necessarily an element in =;,. For example, a terminal cost function that we frequently
use later is the indicator function of the terminal parameter (;,, where ¢;, € R™. We use I to denote
such indicator terminal cost (i.e., [(ys,; Ct,) = 0 if g1, = (t, and I(ys,; (r,) = +00 otherwise).



Finally, given the definition of the FTOCP, we are ready to formally introduce MPC. The pseudocode
of this online controller is given in Algorithm[I} Basically, at time step ¢, MPCy, solves a k-step
predictive FTOCP using the latest available parameter predictions, and commits the first control action
in the solution. When there are only fewer than k steps left, MPCy directly solves a (T' — t)-step
FTOCP at time ¢ until the end of the horizon, using the predicted real terminal cost Frr(-; {7)¢). This
MPC controller (and its variants) has a wide range of real-world applications.

Algorithm 1 Model Predictive Control (MPCy,)

Require: Specify the terminal costs F; for k <t < T.
1. fort=0,1,..., T —1do
t' < min{t + k, T}
Observe current state x4 and obtain predictions &y

e

. . ’
Solve and commit control action us := 9} (¢, Eparj; Fir ), -

3 The Pipeline: Bounded Regret via Perturbation Analysis

The goal of this section is to give an overview of a novel analysis pipeline that converts a perturbation
bound into a bound on the dynamic regret. We begin by highlighting the form of perturbation bounds
required in the pipeline, and then describe the 3-step process of applying the pipeline. In subsequent
sections, we apply this pipeline to obtain new regret bounds for MPC in different settings.

3.1 Per-Step Error and Perturbation Bounds

A key challenge when comparing the performance of an online controller against the offline optimal
trajectory is that the online controller’s state z; is different from the offline optimal state =} at time
step t. Due to such discrepancy in states, we cannot simply evaluate the online controller’s action
via comparison against the offline optimal action u;. To address this challenge, our pipeline uses the
notion of per-step error (Definition [3.T) inspired by the performance difference lemma and its proofs
in reinforcement learning (RL) [35]. Specifically, we compare u; to the clairvoyant optimal action
one may adopt at the same state x; if all true future parameters &;.,» are known, which leads to the
definition of per-step error as follows.

Definition 3.1. The per-step error e, incurred by a predictive online controller ALG at time step t is
defined as the distance between its actual action us and the clairvoyant optimal action, i.e.,

€t = ||U,t - ¢;‘,T(xt7£z<:T; FT)Ut || ) where Ut = ALG(xtaft:t+k|t)'

The clairvoyant optimal trajectory starting from x; is defined as J;Z‘:Tlt =l (x4, & For)y,re

Note that the clairvoyant optimal trajectory can be viewed as being generated by an MPC controller
with long enough prediction horizon and exact predictions. This notion highlights the reason why
MPC can compete against the clairvoyant optimal trajectory, since the per-step error in a system
controlled by MPCj, becomes e; = ||1/)§+k(xt, Eectamlts Fran)v, — O (24, & s Fr)o, H . Intuitively,
the per-step error converges to zero as the prediction horizon £ increases and the quality of predictions
improves (i.e. ||§t:t+k‘t — 52‘:t+k|| — 0).

This intuition highlights the important role of perturbation bounds in comparing online controllers
against (offline) clairvoyant optimal trajectories. As we have discussed in Section [T} many previous
works [36} 37, 48] 149] have established (local) decaying sensitivity/perturbation bounds for different
instances of the FTOCP (). These bounds may take different forms, but for the application of our
pipeline we require two types of perturbation bounds that are both common in the literature:

(a) Perturbations of the parameters &, .1, given a fixed initial state z:

‘ < <i: ql(t_t1)5t) 2 + iqz(t—tl)ét,

t=ty t=t1
3)
where 6; := [|& — & || for t € [t1, 2], and scalar functions ¢; and go satisfy lim;_, . ¢;(t) = 0,
Yoo i(t) < C; for constants C; > 1,i = 1,2. This perturbation bound is useful in bounding
the per-step error e;, as we will discuss in Lemma 3.1]

|0tz o€ P, = 082 (5.6 F),,,




(b) Perturbation of the initial state z given fixed parameters &y, .+,:

sz‘? (Z7€t11t2; F)yt/vt - @f (Z/agtﬁtz;F)yt/vt < Q3(t - tl) ||Z - Z/H ’ fort e [tl’ tQ]’ (4)
where the scalar function g3 satisfies Y, g3(¢) < C3 for some constant C > 1. This bound is
useful in preventing the accumulation of per-step errors e, throughout the horizon (see Lemma[3.2).
Compared with (3), the right hand side of (@) has a simpler form.

Existing perturbation bounds usually combine the above two types ((3) and (@) into a single equation
that characterizes perturbations on z and &, .+, simultaneously, e.g., [35,[37]. Here, we decompose
them into two separate types because they are used in different parts of our pipeline.

3.2 A 3-Step Pipeline from Perturbation Bounds to Regret Step 1. obtain perturbation

An overview of the pipeline is given in Figure[I] which illus- bounds () & @

trates the high-level ideas of the pipeline that starts by obtaining |, A -
perturbation bounds, proceeds to bound the per-step error using | =3
perturbation bounds, and finally combines the per-step error ! [ Step 2. bound the per-step |,
and perturbation bounds to bound the dynamic regret. In the error e; (Lemma[3.1)) :?1
following we describe each step in detail. ! :é'
Step 1: Obtain the perturbation bounds given in (3) and @). . fe=!
The form of the perturbation bounds depends heavily on the | Step 3. bound dynamic :g
specific form of the FTOCP, and thus the derivation requires ! regret (Lemma 3.2)) :g

case-by-case study (e.g., see Section[d]and Section[5). However,
off-the-shelf bounds are available in most cases, as there has
been a rich literature on perturbation analysis of control systems
(e.g., [35H37.!48L!49]] and the references therein). The following
property summarizes precisely what is expected to be derived  Fjgure 1: Ilustrative diagram of the
for bounds (3) and (@) in Steps 2 and 3. 3-step pipeline from perturbation
Property 3.1. Suppose there exists a positive constant R such analysis to bounded regret.

that the perturbation bound (3)) holds for the following specifications: with t; =t and to =t + k for
t <T —k, @) holds for F : R™ — R™ be the identity function 1, and

dynamic regret bound |

z € B(ay, R); &etrn—1 € Stitrh—1:Ehprn1 = Elirh—1i Sehs Sign € By, B) CR™;

witht, =t and ty =T fort > T — k, @) holds for z € B(z},R); &r € Svr, & = &p; F =
Fr. Further, perturbation bound @) holds for any z, 2" € B(xf, R) and &, .1, = &F,.,-

As a remark, note that for the first specification of Property[3.1|with t; =t and to =t + k, &4, and
&4, live in the state space R™ rather than = ; because they represent the target terminal state of
the FTOCP solved by MPCy,. Intuitively, Property states that perturbation bounds (3) and @)
hold in a small neighborhood (specifically, a ball with radius I?) around the offline optimal trajectory
OPT, which is much weaker than the global exponentially decaying perturbation bounds required
by previous work (e.g., [35]) in the following sense: (i) in the general settings where the dynamical
function g; is non-linear, or where there are constraints on states and actions, one cannot hope the
perturbation bound to hold globally for all possible parameters [37, 49} 50]; (ii) the decay functions
{qi}i=1,2,3 are only required to converge to zero and satisfy >_>7 ; ¢;(7) < C;, which means the
exponential decay rate as in [35] is not necessary — in fact, polynomial decay rates can also satisfy
these properties, which greatly broadens the applicability of our pipeline.

Step 2: Bound the per-step error e;. The core of the analysis is to apply the perturbation bounds to
bound the per-step error. For MPCy,, under Property [3.1] this step can be done in a universal way, as
summarized in Lemma [3.T|below. A complete proof of Lemma[3.1]can be found in Appendix [C]

Lemma 3.1. Let Propertyhold. Suppose the current state . satisfies v, € B(x}, R/Cs) and the
terminal cost Fyy, of MPCy, is set to be the indicator function of some state (&1 y¢) that satisfies
U(&tnp) € B(xf,y, R) fort < T — k. Then, the per-step error of MPCy, is bounded by

e < zk: ((53 + Dw*) ~qu(T) +qQ(T)) P+ 2R ((C}Z + Dw*) ~qu(k) +Q2(k)) )



Lemma [3.T]is a straight-forward implication of perturbation bound (3) specified in Property 3.1} To
see this, for ¢ < T — k, note that the per-step error e; can be bounded by

€t = H¢£+k(xt7€t:t+k—l\tug(§t+k|t);ﬂ)vt - @/JtT(ﬂUt’ft*;T; FT)th (6a)

= Hwtt+k($t»§t:t+k—1\t,g(§t+k|t);ﬂ)vt - H (xtagt tdk— 17$t+k|t»]1) (6b)
<3 (el 00 + oo + (el - n(8) + a2(d) (PG EE- D
Here, we apply the principle of optlmallty to conclude that the optimal trajectory from z; to Kt

(.e., i T (:ct, $hivrh_1 xt+k|t, in (6D)) is a sub-trajectory of the clairvoyant optimal trajectory
from z; (i.e., ¥I (21, & p; Pr) in (6a)), and (6¢) is obtained by directly applying perturbation bound
(B). Note that ||z¢|| < c% + D+, and that both y(fHk‘t) and xy,, ., arein B(z},; R) by assumption
and by perturbation bound (@) specified in Property 3.1} we conclude that (3)) hold fort < T' — k.
The case t > T' — k can be shown similarly. We defer the detailed proof to Appendix[C]

Step 3: Bound the dynamic regret by ZZ:OI €2. This final step builds upon perturbation bound
(@), and aims at deriving dynamic regret bounds in a universal way, as stated in Lemma [3.2] below.
Specifically, under the assumption that a local decaying perturbation bound in the form of (4) holds
around the offline optimal trajectory OPT, and the property that per-step errors ¢; are sufficiently
small, we can show that the online controller will not leave the “safe region” near the offline optimal
trajectory as specified in Property [3.1] and thus the dynamic regret of ALG is bounded as in (7) (note
that ALG is not confined to MPC, but is allowed to be any algorithm with bounded per-step errors). A
complete proof of Lemma[3.2]can be found in Appendix [D}

Lemma 3.2. Ler Property.hold If the per-step errors of ALG satisfy e; < R/(C3L,) for all
time steps T < 1, the tra]ectory of ALG will remain close to OPT at time t, i.e. x; € B(:Z:t , R/Cs).
Further, if e; < R/(C3Ly) for all t < T, the dynamic regret of ALG is upper bounded by

cost(ALG) — cost(OPT) = O cost(OPT) - Z e? + Z e2|. (7)

Summary. Combining Steps 2 and 3 of the pipeline yields the following Pipeline Theorem for MPCy,
(see Theorem [3.3)). Basically it states that, when the prediction horizon & is sufficiently large and
the prediction errors p; , are sufficiently small, Lemma [3.T]and Lemma 3.2] can work together to
make sure that MPCy, never leaves a (R/C'3)-ball around the offline optimal trajectory OPT; thus
we obtain a dynamic regret bound.

Theorem 3.3 (The Pipeline Theorem). Let Property[3.1|hold. Suppose the terminal cost Fyyy, of
MPCy, is set to be the indicator function of some state §j(& 114 ) that satisfies §(E;1)¢) € B(wy ., R)
for all time steps t < T' — k. Further, suppose the prediction errors py ; are sufficiently small and the
prediction horizon k is sufficiently large, such that

Zk: ((é’; + Dz*) qu(T) + Q2(T)) prr+2R ((Ci - Dw) ~q1 (k) + qg(k)) < C%f%.

7=0

Then, the trajectory of MPCy, will remain close to OPT, i.e. z; € B(x}, R/Cs) for all time steps t,
and the dynamic regret of MPCy, is upper bounded by

cost(MPCy) — cost(OPT) <\/cost (OPT) - E + E) (8)

where E == Y"1 (q1(7) + ¢2(7)) P(7) + (q1(k)* + g2(K)?) T.

The proof of Theorem 3.3 can be found in Appendix [E} To interpret the dynamic regret bound in
(8], note that we have cost(OPT) = O(T) as a result of our model assumptions. Thus, the dynamic
regret of ALG is in the order of vVT'FE + E. When there is no prediction error, the regret bound
O((q1(k) + g2(k)) - T) reproduces the result in [35], and the bound will degrade as the prediction
error increases. It is also worth noticing that, when the prediction power improves over time as the
online controller learns the system better and k = Q(In T'), the dynamic regret can be o(T).



4 Unconstrained LTV Systems

We now illustrate the use of the Pipeline Theorem by applying it in the context of (unconstrained)
LTV systems with prediction errors, either on disturbances or the dynamical matrices.

4.1 Prediction Errors on Disturbances
In this section, we consider the following special case of problem (IJ), where the dynamics is LTV
and the prediction error can only occur on the disturbances w;:

T-1

min Y (ff () + () + Pr(ar)

Zo:T,U0:T—1

t=0
S.t. Ti41 = AtIt + Btut + ’wt(é-:), YO0 S t < T, (9)
xo = z(0).

All necessary assumptions on the system are summarized below in Assumption[4.1]

Assumption 4.1. Assume the following holds for the online control problem instance (9):

¢ Cost functions: {fF }tT;()l, { ft“}tT;Ul, Fr are nonnegative u-strongly convex and (-smooth. And
we assume fF(0) = f{*(0) = Fr(0) = 0 without the loss of generality.

* Dynamical systems: the LTV system { Ay, B} is o-uniform controllable with controllability index
d, and | A¢|| < a, ||Bi|| < b, and | B{|| < b’ hold for all t, where B} denotes the Moore—Penrose
inverse of matrix By.. The detailed definitions can be found in Assumption[F1|in Appendix[F]

o Predicted quantities: ||w:(&:)|| < Dy, holds for all & € =y and all t. For every time step t, wi(&:)
is a Ly,-Lipschitz function in &, i.e., ||wi (&) — we(&)|| < Luw 1€ — &11| , V€, &) € Et.

Under Assumption 4.1 we can again apply the perturbation bounds shown in [35] to show Property
In particular, we already know that for some constants H; > 1 and A\; € (0, 1), perturbation
bounds (3) and @) hold globally for ¢;(t) = 0, g2(t) = H1 A}, and g3(t) = H1\}. Since both of
these perturbation bounds hold globally, radius R in Property [3.1] can be set arbitrarily, and we shall
3
take R := max {Daj*7 %
Fy 1 (55 & pe+x) = 1(+; 0). This leads to the following dynamic regret bound:
Theorem 4.1. In the unconstrained LTV setting (9), under Assumption when the prediction

horizon k is sufficiently large such that k > In ( AHL L ) /1In(1/A1), the dynamic regret of MPCy,

} so that Theorem can be applied to MPCj, with terminal cost

(1—X1)2
(Algorithm with terminal cost Fy 1 (+; & peqr) = 1(+; 0) is bounded by cost(MPCy,) —cost(OPT) <

0 (VTSP + T+ TN P() )

A complete proof of Theorem.T|can be found in Appendix [} When there are no prediction errors,

the bound in Theorem reduces to O(A\XT), which reproduces the result of [33]. Further, it is also

worth noticing that due to the form of discounted sum Zl;;é AT P(1), prediction errors for the near

future matter more than those for the far future.

4.2 Prediction Error on Costs and Dynamical Matrices
We now consider prediction errors on cost functions and dynamics, rather than disturbances. Specifi-
cally, we consider the following instance of problem (T):

T-1

min Z ((we — 2(&)) T Q&) (we — T (&) + u) Re(&)ue) + Fr(wr; &)

Zo:T,U0:T—1

t=0
S.L. Ti41 = At(g:) “ T+ Bt(ff) s Up + wt(f,’f), YO0 S t < T, (10)
o = z(0),

where the terminal cost is given by Fr(zr; &45) = (27 — Z7(€5)) T Pr(&5) (2 — 2(€3)).

All necessary assumptions on the system are summarized below in Assumption[4.2]



Assumption 4.2. Assume the following holds for the online control problem instance (10):

 Cost: pl = Q&) 2L, pl = Ry(&§) 2 €I, and pl = Pr(ér) 241, Y& € =, Vi,

* Dynamical systems: both the ground-truth LTV system {A¢(&}), B (&f )}tT:_Ol and any predicted
LTV system {A¢(Ei4r)t), Bt(ftJrT‘t)}f;é (for all & € =y and all t) satisfy the controllability
assumptions in Assumption|G.1|in Appendix

« Predicted quantities: bounds 1w (&) < Du, 7€)l < Da, [Au(€)] < a, |Bi(&)] < b
hold for all §, € =, and all t. L 4 is a uniform Lipschitz constant such that || Ay(&) — Au(&)]) <
La||& — &Ll Y€, &L € Sy holds for all t, and Lg, Lg, Lr, Lz, L., are defined similarly.

Under Assumption we can show that for some constants Hy > 1 and A2 € (0, 1), perturbation
bounds (3) and @) hold globally for ¢ (t) = Ha\3!, q2(t) = Ha\L, and g3(t) = Ha A, under the
specifications of Property[3.1] Thus, Property [3.1]holds for arbitrary R, and we can set R = D} + D
so that Theorem [3.3| can be applied to MPC;, with terminal cost Fyy 1 (+; §¢je) = I(55 Z(§eje4n))
which leads to the following dynamic regret bound:

Theorem 4.2. In the unconstrained LTV setting (10), under Assumption when the prediction
horizon k > O(1) and the prediction errors satisfy Zi:o AT pi - < Q(1) for all t, the dynamic
regret of MPC, (Algorithm with terminal cost Fyy (- §ter) = 1 2(&4¢41)) is bounded by

cost(MPCy) — cost(OPT) < O (\/T SRTINIP(r) 4+ AT 4 R AgP(T))

T

The exact constants and a complete proof of Theorem[4.2]can be found in Appendix[G] Compared with
Theorem Theorem additionally requires the discounted total prediction errors Z’::O AT pyr
to be less than or equal to some constant. This is actually expected, and emphasizes the critical
difference between the prediction errors on dynamical matrices (A;, B;) and the prediction errors
on wy, since an online controller cannot even stabilize the system when the predictions on (A;, B;)
can be arbitrarily bad. It is worth noting that Assumption [.2]requires the uniform controllability
to hold for the unknown ground-truth LTV dynamics and any predicted dynamics. The goal is
to ensure the perturbation bounds for KKT matrix inverse hold in Lemma Intuitively, this
assumption is necessary because otherwise the solution of MPC (by solving FTOCP induced by the
predicted dynamics) can be unbounded. We provided two examples (Example and that
satisfy Assumption[4.2) while the true dynamics are unknown.

5 General Dynamical Systems

We now move beyond unconstrained linear systems to constrained nonlinear systems given by the
general online control problem (T)) in Section 2] All necessary assumptions are summarized in
Assumption[H.T]in Appendix [H] Perhaps surprisingly, decaying perturbation bounds can hold even in
this case. In particular, using Theorem 4.5 in [S0], we can show that there exists a small constant
R such that, for some constants Hs > 1 and A3 € (0, 1), perturbation bounds @I) and (@) hold for
q1(t) =0, ¢2(t) = H3\,, and g3(t) = H3\j. Thus, Property 3.1/ holds (see Appendix or formal
statements) and we can apply Theorem [3.3]to obtain the following dynamic regret bound:

Theorem 5.1. In the general system (1)), under Assumption@ in Appendix[H) Property[3.1| holds
for some positive constant R and q;(t) = 0, q2(t) = H3\%, and q3(t) = H3)\;. Suppose the
terminal cost Fyyy, of MPCy, is set to be the indicator function of some state (&1 y¢) that sat-
isfies §(eqnpe) € B(wyy, R) fort < T — k. Suppose the prediction errors p; . are sufficiently

small and the prediction horizon k is sufficiently large such that Hj Zi;(l) Tpir + 2RH3)NE <

(1]};72);3_ Then, the dynamic regret of MPCy, is upper bounded by cost(MPCy) — cost(OPT) <

0 (VTSP + T+ TEINP( )

A complete proof of Theorem[5.1|can be found in Appendix [Hl An assumption in Theorem [5.1]that is
difficult to satisfy in general is that the reference terminal states %(&;. ;) of MPCj, must be close
enough to the offline optimal state z ., i.e., §(4x)e) € B(x},4, R), while the offline optimal state
Ty is generally unknown. This can be achieved in some special cases, for example, when we

'When we say z > O(1), we mean there exists ¢ = O(1) such that z > ¢ holds.



know ||£; || is sufficiently small. In this case, one can first solve FTOCP 9" (20, 0; Fr) and use it
as a reference to set the terminal states of MPC;,. This intuition is formally shown in Appendix [H]
Another limitation is that Theorem[5.1]is only a bound on the cost of MPC, not its feasibility. There
are many ways to guarantee recursive feasibility of MPC [53]], which we leave as future work. We
also discuss how to verify Assumption[H.T]in two simple examples that arise from a simple inventory
dynamics in Appendix [[} The first positive example shows that Assumption[H.T]is not vacuous, and
the second negative example shows exponentially decaying perturbation bounds may not hold when
Assumption[H.T]is not satisfied.
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A Notation Summary

In this paper, we use oy, ¢, (t2 > t1) to denote a sequence of vectors (o, , @, 41, - - -, i, ). For ease
of reference, we summarize in the following table all the notations used in the paper.

Notation

Meaning

The uncertainty parameter of the system, used to parameterize costs,
dynamics, and constraints.

The ground-truth parameter of the system, unknown to the controller.

The prediction of £ revealed to the controller at time step ¢ (7 > ).

The space of uncertainty parameters. £ and &, 7 < { are in =;. We
assume the diameter of = is less than or equal to 1 without the loss of
generality, i.e., [|& — &|| < 1forall &, &) € =;.

o

The prediction horizon. At time ¢, the controller observes predictions

e, Where U/ := min{t + k, T'}.

The error of predicting the system parameter after 7 steps at time ¢,

Pr ie., prr = ||& 7 — Ee4r1t||- We adopt the convention that py - := 0
ift+7>T.

The total error of predicting the system parameter after 7 steps (the

.. . . T—7 o

power of T-step-away predictions), i.e., P(7) == >, ' p; ..

The stage cost of FTOCP at time step ¢, parameterized by &; € =;.

The true stage cost is fi(x¢, us; ).

The dynamical function at time step ¢, parameterized by &; € =;.

The true dynamics is x111 = g¢ (2, ue; &).

The constraint function at time step ¢, parameterized by &; € =;.

The true constraint is s (¢, us; &) < 0.

Fr is the true terminal cost function defined by the original online

Fr and {Fy g }tT:’O’“’1 control problem (I)), while F} for ¢ < T — k is the terminal cost

function used by MPC, at time ¢.

The FTOCP defined on the time interval [t1, ¢5], where z is the initial
ts ) state at time t1, and F' is some terminal cost function at time ¢5.

1y (2 €tnita—15 a3 F) &t,.4,—1 are the parameters for the cost, dynamics, and constraints at

time [t1,t2 — 1], while (;, is the parameter for the terminal cost F'.

An optimal solution to the FTOCP ¢{?(z,&,:¢,—1, (t,; F). The entries
are indexed by ¥,,.;, (for states) and vy, .4, 1 (for actions).

The shorthand notation of ¥/2 (2, &, 4,1, &5 F).

ft(xt,ut;ft)

gt(xtauﬁft)

se(@e, ues &)

wif (Zafh:tz—la Ctg;F)
/(/)125612 (Za §t1:t2§F)

B Assumptions Overview

In this section, we give a more detailed overview of the assumptions that the online control problem
(I) should satisfy in general so that our pipeline in Section [3.2] works. Specific assumptions in each

specific setting will be presented separately in Assumption and

Cost functions. In general, we require the stage cost functions f; and the terminal cost Frr to be
well-conditioned, which includes non-negativity, strong convexity, smoothness (Lipschitz continuous
gradient), and twice continuous differentiability. Note that these assumptions are equivalent to
bounded Hessian (I < V2 f, < ¢I) and non-negative minimizer of the cost functions. Specifically,
for quadratic costs V2 f; are constant, and the assumptions are further equivalent to bounded spectra
of the cost matrices.

Dynamical systems. A basic requirement of the dynamical function g; is Lipschitzness in u, i.e.,
lge(@e, ue; &) = ge(@e, ut; §) < Lg lur — wi] -

We point out that only Lipschitzness in control action w; is needed for the Pipeline Theorem to hold,
which guarantees that an error on a control action u; has a bounded impact on the next state ;. 1.

A more non-trivial assumption on dynamics is that the dynamical system should be (uniformly)
controllable. Intuitively, this means the online controller should be able to steer the system to some
target state in a finite number of time steps with some bounded control actions.
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Definition B.1 (uniform controllability). Consider a general dynamics x11 = gi(x4,us; &). For
any time steps to > t1 and fixed (xy, uy), define A; := V;gt(xt, ug; &) and By := V;Lgt(xt, ug; &),
and we further define transition matrix $(to,t1) € R™*"™ ar (x4, u;) as

Ap1Apy—2- Ay ifta >t
D(tg,ty) := 2 2 ! "
(2. 1) {I otherwise.

For any time t and time interval p > 0, define controllability matrix M (t,p; Ty yp, Urt4p) €
Rnx(mp) as

M(tapa xt:t-‘y—p? ut:t+p) = [é(t +p7t + 1)Bta ¢(t +pat + 2)Bt+1a .. aé(t +p7t +p)Bt+P] .

We say the system is controllable if there exists a positive integer d, such that the controllability
matrix M (t, d; x¢,uy) is of full row rank for any t and any (¢, u:). The smallest such constant d is
called the controllability index of the system. Further, we say the system is o-uniformly controllable
if exists a positive constant o such that o, (M (t,d)) > o holds forallt =0,...,T —d.

The definition has a clear control-theoretic interpretation for linear dynamics (where A; and B; are
independent of (z;, u:)), but might seem trickier for non-linear dynamics (where A; and B; are
functions of (z, u;)). For the latter case, uniform controllability may be assumed for the offline
optimal trajectory only, or for state-action pairs in a small neighborhood around it.

Constraints. Recursive feasibility is a well-known challenge for the design of online controllers
in constrained systems [53]: at some time ¢, the controller may encounter an absence of feasible
trajectories to continue from the current state x;. Many solutions have been proposed for different
controllers in a variety of systems. Since the purpose of this work is to establish dynamic regret
guarantees for an online controller, and for the purpose of this paper, we would expect that there
is a solution, potentially via a combination of proper controller design (e.g., setting the terminal
cost/constraint of MPC) and some additional assumptions on the system (e.g., the SSOSC, strong
second-order sufficient conditions, and LICQ, linear independent constraint qualification, which will
be introduced in Section E]), so that we could focus on the sub-optimality of the online controller
against the offline optimal trajectory.

We also need to point out that, although the additional assumptions on system that involve constraints
might seem tricky, sometimes they are exactly the implications of previous assumptions on costs and
dynamics that is actually needed in the proof. For example, Lemma 12 in [37] shows that Lipshitzness
of dynamics and uniform controllability together imply uniform LICQ property of the system. For
the clarity of exposition, these implications might be directly assumed in place of the low-level ones.

Parameter &;. In general, we require that all predicted quantities, which might include cost functions,
dynamical functions, and constraints, should be Lipschitz in &;, so that these quantities get closer
to their ground truth value in a linearly-bounded way as the prediction error on the parameter &;
decreases. For a specific example of parameterized linear dynamics z;1 = A¢(&)xs + Be(&)ur +
wy (&), the requirement is realized by assuming Lipschitzness of A¢(-), By(+), w(+) in &;.

Offline optimal trajectory. We require the offline optimal trajectory OPT to be stable; i.c., there
exists a constant D+ such that ||} || < D, for any state =} visited by OPT. While this can be shown
under some assumptions in unconstrained LTV systems (see [35]]), we introduce this assumption to
simplify and unify the presentation for more complex systems.

C Proof of Lemma[3.1]

We have already shown (3]) holds for all time step ¢ < 7" — k in the main body. For ¢t > T — k, we
see that

er = [0 (we, Erpes Fr) — o/ (20, &rs Pr)| (11a)
k
<> (el - qu(7) + q2(7)) pr.- (11b)
=0
" (R
S;)(<03+D”*) (1) + q2(7)) pr.+ (11c)

16



where we used the definition of per-step error e, in (TTa); we used the perturbation bound (3) specified
by Propertym (TTB); we used the assumption z; € B (xt, ron ) lzf|| < D,~, and the convention
= 0if ¢ + 7 > T in (TIc). Thus e; also satisfies (3) fort > T — k.

D Proof of Lemma 3.2

To simplify the notation, we will use 1/ (2) as a shorthand notation of ¥/ (z, &;.; Fr) in the proof
of Lemma [3.2] since the proof only relies on the perturbation bound (@).

Note that for any time step ¢ + 1, by Lipschitzness of the dynamics we have

= ||ge (@, ue, wi) — ge (@, 7 ()0, w) ||

< Ly |Jur = b (20)u, ||
S Lget. (12)

HItH ol (20,

Therefore, we can show the statement that z; € B (932‘ , C%) holds if e, < R/(CZL,),VY7T < t by

induction. Note that this statement clearly holds for ¢ = 0 since x§ = x¢. Suppose it holds for
0,1,...,t — 1. Then, we see that

lze = 21l = [l = ¥5 (2o)y. |
< [l = i (e 1ytH+le\wt i@y = Vi @iy |
< o = oy (e ytH*‘Z% Mo =i (i), (13a)
< qu ) @i = i i1 (Temim1)ye s (13b)
<L, Z g3(i)es—i-1, (13c)

where in (I3a), we apply the perturbation bound (@) specified by Property @ To see why it can

be applied, note that for ¢ € [1,¢ — 1], 24,1 satisfies z;_;_; € B (xf -1 O ) by the induction
assumption, thus we have ¥}, (2¢—;—1)y,_, € B(zj_;, R) because g3(1) < 37 gs3(7) <
Cj5. Therefore, we can apply the perturbatlon bound specified by Property @to compare the

. . . . T i T i . .
optimization solution vectors ¥ (x;—;) and ¥} (¥;_;_;(¥1—i—1)y,_,) , and by the principle of
optimality, we see that

b (Wi (@emim)yiss), = Yimioa (T—ic1)y,

We also used ¢3(0) > 1 in (I3b) and (I2) in (T3c). Recall that we assume e;_; < ﬁ. Substituting

this into (T3) gives that
t—1

R R
— il < Ly Y as()) < A
th xt” — g C??Lg g q3(2) — CS

Hence we have shown x; € B( ; CA) holds if e, < R/(C3L,),VT < t by induction. An
implication of this result is that z; € ( Ty, & ) holds forall t < T'if e; < R/(CZL,) holds for all
t<T.

Similar with (T3), we see the following inequality holds for all ¢ < T"if e, < R/(C3L,),Vt < T:

lue = wp ]| = [ue = %5 (20)w.|
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t—1
Hut - th(xt)Ut H + Z ||'l/1;11_7;(1't7i)vt - 1/)75T—i—1(93t7i71)vt ||

<
=0
t—1
< ue = o (), ’+ZQ3 s = i1 (@mim1)ye
- =0
e+ Ly gslier i, (14)
i=0

where the second inequality holds for the same reason as (13a).
By (13), we see that

t—1 2
|l — 2} )|* < L (Z Q3(i)€t—i—1>

=0

t—1 t—1
L (Z qS(i)> : <Z %(i)e?il) (15a)
i=0 i=0
t—1
< Gyl <Z CJs(i)ef_i_1> , (15b)

where we use the Cauchy-Schwarz inequality in (T5a), and 3"'—; ¢3(i) < Cs in (T3B).
Similarly, by (T4), we see that

t—1 2
e — i < ( 1, Zq:a(z')et_i_l)

=0

t—1 t—1
< (1 +12y° qs(z')> : (e? +> qs(i)e?H) (16a)
1=0 i=0
t—1
< (1+C3L2) - (ef + qu(i)ef_,-_1> : (16b)

where we use the Cauchy-Schwarz inequality in ,and we use S"'_ g3(i) < Cj in (TGH).
Summing (T3) and (T6) over time steps t gives that

T
> llw -2t + Z e — |
t=1
T-1 t—1
< CsL? Z (Z gs(i)e;_; 1) +(1+CsL7) - Z (63 + Z(B(i)e?il)
t=1 \i=0 t=0 =0
—1
< (142C5L7) - (1+Cg)- e2, (17)

t=0

where we rearrange the terms and use Z;’;O q3(j) < Cjs in the last inequality.

Since the cost function f;(-, ;&) and Frr(-;&}) are nonnegative, convex, and ¢-smooth in their
inputs, by Lemma F.2 in [35]], we see that the following inequality holds for arbitrary > 0:

cost(ALG) — cost(OPT)

T-1 T—1
< (Z filweu €) +FT<xT;s;>> - (Z iy, ugs &) +FT<x*T;f;>>

t=0 t=0
T-1
<n (Z fo(@d uis &) + Fﬂ%%ﬁ%))
t=0

18



¢ 1\ [<&
+2<1+n> <Z |2 — 2| +Z||ut7uf ) (18a)

t=1
1

T—-1

¢

< 1 - cost(OPT) + <1+n> -§~(1+203 S(1+Cs)- ) e (18b)
t=0

=n-cost(OPT) +

|-

é-(1+203L§)-(1+03)-Ze§

¢
+§~(1+2C3L§)~(1+Cg)-Zef, (18¢)

where we apply Lemma F.2 in [33] in (I8a), and we use in (I8B). Setting the tunable weight n

in to be

1

(5 (1+2G5L5) - (14 Cy) - 5y €
= cost(OPT)

gives that
cost(ALG) — cost(OPT)

T-1

14
< <2 . (1 + 203L§) 1+ 03)) - cost(OPT) - Z e;

t=0
' _
+§-(1+203L3)-(1+C’3)-Zef. (19)
t=
This finishes the proof of Lemma[3.2]

E Proof of Theorem

We first use induction to show that the following two conditions holds for all time steps ¢t < T":

x €B (x;‘, 0R> , (20a)
3

e < Z <( + DT*> cqu (1) + q2(7)> pe,r +2R <(§; + DI*> ~qr (k) + Cb(k)) . (20b)

At time step 0, (20a) holds because xy = x{, and (20b) holds by Lemma[3.T|and the assumption on
the terminal cost I, of MPC,,.

Suppose (20a) and (20b) hold for all time steps 7 < ¢. For time step ¢, by the assumption on the
prediction errors p; » and prediction horizon k in Theorem (3.3} we know that e, < c% holds
for all 7 < t because (20b) holds for all 7 < ¢. Thus, we know that (20a)) holds for time step ¢ by
Lemma|[3.2] Then, since (20a) holds for time step ¢, and the terminal cost F} 1, of MPCy is set to be
the indicator function of some state (&;4.x|¢) that satisfies (&, yxpe) € B(zy,,, R) ift <T — k, we

know (20b) also holds for time step ¢ by Lemma[3.1} This finishes the induction proof of (20).
To simplify the notation, let Ry := £t 4 D,-. Note that (20b) implies that

2
€t

IN

K
(Z (Ro - q1(7) + q2(7)) + 2R (Ro + 1))

7=0

k
: (Z (Ro - a1(7) + a2(7)) pi - + 2R (Ro - qa (K)* + q2(k>2)> (21a)

7=0
(R001 + Csy + 2R(R0 + 1))

IN
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k—1
- (Z (Ro - q1(7) + q2(7)) pi - + 2R+ 1) (Ro - qu(k)* + Q2(k)2)> , (21b)

=0

where we use the Cauchy-Schwarz inequality in (2Ta); we use the bounds Y-_ ¢i(7) < €1,
S q2(7) < Cy,and py» < 1in @IB).
Since (20) and 1) holds for all time steps ¢ < 7', we can apply Lemma [3.2]to obtain that

cost(MPCy,) — cost(OPT) < +/cost(OPT) - Ey + Ej,
where

Ey = (RoCy +Cy +2R(Ry + 1))

k—1
' (Z (Ro - a1(7) + q2(7)) P(7) + (2R + 1) (Ro - 1(k)* + q2(k)?) T) :

7=0
This finishes the proof of Theorem 3.3}

F Assumptions and Proofs of Section 4.1]

The formal definition of the controllability index d and o-uniform controllable are given in [35]]. For
completeness, we restate them for LTV dynamics in Assumption [F.I] below.

Assumption F.1. For time steps to > t1, we define the transition matrix ®(to, t1) € R"*" as

A A o A ;
D(tg,t1) = {It2 144t —2 n 2>t

otherwise.’

For any positive integer p, we define the controllability matrix M (t,p) € R™*(™P) gg
M(t,p) = [q)(t + p, t + ].)Bt, q)(t +p, t -+ Q)Bt_;,_l, ey q)(t +p, t +p)Bt+p] .

We assume the LTV system { Ay, Bi} is o-uniform controllable with controllability index d, i.e., d
is the smallest positive integer such that o, (M(t,d)) > 0 holds for all t € [0,T — dJ, and
Omin (M (t,d)) > o holds for all t € [0,T — d].

As a remark, the Assumption[F.I]is a special case of Definition[B.T]in unconstrained LTV systems.
[35]] has established a perturbation bound for the LTV system in (O) which implies the our requirements
in Property [3.1] Thus we can use Theorem [3.3]to show Theorem[.1]

Proof of Theorem@.1] By Theorem 3.3 in [33], we know Property [3.1] holds under Assump-
tion for arbitrary R and ¢1(t) = 0,q2(t) = Hi\, and q3(t) = Hi\{, where H; =
Hy(p,0,d,0,a,b,b',Ly,) > 0 is some constant, and \; = Ay (u, ¥4, d,0,a,0,b', L) € (0,1) is
the decay rate. Here, H; corresponds to C' and A; corresponds to A\ in Theorem 3.3 in [35]].

By setting R := max {Dx*, (216“’7/\?)?3}, we guarantee that the terminal state 0 of MPCy, is always in
the closed ball B(z;, ;,, R), and the condition

Zk: ((éz + Dm*> (7)) + Q2(T)> pir +2R ((C}Z +Dm*> (k) + qz(k)> < C?,2RLg

7=0

O

holds once k& > In (% /In(1/A;1) because p; » < 1. Therefore, we can apply Theorem [3.3|to
finish the proof of Theorem

G Assumptions and Proofs of Section4.2]

In this section, we give the detailed assumptions and proofs of the results in Section[#.2} Before we
present the assumption on the uncertain LTV systems in (I0), we first define several quantities that
we will use heavily in the rest of this section:
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For time steps t1 < t9 and &;,.., € =Y, :4,, define

I

t — A, (&) — B (§n) I
Ntf (ftlztz) = . - 22)

_At2 tgtz) _Btz (§t2> I

This matrix is closely related to the stability of the LTV system in the time interval [¢1,to +
1]. To see this, note that Nttf (&:,.,) always has full row rank, i.e., given any disturbance

vector w = (.’)3t17w1§1,w1§1+17...,'LUtZ)T, one can always find a feasible sub-trajectory z =
(4, Uty Tty 41, - - - s Uy, Tepp) | that satisfies N{?(&,.4,)2 = w. If for any vector w, there ex-
ists a feasible sub-trajectory z such that ||z|| < (1/0) - ||w]| for some positive constant o, then the
smallest singular value of N2 (&, .,) is lower bounded by o.

Similar with (22)), we define matrix

1

—A —B I
Nttf (ftl:tz) — t1 (Eh) ty (fh) § (23)

7At2 (£t2) 7Bt2 (5252)

for any time steps ¢1 < t3 and &, .+, € Zt,.+,, which removes the last column of @) The matrix
fo (&4, .4, ) is closely related to the controllability of the LTV system in the time interval [¢1,to + 1].
To see this, given any disturbance vector @ = (x4, , W, , Wiy 41, -« -, Wiy — mt2+1)T whose first/last
entry depends on the initial/terminal state, a feasible sub-trajectory 2 = (X, Uty , Tty 41, - - - Uty)

must satisfy that Nttl (&t,:t,)2 = . Different from N2 (&, .4,), Attl (&, .t,) is not guaranteed to have
full row rank. If for any vector b, there exists a feasible sub-trajectory 2 such that [|2]| < (1/0) - |||
for some positive constant o, then the smallest singular value of Nt (&t,:t,) is lower bounded by o.

We make the following assumption on the smallest singular values of matrices Nttf (&t,:,) and

fo (&t,.¢,) so that the LTV system possesses uniform stability and controllability properties under
any uncertainty parameters:

Assumption G.1. There exists some universal constant o > 0 such that o ,;n (NtT -1 (&:T—l)) >0
foranyt < T, and o pin (Nf+k (ft;t+k)) >oforanyt <T — k.

While Assumption [G.1|may seem more restricted than the uniform controllability defined in Defini-
tion[B-T] it can actually be derived from Definition [B-T|by Lemma 12 in [37].

In order to formulate (T0) as a quadratic programming problem with equality constraints, we also
need to define the matrix for cost functions:

M (&ur) = diag (Qu(&), Re(&h), Quy1(&441)s - - - Rr—1(ér—1), Pr(ér)) ,Vt < T,
MR (€)= diag (Qu (&), Re(€1), Quar (Erxn)s -+ oy Rev1 (Eoynn)) ,VE < T — k. (24)

To write down the KKT condition of the equality constrained quadratic programming problem, we
also need to define

T-1 T
HtT(ft:T) — |: ((gtt;“)l) Nt (%:T—l) ]’
N vt+k—1 T
Htt+k(§t:t+k) = |:Nt+ — g::::zl) Nt (%:t+k_l) :| )
b (2, €r) = (Qu(E)Tt(&0),0,. .., P(Ep)Tr(En), 2, wi(&L), -y wr 1 (E7-1)) T,
bR (2, €)= (Qe(€D)T(&),0,. .., 0, 2,we(&), - -, W1 (Eesr—1) — Eer) |
X?z (y Ut?yt'i‘l?"'7UT—17yT7nt777t+17"'777T)Ta
>A<§+k = (yt,Ut yt+17~--aUt+k71a77t>77t+1a-~-a77t+k>—r
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According to the KKT condition, the optimal primal-dual solution to LtT(z, &y Fr) (6 < T)is
the unique solution X7 to the linear equation H} (&.7)xf = bl (2,&.7). Similarly, the optimal
primal-dual solution to ¢! 7% (2, &y 4 4: 1) (t < T'—Fk) is the unique solution x:* to the linear equation

HIFR (i) X0F = b1F (2, €41 ). We provide an illustrative example for x7 with (¢, T') = (0, 3)

below:
[ Qo I —Ag 1r Yo ] [ QoZo
Ro —By Vo 0
Q1 1 —A] Y1 Q171
Ry —-B v1 0
Q2 I —A; Y2 Q22
R> —-Bj vz | = 0
Ps I Y3 Ps3
1 7o z
Ay —By I m wo
—Al —B; I 72 w1
L —As —By I 1L L w2 |

where we omit the parameters £p.3 to simplify the notations. Rearranging the rows and columns of
the matrix on the left hand side gives the equation:

- T -
Qo 1 _AOT [ Yo T [ QoTo T
R() *Bo Vo 0
I 7o z
Q1 I —A Y1 Q171
R1 —BI V1 0
7A() — By I m = wo
Q2 I .y Y2 Q272
R —B;— V2 0
A —-B I 72 w}
P 1 Y3 Pzs
L —-Ay —Bs 1 L Lowz
Let ®7 denote the permutation matrix that permute (s, V¢, Yes1s- - - UT—1, YT s - - -, 1T) | tO

(Y, Vts Mty Y15 Ve 1 et 1, - - Yy, 7) |- We use YT (&r) = (‘I)tT)HtT(ft:T)(‘I)tTQT to denote
the rearrangement of H}' (&.7) as illustrated in the above equation, and use S} (z,&:.7)
(@10 (2,&,.7) to denote the corresponding rearrangement of b (z, &.7).

We also provide an illustrative example for x!™* with (¢, k) = (0, 3) below:

[ Qo I —Ag 11 v T [ Qoo 7
Ro —-By Vo 0
Q1 I —A] Y1 1Z1
R1 7B;r VU1 0
Q2 I —A; Y2 | _ | Q272
Ry —B; v2 U
I "o Z
Ay —-Bo I m wo
A -B I 72 w
L A2 —B» J L Low2

where we omit the parameters &y.3 to simplify the notations. Rearranging the rows and columns of

the matrix on the left hand side gives the equation:

22

[ Qo I —Ag [ Yo 7 QoZo
Ro —BoT Vo 0
I o 20
Q1 1 —Af Y1 Q171
Ry —B;r v1 _ 0
—Ay —DBo 1 m o wo
Q2 1 Yy Y2 Q272
R, 73; Vg 0
“A -B I 2 wi
L —Ay —DBs ] Lnsd L w2 —z3




Let ®!** denote the permutation matrix that permute (Yy, Ug, Yeg1s- - - > Vgt 15 s - - - s itk ) |

€0 (Yts U, s Yt 15 Vi1, M1 - - - Ytbh—1s Vthom 15 et Lear) T We use TEF(&pnn) =
(DR HITR (g, t+k)(<l>t+k)T to denote the rearrangement of H!*(&.,,4) as illustrated in the
above equation, and use 37 (2, Eriqn) = (PTF)DITE (2, €40 4k) to denote the corresponding

rearrangement of bt (z, Erttk)-

Before showing the main result about the per-step error, we first show a technical lemma about the
singular values of a block matrix in Lemma|[G.1]

Lemma G.1. Consider a block matrix

[M NT
ne [

Here M € R™*™ js a symmetric positive definite matrix that satisfies o, I < M < @1 with
oy >0, and N € R™*™ with ny < ng satisfies that oy < 0(N) < Ty withoy > 0. Then H
satisfies that

min(gy, 1) - oN - \/ — om <o(H)<V2@Gm +7on).

20 \0a +ap(an)?

Proof of Lemma|G.1| We first establish the lower bound on o(H): Suppose the singular value
decomposition of N M ~2 s given by

NM~z=USVT,

where U € R %" and V' € R™*"0 are unitary matrices and ¥ = diag(oy, 0a,...,0,,) € RM*n0
ith -2
w1th@2012 Zam_\/f
_ Mz FT M3 0
I PR
[ I ZT vl 0 M3 0
-1 D H oJ Lo sl e
Note that for any o € R™ and g € R™!, we have
2 ni no ni
I 27 |a
[ 5Tl = Shier o 35 e oot
i=1 i=ni+1 i=1
L o? 20; 2 52 o? 0
— 14 b ; L_B; 22 @ 2 2
3 ((F) (o )+ ot 57) + £
i=1 ? g i=ni+1
.o} al|?
> (o) | 3]

2
IMm (QN)2

- QQMEM +EA[(EN)

Therefore, by (23)), we see that

|3

This finishes the proof of the lower bound.

2

)

IM
N 20,0m +om(@N)?

19

> min(g,,,1) -

3

For the upper bound, note that

5

‘ < ||Ma+NTB||+|Naf

< |[Mal +[[NTB| + [ Nal|
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< @m +on) (]l + [yl
<o son]

O

t+k(

Since the primal dual optimal solution to ¢} (z,&.7; Fr) and ¢ z,&prk; 1) are given by

-1
(Y7 (&7)) " BT (2, &r) and ( k(& t+k>) BT (2, €uerr) respectively, it is critical to es-

_ . —1

and (T§+k(§t;t+k)) .
Note that after the rearrangement, Y7 (£;.7) is a block matrix with (T —t + 1) x (T —t + 1) blocks,
indexed by (i, j) € Lt, T)%; Y* (€0 41) is a block matrix with (k + 1) x (k 4 1) blocks, indexed
by (i,7) € [t,t + k]°.

Lemma G.2. Under Assumption[d.2] the followmg inequalities hold for the norm of the block entries

of (17 (ft.T))_ and (TH (& t+k))

tablish the exponentially decaying bounds for the matrices (TtT(gt:T))

H (r)™ H < CoNiT (i, §) € [t T, Ve € S,
H ft k) H < Gy )\l —il V(i 7) €[t tJrk] JVEiitvk € Sk (26)

Further, the following inequalities hold for the norm of differences between the block entries of
- N —1
(YT (&) ' and <T§+k(§t;t+k)) : Forall (i,7) € [t,T)? and &7 € Zy.1, we have

(07 (o)™ = YT ()Y,

T
<Oy AT e — e 27)
T=t

Forall (i,7) € [t,t + k]? and &7 € Sppyp witht < T — k, we have

H F(Ean) Tt — Ti*’“(ﬁé:m)’l)i H < ZA'{""*‘T‘J" e -l @8)

T=t

where the constants Cy, Ch, and My are given by

1
o — 2 40+ 1 b
)\2_(011 O'H> Oy ( +2+a+ )
on+aoy T A2

2
02 CQ (maX{LQ—l—LR,Lp}—i—)\(LA—i—LB)) .
2

)

where g iy and T are defined as

/ /

Proof of Lemma[G.2} In the proof, we only show the results for Y7 . The results for T:™* can be
shown using the same method.

We first show (26) holds. By Lemma we know that Note that T/ (&.7)? is a positive definite
matrix that has band width 4 and satisfies

ohl 2 (€r)® 2 THL

Using the same method as the proof of Lemma B.1 in [35], one can show that for any (4, j) € [t, T]?,

Al (29)



Note that Y7 (&.7) 7t = YT (&.7) - (T?(ft;T)z)fl. Thus we see that

(Y7 (&)™), = (17 (€r) - (7 (€er)®) )

ij

T (G ((fEe ™),

I
WMS

1+1
-1
— Z 7 (G- (17 (€r)?) )kj.
k=i—1
Therefore, by (29), we see that
40 +14+a+b i—j .
H EtT zg — % : /\‘2 ]‘7V(Z7j) € [th]2 (30)
QH'A2

Note that we have
TtT(gt:T)_l - T?(gézT)_l = _(Tz(gng))_l (TtT<£tT) - T?(&IIST)) T?(&t:T)_l' (3])

To simplify the notation, we define

Er = (Tf(gt:T) - T?(&:T))TT Ve [t,T,
and
E-lr = (TZ(&:T) - Tz(fng))(T+1)T ,VT € [t7T - 1]'

The right hand side of (31) is a linear equation. Thus we can study the following 3 equations
separately and sum them up:

) _
0
CDT = (TZ(géT))_l ET 0 (Tz(gt:T))_laVT € [th]v (3221)
L 0_
’ _
oL = (YT (¢.p)) " oo (7 (€ur)) " Vrelt,T -1,  (20)
_ 0,
” _
8V = (T7(6r)"! 0 &) (T (Gr) " Vr e 6T 1) (320)
0]

By (32a)), (32b), and (32), we see that
H@ )il < 1(OFF €)™ - B || (0 () ™).,
< O3 AT B (332)

@By < 1T €)™ |- N | (0F Er)™) |

< O3 NI B

(33b)

)
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1@D)isll < (| (OFF €)™ s - 1B | (XF () 7).
<cg AT e, (33¢)

where we use the bound (30) on the norm of individual block entries in (33a), (33b), and (33¢).
Summing these inequalities up over 7, we see that

(T (€er)” TtT(sz:T)*l)ij

= Z TU+Z<I>L”+Z<I>U (34a)
T=t
T

< Z (@7 )51 + Z [(®@5):5] + Z 1(@Y)ss]] (34b)

T=t
<C2 (Z)\lT i|+|T—3] ||E ||_|_ Z/\\T i+ 7= |E’> (34¢)
T=t
< C3 <max{LQ+LR7LP}+ Z(La+Lg) )ZA'T I e, — el (34d)

T=t

where we use (31) in (34a); we use the triangle inequality in (34b); we use (33) in (34c); we use the
Lipschitzness of dynamical and cost matrices in & (Assumption 4.2)) in (34d) O

With Lemma[G.2] we can derive the perturbation bounds specified by Property 3.1}

Theorem G.3. Under Assumption - Property@ holds for arbitrary positive constant R and
q1(t) = HaA3t, qo(t) = Ho)l, and q3(t where g is defined in Lemma and Hy is
given by

2({Dz + D,
Hy = Cj <(+>+R+D$*+l) +Cy(Ly+ 0Lz +DzLg +1).

Proof of Theorem[G.3| For t < T — k, under the specification of Property [3.1} we see that

(2, s Dy, — U (20 6y D).,

IN

(??k(ft:t%)_l»@ﬁk(% ttrk) — T§+k(§£:t+k)_13tt+k(27€§:t+k)) (352)

Ut

IA

(T8 )™ = T (€)™ ) B (26

Ut

+H(Y§+k(f£;t+k)1 (BZ‘F( yEtitrk) — B* (= gtt-l—k)))vt'a (35b)

where we used the KKT condition in (333) and the triangle inequality in (33b).
For the first term in (35b), we see that

((ﬁ“(ft:t%)_l - ﬁ%(ffa:tw)_l) 'Bf+k(2’ft:t+k)>
t+k A
< Z H( F(Eeerr) T?k(&:wk)_l)trH . ‘
t+k t+k
<C (Z N7 6err — %H) 121l + Zcz (Z X — g ||> -(¢(D; + D,,)
=0

k
+ A5 - (Z |47 — ££+TH> €esrl (36b)
=0

Ut

gi+k (36a)

(2, et 1) r
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k k
< ;:0 A2T0pir - ||2]| + C (1 W 2+ R+ D,*> > A50iir, (36¢)
where we use the triangle inequality in (36a); we use Lemma|[G.2]and the bounds on each entry of

Bt (2, &ppp) in (36b); we rearrange the terms and use & € B(z},,,, R) in (36c). For the second
error term (33b)), we see that

(T ™ () = 5942 )

t+k
< Cp Y AT H(Lw + 0Lz + DzLq)dr + CoNsdryn, (37)

T=t

Ut

vyhere we use the following inequality to bound the difference between BtHk (z,&1.441) and
f+k(z7£{5:t+k):
1Q7(&)2+ (&) — Q- (&)Z- (&)l
1Q7(§7)%7(&7) — Q- ()7 (&) + 1Q+(€)2+ (&) — Q= ()2 (&7)l
(¢

1Q+ (&) — Q- (€D - 127 (&) + Q- (€ - 127(&7) — 2+ (&)
(LoDs + £L3)5,.

Substituting (36) and (37) into (33) gives that for any t < T — k,

k
‘ (Z q(r 5t+7—> [l 2] +Zq2 )St4r
7=0

under the specification that £.;4 k-1 € Zpytr—1,&., ko1 =
We can use a similar methods to show that for any ¢t > T — k,

IN AN IA

wtt+k(za§t:t+k§ﬂ)vt* £+ ( gtt-t,-kv

€;t+k71; €t+ka§t+k € B(xz‘Jrk,R).

T—t
HQ/J;[ (ngt:TQFT) —¢t (2, &7 Fr) m” < (Z q (T 5t+r> 2]l +ZCI2 )04+
7=0

under the specification that &.7 € Zp.p, .0 = &op-

For any t < T', we see that
"wz(zafsz;FT)yT/vT - th(ZlvfzzT§FT)yT/vTH

< | OF ) (BT ) = BT i), | (382)

< (CF &)™)l e = #

<Gy 2 =2, (38b)
where we use the KKT condition in (38a); we use Lemmal[G.2]in (38b). O

Now we come back to the proof of Theorem §.2]

Proof of T heorem- By Theorem [G.3] Property 1] holds for arbitrary positive constant R and
q1(t) = HaA3, qo(t) = HoAL, and g3(t) = Ha), where the decay rate Ay € (0,1) and constant
H,; depends on R. We set R := D~ + Dz so that MPC,, with terminal state xt+k(§t+k‘t) satisfies
the assumption of Theorem [3.3] The constant H is given by

v (2(Dz + D)
_CQ< 1— X

By Theorem[3.3] in order to achieve the claimed dynamic regret bound in Theorem .2} a sufficient
condition is that the prediction errors p; , satisfy

+2D,- +Dj+1> +Cy (L + €Ly + DaLg +1) .

: (1—A2)2(D,» + D3)

;}AW "= 2H3L, (1= A2)(Dar + D) + Ho(Dye + 1))
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and the prediction horizon k satisfies that
Ak < (1 — )‘2)2
2= 4HZL, (1= Xo)(Da- + Dz) + Ha(Dy- 1))

O

We provide two example systems where the dynamics is unknown but the uniform controllability
assumption (Assumption [G.T)) is satisfied for all possible uncertainty parameters.

Example G .4 (Inverted pendulum with unknown mass). We consider the linearized inverted pendulum
dynamics in discrete state space. The dynamics of the system is given by

. 1 5 0 0] ry 0
i+l 0 14 —Umi)ps m2gl®s 0 Lt (I4+mi)s
Te+1 | _ TM+m)+MmiZ  T(M+m)+Mmi2 Tt o | T rmytMmEE |,
Pr11 0 0 1 b 0 £
—mlbs mgl(M+m)d mld
Pri1 U (EVE=mEw e I(Mim)+Mml2 1| Lo T(M )+ Mmi2
A(M) B(M)

where M is the mass of the cart, m is the mass of the pendulum, b is the coefficient of friction for
cart, 1 is the length to the center of the mass of the pendulum, I is the mass moment of inertia of
the pendulum, x is the position of the cart, ¢, is the angle of the pendulum, and ¢ is step size of
discretization. For simplicity, we assume all system parameters are known except the mass of the
cart M, which is an unknown value in the interval [M,m for some constants M > M > 0. The
controllability matrix of the dynamical system satisfies that
5109214m4
(IM +m(I+12M))4
5106214 m4
T (IM +m(I+12M))4

det [B(M), A(M)B(M), A(M)*B(M), A*(M)B(M)] =

> 0.

Therefore, we can use Theorem 1 in [56|] to show
Tmin [B(M), A(M)B(M), A(M)?B(M), A*(M)B(M)] > a9
for some positive constant oo, which implies Assumption by Lemma 12 in [37]].

Example G.5 (Frequency regulation with unknown inertia). We consider the power grid dynamics
with n nodes studied in [18)]:

)= Lo ol [+ o)

= _as-1 _as-1 -1\ DPin -
W Myl =My D] |w| * [ My | <~
~~ ~—~ = u(t)

&(t) A(t) z(t) B(t)

Here, 0,w € R™ are the vectors of voltage phase angles and frequencies. The state x(t) is a stacked
vector of 0 and w, and u(t) = pyy, is the power input. D is a diagonal matrix whose entries represent
droop control coefficients, and L is the Laplacian matrix of the network of nodes. M) is the inertia
matrix in mode q(t) € {1,...,m} and is time-varying. It is further assumed to be in the form
M1y = mg) L, where my(y) is a scalar that represents the inertia coefficient at time t. We assume
all system parameters are known except the inertia coefficient, and we define §; = mgy).

For simplicity, we use a different discretization technique with [18] so that it is easier to verify uniform
controllability. Specifically, we write the discrete-time system as

T = (I + 5121(t)) Ty + 5B(t) Uy,
—_———— ——

A(&e) B(&:)
where 0 is the step size of discretization. We see that when 0 < m < my(;y < m < +00 holds for
some positive constants m, m for all possible inertia coefficient, we have

3n
det [B(€ran), Alers) BE)]| =

—n 0.

Thus, we can use Theorem 1 in [56l] to show that

Tmin [B(&ev1), A(&e11) B(&)] > 00
holds for all possible inertia coefficient at all time steps for some positive constant oy, which implies
Assumption by Lemma 12 in [37)].
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H Assumptions and Proofs of Section 5]

To introduce the SSOSC assumption, we first define the reduced Hessian of the Lagrangian.

Definition H.1 (reduced Hessian). For a constrained optimization problem with primal variable z
and dual variable n, let H = V2_L denote the Hessian of the Lagrangian L(z, ;). Let G denote the
active constraints Jacobian, i.e. Jacobian of all equality constraints and active inequality constraints,
and let Z be the null-space matrix of G (i.e., the column vectors of Z form an orthonormal basis of
the null space of G). Then the reduced Hessian is defined as H,o(z,1;€) == ZTHZ.
We define the concept of singular spectrum bounds for a specific instance of FTOCP:

Definition H.2 (singular spectrum bounds). Consider the FTOCP 1{(z,&,.,; F'). The positive real

numbers 0,0 R, 0 are called singular spectrum bounds for this specific instance of F TOC if
they satisfy that

og Z EH(Zagtutz)aER Z gR(vatlitg)a and 0 < o4 S gH(Zagtlztg)v

where 6,0 R, and g, are defined in (4.16a-c) in [50].

Assumption H.1. We make the following assumptions on the costs, dynamics, and constraints of an
FTOCP Lif (Z7 §t1:t2; F)

1. All cost functions, dynamical functions, and constraint functions are twice continuously differen-
tiable in (xy,uy) and &

2. (S8S0OSC) The reduced Hessian at the optimal primal-dual solution is positive-definite.

3. (LICQ) The active constraints Jacobian G at the optimal primal-dual solution has full row rank,
ie. Umin(G) > 0.

4. (Uniform singular spectrum bounds) There exist positive singular spectrum bounds o ,0R, 0
for all FTOCP specifications below:

(a) t1 =t to=t+kfort <T —k:

z€ B}, R), k-1 € Srtrn—1,64k € B(wfy, R), F =1

(b) ti =t,to =T fort <T:
z € B(x:7R)7£t:T S Et:T,F = FT.

We remind the readers that Lemma 12 in [37] shows that Lipshitzness of dynamics and uniform
controllability together imply uniform LICQ property of the system.

Under Assumption[H.1] we know Property[3.1/holds for g1 (t) = 0, g2(t) = H3\4, and g5(t) = H3\j
for some H3 > 0 and A3 € (0,1) by Theorem 4.5 in [50].

Theorem H.1. Under Assumption that holds for some R > 0, Propertyholds forqi(t) =0,
q2(t) = H3\, and q5(t) = Hs )\, with the same R. The coefficient Hy and decay factor A3 are

given by
3 2 2\ 8
oo 2 Oy — 0O
Hjy = H2 R , and A3 ‘= H .
TH On+h

Combining Theorem [H.T| with the Pipeline Theorem (Theorem 3.3)) finishes the proof of Theorem[5.1]
Note that when & < %, we know that ng ($070§FT)yt+,c — x;‘+kH < R. Thus using

i (z0,0; Fr) oo 85 the terminal state of MPC,, at time step ¢ can satisfy the requirement of
Theorem 3.1l

>We remind the reader that the functions or,0R, and o depend on the form of FTOCP, i.e., different
horizon [t1, t2] and different terminal cost function F'.
31f the terminal function F is an indicator function of some state, we view it as a constraint instead of cost.
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I Inventory control with constraints

In this section, we present two examples about the perturbation bounds under a simple inventory
control dynamics. In the first example, we use the results in [50] to show a general exponentially
decaying perturbation bound holds when we only have one-sided constraints on control input ;.

Theorem L.1. Consider the optimal control problem where the state x; and the control input u; are
both in R. The dynamics and constraints are given by

4
Tip1 = Ty + Uy, Stz € [—1,1],up > -5

Sor all t. The stage cost is given by fi(x¢,us; &), where fy is convex and £-smooth. We also assume
that fy is p-strongly convex in its first variable x,. Then, for any positive integer p > 3, we have

|8 (@0, €0p-1,Gpi D), — U8 (2, €1 i T),,,

p—1
<C (Ah oo — 2 + D AP g — &+ G, - <;|> : (39)

7=0

forall xo,¢, € [—1,1], where h € {1,...,p} and C > 0, X € (0, 1) are some constants.

Proof of Theorem[[.I] We can rewrite the optimization problem to remove the equality constraints as
following:

p—1
min Z fe(xe, 41 — 245 &) (40a)

T1:p—1 =0
st. —1<a, <1L,vte{l,2,....,p—1}, (40b)

4
Ty — Tg—1 ngth€{172a"'ap}a (4OC)
where z), = (.

Note that for any time index ¢ € {1,2,...,p— 1}, at most 2 constraints that involves x; can be active.

They can be chosen from the 4 possible constraints that involves x;:

v > —1,o <1, op — 241 2 T Tt T T > 5

And for any time index t € {1,2,...,p — 2}, the 3 consecutive “coupling” constraints
4
Ty — Tg—1 = —g,xwl—fﬂt > —37$t+2—$t+1 2_57 (41)

cannot activate simultaneously. Let o denote the smallest singular value of matrix

S

Therefore, in the context of Theorem 4.5 in [50], we see that o (VL (27(£);€) [B, B]) is lower
bounded by o and upper bounded by 2. Since we also have that

pl <V £ (21();€) [B,B] < 5.

By Lemma|G.1] we further see that we can set g ; and Gy as

. [ _
QH = 2mln(,LL,].) mvafj = \/5(58"' 2)

We can set 7 = £. Applying Theorem 4.5 in [50] finishes the proof. O
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As a remark, we have already certified Assumption [H:I]in the proof of Theorem[[.T|and the perturba-
tion bound provided by Theorem [[.1)is more general than the statement of Theorem [H:1]

While Theorem[[.T|shows that Assumption[H.T]is not vacuous, and we present a negative result in
Theorem[[.2]which shows exponentially decaying perturbation bounds may not hold when Assumption
[H1lis not satisfied.

Theorem 1.2. Consider the optimal control problem where the state x; and the control input u; are
both in R. The dynamics and constraints are given by

4 4
Tpp1 = T+ up, s.toxy € [—1,1],u € —05

for all t. The stage cost is given by fi(ws,us; &) = (s — €)%, where & = % iftisodd and & = —%
if t is even. For any p is even, we have

2 2
Yo (0750:;;1, —5;]1> -5 (0750:101, -zt 6;H> =€ (42)
Th Th
holds for any € € [0, & 5= )] and h € {1,...,p}. For any p is odd, we have
P 2 P 2
1% 0)50:1)-173;}1 _?wb() O7§O:p—1a 5 +€7H =€ (43)
Th Th

holds for any € € [O —} and h € {1,...,p}.

Before presenting the proof of Theorem .2} we want to add a remark about why a similar proof as
Theorem [[.T| cannot work here. Note that a key property we leveraged in the proof of Theorem[[]]
is that any three consecutive “coupling” constraints @D cannot actlvate simultaneously. This is no
longer the case when u; has two sides of constraints, i.e., us € [—3, 3. As a result, the smallest
singular value of matrix V,, £ (27(£); & [B B] can be arbitrarily small (i.e., decaying w.r.t. the
horizon length p). Thus, Assumption is not satisfied because o ;; cannot be set as a positive
constant, and the same proof as Theorem [[. I|can no longer work. We will leverage this intuition to
construct a counterexample to show Theorem@ We construct a sequence of cost functions so that
u; reaches either its lower bound — or its upper bound = at every time step.

Proof of Theorem|[.2] We first show that (#2)) holds by induction on p. Specifically, we will show
that the following holds for any ¢ € Z

, = 8ei2) 2q6 if € € [0, 5,

2

LOq (0550:2(1—13 73 + 65]1) Z 8(g +2) + 25(2(1 1)2 ifee (5(2q 1)’ %]7 (44)
> (%722) ifee[— 5,0),

by induction on g.

It is straightforward to check that (#4)) holds for ¢ = 1. Suppose it holds for . For ¢ + 1, we consider
the following three cases separately:

Caselzogegg)(TQH).

Suppose w2, = —2 + ¢/. When €’ € [0, €], we should choose 2411 = £ + ¢ to minimize the total
cost. The total cost is given by

8(q+2) ne (20N L (2 )
5 A H{57¢) Tl5te)

and it is minimized at ¢ = €. Thus, we achieve the total cost of 8(q+3) + 2(q +1)e2. When €’ > e,
note that the 0pt1mal choice of wgq41is £ + €, which is the same as when ¢ = e. By the induction

assumption on LO , we see that the total cost incurred is lower bounded by (‘HS) +2(q+1)e%. When
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€ < 0, we have Tog+1 < % Therefore, by the induction assumption, the total cost is lower bounded
by

4 8 1
+ — + 5 :7+62+76>M

25 25 25 5 = 25
Thus, we have shown that

2 8((] + 3) 2
2q 2
O . —_— .I[ - 2 1 6 0 .
LO ( 3U0.2q b 5 & > 25 (q )6 > Ve |: ’ 5(2(] + 1):|

2
8(q+2) 4 <2+6> 8(Q+3) +2(q+1)62.

. 2 T
Case 2: 5 <€ <=

Suppose za, = —% + €. When ¢ < %, we know that z9q41 < % +e < %. The total cost lower

bounded by
8((] + 2) "2 2 / ? 2 2
—— }+ 2 - — - .
9% +2q(e"* + 5 €l + 3 + €
Note that

Thus the total cost is lower bounded by

8(¢+3) 8(qg+1)
+ .
25 25(2q 4 1)2

When € > %, we see that the total cost is lower bounded by

8(Q+2> "2 2 2
2H T 49 z
o5 +2q()" + 5+6

8(g+3)  _8la+l)
25 25(2q + 1)2

v

Case3: —2 <e<0.
Note that the total cost of steps 0 to 2¢ is uniformly lower bounded by 8('127? regardless of the choice

of z24, and the total cost of steps (2¢ + 1) and (2¢ + 2) is uniformly lower bounded by 2. Therefore,

we see that ) 8( 2)
+
Lg(q+1) (07§0:2q+1, ~E + e;]l) > q275.

Therefore, by combining the three cases, we have shown that (@4) holds for all ¢ by induction.

By rolling out the optimal states that minimize the total cost, one can show the unique optimal

solution is given by
2 24+¢  ifhisodd
P10, &0p_1,—= + 61 =45 ’
wo( Lop-1, =5+ )mh {—?—&-e if o is even,

when € € [0, ﬁ] This finishes the proof of (2).
For [@3)), suppose p = 2q + 1. It is straightforward to verify that (@3)) holds for ¢ = 0. When ¢ > 1,
by @]) we know that in the optimal solution, we have x2, = f% + €. We can further derive that the

unique optimal solution is given by

9 24¢ if h is odd
P (0.6 24T —J5 )
1/)0( :€0:p—15 5+6, )mh {_§+€ if h is even,

when e € [0 |. This finishes the proof of #3). O

2
’ 5(2g+1)
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