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Abstract

We observe that given two (compatible) classes of functions F and H with small
capacity as measured by their uniform covering numbers, the capacity of the
composition class H o F can become prohibitively large or even unbounded. We
then show that adding a small amount of Gaussian noise to the output of F before
composing it with H can effectively control the capacity of H o F, offering a
general recipe for modular design. To prove our results, we define new notions of
uniform covering number of random functions with respect to the total variation
and Wasserstein distances. We instantiate our results for the case of multi-layer
neural networks. Preliminary empirical results indicate that the amount of noise
required for our bound to improve over existing uniform bounds can be quite low.

1 Introduction

Let F be a class of functions from X to ), and H a class of functions from ) to Z. Assuming
that F and ‘H have bounded “capacity”, can we bound the capacity of their composition, i.e.,
HoF ={hof| fe€F,he H}? Here, by capacity we mean learning-theoretic quantities such
as VC dimension, fat-shattering dimension, and (uniform) covering numbers associated with these
classes (see | Vapnik| (1999);|Anthony et al.|(1999)); |Shalev-Shwartz and Ben-David! (2014); Mohri et al.
(2018)) for an introduction). Being able to control the capacity of composition of function classes
is useful, as it offers a modular approach to design sophisticated classes (and therefore learning
algorithms) out of simpler ones. To be concrete, we want to know if the uniform covering number
(as defined in the next section) of H o F can be “effectively” bounded as a function of the uniform
covering numbers of F and H.

The answer to the above questions is true when F is a set of binary valued functions (i.e., ) = {0,1}
in the above). More generally, the capacity of the composition class (as measured by the uniform
covering number) can be bounded as long as || is relatively small (see Proposition . But what if )
is an infinite set, such as the natural case of ) = [0, 1]? Unfortunately, in this case the capacity of
‘H o F (as measured by the covering number) can become unbounded (or excessively large) even
when both F and A have bounded (or small) capacities; see Propositions 8| and [0]

Given the above observation, we ask whether there is a general and systematic way to control the
capacity of the composition of bounded-capacity classes. More specifically, we are interested in
the case where the domain sets are multi-dimensional real-valued vectors (e.g., X C RY, Y C RP,
Z C R9). The canonical examples of such classes are those associated with neural networks.

A common approach to control the capacity of H o F is assuming that # and F have bounded
capacity and H consists of Lipschitz functions (with respect to appropriate metrics). Then the
capacity of H o F can be bounded as long as # has a small “global cover” (see Remark[T3]). This
observation has been used to bound the capacity of neural networks in terms of the magnitude of
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their weights (Bartlett, |1996). More generally, the capacity of neural networks that admit Lipschitz
continuity can be bounded based on their group norms and spectral norms (Neyshabur et al.| 2015
Bartlett et al., |2017; |Golowich et al.,[2018)). One benefit of this approach is that the composition of
Lipschitz classes is still Lipschitz (although with a larger Lipschitz constant).

While building classes of functions from composition of Lipschitz classes is useful, it does not
necessarily work as a general recipe. In fact, some commonly used classes of functions do not admit
a small Lipschitz constant. Consider the class of single-layer neural networks defined over bounded
input domain [~ B, B]? and with the sigmoid activation function. While the sigmoid activation
function itself is Lipschitz, the Lipschitz constant of the network depends on the magnitude of the
weights. Indeed, we empirically observe that this can turn Lipschitzness-based bounds on the covering
number of neural networks worse than classic VC-based bounds.

Another limitation of using Lipschitz classes is that they cannot be easily “mixed and matched” with
other (bounded-capacity) classes. For example, suppose F is a class of L-Lipschitz functions (e.g.,
multi-layer sigmoid neural networks with many weights but small magnitudes). Also, assume H
is a non-Lipschitz class with bounded uniform covering number (e.g., one layer sigmoid neural
network with unbounded weights). Then although both F and H have bounded capacity, H o F is
not Lipschitz and its capacity cannot be generally controlled.

We take a different approach for composing classes of functions. A key observation that we make
and utilize is that adding a little bit of noise while “gluing” two classes can help in controlling the
capacity of their composition. In order to prove such results, we define and study uniform covering
numbers of random functions with respect to total variation and Wasserstein metrics. The bounds for
composition then come naturally through the use of data processing inequality for the total variation
distance metric.

Contributions and Organization.

* Section 3] provides the necessary notations and includes the observations that composing
real-valued functions can be more challenging than binary valued functions (Propositions
and[9).

* In Section[d] we define a new notion of covering number for random functions (Definition[I0)
with respect to total variation (TV) and Wasserstein distances.

* The bulk of our technical results appear in Section[5] These include a composition result
for random classes with respect to the TV distance (Lemma [I8) that is based on the
data processing inequality. We also show how one can translate TV covering numbers to
conventional ||.]|> counterparts (Theorem[I7) and vice versa (Corollary 21)). A useful tool is
Theorem [20] which exploits kernel density estimation techniques to translate Wasserstein
covers to TV covers when we add Gaussian noise to the output of functions.

* Section [6] provides a stronger type of covering number for classes of single-layer noisy
neural networks with the sigmoid activation function (Theorem 25).

* In Section|[/| we use the tools developed in the previous sections and prove a novel bound
on the |.||2 covering number of noisy deep neural networks (Theorem 26)).

* In Section[§] we define NVAC, a metric for comparing generalization bounds (Definition [28)
based on the number of samples required to make the bound non-vacuous.

* We offer some preliminary experiments, comparing various generalization bounds in Sec-
tion[9] We observe that even a negligible amount of Gaussian noise can improve NVAC over
other approaches without affecting the accuracy of the model on train or test data.

2 Related work

Adding various types of noise have been empirically shown to be beneficial in training neural
networks. In dropout noise (Srivastava et al.|2014)) (and its variants such as DropConnect (Wan et al.,
2013))) the output of some of the activation functions (or weights) are randomly set to zero. These
approaches are thought to act as a regularizer. Another example is Denoising AutoEncoders (Vincent
et al.| 2008) which adds noise to the input of the network while training stacked autoencoders.

There has been efforts on studying the theory behind the effects of noise in neural networks. Jim et al.
(1996) study the effects of different types of additive and multiplicative noise on convergence speed
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and generalization of recurrent neural networks (RNN) and suggest that noise can help to speed up
the convergence on local minima surfaces. |Lim et al.|(2021)) formalize the regularization effects of
noise in RNNs and show that noisy RNNs are more stable and robust to input perturbations. |Wang
et al.|(2019) and |Gao and Zhou| (2016) analyze the networks with dropout noise and find bounds on
Rademacher complexities that are dependent on the product of norms and dropout probability. It is
noteworthy that our techniques and results are quite different, and require a negligible amount of
additive noise to work, while existing bounds for dropout improve over conventional bounds only if
the amount of noise is substantial. Studying dropout noise with the tools developed in this paper is a
direction for future research.

Studying PAC learning and its sample complexity is by now a mature field; see |Vapnik| (1999));
Shalev-Shwartz and Ben-David| (2014)); [Mohri et al.| (2018). In the case of neural networks, standard
Vapnik-Chervonenkis-based complexity bounds have been established (Baum and Haussler, |1988};
Maass|, |1994; |Goldberg and Jerrum, |1995} |Vidyasagar, [1997; |Sontag et al.| |1998; |[Koiran and Sontag,
1998;; Bartlett et al., [1998}; |Bartlett and Maass}, 2003} Bartlett et al.l2019). These offer generalization
bounds that depend on the number of parameters of the neural network. There is also another line
of work that aims to prove a generalization bound that mainly depends on the norms of the weights
and Lipschitz continuity properties of the network rather than the number of parameters (Bartlett,
1996; |Anthony et al.,|1999; [Zhang] |2002} |Bartlett, 1996} |[Neyshabur et al., 2015} Bartlett et al., 2017
Neyshabur et al.||2018; \Golowich et al., 2018}, |Arora et al., 2018; Nagarajan and Kolter, 2018; Long
and Sedghi| [2020). We provide a more detailed discussion of some of these results in Appendix
Finally, we refer the reader to|Anthony et al.|(1999) for an introductory discussion on this subject.

The above-mentioned bounds are usually vacuous for commonly used data sets and architectures.
Dziugaite and Roy|(2017) (and later|Zhou et al.[|(2019)) show how to achieve a non-vacuous bound
using the PAC Bayesian framework. These approaches as well as compression-based methods (Arora
et al., 2018) are, however, examples of “two-step” methods; see Appendix [H| for more details. It
has been argued that uniform convergence theory may not fully explain the performance of neural
networks (Zhang et al.| 2021; |Nagarajan and Kolter, 2019). One conjecture is that implicit bias of
gradient descent (Gunasekar et al.l 2017; |Arora et al.,[2019} Ji et al., 2020} |Chizat and Bachl, 20205 J1
and Telgarskyl 2021) can lead to benign overfitting (Belkin et al., 2018, [2019; Bartlett et al., 2020);
see Bartlett et al.| (2021)) for a recent overview.

3 Notations and background

Notation. X C R?and Y C R? denote two (domain) sets. For z € X, let ||z||1, ||2]|2, and ||2]/oo
denote the /1, {2, and ¢, norm of the vector x, respectively. We denote the cardinality of a set S by
|S]. The set of natural numbers smaller or equal to m are denoted by [m]. A hypothesis is a Borel
function f : R — RP, and a hypothesis class F is a set of hypotheses.

We also define the random counterparts of the above definitions and use an overline to distinguish
them from the non-random versions. X’ denotes the set of all absolutely continuous random variables
defined over X'. We sometimes abuse the notation and write Z € X rather than 7 € X (e.g., T € R?
is a random variable taking values in R?). By 7 = f(¥) we denote a random variable that is the
result of mapping 7 using a Borel function f : R? — R?. We use f : R? — RP to indicate that the
mapping itself can be random. We use F to signal that the class can include random hypotheses.
We conflate the notation for random hypotheses so that they can be applied to both random and

non-random inputs (e.g., f(Z) and f(x))
Definition 1 (Composition of two hypothesis classes). We denote by h o f the function h(f(x))

(assuming the range of | and the domain of h are compatible). The composition of two hypothesis
classes J and H is defined by H o F = {ho f | h € H, f € F}. Composition of classes of random

hypotheses is defined similarlyby Ho F = {ho f |h € H,f € F}.

The following singleton class G, will be used to create noisy functions (e.g., using G, o F).

Definition 2 (The Gaussian Noise Class). The d-dimensional noise class with scale o is denoted
by Go.d = {Go.a}- Here, Goq : RT — R% is a random function defined by Gy 4(T) = T + Z, where
z ~ N(0,0%1,). When it is clear from the context we drop d and write G, = {g5 }.

'Technically, we consider f(z) to be f(8,), where &, is a random variable with Dirac delta measure on .
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In the rest of this section, we define the standard notion of uniform covering numbers for hypothesis
classes. Intuitively, classes with larger uniform covering numbers have more capacity/flexibility, and
therefore require more samples to be learned.

Definition 3 (Covering number). Let (X, p) be a metric space. We say that a set A C X is e-covered
by a set C C A with respect to p, if for all a € A there exists ¢ € C such that p(a,c) < e. The
cardinality of the smallest set C that e-covers A is denoted by N (¢, A, p) and it is referred to as the
e-covering number of A with respect to metric p.

Definition 4 (Extended metrics). Let (X, p) be a metric space. Let u = (a1,...,am,),v =
(b1y...,bym) € X™ for m € N. The oo-extended and {s-extended metrics over X™ are defined by

PP (1, v) = SUpy << plai, bi) and Pl (u, ) = \/% Yot (p(ai, b;))?, respectively. We drop

m and use p™ or p*? if it is clear from the context.

Remark 5. The extended metrics are used in Definition|6land capture the distance of two hypotheses
on an input sample of size m. A typical example of p is the Euclidean distance over R?, for which the
extended metrics are denoted by ||.||3>"™ and ||.||5*™. Unlike co-extended metric, the ls-extended
metric is normalized by 1/+/m, and therefore we have p*>™ (u,v) < p°™ (u,v) for all u,v € X™.
Definition 6 (Uniform covering number). Let (), p) be a metric space and F a hypothesis class
of functions from X to ). For a set of inputs S = {x1,2a,...,2m} C X, we define the restriction
of FtoSas Fis = {(f(z1), f(z2),..., f(zm)) : f € F} C V™. The uniform e-covering
numbers of hypothesis class F with respect to metrics p>, p*? are denoted by Ny (e, F,m, p™) and
Ny (e, F,m, p*?) and are the maximum values of N (e, Fig,p>™) and N (e, Fis, pt>™) over all
S C X with |S| = m, respectively.

It is well-known that the Rademacher complexity and therefore the generalization gap of a class can
be bounded based on logarithm of the uniform covering number. For sake of brevity, we defer those
results to Appendix [F] Therefore, our main object of interest is bounding (logarithm of) the uniform
covering number. The following propositions show that there is a stark difference between classes
of functions with finite range versus continuous valued functions when it comes to bounding the
uniform covering number of composite classes; the proofs can be found in Appendix [B]
Proposition 7. Let Y be a finite domain (|Y| = k) and p(y,§) = H{y # §} be a metric over ).
For any class F of functions from X to Y and any class H of functions from Y to R% we have
Ny (e, HoF,m,|.||3°) < N1.Ny(e,H,mNu, ||.||3°) where Ny = Ny (0.5, F, m, p°°).
Proposition 8. Let F = {f,(z) = wz | w € (0,1),x € (0,1)} be a class of functions and
H = {h(y) = 1/y | y € (0,1)} be a singleton class. Then, Ny (e, F,m,|.|[3?) < [2/€*] and
Ny (e, H,m, ||.|5%) = 1, but Ny (e, H o F,m, ||.|52) is unbounded.

Proposition 9. For every € > ¢’ > 0, there exist hypothesis classes F and H such that for every m we
have Ny (¢, H, m, ||.|15°) < m+1and Ny (¢, F,m,|.]|3°) = 1, yet Ny (e, Ho F,m,|.||3*) > 2™

4 Covering random hypotheses

We want to establish the benefits of adding (a little bit of) noise when composing hypothesis classes.
Therefore, we need to analyze classes of random hypotheses. One way to do this is to replace each
hypothesis with its expectation, creating a deterministic version of the hypothesis class. Unfortunately,
this approach misses the whole point of having noisy hypotheses (and their benefits in composition).
Instead, we extend the definition of uniform covering numbers to classes of random hypotheses F.
The following is basically the random counterpart of Definition [6]

Definition 10 (Uniform covering number for classes of random hypotheses). Let (Y, p) bea metric
space and F a class of random hypotheses from X to ). For a set of random variables S =
iﬂ,?, . Lﬂ} cAx, vEdeﬁne the restriction of F to S as ]:E ={(f(@1), f(@2),.... [(@Tm)) :
feFrcC Y". LetT C X. The uniform e-covering numbers of F with respect to 1" and metrics p™°
and p* are defined by

NU(€7.T7 m7,0<>0, F) = sup N(@?‘g,pm’m),
SCIL,|S|=m

Ny(e, Fym,p?.T)= sup  N(e,Fg,p™™).
SCI,|S|=m
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Remark 11. Unlike in Definition[6|where p is usually the ||.||2 metric in the Euclidean space, here in
Definition[I0 p is defined over random variables. More specifically, we will use the Total Variation
and Wasserstein metrics as concrete choices for p.

Remark 12. The specific choices that we use for T are

o I' = X;: the set of all absolutely continuous random variables defined over R,

o ' = Xp 4 the set of all absolutely continuous random variables defined over [—B, BJ4.

e T=As={6; |z €RY} andT = Ap 4 = {6, | x € [-B, B|*}, where &, is the random
variable associated with Dirac delta measure on .
* I'=G,q0XBqa={054(T) | T € Xpq}: all members of Xp 4 after being “smoothed” by
adding (convolving with) Gaussian noise.
Remark 13. Some hypothesis classes that we work with have “global” covers, in the sense that the
uniform covering number does not depend on m. We therefore use the following notation

Ny (e, F,00,p°,T) = lim Ny(e, F,m,p>,T).
m— o0

We now define Total Variation (TV) and Wasserstein metrics over probability measures rather than
random variables, but with a slight abuse of notation we will use them for random variables too.

Definition 14 (Total Variation Distance). Let p and v denote two probability measures over X and
let §) be the Borel sigma-algebra over X. The TV distance between 1 and v is defined by

drv (p,v) = sup lu(B) —v(B)|.

Furthermore, if ;v and v have densities f and g then

drv(uv) = s | [ (16 =5 [ 1f@ = s@ldz = 517 =gl

BeQ

Definition 15 (Wasserstein Distance). Let i and v denote two probability measures over X, and
II(p, v) be the set of all their couplings. The Wasserstein distance between . and v is defined by

()= int / & — ylladr(z,y) ) .
mell(p,v) Jxxx

The following proposition makes it explicit that the conventional uniform covering number with
respect to ||.||2 (Definition[6) can be regarded as a special case of Definition[10}

Proposition 16. Let F be a class of (deterministic) hypotheses from R¢ to RP. Then
Ny(e, Fym, ||.|5°) = Nuy(e, F,d55, m, Ag) and Ny (e, F,m, ||.[|5?) = Nu (e, F, dig, m, Ag).

The proposition is the direct consequence of the Definitions[6]and[I0]once we > note that the Wasserstein
distance between Dirac random variables is just their ¢, distance, i.e., dyy (05, 0y) = ||z — y||2.

S Bounding the uniform covering number

This section provides tools that can be used in a general recipe for bounding the uniform covering
number. The ultimate goal is to bound the (conventional) |.||3° and ||.||5? uniform covering numbers
for (noisy) compositions of hypothesis classes. In order to achieve this, we will show how one can
turn TV covers into ||. |2 covers (Theorem [17)) and vice versa (Corollary 21). But what is the point of
going back and forth between ||.||2 and TV covers? Basically, the data processing inequality ensures
an effective composition (Lemma(I8) for TV covers. Our analysis goes through a number of steps,
connecting covering numbers with respect to ||.||2, Wasserstein, and TV distances. The missing
proofs of this section can be found in Appendix [C}

The following theorem considers the deterministic class H associated with expectations of random
hypotheses from F, and shows that bounding the uniform covering number of F with respect to TV
distance is enough for bounding the uniform covering number of H with respect to ||.||2 distance.
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Theorem 17 (From a TV cover to a ||| cover). Consider any class F of random hypotheses
f : RY — [~ B, B]P with bounded output. Define the (nonrandom) hypothesis class H = {h : R —
[=B,BJP | h(z) = Ef [ f(z)], f € F}. Then for every e > 0, m € N these two inequalities hold:

NU(QBG\/I%HJT'H ||H§O) < NU(Eafamad’%oVaAid) < NU(65?7m7d’%OV7Yd)7
Ny (2Bey/p, H,m, ||H§2) < NU(e,?,m,dsfv,Kd) < NU(e,f,m,dZTQV,Td).

But what is the point of working with the TV distance? An important ingredient of our analysis is the
use of data processing inequality which holds for the TV distance (see Lemma [29). The following
lemma uses this fact, and shows how one can compose classes with bounded TV covers.

Lemma 18 (Composing classes with bounded TV covers). Let F be a class of random hypotheses

from R? to RP, and H be a class of random hypotheses from R? to RY. For every €,€' > 0, and every
m € N these three inequalities hold:

NU (E"’_G/vﬁofam?d%}\/?z) < NU (E/aﬁa lead’g?Vvyp) ~N17
Ny (6 + 6/7ﬁ0?7m7d%oVaA7d) < Ny (6/,ﬂ, mN27d’%OV77p) 'N27
NU (6+€/5ﬁ0?amad§2\/7fd) < NU (€/aﬁamN37d’%oVaYp) 'N37

where Ni = NU(E,?,m,d%"V,Td), Ny = NU(E,.T,m,d%"V,Aid) and N3 =
Nu (e, F m. iy, Ba).

Remark 19. In Lemma|l8| for H, we required the stronger notion of cover with respect to Xy (i.e.,
the input to the hypotheses can be any random variable with a density function), whereas for F a
cover with respect to Ay sufficed in some cases. As we will see below, finding a cover with respect to
Ay is easier since one can reuse conventional ||.||2 covers. However, finding covers with respect to

X, is more challenging. In the next section we show how to do this for a class of neural networks.

The next step is bounding the uniform covering number with respect to the TV distance (TV covering
number for short). It will be useful to be able to bound TV covering number with Wasserstein
covering number. However, this is generally impossible since closeness in Wasserstein distance does
not imply closeness in TV distance. Yet, the following theorem establishes that one can bound the
TV covering number as long as some Gaussian noise is added to the output of the hypotheses.

Theorem 20 (From a Wasserstein cover to a TV cover). Let F be a class of random hypotheses from
R9 to R?, and G, ,, be a Gaussian noise class. Then for every € > 0 and m € N we have

9¢ — _ _ _
NU <2;7ga,pofvmvd%ovw)cd) S NU(eafam,dovaaXd)a
9¢ — _ _ _
NU <26agd,po‘/—:7m7d%}\/7Ad> SNU(€7f7m7do\/$/aAd)'
g

Intuitively, the Gaussian noise smooths out densities of random variables that are associated with
applying transformation in F to random variables in Xz or Ay. As a result, the proof of Theorem
has a kernel density estimation step on the smooth densities. Finally, we can use Proposition[16|to
relate the Wasserstein covering number with the ||.||2 covering number. The following corollary is
the result of Proposition[I6]and Theorem [20}

Corollary 21 (From a ||.||2 cover to a TV cover). Let F be a class of hypotheses f : R — R and
Go.,p be a Gaussian noise class. Then for every ¢ > 0 and m € N we have

9¢ —— A
NU(%’ngO.Fymyd%oVaAd) < NU(67]:7m7 ””50)7
9¢ —— A
Nu(5 9o Fom,dy,, Ba) < Ny(e, Fom, ||.[|5).

The following theorem shows that we can get a stronger notion of TV cover with respect to G, o X'p 4
from a ||.||2 global cover, given that some Gaussian noise is added to the output of hypotheses.
However, finding a small ||.||2 global cover is usually a challenging task. The proof involves finding a
Wasserstein covering number and using Theorem [20]to obtain TV covering number.
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Theorem 22 (From a global ||.||2 cover to a global TV cover). Let F be a class of hypotheses
f: R4 — RP and Go.p be a Gaussian noise class. Then for every e > 0 and m € N we have

9¢ — .
Ny <0_aga,pofvoovd%ongd,dOXB,d> < NU(Q-F,OO’ ””go)

6 Uniform TV covers for single-layer neural networks

In this section, we study the uniform covering number of single-layer neural networks with respect to
the total variation distance. This will set the stage for the next section, where we want to use the tools
from Section 5]to bound covering numbers of deeper networks. We start with the following definition
for the class of single-layer neural networks.

Definition 23 (Single-Layer Sigmoid Neural Networks). Let ® : RP — [0,1]” be the element-
wise sigmoid activation function defined by ®((z(V, ... z®)) = (p(zM),..., ¢(x®))), where

o(x) = H% is the sigmoid function. The class of single-layer neural networks with d inputs and p

outputs is defined by NET[d, p] = {fw : R? = [0,1]? | fwr(z) = ®(W Tx), W € RIxP},
Remark 24. We choose sigmoid function for simplicity, but our analysis for finding uniform covering
numbers of neural networks (Theorem [23)) is not specific to the sigmoid activation function. We
present a stronger version of Theorem[23|in Appendix[D|which works for any activation function that
is Lipschitz, monotone, and bounded.

As mentioned in Remark [T9] Lemma I8]requires stronger notion of covering numbers with respect
to X; and TV distance. In fact, the size of this kind of cover is infinite for deterministic neural
networks defined above. In contrast, Theorem@] shows that one can bound this covering number
as long as some Gaussian noise is added to the input and output of the network. The proof is quite
technical, starting with estimating the smoothed input distribution (g, (x)) with mixtures of Gaussians
using kernel density estimation. Then a cover for mixtures of Gaussians with respect to Wasserstein
distance is found. Finally, Theorem 20| helps to find the cover with respect to total variation distance.
For a complete proof of theorem see Appendix D]

Theorem 25 (A global total variation cover for noisy neural networks with unbounded weights). For
every p,d € Nye > 0,0 < 30d/e we have

(d+1)
— B d®/2\/1 d— P
Nus(e, Gy 0 NET[d, p], 00, d5, Gy © Fig) < (282 VIn ((30d — eo)/(c0)) | (?’M)) |

€3/2g2 €o

Note that the dependence of the bound on 1/ is polynomial. The assumption o < 30d/e holds for
any reasonable application (we will use o < 1 in the experiments). In contrast to the analyses that
exploit Lipschitz continuity, the above theorem does not require any assumptions on the norms of
weights. Theorem [23]is a key tool in analyzing the uniform covering number of deeper networks.

7 Uniform covering numbers for deeper networks

In the following, we discuss how one can use Theorem [25|and techniques provided in Section[5]to
obtain bounds on covering number for deeper networks. For a T-layer neural network, it is useful to
separate the first layer from the rest of the network. The following theorem offers a bound on the
uniform covering number of (the expectation of) a noisy network based on the usual ||.||5* covering
number of the first layer and the TV covering number of the subsequent layers.

Theorem 26. Let NET[d, p,], NET[p1,p2],...,NET[pr_1,pr] be T classes of neural networks.
Denote the T-layer noisy network by
F = Gs oNET[pr_1,pr]o...0 Gy o NET[p1, pa] © Gy o NET[d, p1],

and let H = {h : R® — [0,1]P7 | h(z) = Ex [ f(z)],f € F}. Denote the uniform covering
numbers of compositions of neural network classes with the Gaussian noise class (with respect to
d7y, ) as

€ — -
N; =N, 7 —>Y0 © NET[p;—1,Dpi], adooa o0 X1 p,_ , 2< STa 1
U(2T\/ﬁgo [pi-1,pil, 0 TVQoLp”) i (1
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and the uniform covering number of G, o NET[d, p] with respect to ||. ||§2 as

20¢ )
Ny = Ny | —————, NET| 152 -
1 U (18T\/E7N [dapl]am? || ||2)

Then we have

T
Ny (G,H,m, H~|I§2) <[~
i=1

The ||.]|$? covering number of the first layer (i.e., N; in above) can be bounded using standard
approaches in the literature. For instance, in Appendix [H|we will use the bound of Lemma 14.7 in
Anthony et al.| (1999). Other N,’s can be bounded using Theorem The above bound does not
depend on the norm of weights and therefore we can use it for networks with large weights.

The proof of Theorem [26]involves applying Corollary 21]to turn the ||.||2 cover of first layer into a TV
cover. We then find a TV cover for rest of the network by combining Theorem [26]and Lemma|[T8] We
will compose the first layer with the rest of the network and bound the covering number by another
application of Lemma [I8] Finally, we turn the TV covering number (of the entire network) back into

[|.|]% covering number using Theorem The complete proof can be found in Appendix

One can generalize the above analysis in the following way: instead of separating the first layer, one
can basically “break” the network from any layer, use existing ||.||2 covering number bounds for the
first few layers, and Theorem [23]for the rest. See Lemma [35]in Appendix [E] for details.

8 NVAC: a metric for comparing generalization bounds

We want to provide tools to compare different approaches in finding covering numbers and their
suggested generalization bounds. First, we define the notion of a generalization bound for clas-
sification. Let ) = [k] and F be a class of functions from X to R*. Let A be an algorithm
that receives a labeled sample S = ((z1,91),..-, (Tm,¥m)) € (X x V)™ and outputs a func-
tion h € F. Note that the output of this function is a real vector so it can capture margin-based
classifiers too. Let 1°7! : RF x [k] — {0,1} be the “thresholded” 0-1 loss function defined by
19=1(u, y) = 1{argmax,u'” # y} where u(?) is the i-th dimension of w.

Definition 27 (Generalization Bound for Classification). A (valid) generalization bound for A with
respect to 1=t and another (surrogate) loss function l is a function GB : F x (X x V)™ — R such
that for every distribution D over X x Y, if S ~ D™, then with probability at least 0.99 (over the
randomness of S) we have

1 . . A
E Z l(h(z)7y) —E(I,y)ND lo 1(h($)7y)] S GB(ha S)
(z,y)€S

For example, GB (ﬁ, S) = 2 is a useless but valid generalization bound. Various generalization
bounds that have been proposed in the literature are examples of a GB. Note that GB can depend

both on S (for instance on |S|) and on h (for example, on the norm of the weights of network).

It is not straightforward to empirically compare generalization bounds since they are often vacuous
for commonly used applications. [Jiang et al.|(2019) address this by looking at other metrics, such as
the correlation of each bound with the actual generalization gap. While these metrics are informative,
it is also useful to know how far off each bound is from producing a “non-vacuous” bound (Dziugaite
and Royl |2017). Therefore, we will take a more direct approach and propose the following metric.

Definition 28 (NVAC). Let hbe a hypothesis, S € (X x Y)™ a sample, and GB a generalization
bound for algorithm A. Let S™ denote a sample of size mn which includes n copies of S. Let n* be
the smallest integer such that the following holds:

PR 1 o
GB(h,S™ ) + 157 Z ) I(h(z),y) < 1.
(w,y)esm™

We define NVAC to be |S™ | = mn*.
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Informally speaking, NVAC is an upper bound on the minimum number of samples required to obtain
a non-vacuous generalization bound. Approaches that get tighter upper bounds on covering number
will generally result in smaller NVACs. In Appendix [G] we will show how one can calculate NVAC
using the uniform covering number bounds.

9 Experiments

In this section, we empirically compare different approaches in bounding the covering number using
the NVAC metric. We compare the following approaches in bounding covering number: Theorem [26]
Norm-based (Theorem 14.17 in |Anthony et al.| (1999)), Lipschitzness-based (Theorem 14.5 in
Anthony et al.| (1999)), Pseudo-dim-based (Theorem 14.2 in |Anthony et al.[(1999)), and Spectral
(Bartlett et al.| (2017)). More details about these bounds can be found in Appendix [H]

We train fully connected neural networks on MNIST dataset. We use a network with an input layer, an
output layer, and three hidden layers each containing 250 hidden neurons as the baseline architecture.
See Appendix [[| for the details of the learning settings. The left two graphs in Figure [I|depict NVACs
as functions of the depth and width of the network. It can be observed that our approach achieves the
smallest NVAC. The Norm-based bound is the worst and is removed from the graph (see Appendix [l).
Overall, bounds that are based on the norm of the weights (even the spectral norm) perform poorly
compared to those that are based on the parameter count. This is an interesting observation since
we have millions of parameters (~ 3 x 10°) in some of the wide networks and one would assume
approaches based on norm of weights should be able to explain generalization behaviour better.
There are several reasons why our bound performs better. First, the dependence of NVAC on 1/¢ is
linear for the Spectral approach and polynomial for Norm-based approach while the dependence is
logarithmic in our approach. Second, norm-based bounds depend on product of norms and group
norms which can get quite large. Finally, our method works naturally for multi-output layers, while
the Pseudo-dim-based approach works for real-valued output (and therefore one needs to bound the
cover for each output separately).

The covering number bound of Theorem [26|has a polynomial dependence on 1/o. Therefore, NVAC
has a mild logarithmic dependence on 1/c (see Appendix |G| for details). The third graph in Figure
corroborates that even a negligible amount of noise (o ~ 10~24°) is sufficient to get tighter bounds
on NVAC compared to other approaches. Finally, the right graph in Figure [[|shows that even with a
considerable amount of noise (e.g, o = 0.2), the train and test accuracy of the model remain almost
unchanged. This is perhaps expected, as the dynamics of training neural networks with gradient
descent is already noisy even without adding Gaussian noise. Overall, our preliminary experiment
shows that small amount of noise does not affect the performance, yet it enables us to prove tighter
generalization bounds.

NVAC (y-axis) vs. # of Hidden Layers (x-axis) NVAC (y-axis) vs. Width (x-axis) NVAC (y-axis) vs. log;o(c) (x-axis) 0-1 Loss (y-axis) vs. o (x-axis)
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Figure 1: The left two graphs depict NVAC of different generalization bounds as a function of the
number of hidden layers and width of the network. The Norm-based approach is excluded because
of its excessively high NVAC (see Appendix E]) The third graph plots NVAC against log,, (o) (o is
standard deviation of noise) for the two best approaches. The rightmost graph plots the train/test 0-1
losses for different values of o. The gaps between the train and test losses are shown for o = 0, 0.3.

Limitations and Future Work. Our analysis is based on the assumption that the activation function
is bounded. Therefore, extending the results to ReLU neural networks is not immediate, and is left for
future work. Also, our empirical analysis is preliminary and is mostly used as a sanity check. Further
empirical evaluations can help to better understand the role of noise in training neural networks.
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1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [ Yes] The main claims of the paper in abstract and introduction
are stated as theorems, lemmas and propositions, which are proved in appendices.

(b) Did you describe the limitations of your work? [Yes] We discuss the limitations of our
experiments and possible future work in “Limitations and Future Work”.

(c) Did you discuss any potential negative societal impacts of your work? [IN/A] This is a
mainly theoretical paper and is unlikely to have any negative societal impacts.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes] The theorems and
lemmas are proved in appendices.
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] The codes will
be provided as a supplemental material.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] See Appendix E}
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(c) Did you report error bars (e.g., with respect to the random seed after running exper-
iments multiple times)? [Yes] We provide accuracy and error measures in the main
paper and supplemental material.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] See Appendix [I]
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes] We experiment on
the publicly available MNIST dataset, which is mentioned in the main paper.

(b) Did you mention the license of the assets? [ Yes] We provide our code as a supplemental
material which does not require a license. We use MNIST dataset and discuss it in
Appendix [I}

(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]
We provide our code in the supplemental material.

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A] We use MNIST dataset which is a publicly available.

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A] We use MNIST dataset which is a collection
of handwritten digits and does not contain personal information or offensive content.

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A |

A Miscellaneous facts

Lemma 29 (Data processing inequality for TV distance). Given two random variables 71,73 € X,
and a (random) Borel function f : X — ),

dry (f(Z1), f(72)) < drv (71, T2).

The next theorem, bounds the total variation distance between two Gaussian random variables.

Theorem 30 (Total variation distance between Gaussians with same covariance). Let N'(py,0%14)
and N (ji2,0214) be two Gaussian random variables, where 14 is the d-by-d identity matrix. Then
we have,

1
drv (N (p1,0°1a), N (p2,0°1q)) < 2 Ik = 2l -

Proof. Form Pinsker’s inequality we know that for any two distributions P and ) we have

dry(P.Q) < 1/ %dKL(P, Q). ®)

where di 1, (P, Q) is the Kullback-Liebler (KL) divergence between P and (). We can the find the
KL divergence between N (11, 0214) and N (2, 0%1,) as (see e.g., Diakonikolas et al. (2019))

1
dicr, (N (p1,0%14), N (p2, 0% 1)) < 252 Ha = pizll3- 3)
Combining Equations [2 and 3] concludes the result. O

Lemma 31. Let Y ~ X2 be a chi-squared random variable with n degrees of freedom. Then we
have (Laurent and Massart, |2000)

P[Y —n > 2vVnt +2t] < e
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Lemma 32. Letx = Z:’;l w;g; be a random variable, where g; are d-dimensional Gaussian random
variables with means pi; € [—B, B]? and covariance matrices of c*1;. We have

Pllzlle > (B +o0)Vd+ovar| <e”

Proof. We know that for any R € R

P[llzl} = R*] = Y wiP [llgill3 = R?]

=1

i=1

=Y wiP [[loyi + will3 = R*] = wiP[lloy: + pill2 > R,

i=1

where y; ~ N(0, I;) are standard normal random variables. Using triangle inequality we can rewrite

the above equation as

Pllel2> B2 <> wBllovls + il > B < 3w [loyille + BVA > R|.

=1

‘We can, therefore, conclude that

2
R—BVd
P [lell > 7] <P |2 2 ()

Setting R = (B + 0)V/d + 0+/2t, we can write

=1

P [lalls > (B + o)V + 0V
_p [||x||§ > ((B+a)\/&+a@)1

<P [llyll3 = (Vi + v20)?]
<P [lyil3 > d+ 2t + 2|

—t

IN

e

B Proofs of propositions in Section 3]

B.1 Proof of Proposition 7]

Proof. Fix an inputset S = {z1, ...

,Tm}. Let C = {fi‘s | fi € F,i e [r1]} be 0.5-cover for F|g

with respect to p>°. Therefore, given any f|g € F|g there exists fi| g € C such that

o (), ..

>f(xm))’ (fi(x1)7 o

Since p (f(2), filx)) = 1{f(x) # fi(x)}. Bquation ]
kelm]. LetS = {fi(zx)|iec[r] ke

i@n))) <05 @

suggests that f(z;) = f;(xx) for any
[m]} and C' = {ﬁj‘s, | hj € H,j € [ra]} be an e-cover

for H,5: with respect to [|.|[5°. We know that |S’| < mry. Denote Q= {hAj o filielr], e lrl}
We will prove that Q|S is an e-cover for (H o F)g with respect to [|.|[5°. Consider (h o f)s =
(H o F)s. Since C'is a 0.5-cover for F|g, from equation@ we know

(h(f(ml))a R h(f(xm))) €

that there exists f; € F such that f(z)) = f;(x;) for any k € [m]. On the other hand, for any
k € [m], fi(xy) is an element of S’, consequently, there exists h € H such that
| (n(F: B(fi(wm))) = (By(fi(1).- )|
H(fl(f(xl)) B @m)) = (B (Filar)), ,fij<fi<xm>>>)H2
<e
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r17ro and we know that mry < mN;y. Therefore, N(e,H g/, [.[3°) < Nu(e, H,mry, |.||5°)
Ny (e, H,mNy, ||.]|5°) This result holds for any input set S C X™ with |S| = m, therefore,
follows that

From the above equation, we can conclude that (H o F )| s 1s e-covered by QA‘ 5. Clearly,

= AN A

Ny (e, HoF,m,|[|.[15°) < Nu.Nu(e, 7, mNy, [[.[|5°)-

B.2  Proof of Proposition §]

Proof. The proof for the bound of Ny (e, F,m, ||.]|5?) can be found under Theorem 3 in [Zhang
(2002). Since H is a singleton class, it is easy to verify Ny (e, H,m, ||.||5°) = 1. We prove that the
covering number of 7 o F is unbounded by contradiction. Let S = {z1,..., 2} € (0,1)™ be an
input set where 0 < 21 < ... < 2,,. Denote C' = {(ho f;)|s = (g5 as) | fie Fiielr)}
to be an e-cover for (H o F)|g where |C| = 7y is finite. We know that w; > 0 for i € [r]. Denote

*

w* = minge 4,50 Wi- Take any w <

T and denote the corresponding

o txie % + x1€
function by f € F,i.e., f(z) = wz. we know that for every i € [r]

1 w

wI1 ﬁ)ixl

+ €.

This means that

Therefore, there is no (h o f,-)|s € C such that ||(h o fi)\s —(ho f)|s\|g2 < ¢, which contradicts
with the assumption that C' is an e-cover for (H o F)|s. O

B.3 Proof of Proposition[J]

Proof. Let F., . denote the class of all functions f, . from X to R such that |f(z) — x| < ~ for
any x € X, where v < €/2. Fix an input set S = {x,...,2,,}. We know that given any
fre frc € Fyeandi € [m],

[ fy,e(@i) = @)l < [ fye(ai) = zil| + Nl — £ (z)]] < e

Therefore, it is easy to conclude that Ny (e, Fy.c,m,|.[|5°) = 1. Let H to be the class of all
threshold functions h, from R to [0, 1], where h,(z) = 1{z > a}. Consider an input set S =
{z1,...,2m} where z1 < ... < x,,. Given any k € [m] we can find a € R such that z; < a
forl <i<kandz; > afork <i<m,e.g.,seta = (z + xrr1)/2. We also know that
for any i,j € [m], ho(z;) # ho(z;) only if x; < a < x;. Therefore, it is easy to verify that
H|s = m + 1 and that for any hq|g and he|s in H|s we have Hha'\s — ha|SH2 > 1. We can
therefore conclude that Ny (e, H,m, ||.||5°) = m + 1. Next, consider the class 7 o F .. We prove
that Ny (¢/, H o Fyy e, m, ||.||5°) = 2™.

We first mention the fact that given any (y1,...,¥m) and (y1,...,y,,) in {0,1}"™ if there exists
i € [m] such that y; # v, then ||(v},...,¥,) — (Y1,---,Um)|l, > 1. Also, the range of the
functions in H o F is [0, 1], therefore, we are only interested in ¢’ < 1. In the following, we prove
that for any m there exists a set S’ with |S’| = m such that the restriction of 7 o F to set S’ has 2™
elements and the result follows.

Consider the input set S = {z1,...,zn} such that 0 < z; < ... < z, < €/2. Given any
(y1,---,ym) € {0,1}™ we map (21,. .., 2m) to (e1,...,en) as follows: forany i € [m]ify; =1
we define e; = z; + €/2, otherwise we define e; = z; — ¢/2. This mapping can be done by some
function f., . from F,, . since for any i € [m] we have |e; — z;| = €/2. Let a = ¢/4. We know that
ha(e;) is 1if y; = 1 and 0 otherwise. Therefore, we can conclude that for every element (y1, . . ., Ym)
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s03 in {0, 1}", there exists (hq 0 f,,¢)|s/ in (H o Fy c)|g such that (H o Fy )5 = (Y1, .., Ym). Since
s0a  [{0,1}™] = 2™, we can say that N (€', (H o Fy.c)is, ||.|l"") = 2™. Therefore,

Ny(e',H o Fyeom, ||1I5°) = Sup {N(e', (HoFyois) ILIZ™)} = 2m.
605 O

ss C Proofs of theorems and lemmas in Section 5

s07 Notation. For a (random) function f and an input set S = {1, ...,z }, we define the restriction
08 of ftoSas fig = (f(x1),...,f(xm)). Therefore, the restriction of the class F to S can be denoted
09 as F|g = {f|s : f € F}. We also denote by Z(7) the probability density functions of the random
10 variable Z. For two Borel functions f; and f2, we denote by 7*(f1(Z), f2(Z)) a coupling between
611 random variables f1(T), fo(T) such that

_ [u#+(B) 3B C B(X)suchthat A = f1(B) x f2(B)
Mo (A) = {O otherwise,

s12 where B(X) is the set of all Borel sets over X, .#,~(A) is the measure that 7* assigns to the
613 Borel set A, and .#%(B) is the measure that random variable T assigns to Borel set B. Let ;- =

614 U{Bl.am(B)20} B.
615 C.1 Proof of Theorem [17]

s16  Proof. Itis easy to verify that Ny (e, F,m, dS5,, Aq) < Ny (e, F, m, d55,, Xy). Since we know that
617 Ay C X, we have

Ny (e, F,m,d%,, Ag) = sup {N(e,?‘g,d%ov)} < sup {N(e,f@,d%@‘,)} = Ny(e, F,m,d3, Xy).

SCAq ScXxy

|S|=m |S|=m
_ _ _ _ &)
s18 Let S = {1,...,7,,} C RY be an input set. Denote S = {&,,,...,0,, } C Ay andlet C =
619 {fl‘@ ce fr‘g | f» € F,i € [r]} be an e-cover for ?Ig with respect to d35,,. Define a new set of

620 non-random functions H = {le(x) = IE]T? [ﬁ(w)} |ie [r]}

621 Given any random function f € F and considering the fact that C is an e-cover for flg and that

622 f‘g € 7@, we know there exists f;, i € [r] such that

4% (Fis Fs) = d ((FGa) o Fi@ ). (F@) - @) S ©

623 From Equation@we can conclude that for any k € [m], dpy (ﬁ(éz B f(g)) < e. Further, for the

624 corresponding h, h; € H, we know that

o) = Bz | 7G| = [ 29GE0) @)z,

) =B [70)] = [ 22 (@0 ).

625 Denote I = Z(f(0,,)) and I = P(f;(5,,)). Define two new density functions I; s and Igipf as

@)= I@) yoys i
Luigs(e) = ¢ drvl D) =
0 otherwise,
I@) = I@) 5o s 1
Luigs(e) = ¢ drvi D) =
0 otherwise.
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626 Also, we define I,,,;,, as

Lon(z) = @ I@) _ minI(@) I@)}
" Tmin{I(2), [(@)Yde 1 dpy (L)

627 It is easy to verify that
1@) = (1= dzv (1, 1)) Lnin(@) + dov (I, 1).Luig ()
i@) = (1= dov (L. D)) Lnin(@) + drv (1, D). Tai gy ).
628 We can then find the ¢, distance between h;(x;,) and h(xz;;) by

o) = hla)|,

= /Rd a:f(x)dxf /]Rd xI(x)dx ,
[ [(1= drv 1.D) fointe) + o1, D fusg )]

|
8

[(1 —dpv (1, f)) Lin (@) + doy (1, 1) Lai s (a } dxH

I
— / xdry (I,1) [fdiff(x) - I‘“'ff(x)} du
Rd

=dry(I,1) H/ fdsz( ) — Idsz(x)} dx

<2B./pdrv ( (62), fi( Ik)) (Bounded domain [—B, B]? and triangle inequality)
< 2Bey/p.

620 Since this result holds for any k& € [m], we have

S hi(En) = (h(z), .. .,h(xm))H:O < 2Be\/p. %

hijs — h|sH =
2

630 In other words, for any h|g € H g there exists a li“ s € ’H| g such that ‘

}Zi|S - h|5H2 < 286\/]3.
31 Therefore, 7:l|5 is a 2Be,/p cover for H g with respect to ||.[|5° and |’7':[|5| =r.
632 The bound in Equationholds for any subset S of R? with | S| = m. Therefore,
Ny (2Bey/p, H,m, ||.|[5°) < Ny (e, F,m,dF,, Ag). ®)
e33  Putting Equations [5) and [§]together, we conclude
NU(QBG\/ﬁvvav ||H§O) < NU(67?7ma d%oV;Td) < NU(G;fvmvd%OVde)'

s34 To prove the second part that involves covering number with respect to ||. ||gz, we can follow the same
635 steps. Similarly, we know that

NU(eafamad%Vaxd) :jug{ (6 F|Sa TV)} < Sup {N(Eaf|§7d§3v)} :NU(Evﬁamad%VaYd)'
ScA ScXy
|§|=7;1L [S|=m

sss  Consider the same input sets S and S and let and let C = {f S frlg | fr € F,i e [t]}
637 be an e-cover for ?‘g with respect to dgTzv. Define a new set of non-random functions H =

638 {ﬁi(:n) —E [E(x)] i€ [r]}.

639 Similarly, consider f|§ and fi‘g such that

a2y (T Ts) = diy (@) i) (FEe), - F @) < e




640

641

642
643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659
660

Using the same analysis as before, we can conclude that for any k € [m

]7
‘We can then conclude that
Ihijs — sl

< ;i@fzm? (arv (730, 7:62)))

<2BVp ;f (arv (7620 7:520))
i=1

<2BVpdy (Fis. T s)

< 2Be /p.

We can then say that 7:{‘3 is a 2Be,/p cover for H|g with respect to ||.]|5? and |7:l|s\ = t. It follows
that
NU(QBE\/]SvHa m, ||||§2) < NU(GwTa m, d%V7A7d) < NU(€7‘T) m, dgg\/7?d)

O
C.2 Proof of Lemma/[I§
Proof. Denote Q = H o F. Consider an input set of random variables S ={x1,....Tm} C Xy

Denote 71 = N (e, F|5,d7,) and let C' = {E‘g, o 5 | fi € F,i € [r1]} be an e-cover for
F 5 with respect to d75, and S” = {f;(Zk) | i € [r1], k € [m]}. Clearly, [S'| < mry. Also, let C" =
{hijgrs - heagr | hy € H,j € [r2]} be an €'-cover for H 5 with respect to d75, metric, where
ra = N (€', H g7, dF,) is the cardinality of the cover set C". Denote Q@ = {h;of; | i € [r1],j € [r2]}.
We claim that Q3 is an (e + €’)-cover for Q5 with respect to d7,. Since the cardinality of Q5 is
no more than 17, we can conclude that N (e, Q5, d7%,) < N(e, F 5, d7% )N (€', H 57, dF%).
Consider (h o f) 5= (R(f(®T1),...,h(f(Tm)) € é‘g, where f € F and h € H. Since 7|§ is
e-covered by C, we know that there exists f; € F such that
axy (@), @), @), .. F@m) < e
By data processing inequality for total variation distance (Lemma [29), we conclude that

dry (E( fi(:ﬁ)),ﬁ(?(ﬁ))) < ¢ for k € [m]. Therefore,

@ (A, - A, BEED), - AT @) < e ©

Since ﬁ‘g = (E(:Tl), . ,E(m)) € C, we know that E(ﬁ) € S’ for k € [m]. We also know that

ﬁ‘y is ¢’-covered by (", therefore, there exists iLj € H such that

a7y ((hy (@), by (@), (A Fa@), . A fa@))) < ¢ (10)

Combining Equations [9] and [10] and by using triangle inequality for total variation distance, we
conclude that

a7y (i (Fi@D), - by (Fi@a)), (AT @), B @) < e+
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667
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669

670

671

672

673

674

675

677

678

679

680

681

682

which suggests that for any (h o f)‘g € @lg, there exists (E o E)\? € élg such that
d%—?v ((E (¢] ?)‘g, (il] (¢] fz)lg) S €+ 6/'
In other words, ng is (e + €’)-covered by élg'

Let Ny = Ny (e, F,m, d35,, X4). We know that mr; < mN; and, therefore, N(e’,ﬁ@, d5,) <
Ny (¢, H,mr1,dS,, Xa) < Ny(€e',H,mNy,d35,, Xy). Since the result holds for any input S C X,
of cardinality m and we know that r; < Ny (e, F, m, d5%,, Xy), it follows that

]\/vU(6 + 6/7@7m7d’%0V7?d) < NU(€/aﬁ7 lead’%OVaYd)'NU(GVT7m7d%OV77d)'

The bound for Ay is almost exactly the same as that of X;. The only difference is that S =

{0zys---,0z, } € Ag, and we have a uniform e-covering number with respect to A 4. We conclude
that

Nu (e + €, HoF,m,d,, Ag) < Ny (¢, H,mNz,d7%,, X3) .Nu(e, F,m,dFy, Ag).

The bound with respect to dfiﬁv follows the same analysis. Consider a new set S, =
{621,...,02m} C A4. Denote t; = N(@?\Si»dggv) and let C, = {fl\sf» N 5 | fi €
F,i € [t1]} be an e-cover for ?IST with respect to diz, and 57 = {fi(6z¢) | i € [t1], k € [m]}.
Clearly, |SZ| < mt;. Let C7 = {iLl‘Sf;, . .!ﬁtz = | hj € H,j € [ta]} be an €-cover fO@\Sﬁ with
respect to d3%, metric, where to = N (¢, Hgr, d3,) is the cardinality of the cover set C”,. Denote
Q= {hjo fi|i€[ti],j € [t2]}. We claim that éls—z is an (e + €')-cover for Q‘S—z with respect to
d2,,. We can then conclude that N (e, Qs d2,) < N, Fiso d2,).N (€, Higr dFy)-

Consider (h o f) iz = (h(f(32,), - ,E(?@)) € Q5. where f € Fand h € H. Since Fg_ is
e-covered by C, we know that there exists f; € F such that

sty (R o), (FE). - FE2)

Similarly, by data processing inequality, we conclude that dry (E(E(ézk)),ﬁ(f(ézk))) <
dry (ﬁ(a),?(a)) for k € [m]. Therefore,

dty (B, B0, (BTG BFE,))))

~~
QU
ﬂ
<
—
=
—
-,
—
3
)
Ea
S~—
:—/
=
o)
|
oY
3
)
E
S~—"
S~—"
S~—
~—

Y

<

(drv (R0, 75200 <

Now, using the fact that Els—z = (fi(32), .- f:(5..)) € C=. we know that f;(3,,) € S for
k € [m]. We also know that ﬁ‘y is €’-covered by C" with respect to d35,. Therefore, there exists

/Tj € H such that

ay (g (FED) - by (R G200, ), BRE D)) <€ (1)
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es3 From Equation|12|we can conclude that dpy ((E(Z(E))v (ﬁ(ﬁ(g))) < ¢ for k € [m]. Using

684

685

687

688
689

690

691

692
693

694
695
696

697

triangle inequality for total variation distance, we can write

< drv ((hy(Fi3)), (A(Fi(3:,))) + drv (R((E0)B(F(E2,))) (13)

- nljjj (dry oy (B FFE )

A ki (v R G0, R + ) (From Equation[3)
< |2 (v R, BTE)) + ;

<= i (arv (R FTEN) + | Zﬂjj

<e+e. (From Equation|[TT)

As a result, Q\Sf is (e:r ¢')-covered by é‘sjfet N3 = NUE’?’ m, dg?v,g). Since mtlé mN3,
we can write N(e’77-l@7d£}°v) < Ny(e,H,mt1,d¥,, Xa) < Nuy(¢',H,mNs,d5,, Xs). We

know that the result holds for any input S, C A of cardinality m and t; < Ny (e, F, m, d%v,fd),
therefore, it follows that

NU<€ + 6/7@7m7d§g\/7fd> < NU(G/aga mN37d’%OV7Yd)NU(€77am7d"%V7A7d)'

C.3 TV distance of composition of a class with Gaussian noise class

The following lemma, which bounds the total varaition distance by Wasserstein distance, is borrowed
from (Chae and Walker (2020).

Lemma 33 (Bounding TV distance by Wasserstein distance). Given a density function K over R¢
and two probability measures i, v over X with probability density functions 1, and I,,, respectively,
the total variation distance can be upper bounded in terms of Wasserstein distance between p and v.

HK*IH—K*IVHl < sup HK(I—y)—K(l‘—Z)”l

dW(M7 V)
y#z lly — 2|2

Proof. For any coupling 7 of ;4 and v, we have
K«I,(z) - K«I,(z)= /(K(:z: —y)— K(z — 2))dr(y, 2).
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713
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715

Therefore,

It = 1 = [ | [ o =) = Ko = 2 anty. )| a
< // (K(z —y) — K(x — 2)|dr(y, z)dx (By Jensen’s inequality)
= / |K(x —y) — K(z — 2)||, dn(y, 2) (By Fubini’s theorem)
1K) = K=\ [
<o {EEER = sttt

Since this holds for any coupling 7 of 1 and v we conclude that

il e (1K@ ) K@D,
156 1 = 1) < sup { B0 = =5

C.4 Proof of Theorem

Proof. Fix aninputset S = {F71,..., T} CRL Let C = {E‘g, .. ,ﬁ‘g fieFic [7]} be an
e-cover for ?‘g with respect to dyy, metric. Denote O = G, o F.We define a new class of random
functions Q = {gy o f; | i € [r]}. We show that Q‘g is (3<)-covered by Q‘g and since |Q|§| =r,
the result follows.

Let I, denote the probability density function of N'(0, 0*1,). For any f € F, we have g, (f(x)) =
f(x) + Z, where Z is a random variable with probability density function I, therefore, we know that

2(9-(f (@) = 2(f(x)) * L.
Given (7 0 )5 = (@ (F@0). ... 7(F@m))) € Q5. we know that T = (F(a), ... F(@))
is in set ?Ig' Therefore, there exists f; € F such that d5 ( f; 5 ?lg) <egie.,

@55 (i@, fi@m)). (F@n),.... Fam) ) <. (14)

From Equation we know that dyy (Z(Tk),?(ﬁ)) < eforall k € [m]. From Lemma , we can
conclude that

3| < 2 G — 1, < 2GER |
L[ (e —y) — L —2), T
<3 (Z‘JJZ{ vl }> ), S (15)

€ su ||Ia(x_y)_-[cr(x_z)”1
=3 (WE{ ly = =Iz }> |

Moreover, I, * 7 (ﬁ(ﬁ) and I, x 9(f(Tx)) are probability density functions of g, (f;(Z%)) and
o (f(Tx)), respectively. Therefore, from Equation

drv (770, 7 (F @) < § <sup T }) . ae)

y#£z Hy_ZHQ

Since Equation [1€]holds for all k € [m], it follows that

a3 (700, 5 77) < § <sup T }) -

y#z Hy _2”2
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733

This shows that for any (g, o f) 5 € @lg there exists (g, o E) 5 € é‘g such that

a5, ((gjof)lg, (gjoﬁ)@) < % <sup { I, (x —y) — L, (z — 2)|, }) . (a7

y#£z ly — 2|2

It is only left to bound the supremum term in Equation[T7}

Based on Theorem [30| we know that for two Gaussian distributions N (u1,0%I) and N (u2, 0%1)
their total variation distance can be bounded by

drv (N (1, 0°1), N (2, 0°T)) < gmin{l,w}. (18)

We also know that ||1,(z — y) — I,(z — 2)||, = 2drv(N(y, %), N (z,0°I)). Combining Equa-
tions [T7]and [T8] we can write
¢ min {1, 7“14_;”2 }

a7 (@70 s (@0 fs) < 5 | sup {9

<
2\ y#2 lly — 22

(19)

N | ©

€
O'

From Equatlonlt follows that QI gis (5= Je < )-covered by Q‘ <. Since the result holds for any subset S
of X; with cardinality m, we can conclude that

NU (ss_agdofamad%o\/w)(d> S NU(eafamad%vyd)-

The second part of the proof is similar. We consider a set of inputs S, = {0,,,...,6,, } C Ag.
We can then consider an e-cover C, = {f1\57 . .,ft‘s fl € F,i € [t]} for ]:IS We will then

construct a class of functions O = {Go o fi | i € [t]} and show that Ql 5 is (3£)-covered by
Ql 5.~ The proof follows the same steps as the previous part. Particularly, let fl € F be such that
(fwsza fISz) < e. For any k € [m], we can write that

(@) = Lo+ 9(FE))

1 [ o(x —y) — I, (x — 2)]|, T T

< 3 (21;12{ T }) dw(fi(0z,), f(02,)) (20)
. I o(x —y) — Is(x — 2)|;

=3 (WE{ ly = Il }) ‘

Using the same arguments as the previous part, we will have that

Y (A B AT AR
DT @) < 5 (2323{ s }) <

Therefore, we can conclude that for any f € F there exists Z, i € [t] such that

—= = 9e¢
a7y (@ o sz (@7 0 fise) < 5=

drv (7 (7.,

Qo

which means that @S—z is (2£)-covered by QI 5 Since the result holds for every S, ¢ Ay of

cardinality m, we can conclude that

NU (szvgao-}-amad%o\/aAd> S NU(Q??mvdo)/\O)aAid)'
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C.5 Proof of Corollary 21]

Proof. First, from Proposition@ we can conclude that
Ny (e, F,dy5, m, Aq) = Ny(e, F,m, ||.[13°). 2h

Then, consider an input set S, = {04,,...,0,, } C Aq. Let C, = {fl\sf»”'?fﬂsi | fie Fiie
[r]} be an e-cover for F 5~ with respect to d5y), then for a given fi5- € Fi5- and fi 5 € C, where
div( fao fz\si) < ¢, from Equationsand we know that for all k& € [m]

drv @5 (f:(5)), 05 (F(Te))) = drv (N (Falw), o), N (fax),0%T,)
gmin{l Ifi(r) - f(xk)b} _9dw (/i) £32))
2 -2

IN

’ o o
9e
< —.
— 20
Therefore, we can conclude that
a7y (@ o fys @ 0 D)
= &5 (@), T i), @ ), T ()
9e¢
< 5
~— 20
It follows that for any (g, o f)|S—z € (G, o ]:)Isf’ there exists fils—z € C, such that
a3z, ((gT,o fi)|§v (go © f)ls—z> < g—s. Therefore,
%
20’
Since this results holds for any S, C A4, we can conclude that

9¢ — — _
NU(%,QJ o}',m,d%ov,Ad) S NU(E,]:, m, d%,Ad) = NU(E,}—,m, HHSO)

N(o=, (Gr 0 F)gms diy) < Ne, Figo d55).

The proof of the second part again follows from Proposition[I6] We can write that
Nu (e, F, dy,m, Bag) = Ny (e, Fom, |1.[3°).

Consider the input set S, C Ay as defined above and let C, = {fi T fi 5 | fie Fiiell}

be an e-cover for }-ISf with respect to d%. Now, for a given f|si € ]:|Sf and the corresponding

fils—z e C., where df,"{,(fls—z, fl|sf) < ¢, we know that for all k& € [m]

drv (95 (fi(02,)): 95 (f (02,))) = drv (N( Filan), 02 1), N ( f(mk),UQIp))
< me{l, i) — f(a:km} _ 9w (7). 180)

o _5 o

Therefore,
diy ((970 fi)ss (9o 0 f)sz

N—

IA
\

IN
Do
§le

W

S&

—~

H

©n

n

=~

n

n

S—

INA
oo
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Therefore, for any (g, o f)5z € (Go o F)g, there exists fils—z € C, such that

S,
dfy ((970 fi)|§7 (95 © f)|5j) < 2. Asaresult,
9¢ ——
N(5-:(Gs 0 F)is.odty) < N(e, Fis., dyp).

Since this results holds for any S, C A4, we can conclude that

9¢ —— I _
NU(iagao]:>m7d§‘2V7Ad) S NU(67]:7m7df/2\}7Ad) :NU(67-7:7m7 ||H52)

C.6 Proof of Theorem 22]

Proof. Let Q = G, o Fand Z = G, o X 4. Denote by r = Ny; (e, F, 00, ||.[|5°). Let C = { f(x) |
fi € F,Vz € R i € [r]} be a global e-cover for F with respect to ||.||2 metric. We will show
that for all (g, o f)‘z, f € F, there exists f; € C such that a3z, ((gT,o f)lz’ (go © fi)\}) < 3—;.

Clearly, |C| < r and the result follows.

For any T € Xp 4 and its smoothed version Z € Z with probability density function I, from
Lemma we know that we can estimate I, by a mixture h = >_i" | w;g; of m = [27¢ Gaussian
random variables with covariance matrix 021, and means as defined in Equation such that
drv(h,Z) < 18V/dn/o. Let H denote the set containing all mixtures of this kind.

Since C' covers the restriction of F to RY, for any f € F, there exists f; such that || f () — fi(x))]|2 <
e for every z € R?. Next, for the coupling 7*(f(h), f;(h)) as defined in Notations we can write

/ lz — ylladn* (z,y) < ¢ / dn*(a,y) < e,
R4 xR R4 xRd

which comes from the fact that f; is “globally close” to f with respect to ||.||2 distance. We, therefore,
know that

dw(f®.F) = it [ e yladn(eg) < [ o= yladt @) < e
mell(f(h),fi(h)) JRIxRI Re xR

Since this holds for any h € H, we can conclude that

d% (f\ﬁa fz‘ﬁ) <e
Next, from the arguments in Theorem 20 we know that
o (/= _ 5 9 - 5 9¢
dry ((go o f)m, (7 fi)m) < %dw (f\ﬁ7fi‘ﬁ) < %"

We can now say that for any Z € Z and the h € H that estimates it with respect to total variation
distance, we have

drv (7,(£(2)).9,(£(2)))
< drv (3,(F(2)),3,(FR) + drv (7, (F(0), 3, (:(R)) ) + drv (5, (Fi(R). 5, (fi(2)))

9e
20"
where we used triangle and data processing inequalities for total variation distance. Setting n =

¢/8v/d we have drv (gg(f(z)),gg(ﬁ(z))) < 9¢/o.

Since we have this result for every h € H, we know that for any z € Z,

&5 (@ 0 iz @0 0 fiiz)) <

g

< 36\/g77/0+

24



772
773

774

775

776
77
778
779

781

782
783
784

785

786
787
788

790
791
792

793

794
795

797
798
799
800

802
803

804

which is exactly what we wanted to prove. Therefore, the size of the TV cover for G, o F can be
bounded by the size of ||.||2 cover of F

9¢ —— —
NU(;agaofvoovd%?vaaOXB,d) SNU(G,.F,OO, ””go)

D Proofs of lemmas in Section

Notation. For a vector V € R%, we denote its angle by ZV. By £(V1, Vs), we are referring to
the angle between two vectors V; and V5. Also, we denote by 1{x = a} the indicator function that
outputs 1 if x = a and 0 if  # a. We also denote by (V;, V5) the inner product between between
vectors V7 and V2. We denote by Z(T) the probability density functions of the random variable
T. For two Borel functions f; and f5, we denote by 7*(f1(Z), f2(T)) a coupling between random
variables f1(Z), f2(Z) such that

Mz(B) 3B C B(X) such that A = f1(B) X f2(B)
M+ (A) = .

0 otherwise,
where B(X) is the set of all Borel sets over X, .#«(A) is the measure that 7* assigns to the Borel
set A, and .#%(B) is the measure that random variable T assigns to Borel set B. We also denote by
Bally(z, R) the d dimensional ball of radius R centered at .

D.1 Proof of Theorem 23]

In the following we state a stronger version of Theorem 25| which presents a uniform covering number
bound for neural network classes that have a general activation function that is Lipschitz continuous,
monotone, and has a bounded domain.

Theorem 34 (Stronger version of Theorem [25). Consider the class NET[d,p] of a single-layers neu-
ral network, where the activation function is Lipschitz continuous with Lipschtiz factor L, monotone,
and has a bounded output in [— B, B]P. The global covering number of G, o NET[d, p] with respect
to total variation distance is bounded by

NU(€7g70' o NET[d7p]7 007 d%o\/7g70' o XB,d)
- d+1)
B <10\/ﬁ(4 + B 1Ly Bu (5(4 + B)Bd))p(

(27)1/4 €3/252

where u = max {|¢~! (B — 0¢/(5(4 + B)d))|,|¢~' (—B + o¢/(5(4 + B)d))|}.

Note that Theorem [25|is a special case of the above theorem where the activation function is the
sigmoid function with Lipschitz continuity factor of 1 and a bounded domain in [0, 1]P. In the case of
sigmoid function, we can also conclude that

u=max {|¢p"" (1 —eo/(5(4 + B)d))
= |¢7" (1= eo/(5(4 + B)d))|
=In((5(4 + B)d — e0)/(e0))
<1In((30d — e0)/(e0)) .

)

¢~ (eo/(5(4 + B)d))|}

Proof. We bound the global covering number of class NET[d,p] = {f : R? — RP | f(x) =
®(W Tx)} with respect to Wasserstein distance by constructing a grid for the weights V; € R?
in W' = [V;"...V,J]. Then, we find the TV covering number using Theorem To do so,
we consider two cases for each V; based on its ¢ norm. In case ||V;]2 < B,, we construct the
grid based on ||V;]|2 and its angle, while for the case that |V;||2 > B,, we prove that only a
grid on the angle of V; is sufficient. Further, we choose B, based on € and o. We then show

that for each matrix W' = [V," ... V'], there exists WwT =", VPT} in the grid such that
dyy (@(WTT), @(WTf)) is bounded for all T € G, o Xp 4.
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Denote r = [22=] and
A={-B,+ié |€ [r]}". (22)
Define a new set
d d
Ag = {(al,...7ad) €A | <z:].{CLz = BU} +Zl{ai = —Bv}> > 1} .
i=1 i=1

Informally, Ag is the grid of points on sides of a d-dimensional hypercube. For any point b =

(b1,...,bq) € Ag, we define the following set of vectors
i¢ d . B,
Py={=1b;...b R — 1|}
s g ba € RY i€ [[21])

Note that the way we defined A in Equation[22} implies that for any (by, ..., bs) € As, there exists
at least one b; such that |b;| = B,. Therefore, whenever i = [%1, we know that H];—C[bl coobdllle >
B,.

Now, we can define the grid of vectors V' € R¢ in the following way
C = U P,.
beAg

Informally speaking, we are discretizing the norms in [BC

| values and then for each vector from

origin to gird points on the sides of the hypercube, we use [%] vectors with the same angle and

different norms as our grid. Clearly, the size of grid |C' is upper bounded by [%1 [%1 a4

Next, we turn into proving that given any vector V' in RY, there exists a vector V in C such that for
any zZ € G, 0 Xp.q, dw(®(V2),®(V 7)) < (3+ 2v2)e.

Case 1. In this case, we consider vectors V' € R< such that ||V < B,. The way that we
constructed the set of vectors C' implies that given any vector there exists a b € Ag and the set
of aligned vectors P, such that the angle between V' and vectors in set P, can be bounded. More
specifically, for any V' € Py, we know that

0
Z(V, V') < arcsin —-.
(v, )_arcsmB

v

since arcsin is a monotone increasing functions over [—1, 1] and we know that ||[by ... bg]|ly, > B,.
Let 8 = arcsin Bi. Moreover, since ||V]|2 < B,, we know that there exists V' € P, such that

IVl = IV lla| < - ballls < - VB, < V.

Without loss of generality, let ||V]|2 < ||V[|2. We can then write

1Vl i
IV1l: 4L

Denote V, = ||V ||2sin(£(V, V)V, and VH = ||V]|2cos(£(V, V))ﬁ, where V| is a normalized
vector orthogonal to V. Denote B, = (B+0)vd+0y/2In £, Forany z € R? such that ||z> < B.,
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we can write

o A A N
(V) = (Vi + (Vi) = (V) + (Vo) L
A A 7
— 1V el lacos(£(VL, ) + (v, 2y VAL
v,
2 HVHH2
< ||V z|l2 + (V,z
>~ H LHQH HQ < > HVHQ

IV ]lzcos(£(V, V)

< IV llallzll2sin(£(V, V) + (V. )

V|2
: 5 IV l2
<||Vlz2|lz|lo= + (V, x
§ V¢
< VdB,||z|ls— + V,e)(1+ —=>).
Therefore, we can conclude that

. 5 V¢
(V,z) —(Viz) < ﬁBvllw\\2§+ VIizllzll2 ()

v V12
< (Vs + Vd¢) |2 (23)

< (Vdé + Vd¢) ((B+a)\/g+0\/21nf> :

Now, for any Z € G, o XB 4, by Lemma we know that we can find a mixture of m = [%V

d dimensional Gaussians random variables h = Z:’;l w;g; with bounded means in [ B, B]¢ and

covariance matrices 021, such that dTV(E, zZ) < 18\/317 /o. Let H be the class of all such mixtures.

From Lemma[32] we know that
P [Hxn% > (B+a)\/E+a\/%} <et. (24)

Setting t = In £ and 6 = ( = €¢/(2dL1n £), we can conclude that

[ B
Pl|z|. > B.] =P [Hng >(B+o)Wd+o 2ln?

Therefore, from Equations [23|and we can conclude that for the random variable h = ZT; w; i
with 2(h) = I, and for the coupling 7* (qb(VTE), (b(VTE)) as defined in notations we can write

€
< B (25)

[ 1oV = oV adn” (TR, 0V TR))
R4 xR

g/ LVd(5 +¢) ((B—i—a)\/g—i—m/an B) dIy,
Ball4(0,B.) €

+ / 2B dlI,
R4\ Bally(0,B=)

(B+o)e €0

+
B
2ln S Jadin B

where we used the fact that for any z € R%, we know that ||V T2 — V|| is bounded and the
activation function ¢(z) is Lipschitz continuous with Lipschitz constant L. Here, we assume that
the variance of noise is always smaller than 1, i.e., 0 < 1. We know that d > 1 and assuming that
In £ > 1 (¥), we can rewrite Equationas

€

/ 60V TR) — 6(U TR adn* ((VTE), 6(VTR)) < (B+1)e + e +2¢ < (B+4)e,
R4 xR

(26)

IN

+ 2¢,
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gs0 Then, we have

aw (GVTRLOTR) = int VTR = o0 TR (6(V TR, 07T

meN(¢(VTh),¢(VTR))

< [ 160 TR) — oV Bladn (6V TR 00 TH)) < (5 +4)e.
R4 xR

841 Therefore, we have proved that for any V € R such that ||V || < B,, there exists a vector V in C

a2 such thatforanyz € G, o X 3,4 and its estimation with a mixture i of Gaussian random variables,
843 we have

dyy (¢(VTE), ¢(VTE)> < (B +4)e.

saa  Case 2 Now, we turn to analyze the case where we have vectors V in R? such that |V | > B,.
845 We assume that the function ¢ is invertible. Taking into account that ¢ is also bounded in [— B, B,
s46  denote u = max {|¢p~1 (B — €)|,|¢" (=B + ¢€)| }. For a given vector V € R?, select b € Ag such
a7 that for all V' € P,, we have Z(V, V') < 0, where 0 is defined the same as case 1. From all vectors
848 in Py, select V such that it has the maximum {5 norm, i.e., the one on the side of the hypercube. It
sa9 is obvious that ||V |2 > B,. We will show that for any & € H, the Wasserstein distance between
sso ¢(V T h)and ¢(V Th) is bounded.

851 Define following two sets

S1={z e R | |(V,)| < u},

. 27
5o = {a € RY | (7, 2)] < u}. @n

sz Given any = € R%\ S U S, such that ||z|2 < B., we show that both of (V,z) and (V,z) are
gs3 either smaller than —u or larger than u. Assume that (V,z) > u. Denote a = Z(V,z) and
g4 [ = Z(V,V). From the fact that (V,z) = |V |2z||2 cos & > u, we conclude that cos o > 0. On
855 the other hand, to conclude that (V, x) is also larger than u, we only need to prove that (V,z) > 0
ss6  since x € R?\ S U Sy and we already know that |(V, z)| > u. Therefore, we want to prove that
857 (V,z) = ||V]|2||x]|2 cos(a £ B) > 0. It implies that we need to prove cos o > sin 5. But we know
gss  that

u
s > —————
V2llz (|2
u
> (Since ||z||2 < B.)
||V||2Bz
u ~ ~
> Since V € P, and |V || < VdB,
2 BB ( y and ||V ]| < )
B —¢
~ LB,B.Vd

v

)
B > sinf > sin 3,

sso  where we used the fact that the function ¢ is Lipschitz continuous and we know that |¢(u) —d(—u)| <
g0 2Lu. The last line follows from the fact that B, < ((B — €)/¢) (Qﬁln(B/e)) (). Tt is easy to
gs1  verify in the same way that if (V,z) < —u, then (V,z) < —u.

ss2  Next, since ¢ is monotone, we can write that for any z € R?\ S; U Sy such that ||z, < B., we
sss  have either both V"2, V Tz in [B — ¢, Bl orboth V"2, V Tz in [~ B, — B + €], which means that
gse |V'z—VTx| <e Setting B2 = 2Bu/(ec/27), for any mixture of Gaussian random variables
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865 h € H and for the coupling 7* (¢(VTE), gb(VTE)), we can write

[ 16T — oV Bladn” (6(v TR 6(7TH))
R4 xR

§/ edfh+/ QBdIh+/ 2BdlI},
Balld(O,Bz)\SlLJSg S1US> Rd\Balld(O,BZ)

u
<e+2B—— + 2¢
V2no B2

< de,

sess  where we used the fact that z € Sy U S5 is similar to the probability that |x| < u/B, for the zero
gs7 mean Gaussian random variable x with variance (UBU)Z. We can, again, write that

aw (oVTRLOTR) = int VTR = o0 TR (6(V TR0V TR)

meN($(VTh),$(VTR))
< [ 16 TR) = o TR adn” (oV TR (VTR < de.
R4 xRd

ses  So far, we proved that for any V € R? there exists a V' € C such that dyy (qS(VTEL qS(VTﬁ)) <

o (4 + B)e for all mixtures h € H, which comes from the fact that 4¢ < (4 + B)e. Now, we turn to
o covering functions in NET[d,p]. Note that the output of ¢(V " z) is real-valued. We also know that ®
1 is applied element-wise. Consider the set of

Cw ={V,"...V,]]T | V; € C fori € [p]}.
g2 We know that for any W = [V,7...V,7]" there exists wT =1 ... VPT}T such that for every
873 i € [p], we have dyy (gb(ViTE), gb(VfE)) < (4 + B)e. Therefore, since we keep the coupling the

g74 same 7" for every i € [p], we can conclude that dyy (@(WTEL CD(WZTE)) < (4+ B)ed.

8l

(o2}

8
8

SN

75 Now, using Theorem 20| we get that
_ — s T 9
drv (7,(@(WR), 5, @V R)) < 3

s76  Consequently, for any Z € G, o X g 4, We can write

(4+ B)ed

g

(28)

(29)

877 where we used data processing inequality and Equation 28] Equation 29]implies that C'y is a global
g7s  cover for G, o NET[d, p] with respect to dpy metric. Clearly,

(B,)d+1 )p B <QBUdL In g ) Pl

<
owl < (P 6

g79  Therefore, setting ) = v/d(4 + B)e/72 and € = eo/(5(4 + B)d) we conclude that

10(4 + B)’LB, | (5(4 + B)Bd) )”(‘””
€0

Nu (e,Go o NET[d, pl, 00, d7v, Gy © Xp.q) < (
o

. d+1

W0VI0(4 + B2 32 LVBw  (5(4+B)Bd\\ " "

< In )
(2m)1/4 €3/202 €0

(30)
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sso where
u' = max {|¢" (B~ €)|,|¢o” (=B +€)|}
=max {|¢p"" (B —ec/(5(4+ B)d))|,|¢"" (-B+ea/(5(4 + B)d))|},
ss1 and

, < B+ BB _ 54+ B)Bd

€ €
ss2  Note that we always use o < 1. In that case, having 0 > 5(4+B)Bd/e means that e > 5(4+B)Bd >

gss  B+/d. On the other hand, the domain of the output of ® is in [— B, B]¢ and, therefore, in this case
ss4 the covering number would be simply one and no further analysis is required. Furtheremore, the
g5 assumotion (*) always hold since in order to obtain an e-cover for the single-layer neural network,

sss we will need to bound the Wassestein distance between ¢(V T h) and ¢(V Th) by (4 + B)é€’. In this
gs7 case we have

& —— B >e,
sss  which holds since we consider o < 1 and € < B+v/d. Moreover, for assumption (**) to hold, we need

B. < (B - 6/> 2\/&111(5)

(B+o)\f+a\/ﬁ (B )2\@111(5)
@\75+<2< )P

B+1 B—
o <2
(InZ )1/47L n(Z) ( )

B+1 \/5 )’
B

WLy " dln(Z)

- <B+32+ ﬁ) (5<46+0B)d> 5

10(4 4+ B)d
T (B4+3+V2)0o

889 which is always true if o < 1. Note that in both (*) and (**) we were interested in values of e that are
goo smaller than B\/a; Otherwise, the covering number would be one. O

so1  We can also simplify the constants and write Equation [30]as

€3/2g2 €0

/2 p(d+1)
Ny (€,Go o NET[d, pl, 00, drv, Gy 0 Xp ) < (20(4+B)3/2 L\/ﬁ ( (4+B)Bd>> .

g2 Also since ¢ is a monotone function, we can approximate u’ by

(s o (o s}
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E Proofs of theorems and and lemmas in Section [7]

E.1 Proof of Theorem 26|

Proof. We will prove the theorem for the stronger case where the output of single-layer neural
network classes and H is in [—B, B]PT. Consider two consecutive classes NET[p; — 1, p;] and
NET[p;, pi+1]. From Lemma I8 we know that

2¢ — — -
Ny <Wa Gso0 NET[p;, pit+1] o G o NET[p;_1,pil, o0, d%ova Gso0 XB,pil>

€ — o o
< Ny <W;QUONET[p’L17pi]7oovdTV7ga'OXB,pi_1) (31)

€ — SR ——
U <2BT\/E,QU o NET[p;, pi+1], 00,d7,,Go © XB,p,;) = N;.Njt1.
Let
Q = QU o NET[prl,pT] 0...0 gU e] NET[phpQ].
It is clear that F = Q o G, o NET[d, p1]. Equationis true for every 2 < i < T'. Therefore, we
can conclude that

(T —1)e
N <2BT\/7 QOOdTV7gUOXBP1><Zl_[2N

Using Lemma|[I8] we can again write that

<2 JF,m dTV,Ad)
< Ny ( 1) Qood g X5 .. | .N £ g NET[d ]<><3ch2 A
o . o
> 2BT ,— Vs Yo B,p1 U OBT /o707 y P11, O, Apy,y Ad

Ni.

IA
",:]*1

=1

Finally, from Theorem [17|and the fact that F is a class of functions from R? to [~ B, BJ?, we can
conclude that

T
1e) < Ny (=2 — Fom.d2,. Bq) < TN
U(e,]—',m,H ||2)_ U(2B\/p—Ta}-7m7 TV —d —};]1:

E.2 A technique to build deeper networks from networks with bounded covering number

The following lemma is a technique that can be used to “break” networks in two parts. Then one can
find a ||.||2 covering number for the first few layers and use Theorem [26|for the rest. It is a useful
technique that enables the use of existing networks with bounded ||.||2 covering number to create
deeper networks while controlling the capacity. Another possible application of the following lemma
is that it gives us the opportunity to get tighter bounds on the covering number in special settings.
One example of such settings would be networks that have small norms of weights in the first few
layers and potentially large weights in the final layers. In this case, it is possible to use ||.||> covering
numbers that are dependent on the norms of weights for the first few layers and Theorem [26]for the
rest, which does not depend on the norms of weights.

Lemma 35. Let Q be a class of functions (e.g., neural networks) from R? to RP and
NET[p,p1], NET[p1,p2], ... ,NET[pr_1,p1] be T classes of neural networks. Denote the com-
position of the T-layer neural network and Q as

F =G, oNET[pr_1,pr]o...0Gy o NET[p1,pa] © G, o NET[p,p1] 0 G, 0 Q,

31



918
919
920

921

922

923

924
925

926

927

928

929

930

931

932
933

934

and let H = {h : R® — [-B, BJPT | h(z) = Er [ f(z)],f € F}. Define the uniform covering
numbers of composition of neural network classes with the Gaussian noise class (with respect to
d3y, ) as

Ni = NU ( gia'ONET[pi—lapiLooad’%oVagio‘O XB,pil) 5 1 S ] S Ta Po =D,

€
ABT /pr’

and define the uniform covering number of class Q as

Mo = N (= Qo )

Then we have,
T

Nor (e H,m, 1167) < TT M

i=0
Proof. From Corollary 21| we can conclude that

€
Ny(———— Ag) < N,
U(4B\/ﬁ7 deTV’ d) U(lSB\/—

Same as proof of Theorem 26 by using Lemma [I8] we can say that for two consecutive classes
NET[p; — 1, p;] and NET[p;, pi11]

Y4
Q?ma ||||22) =

2e — o S
U (ZLBT\/E7QU o NETI[p;, pi+1] © G, o NETIp;_1, p;], 00, d7y,, Gy © XB,pi1>

€ _ S —
< Ny (Wv G o NET[p;—1,ps], 00,d77, G © XB,pi_l)
€ — ~ —
Ny <43T\/E’ Go o NET[p;, pi+1], 00,d7,,Go © XB,pi) = N;. Nip1
Let o o
& =G5 oNET[pr_1,pr]o...0 G, o NET[p,p:].

It is clear that F = € 0 G, o Q. Now, from Lemma|[18] we can conclude that

(23 ,F,m, dfTV,Ad>

<N,

v <4B,ﬁpT’
T

< HNi-
1=0

Lastly, from Theorem [I'7] we can conclude that

5,oo,d%ov,g(,ozc3,p) Ny(——— Q,m,d2,, Aq)

4B \/7 'Go ©

T

F, o0 dTV,Ad) I

No e Hm L) < N (5= <]

F Uniform convergence by bounding the covering number

In this section we provide some technical backgrounds that are related to estimating NVAC and

finding valid GBs. Specifically, we discuss how to turn a bound on ||.||52covering number to a bound
on generalization gap with respect to ramp loss.

Preliminaries. For any x € R, the ramp function r, with respect to a margin y is defined as

0 x < =7,
T’Y('r) = 1+ % [_7,0],
1 v > 0.
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Letz = [z, ..., 2®]T € R* be a vector and ) = [k]. The margin function M : R* x Y — R is
defined as M(z, i) := () — max;-; 2. Next, we define the ramp loss for classification.
Definition 36 (Ramp loss). Let f : X — R¥ be a function and let D be a distribution over X x )

where Y = [k]. We define the ramp loss of function f with respect to margin parameter v as
Ly(f) = E@yy~p [y (=M (f(z),y))]. We also define the empirical counterpart of ramp loss on an

input set S ~ D™ by l}(f) =1 > yes T (=M(f(z),y)).

It is worth mentioning that using (surrogate) ramp loss is a natural case for classification tasks
(Bartlett et al., [2006); (Boucheron et al., 2005).
Next, we define the composition of a hypothesis class with the ramp loss function.

Definition 37 (Composition with ramp loss)). Let F be a hypothesis class from X to R and Y = [k].
We denote the class of its composition with the ramp loss function by F., : X x Y — [0, 1] and define

itas Fy = {(fy(x,y) = vy (=M(f(2),y)) : f € F}.

The following lemma states that we can always bound the 0-1 loss by the ramp loss.

Lemma 38. Let D be a distribution over X x ), where Y = [k] and let f be a function from X to
R*. We have

Eeyy~p (1771 (f(2),9)] < Eq gy Iy (= M(f(2),9))] = 1(f)-
For a proof of Lemma@] see section A.2 in|Bartlett et al.| (2017).
One way to bound the generalization gap of a learning algorithm is to find the rate of uniform

convergence for class .. We define uniform convergence in the following.

Definition 39 (Uniform convergence). Let F be a hypothesis class and l be a loss function. We say
that F has uniform convergence property if there exists some function myc : (0,1)% — N such that
Sfor every distribution D over X x Y and any sample S ~ D™ if m > myc (€, §) with probability at
least 1 — 0 (over the randomness of S) for every hypothesis f € F we have

Epn 1@ )] = = 3 1)) <e

(z,y)€s

An standard approach for finding the rate of uniform convergence is by analyzing the Rademacher
complexity of F,. We now define the empirical Rademacher complexity.

Definition 40 (Empirical Rademacher complexity). Let F be a class of hypotheses from Z to R and
D be a distribution over Z. The empirical Rademacher complexity of class F with respect to sample

S ={z1,...,2m} ~ D™ is denoted by E)A%(]-]S) and is defined as

R(F|s) = Eo l;gg;azﬂzz)]

where o = (01,...,0m) and o; are i.i.d. Rademacher random variables uniformly drawn from
{0,1}.
The following theorem relates the Rademacher complexity of JF, to its rate of uniform convergence
and provides a generalization bound for the ramp loss and its empirical counterpart on a sample .S.
Theorem 41. Let F be a class of functions from X to R* and D be a distribution over X x )) where
Y = [k]. Let S ~ D™ denote a sample. Then, for every § and every f € F, with probability at least
1 — 9§ (over the randomness of S) we have
In(2/6)

2m

L(f) ST () + 2R(Fy g) +3

Theorem [A]is an immediate result of standard generalization bounds based on Rademacher com-
plexity (see e.g. Theorem 3.3 in (Mobhri et al., 2018)) once we realize that E, ,y.p [f,] = I,(f) and

% Z(m,y)gs f(z,y) = lA’y(f)

We will use Dudley entropy integral (Dudley, 2010) for chaining to bound the Rademacher complexity
by covering number; see (Shalev-Shwartz and Ben-David, 2014) for a proof.
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Theorem 42 (Dudley entropy integral). Let F be a class of hypotheses with bounded output in [0, c,,).
Then

(Fis) < nf 1 /01/2 \/1 ( [ ||€2)
in € n Ny (v, F,m, ||. dv ;.
15 = €€[0,¢4/2] vm ), 2

Putting Theorems 41} A2] and Lemma 38| together, we can state the following theorem to bound the
0-1 loss based on the covering number of ¥, and empirical ramp loss.

Theorem 43. Let F be a class of functions from X to R* and D be a distribution over X x Y where
Y = [k]. Let S ~ D™ be a sample. Then, with probability at least 1 — § (over the randomness of S)
for every f € F we have

E(eyy~p [O7H(f(2),y)] <

L(f) <L(f)+ inf ]{2

192 1/2
4e+ﬁ . \/IHNU(Vv}_wm’ I-12°) dov

e€l0,1/2 2m

} e

We will use above theorem in the next appendix to estimate NVAC based on ||.||5? covering number
of composition of a class with ramp loss.

G Estimating NVAC using the covering number

In this appendix, we will use Theorem [3]to establish a way of approximating NVAC from a covering
number bound. In Remark f4] we state the technique used to approximate NVAC and in the following
we will justify why this would be a good approximation.

Remark 44. Let F be a hypothesis class from X to RF, S be a sample of size m and heF. We find
n* such that the following holds

6 1—1,(h)
W\/lnNu(e,fy,mn*, H||gz) <e €= 178, (32)

and choose mn™* as an approximation of NVAC. Here, liy(h) is the empirical ramp loss of h on sample
S. In Appendix[l| where we empirically compare NVAC of different covering number bounds, we
choose S to be the MNIST dataset and h as the trained neural network (from a class F of all neural
networks with a certain architecture) on this dataset.

In the following we discuss why this choice of mn* is a good estimate of NVAC. First, let S™ €
(X x Y)™" be an input set and D be a distribution over (X x ))), where mn is larger than mn™* as
found in Remark #4] From Theorem [43|and using the fact that the ramp loss is in [0, 1] we can write

I . In(2/3
By 171 (h(2),9)] <8 (0) + 2R(Fy g.) + 3 Q(m/n )

. 12 (Y2 . In(2/6)
< i — ks —_.
<0ty (21 i [ Ve Fmn ] |

(33)
Since S™ consists of n copies of the sample .S, we can replace L, (k) on S™ by the ramp loss of h
on S (this would be equal to the ramp loss of trained neural network when we empirically compare
NVACs in Appendix [[). Moreover, since the number of samples are very large and § = 0.01, we can
approximate the last term in the right hand side of Equation 33| with zero. Therefore, we can write
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that

Ey~p [°7 (h(x),y)]

< I(h inf {2
< b )+ee[l<fl/21{

12 1/2
de + W/ VI No(v, Fyymn, |.1) dv] }

<1, (h)+2

19 1/2 -
46+F/€ i N (v, i, 1) do (Ve € [0,1/2))

mn*

6
vmn*
(34)

where we used the fact that Nys (e, F,, mn, ||.||5?) decreases monotonically with ¢ and the integral is
over [e,1/2]. Note that in the above equation we subtly used the fact that covering number grows at
most polynomially with the number of samples and, therefore, increasing number of samples will
always result in smaller right hand side term in Equation [34} In Appendix [H] we will show why this is
a valid assumption for the covering number bounds that we use in our experiments (see Remark [54).

Since Equationholds for any € € [0,1/2], we can set ¢ = (1 — I (h))/10 and conclude that
Egy)~p {lo_l(ﬁ(w)w)}

6 ¢
In Ny (€, Fry, mn*, ||.]|52
o\ N (e L) -

< 0(h)+2 [4e+ VIn Ny (e, Fy,mn, ||.||§2)} ,

< I,(h) +2 {4e+

IN

1.

From the above equation, we can conclude that by setting mn to be larger that mn™* as defined in
Remark we can provide the following valid generalization bound with respect to [°~! and [,

GB(h5") =2 [te+ i Ny (e Homn, L)

Moreover, for any S™ such that mn > mn* we can conclude that the G B defined above results in a
non-vacuous bound, i.e.,

GB(h,S™) +1,(h) <1,
which concludes that mn* is a reasonable approximation for NVAC.

In the next appendix, we discuss different covering number bounds that were mentioned in Section [9]
We state these covering number bounds for a general T-layer network in Appendix [H| Finally
in Appendix [[l we present the settings of our experiments and the empirical results of NVAC in
Remark [44]

H Different approaches to bound the covering number

In the following, we will state the covering number bounds that were compared in Section [9] We
first give two preliminary lemmas. Lemma[46|connects the covering number of a hypothesis class
F to the covering number of F.,, which is used in Remark [44]to obtain generalization bounds. In
Lemmawe will show a way to find the covering number of a class of functions from R? to R
from the covering number of real-valued classes that correspond to each dimension. We will use
this lemma when we want to compare covering number bounds in the literature that are given for
real-valued functions, i.e., Norm-based, Lipschitzness-based, and Pseudo-dim-based approaches.

In the following remark, we will discuss the motivation behind the choice of specific generalization
bounds in Section[9]

Remark 45 (Choice of generalization bounds). In our experiments in Section[9we have not assessed
the PAC-Bayes bound in|Neyshabur et al.|(2018) since it is always looser than the Spectral bound
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of (Bartlett et al.||2017); see Neyshabur et al.|(2018) for a discussion. Furthermore, we exclude the
generalization bounds that are proved in “two steps”. For example, a naive two-step approach is
to divide the training data into a large and a small subsets; one can then train the network using
the large set and evaluate the resulting hypothesis using the small set. This will give a rather tight
generalization bound since in the second step we are evaluating a single hypothesis. However; it
does not explain why the learning worked well (i.e., how the learning model came up with a good
hypothesis in the first step). More sophisticated two-step approaches such as|Dziugaite and Roy
(2017); |Arora et al.| (2018); | Zhou et al.|(2019) offer more insights on why the model generalizes.
However, they do not fully explain why the first step works well (i.e., the prior distribution in|\Dziugaite
and Roy|(2017) or the uncompressed network in|lArora et al.|(2018); Zhou et al.|(2019). Therefore,
we focus on bounds based on covering numbers (uniform convergence).

Next, we state the preliminaries lemmas that we use in some of the covering number bounds in
literature to relate them to covering numbers for the composition of neural networks with the ramp
loss.

Lemma 46 (From covering number of F to covering number of ). Let F be a hypothesis class
of functions from X to RP and F, : X x Y — [0, 1] be the class of its composition with ramp loss,
where Y = [k]. Then we have

0 e 0
NU(ea]:’Y’mv ||H22) < NU(?MFa m, H||22)

Proof. First, it is easy to verify that r, and —M (x,y) (with respect to the first input) are Lipschitz
continuous functions with respect to ||.||2 with Lipschitz factors of 1/~ and 2, respectively; see e.g.,
section A.2 in Bartlett et al.[{(2017). Therefore, we can conclude that 7, (—M(f(x),y)) is Lipschitz
continuous with Lipschitz factor of 2/~.

Fix an input set S = {(x1,¥1),---, (@Tm,yYm)} T X X YV andlet C = {qu | fi e F,ielr]}be
an (ye/2)-cover for F|g. In the following, we will denote the composition of f; with ramp loss by

fw‘ for the simplicity of notation. Now, we prove that C., = { f%i| o f%i € Fy, i € [r]}is also an
e-cover for F, B

Given any f € F, there exists fi| g € C such that

IN

|G, filwn)) = (Flan). o )|

We can then write that

12

[(Frit@r)ees Fralan)) = (s )|

1 m 2
= 3 (Fueon) = () (36)

kol
[

3 (ry (~MU). ) = 2 (~MF ) )))

k=

IA
=

—

1055 From the Lipschitz continuity of 7, (—M (x,y)) we can conclude that for any (z,y) € X x Y

r (SMU(@).0)) = 1 (MU ). 9)] < ZIMUE)o) = MU @)l < 21 ita) =

36
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Taking the above equation into account, we can rewrite Equation [36]as

Lo

(i), Friam)) = (@), o))

2 |1~/ 2
< m;(m(m en))
2 ~ N L2
< = | Gilwn)s o filwn) = (F@1)s o flom)
2 ye
72
<e

A A L2
In other words, for any f, ;€ F ¢ there exists f,;, € S such that wa‘s — fys||. < €and,

2

therefore, C is an e-cover for .7-',” g and the result follows.

The following lemma finds a covering number for a class of functions with outputs in R from the
covering number of the classes of real-valued functions corresponding to each dimension

Lemma 47. Let F1,...,F, : X — R be p classes of real valued functions. Further let F =
{f(x) =[fi(®),.... fpo(@)]T | fi € F;, i € [p|} be a class of functions from X to RP, where each
dimension i in their output comes from the output of a real-valued function in F;. Then, we have

P

H € ¢
NU(63F7m7||'ng)S NU( a‘Fiama ||||22)

- VP

Proof. Fix an input set S = {z1,...,z,} C X. Let Ci,...,C, be (¢//p)-covers for
Fiss--- ,]-"p‘ - respectively. We will construct the set C' as follows and prove that C' is an e-cover

for F|s.

C= {[fl(xk),...,fp(a:k)]T | fiys €Cii€pl, k€ [m]}~

Particularly, from each class F;, we are choosing all functions fl such that fi| g isin C;. We then use

those functions as the dimension ¢ of the output to get functions f € F. Then we put the restriction
of these functions to set S in C. Clearly, |C| < [TF_, |Ci|.

Let f(z) = [fi(z),..., fy(2)]" be any function in F. Since Ci,...,C, are (¢/,/p)-covers for

F1,...,Fp we know that there exists another set of functions fl € Fi, i € [p] such that fi| s €C;
and

(i) Filwm)) = (Fil@r)s - fiwm)

|2 €

f; =
> =P

Vi € [p].
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178 Let f(x) = [f1(2),..., fp(x)]T. We can then write that
Lo

=@, faw) = Fe), o flom))

[~ £,

2

S|t - Fan)|

>

=

IN

(Fitow) = Fian))

3|~
=
i
I,
=
\|M~a
I,

<
3
s

3=

(7iw) — Fitaw))”

-

&
Il
-
£
Il
-

(fil@1),-- s filmm)) = (fil@1), - .- fil@m))

25\ 2
2

IA
-
ge—

i=1
P 2
€
<\
- P
<e

1074 Therefore, we can conclude that C'is an e-cover for F|s. Since |C| < []¢_; |C}] the result follows.
1075 O

1076 In the following we will state the covering number bounds that are compared using their NVACs in
1077 Section[9].

1078 Covering number bounds. We first state the bound in Theorem [26] where we use the covering
1079 number of Theorem 25| for each layer of the neural network.

10e0 Theorem 48 (The bound of Theorem 26). Let NET[d, p1],NET[p1,p2],...,NET[pr—1,pr] be T
1081 classes of neural networks. Denote the T'-layer noisy network by

F =Go o NET[pr_1,pr] o ...0Gs 0 NET[p1,p2] © G, o NET[d, p1],
1082 and let H = {h: R% — [0,1]P7 | h(z) = Ex [ f(z)],f € F}. Then we have

In Ny (& Hym, |15

120/7)T\/prpi—1 — €0
T (4T¢E)3/2p?121\/ ln(( = e > 120Tp;—1+/PT
1—1 T
< i-pi-1l 282 1
- iz:;p pi-1ln (ve)3/202 n( vee )
18T
tdpiln ( W)
yeEo

1083 Proof. We first use Theorem 23]to find the covering number of NET[p;_1, p;]. Particularly, for any
1084 2 < ¢ < T we have,

€ . -
In N; = In Ny (W, Go o NET[p;_1,pil, o0, d%ova G0 Xl,pil)
607"/ i1 —
(2T ﬁpT)3/2pf/21\/ln( png— 1 EU)

60Tp;_
< pipi—1In | 282 ln( i 1\/1?)

€3/2g2 €0
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Moreover, we use Lemma 14.17 in |Anthony et al| (1999) to find a bound on Ny. This lemma
provides a bound with respect to ||.||3°, however, we know that ||.||? is always smaller than ||.|$°
(see Remark [3). Therefore, we can bound Ny as follows

9T em /T
In Ny < dp; In (empT> .
€0

From Theoremwe know that In Ny; (6, H,m, | ||gz) < ZiT=1 In N;, therefore, we can write that

In Ny (e,?—[,m, ||.||§2)

5/2 60T\/prpi_1 — €0
(QT\/E)?’/QPi/l\/ln ( Tea - >

60T'p;—1/DT
< E pi-pi—11n | 282 375 5 1n<
— e3/2g €0
9T
Cdpiln (m m)
€o

Applying Lemma [#6] to turn this covering number into a covering number for 7., concludes the
result. O

Notation. For the rest of this section, we will be presenting the covering number bounds in literature.
For some of these bounds we will require the norm of the weights of network. Therefore, we use a
new notation for the class of single-layer neural networks. More precisely, we will use NET[d, p, W]
to denote the same class as NET[d, p] but we are also pointing out the weight matrix W € R*P,
For a matrix W € R%*? we denote its ||.||s,, norm as |[(|[W.1]ls,...,[|W.ls)ll,, where W.;
denotes the ith column of W (e.g. for a weight matrix W, ||[W T ||; « refers to the maximum of
Il norm of incoming weights of a neuron). By ||W||, we denote the spectral norm of a matrix.
For a matrix X € R?™ we denote its normalized Frobenious norm by|| X || 7, which is defined as
1XIlr = /= >z,

We would like to mention that, in the experiments, we use a slightly different form of sigmoid function
for the activation function rather than the one in Definition 23] Indeed, we will add a constant to
the sigmoid function to turn it into an odd function in [—1/2,1/2]. In the following remark we will
discuss the reason behind this choice and the fact that it does not change the covering number in
Theorem (48]

Remark 49. The bound in the Spectral covering number requires the activation functions to output 0
at the origin. Therefore, in our experiments in Sectionl?] we set ¢(x) = 1+i—r — % as activation
functions for neurons of the network, so that $(0) = 0 and ¢(x) € [—1/2,1/2]. This will not affect
the covering number bound of Theorem[d8| The bound in Theorem[d8)is derived from the covering
number bound of Theorem 23| for single-layer neural network classes. There are three sources of
dependency on the activation function in Theorem[2_3] The first one is the dependence on the range
of output, which is 1 for both ¢(x) = 1+i - — % and the sigmoid function (¢(z) = 1+e =) defined
in Definition 23] The second dependecy is the Ltpschztz factor whtch is I for both of the activation
functions. The final dependency i lS on u = max { |¢ -6, {~B+e |} It is easy to verify

that the value of u for ¢(x) = 1+e_T — % is exactly the same as the value of u for ¢(x) = 1+€ ~. As
a result, using both ¢(x) = 1+e — and ¢(x) = 1+i—r — 5 will result in the same covering number

bound in Theorem Generally, adding a constant to the output of functions in a class will not
change its covering number.

We will now discuss the Norm-based bound from Theorem 14.17 in|Anthony et al.|(1999), which is a
bound for real-valued networks. Therefore, we will apply Lemma[47]to relate it to a covering number
for neural networks with p output dimensions.

Theorem 50 (Norm-based covering number). Let NET[d,p1,W1],... ,NET[pr_1,p7, W] be T
classes of neural networks and F = NET[pr_1,pr, Wr]o...oNET[d,p1,W1]. Denote by V the
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maximum of ||.||1,.o among the layers of the network, i.e., V = max; |W," |

1,00- Then we have

\/Pr  24/PT
logy Ny (€, Fysm, ||.[157) < T(T)H@V)T(TH) log, (2d + 2).

Proof. The proof simply follows from Theorem 14.17 in[Anthony et al.| (1999) and Lemmas 46| and
once we realize that the sigmoid function is Lipschitz continuous with Lipschitz factor of 1. [

Next we state the Pseudo-dim-based bound.

Theorem 51 (Psuedo-dim-based covering number). Let NET[d,p1],... ,NET[pr_1,pr] be T
classes of neural networks and F = NET[pr_1,pr] o ... o NET[d,p1]. Denote the total num-
ber of weights of network by W = dpy + Z;TFZQ Pi—1.p; and the total number of hidden neurons by
r= Zle pi. Furthermore, let P be as follows

P = ((W+2)r)” +11(W + 2)rlogy (18(W + 2)r?).
Then we have

2
In Ny (e, Fyym, ||]2) < /prPln (pT@m) .

Pre

Proof. By Theorem 14.2 in|Anthony et al.| (1999)) we know that the pseudo dimension (Fyip,) of F; is
smaller or equal to P, where F; is the class of real-valued functions corresponding ¢th dimension
of output of functions in class F (for a definition of pseudo dimension see for instance Chapter 11
in|Anthony et al.| (1999)). Furthermore, from the standard analysis of covering number and pseudo
dimension (see e.g., Theorem 12.2 in Anthony et al.|(1999))), we can write

em
In Ny (e, Fiym, || ]|52) < Paim In( ).
61%ﬁw
Combining the above equation with Lemmas [d6|and [#7] concludes the result. O

Now we turn into presenting the Lipschitzness-based bound.

Theorem 52 (Lipschitzness-based covering number). Let NET[d, p1,W1],...,NET[pr_1,p1, Wr]
be T classes of neural networks and F = NET[pr_1,pr, Wr] o ...o NET[d,p,, W1]. Denote by
V' the maximum of ||.||1,cc among all but the first layers of the network, i.e., V. = max;>2 ||W;" |1 00

and denote the total number of weights of network by W = dp; + Z¢T=2 Pi—1.pi- Then we have

dem/prWVT
¢

IHNU(€,]:»\/,m7 ||||22) SW,/pTln (W .
Proof. The covering number follows from the bound in Theorem 14.5 in |Anthony et al.| (1999),
which is a ||.||$° covering number, but we know that ||. |52 is always smaller than ||.||3°. Therefore,
from Theorem 14.5 in[Anthony et al| (1999), Lemma @7} and the fact that sigmoid is a Lipschitz
continuous function with Lipschitz factor of 1 we know that

2em/prWVT
o Ny e ) < Wrn (2T ).

Combining the above equation with Lemma 6] will result in the desired bound. O

Finally, we will present the Spectral bound in Bartlett et al.| (2017). In our experiments, we consider
the reference matrices M; in the following theorem to be zero.

Theorem 53 (Spectral covering number). Let NET[d,p1,W1],...,NET[py_1,p7,Wr] be T
classes of neural networks and F = NET[pr_1,pr,Wr] o ... o NET[d,p1,W1]. Let refer-
ence matrices My, € R¥Pt gnd M, € RPi-1XPi 2 < 4 < T be given. For an input set
S = {r1,...,2m} C R define X = [x1...7,] € R>™ as the collection of input samples.
Further, for any i € [T), let |W;||l» < s; and |W," — M,"||2.1 < b;. Then we have

41 X2 n(2W?) [+ T\
1nNU<e,f7,m7||.§2><§262(Hs?> (Z () ) ~

i=1 =1
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The original bound in Bartlett et al.[(2017) considers the input norm || X||% to be the sum of |.||3
norms of input samples and adjusts the chaining technique of Theorem 2] to account for this
assumption. Here, for the sake of consistency, we consider the Forbenious norm to be normalized

and use the conventional chaining technique, which applies to the |.||5* metric.

Remark 54. Some of the bounds that we presented are dependent on the number of input samples m.
However, for all of them the logarithm of covering number has at most a logarithmic dependence
on the number of samples. It is also worth mentioning that the Spectral bound is dependent on the
normalized Frobenious norm and increasing the number of copies of S in Equation |34 (i.e., mn)will
not change this norm and, therefore, the Spectral bound.

I Empirical results

In this appendix we will discuss details of the learning settings for the empirical results that were
stated in Section[9] We train fully connected neural networks on the publicly available MNIST dataset,
which consists of handwritten digits (28 x 28 pixel images) with 10 labels. Our baseline architecture
has 3 hidden layers each containing 250 neurons, one input layer, and one output layer. The input layer
has 784 neurons, which are pixels of each image in MNIST dataset. The output layer has 10 neurons,
corresponding to the 10 labels. All the activation functions are the shifted variant of the sigmoid
function as discussed in Appendix [H} i.e., ¢(z) = {¢== — 3. The additional architecures that we
use are as follows: (a) fully connected neural networks with one input layer, one output layer, and
2,4, 5 hidden layers each containing 250 neurons; (b) fully connected neural networks with one input
layer, one output layer, and three hidden layers each containing 64, 150, 350, 500, 800, 1000, 1500
neurons. All of the experiments are performed using NVIDIA Titan V GPU.

Networks are trained with SGD optimizer with a momentum of 0.9 and a learning rate of 0.3. For the
purpose of training the loss is set to be the cross-entropy loss. For the rest of the experiments (e.g., to
report the accuracy and NVACs) ramp loss with a margin of v = 0.1 is used. The size of training,
validation, and test sets are 59000, 1000, and 10000, respectively. In Theorem@]we are considering
noisy networks with its expectation as output. Therefore, for reporting results of Theorem 26] we
compute the output 50 times and take an average. Computing random outputs several times and
averaging them yields in negligible error bars in the demonstrated results.

The results of NVAC as a function of depth and width are depicted in Figure[2] All of the NVACs are
derived according to Remark[44] In Figure[2] we also include the Norm-based approach (Theorem 50)
which was omitted from the Figures in Section[9]due to its large scale. As mentioned in Section[9] the
bounds that are based on norms and group norms perform poorly compared to those that are based on
parameter count. In the following, we will investigate this observation.

The first justification behind this observation is the dependence on 1/¢. From Theorems and we
know that the logarithm of covering number in Norm-based approach has a polynomial dependence
on 1/, i.e., O((1/€)?T), while in the Spectral approach it has a linear dependence, i.e, O(1/¢). On
the other hand, Pseudo-dim-based, Lipschitzness-based, and Theorem@]has a logarithmic dependece
on 1/e.

The second reason behind this observation is that the Spectral and Norm-based approaches depend
on the product of the weights. Although one may think that in networks with large number of
parameters this dependency would be better than those on the number of parameters, we will see
that the Pseudo-dim-based, Lipschitzness-based, and Theorem@]perform better in these cases. For
instance, consider the netwrok that has been trained with three hidden layers, each containing 1500
neurons. In this case, the number of parameters is ~ 5 x 10°, while in the Spectral approach, the
contribution of product of norms to covering number is ~ 1 x 10° and the contribution of 1/¢ is
~ 4 x 10*. In the norm-based approach the contribution of the product of norms is ~ 1 x 10°? alone.

Finally, we will explore the observation that the bound in Theorem [26] performs better than the
Pseudo-dim-based and Lipschitzness-based bounds. Let w denote the maximum number of neu-
rons in a hidden layer. The logarithm of the covering number bound in Theorem 26| depends on
O(w? In(w®/?)), while the Pseudo-dim-based bound in Theorem |51| depends on O(w®). Com-
paring Theorem [26] with the Lipschitzness-based covering number is more challenging because
Lipschitzness-based bound depends on O(w? In(w?)) and also on 7' In(V). It is also important to
note that Theorem 26| works naturally for multi-output layer while Lipschitzness-based bound works
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Figure 2: NVAC of different generalization bounds as a function of the number of hidden layers and
width of the network.

for real-valued functions and requires to find a covering number for each output separately. The
empirical results, however, suggests that the Lipschitzness-based bound is worse than the bound
in Theorem 26} It is worth mentioning that in the rightmost graph in Figure[T] the output of noisy
networks are averaged over 1000 noisy outputs to obtain results that are more close to the true
expectation that has been considered in the output of architecture in Theorem [26]

J Techniques to estimate smooth densities with mixtures of Gaussians

Notation. Denote by Z(T) the probability density function of the random variable Z. Let 1{z € S}
be an indicator function that outputs 1 if z € S and 0 if z ¢ S. For a function f : X — ), let
f+(z) = max{0, f(z)} and f_(x) = min{0, f(x)}. By R?\ [~ B, B]? we refer to the complement
of set [ B, B]¢ with respect to R%. We also denote by f * g the convolution of functions f and g. For
two sets S7 and S5, we define their Cartesian product by S; x Sy and by .S @ we refer to the Cartesian
power, i.e., S = {(s1,...,54) | 5; € S, Vi € [d]}. In the following lemma, we sometimes drop the
overlines in our notation and simply write  when we are referring to random variables. When it is
clear from the context, we write f instead of f(z).

Lemma 55 (Gaussian kernel estimation of bounded distributions). Let T be a random variable in
X q and denote its probability density function by f = P(T). Let g be the density function of a zero

mean Gaussian random variable with covariance matrix 0>1,. Given a set S = {x1,...,x,} C RY

of i.i.d. samples x; ~ f, i € [n], we define the empirical measure as p,(x) = @ Then, we
have

B| [l s o) - (7 x)@)] de] §2\/3<(22i72)+1>d

Proof. Note that [ u,(x)dz = 1 and since f and g are probability density functions, we know that
J(f *g)(z)dx = 1and [(p, * g)(z)dx = 1. Therefore, we have (for simplicity, we write E,, s
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1229 instead of ]EL ~ f )

Burer [ [l (o) = (7 2 9)0)] ]
= [ Bt 00 5 9)(a) = (F 5 ()] da]
= 2/Rd Euint [(n % g — f*g), (x)dz]

< 2/ \/Emiwf ((un xg)(z) — (f * g)(w))Z} dx (By Jensen’s inequality)
Rd

/JKZ e

1230 Now, we can write

Buns [( Y ots 50~ [ s )] —Ees [(izgu_))]
o] i) )
~Ees [(;;m a:>>] + ([ ot - )

~2( [ swota —)ay) (i > gt - x»])

5, [(}L;m —mﬂ - (f rnta - y)dy)2,

1231 where the last equality comes from the fact that the expectation is over random variables z1, . . ., Ty

%ZEIM (@ —a)] = Z/ (z—y dy—/g(w—y)f(y)dyzf*g-
i=1

1232 Next, we know that

(37

_ %Ex ~F [ > gz — ;)| + %E [ég x—x;)g(x — ;)

L éEmiNf e —wi] + ; Beper 00— 200 2] )
= By olr — ) ;1@ ot l9(@ = 2] By [g(w = 25)]

= By [9(e — 2)?) + (1= 2) (Brmy [ofa — 7))

- %Egc of log(z —2)?] + (1 - %) (/g(w —y)f( )dy>2



1233 Putting Equations[39]and [38] together, we have

Eainy [( Zg T — ;) /f(y)g(xy)dy> ]

2

( / glx —y)f (y)dy> (40)
= %/g(x — )’ fy)dy — % (/g(w — y)f(y)dy)2

= (frg = (Fr0)).

S|

= EEIiNf [g(m - 332)2] -

1234  Therefore, we can rewrite Equation[37]as

w~f[/ |(ttn * 9)(z) — (f * g)(x )|dx]

<2/ \/n(f*QQ—(f*g)Q)dx (1)
gzﬁ/w T+ = (f +g))de

1235 We know that g is the probability density function of A'(0, 021,). Consequently, we know that

126 and we can rewrite Equation [#1] as

Barns | [ 100 0)@) = (£ 4 )0}l ]

sz[/ \/(f*QZ—(f*g)Q)dﬂfS?\/Z/Rde%’

a e s

—L [ \//Wexp (-6 0Te-) iy

S B o T
_ye / . \/ [ e (e =0T 0)) fands
<yt [ ¢ [ Gy

LY Ry o v e
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1237

1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249

1250
1251
1252
1253
1254
1255

1256
1257

1258

1259

1260

1261
1262

‘We can then conclude that

Burny | [ 1 29)(0) = (7 2 9)(0) ]

i/, F
Jr2\/7/1[@1\ —B,B]4 \/27r02) /exp( 1( y)T(xy)> fy)dy do

\/T\/W \/7/11@\[ B,B)? \/27“72/ ( Ul2(x_y)T(x_ )) Ay
<2\/>\/W [Ad\[gg]d‘/2wa2 /ep 223;-;/) (- ))dydx
< o 5 ()

d
d—i
<2\f2(> (2B) =2 1<2B +1>.
V (2mo2)d—i n (2mo?)

(42)

Here, we used the fact that for f is supported on [~B,B]? and the maximum value of
exp(—(1/02)(z — y) " (x — y)) is 1 over [ B, B]¢. Moreover, for a fixed z in R? \ [-B, B]¢,
the maximum value of exp(—(1/02)(x —y) " (z — y)) happens when (z — y) " (z — y) is minimized,
therefore, Whenever z(¥) > B, the minimization occurs when y(i) = B. On the other hand, when
@ < B , the minimization happens when y(i) = —B. We can, then, consider the integration over
R¢\ [~ B, B]¢ as sum of integrals over subsets where for some i € [d], |z(¥)| > B. Then we can
upper bound the integration over each subset by the marginalization of the Gaussian variable in
dimensions where |2(*)| > B and consider the fact that the exponent is always smaller than the
exponent of an ¢ dimensional Gaussian distribution in those subsets. Note that, when we use this
lemma, we consider large values of n such that the expectation of our kernel estimation can get as

small as desired. It is also noteworthy that the upper bound on the expectation implies that there
exists a set of samples S = {1, ..., 2, } that can achieve the desired upper bound. [

Lemma 53] can be used to estimate any bounded distribution that is perturbed with Gaussian noise
with a mixture of Gaussians with bounded means and equal diagonal covariance matrix. To do so, we
can first use Lemma [53]to approximate the distributions with Gaussian kernels over n i.i.d samples
from the distribution. We can then divide the subset [—B, B]¢ into several subsets and define a
Gaussian on each subset that has a weight equal to the number of samples on each interval. We
provide the formal version of this estimation in the following lemma.

Lemma 56. Let T € Xp 4 .d be a random variable and denote its probability density function by
f = 2(T). Let g be the density function of a zero mean Gaussian random variable with covariance
matrix 0*1y. Then for any small value 1, we can estimate f x g by a mixture of [ 2 " 14 Gaussians

Zle g(z — i), where j; € [-B, B¢ and
k
18v/d
drv(f* g9, g(x —p)) < Tn

i=1

Proof. From Lemma 55| we know that there exists a set S = {z1,...,2,} C R? of i.i.d. samples

from f and its empirical measure p,(x) = Hmes} such that the total variation between f and the

sum of Gaussian kernels defined on empirical measure is bounded

d
" 1 2B
d =g, (x—z;) | <2 <—|—1> =e€.
TV( Q;Q ) \/; 2707
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1264

1265

1266
1267
1268

1269
1270

1271

1272
1273
1274

1275

1276

1277

1278

Denote m = [%} We construct the following grid P of points on [~ B, B]? and choose means of
the Gaussian densities based on it

P={-B+2in|ic[m]}*
For any a = (a1, ...,aq) € [m]?, we define

fa =[-B+ (201 +1)n, ... ,—B+(2ag+1)y] €R?

as a choice of mean vector for the Gaussian mixture. We claim that by choosing appropriate weights,
we can estimate f * g with respect to total variation distance by a mixture of Gaussians with means in
the following set

M= {pa = [pD . pP)T € RY | ) = =B+ 205+ ), Ya = (a,..,aq) € [m]" } .

For the set S = {x1,...,z,} that was sampled for kernel estimate p., * g, we choose the weight w,
for the Gaussian density with mean p, as follows. Define the set S, as

Se={x;€S|a; €[-B+2a1m,—B+2(a1 + 1)n] X ... x [-B+2a4n,—B +2(aq+ 1)n|}
(43)

Next, we select w,, as

Sl

a
n

1 n
wa2521{xi65a}:
i=1

In other words, w, is the number of samples in .S that the ¢, distance between those samples and p,
is smaller than 27. Note that the cardinality of M, which is the number of Gaussian densities in the
mixture is | M| = ([%])d.

We now prove that the total variation distance between i, * g and ) e[m]t Wa g(x — pg) is smaller

than 9%'/&77.
drv 1y 9(x — x), Wag(T — fla)
n -
i=1 a€[m]d
1|1 ¢
== 9@ —z) = Y wag(w — pa)
= ectml? ! (44)
1 1
=51 2 (= D 9o —2i) —wagle — pa)
a€[m]? z;€8, 1
<3 3 5 X gl —w) —waglr—pa) )| By triangle inequality)
<3 - g —x;) — wag(x — g y triangle inequality).
a€[m]? ;€84 1
Now, we can write
1
~ > glr— @) — wag(x — ta)
T, €S, 1
1 . |Sal
- ) — _ = ¥a 45
<l Z (9(z — ;) — g(x — pa)) (Since w, - ) (45)
T;€Sq 1
1
<= > llgle—2i) = 9@ — pa)lly -
z;€5,
From Theorem 30} we know that
2drv (9(x — @i) — g9(@ — pa)) = llg(@ — i) — g(z — pa)lly
- (46)
< 9”731 fall2 < 9\/E277.

o - o

46



1270 Putting Equation 6]into Equation 3] we have

1

n
;€84

1 9Vd
< - —2n =
*nz o "

z;€Sq

= > gz —2:) — wag(x — pra)
9vd

Wq —27).
o

! (47)

1280 Now, putting Equations 5] and 7] together, we can rewrite Equation [44] as

1281
1282

1283
1284

1285

1286

1 n
(i - — L)y
TV " ;:1 9(1‘ ;)

D>

<

IN

a€[m]d T;€8,
1 9Vd
5 2 Mo, 2
a€[m]d
9Vd
ﬂ.
g

> wag(e — pa)

a€[m]d

(; > gl 1) — wagle - m)

1 (48)

Note that the bound in Equation 8] does not depend on the size of sampled set .S. Therefore, we can
choose n as large as we want. Specifically, we choose n as follows

( 2B
n=|——
V2ro?

)

207]

We can then conclude that for any random variable Z defined over [— B, B]¢, we can approximate
the density function of T + z,Z ~ N(0,021,;) with a mixture of [

[~ B, B] such that

dTV f*g7 Z wag(l‘_ua) <e+

a€[m]d

47
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n
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