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Abstract

Analysis of neural network optimization in the mean-field regime is important as
the setting allows for feature learning. Existing theory has been developed mainly
for neural networks in finite dimensions, i.e., each neuron has a finite-dimensional
parameter. However, the setting of infinite-dimensional input naturally arises in ma-
chine learning problems such as nonparametric functional data analysis and graph
classification. In this paper, we develop a new mean-field analysis of two-layer
neural network in an infinite-dimensional parameter space. We first give a gener-
alization error bound, which shows that the regularized empirical risk minimizer
properly generalizes when the data size is sufficiently large, despite the neurons
being infinite-dimensional. Next, we present two gradient-based optimization
algorithms for infinite-dimensional mean-field networks, by extending the recently
developed particle optimization framework to the infinite-dimensional setting. We
show that the proposed algorithms converge to the (regularized) global optimal
solution, and moreover, their rates of convergence are of polynomial order in the
online setting and exponential order in the finite sample setting, respectively. To
our knowledge this is the first quantitative global optimization guarantee of neural
network on infinite-dimensional input and in the presence of feature learning.

1 Introduction

A variety of machine learning problems need to handle input from infinite-dimensional spaces. For
instance, |[Ling and Vieu| (2018)); [Ferraty et al.| (2007) studied non-parametric function regression
problems where the input is a function in an infinite-dimensional functional space, and |[Kriege et al.
(2020) studied graph classification problems using kernel method, which can be cast as a learning
problem with inputs from an infinite-dimensional reproducing kernel Hilbert space.

Among various models that deal with those infinite-dimensional input problems, neural networks are
particularly interesting due to their ability to learn features and model nonlinear data. For example,
Rossi and Conan-Guez| (2005) proposed the Functional Multi-Layer Perceptron, where the input of
functional data is converted to vector form by basis expansion and then fed into a neural network;
the universal approximation and statistical consistency of the proposed model were also analyzed.
Recently, |Yao et al.|(2021) proposed the Adaptive Functional Neural Network, which replaces the
fixed basis functions in Rossi and Conan-Guez| (2005) with adaptive bases, in order to leverage
the power of representation (feature) learning and the flexibility of deep learning. While neural
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network based models with infinite-dimensional input have been applied in many applications, their
optimization using gradient-based methods is not well-understood. In particular, no optimization
guarantee has been shown for any algorithm in the presence of feature learning — such theoretical
result can be challenging to establish even for finite-dimensional data.

It is experimentally observed that the gradient-based optimization methods can yield sufficiently
small training error in training neural network models, despite the non-convexity of the landscape.
Theoretical explanations of this observation often rely on overparameterization, that is, to consider
sufficiently wide neural network compared with the data size, and the model parameterization can be
divided into the mean-field regime (Nitanda and Suzuki, 2017; Mei et al., |2018}; |Chizat and Bach,
2018)) and the neural tangent kernel regime (Jacot et al.,[2018} Du et al.,|2018)). In this work we focus
on the mean-field regime, as it captures the presence of feature learning, which is one of the main
advantages of neural network (Chizat et al.,[2019} |Yang and Hul 2021)).

In the mean-field analysis, the dynamics of gradient descent is described by Wasserstein gradient
flow in the space of probability distributions on the parameters. Mei et al.| (2018) showed that the
mean-field Langevin dynamics converges to the global optimal solution, and |Hu et al.|(2019) proved
linear convergence with respect to the objective function with sufficiently strong KL divergence
regularization. However, those studies mainly analyzed the algorithm in continuous time, and do not
establish quantitative convergence rate for discrete time and finite width settings.

To overcome this limitation, Nitanda et al.| (2021) proposed the Particle Dual Averaging (PDA)
method that globally optimizes the KL-regularized objective with a polynomial order computational
complexity, in a completely discrete time and finite width setting. Furthermore, in the case of finite-
sum objective, |Oko et al.[(2022) proposed the Particle Stochastic Dual Coordinate Ascent (P-SDCA)
method which further improves the computational complexity to an exponential order with respect
to its outer loop iteration. Both PDA and P-SDCA employ a double-loop structure, and make use
of Monte Carlo sampling from an intermediate target distribution in the inner loop. In particular,
Nitanda et al.|(2021)) applied the convergence rate of the overdamped Langevin algorithm in|Vempala
and Wibisonol| (2019)) for their optimization analysis, whereas |Oko et al.|(2022)) also considered the
Metropolis-adjusted Langevin algorithm (MALA) (Ma et al.l 2019) for the inner loop sampling.
However, if we naively apply these algorithms to infinite-dimensional input, then the optimization
guarantee becomes meaningless due to the dimension dependence. Therefore, we need to construct a
new methodology and theory for the infinite-dimensional problem.

Our contributions. In this work, we extend the mean-field analysis for neural network train-
ing to infinite-dimensional parameter space, which covers two-layer neural network with infinite-
dimensional inputs. First, we establish a generalization error bound which entails that our model
generalizes properly when the number of training data is sufficiently large. Next, we propose two
gradient-based algorithms that globally optimize the KL-regularized objective, corresponding to the
infinite-dimensional extension of PDA and P-SDCA, respectively.

As mentioned above, PDA and P-SDCA require Monte Carlo sampling, and in our setting sampling
is performed in an infinite-dimensional Hilbert space. We therefore adapt an infinite-dimensional
gradient Langevin dynamics (Debusschel 2011} Bréhier, [2014])), the weak convergence of which has
been established in Muzellec et al.| (2022). Our contributions can be summarized as follows:

* We introduce two-layer neural network in the mean-field regime whose input is infinite-dimensional,
and establish a generalization error bound of the regularized empirical risk minimizer.

* We propose two optimization algorithms for our infinite-dimensional neural network by incorporat-
ing the infinite-dimensional Langevin dynamics in the inner loop of PDA and P-SDCA.

* We prove that our infinite-dimensional extension of PDA achieves polynomial order convergence,
and that of P-SDCA achieves exponential (outer loop) convergence even in an infinite-dimensional
settindﬂ To the best of our knowledge, this is the first quantitative global optimization guarantee of
neural network in the infinite-dimensional mean-field regime with the presence of feature learning.

Other related works. [Ferré and Villa (2006) proposed the SIR-NNr, which incorporates the
dimension reduction method termed “sliced inverse regression” into a neural network. In addition,

"'We however note that there is an exponential dependency on the regularization parameter, similar to prior
works on Langevin-based algorithms.



Rossi et al.|(2005) introduced a radial-basis function network as a nonlinear model whose input is a
function. As previously discussed, although statistical properties (e.g., consistency) of these models
have been studied, convergence guarantee of gradient-based optimization has not been established.

2 Two-layer neural network with infinite-dimensional input

In this section we introduce the mean-field two-layer neural network with infinite-dimensional input.
We first formulate mathematical notations and prepare assumptions required for our theoretical
analyses, and then present a generalization error of the proposed model.

Neural network model. We consider a setting where the input is included in a (possibly infinite-
dimensional) separable Hilbert space H. Since H is separable, there is a complete orthonomal system
(e7)32 for which it holds that H = {Z;ﬁo aje; ‘ Z;io a3 < oo} , and H is equipped with the
inner product given by (f, g);, 1= >_72 a;b;, where f = 3% jaje;, g = 3272 bje; € H. Let
Ho be a subset of H defined by Ho := {0-eo + > _[2, aje; | 372, af < oo}. We consider a
neural network model that takes an infinite-dimensional input x € X C H and gives an output
y € Y C R, where X and Y are domains of input and output, respectively. Each neuron in the
network has parameter 6 := aeg + w € H for a € R and w € Hy, and is represented by

hg(z) := o1(a)oa({w, z)%),
where 01,02 : R — R are activation functions, which we assume to be bounded and smooth (such as
tanh) H We also denote hy(x) by h(6, x). Let the number of neurons be M and denote the set of

parameters by © = (0,.)*,. Then, in the mean-field regime, the two layer neural network model
(with infinite-dimensional input) can be expressed as the average over the M neurons:

| M
ho(z) := i Zhgr(as). (1
r=1

This can be seen as a finite sum approximation of the integral form Eg.. [ho(x)] for a distribution 7
on the parameter space. Indeed, if (6,.)*, are i.i.d. realizations from 7, then hg(z) would converge
to the integral form as M increases. This viewpoint motivates us to design optimization algorithms

for the distribution of parameters 7 and utilize the convexity of the objective in the space of measures.

Notations. To introduce our method, we need to define a Gaussian process taking its value in #.
For that purpose, we define a subspace Hyx~ C H for v > 0 as follows. First, we define a linear
operator T : H — HasTxf = Z;io wjaje; for f = Z(;io aje;, where (1)52 corresponds
to the spectrum of T satisfying 11, > 0 (Vj) and is sorted in decreasing order (p1 > pg > ---).
Note that the orthonormal system (e;)72, is taken so that it coincides with the eigen-functions of

ol X
Tr. Then, we define Hi~ := T2H = {T2h | h € H} and we can naturally equip H ~ with a
B o _ oo . . . .
norm || f|# .~ == ijo w; 'aj for f = Ej:o aje; € Hg~. For concise notation we simply write
Hi := Hy1. Next, define an operator A = AlTl}l for a positive regularization parameter A\; > 0,
ie, Af = M\ Z;io p}lajej for f = Z;io aje; € Hg, and let v be a Gaussian measure in H
whose mean is 0 and its covariance is A~! (i.e., (z,x)3 (z ~ v) obeys the Gaussian distribution with

mean 0 and covariance (z, A~12) for any = € H)’| Finally, we define the Kullback-Leibler (KL)
divergence from a probability measure v5 to a probability measure 1/ that is absolutely continuous

with respect to vo as KL(v1||v2) := E,, [log %} =E,, [% log %} .

Objective. Now we define the objective of our optimization method. Suppose that the pairs of
input and output are independently identically distributed from D, and let £(-,-) : Y x ) — R be
a loss function. In the mean-field regime, we optimize the following regularized risk minimization
problem with respect to the distribution of parameters where the regularization term is given by the
KL-divergence from the Gaussian measure v:

TIrIé%l2 ,C(ﬂ') = E(X,Y)ND [( (]Eg,wﬂ[hg(X)}, Y)] —+ )\gKL(’/THI/), (2)

2We focus on this model parameterization for better interpretability, although our infinite-dimensional
mean-field analysis covers more general models.
3For precise definition of Gaussian measure in infinite-dimensional Hilbert space see Da Prato and Zabczyk| (1996).



where Ay > 0 and P, is the entire set of probability measures that satisfy Eq[||0]|3,] < oo
and are absolutely continuous with respect to the Gaussian measure v. We may consider the
empirical measure of n training data points (z;, ;)i as D, for which the first term of the objective
function is written as = 3" | £ (Egr[ho(z;)],y;). In this setting, the problem can be regarded as
a regularized empirical risk minimization problem. As for the second term, in a finite-dimensional
setting where A = \1I, we can easily see that the KL divergence is decomposed into the sum
of ¢2-regularization \;Eg..[[|0]|?] and negative entropy Eg., [logdm(#)/df]. Here the negative
entropy naturally arises from the mean-field Langevin dynamics (Hu et al) 2019; |[Nitanda et al.|
2022} (Chizat, 2022). Indeed, it is known that, if we optimize a loss function L(q) with respect to a
probability distribution ¢ € Ps by the mean-field Langevin dynamics with temperature parameter Ao,

then its stationary distribution is given by ¢* = arg ming.gensity L(q) + A2lEq[log(g)] which satisfies

q* o< exp(—x; 5L5(3 )), where 2L

that [ %% §L(q (0)d(p — )(0) = lime_,0 L[L(ep + (1 — €)q) — L(q)] for any distribution p € P;.

: H — R is the derivative with respect to the distribution ¢ such

One 1mp0rtant example that we can apply our model to is the non-parametric functional regression
problem (Ling and Vieul 2018 [Ferraty et al., 2007). Suppose that the input x is a function on R
(such as time evolution of temperature) included in some reproducing kernel Hilbert space H g . One

typical definition of H is given by Hx = Tl/ *H where H = L2 () for a probability measure 1
and Tk is an integral operator given by Tk f(t) := [ K (¢, s) f(s)du(s) for a positive definite kernel
K (Caponnetto and De Vito, [2007; |Steinwart and Chrlstmann 2008). The goal is to estimate some
non-linear functional from the input x € Hy to output y € R (using neural network (TJ)).

Generalization bound. We now give a generalization error bound for our two-layer neural network
in the empirical risk minimization setting, which confirms that the model properly generalizes when
the data size is sufficiently large. Specially, we show the generalization bound for two problem
settings: binary classification and regression. The following theorem stats the generalization bound
for binary classification problems. We defer the regression case to Appendix[A]due to space limitation.

Theorem 1. Let D be a distribution of X x Y, £ be the smoothed hinge loss, and denote the 0-1
loss by Lo1(z,y), i.e., Lo1(z,y) := 1[zy < 0]. Let . be the optimal solution of the empirical risk
minimization problem @) for a given set S of n training data points (i.i.d. from D). Suppose there
exists a distribution w° € Py such that hyo (x)y > 1/2 for all (x,y) € suppD, and that |hg(x)| < 1
holds for all 0 € H, x € X. Then, the following holds with probability 1 — § with respect to the
choice of S C X:

E(xy)~p[lo1 (hr, (X), V)] < AKL(7°||v) +8f\/KL m||v) \/1

The KL-term is bounded when 7° is a variation of the Gaussian measure v such that log( ) i

integrable with respect to v. Note that if we set Ay = 1/4/n, the generalization error is O(1 / Vvn).
This order matches that in the finite-dimensional input setting shown in Nitanda et al.| (2021)).

3 Mean-field optimization with infinite-dimensional Langevin algorithm

As previously remarked, the core idea of the mean-field analysis is to directly optimize the distribution
of the parameters (2). For that purpose, the ideal situation would be to maintain infinitely many
particles (neurons) to represent the distribution; however, in a tractable algorithm we need to use
an approximation with finite number of particles. This finite-particle approximation may lead to
instability due to the interaction between particles, which is known to be difficult to control.

To overcome this difficulty, we employ the linearization technique that was used in the original PDA
and P-SDCA algorithms (Nitanda et al., [2021} [Oko et al.,[2022). We provide a short summary of
this idea: given the ¢-th step solution 7, we apply a first-order approximation of the loss function

L(7) := E(x.y )~ [ (Bomr [ho(X)], Y)] as (m—m) 2T) .= [ 9L (9yq (1 —1,)(6). Then, 7441

is updated as the minimizer of the linearized loss objective: argmin,_ (7w — ) 6L(m) + A KL(7||v),

which can be written as dm; 1 = exp(— i 6L5(:t) ) - dv. Hence we just need to draw particles from

741 in the inner loop. Importantly, the interaction between particles disappear due to the linearization
and we may sample in an i.i.d. manner. The original algorithms of PDA and P-SDCA for (finite-
dimensional input) employed the gradient Langevin dynamics (GLD) and its variant such as MALA,




the convergence rate of which have been extensively studied (Raginsky et al., |2017} [Vempala and
'Wibisonol |2019; Ma et al., 2019). However, in our setting we need to solve an infinite-dimensional
sampling problem, which cannot be directly extended from the finite-dimensional counterpart.

Let 7 be a distribution on # that satisfies g—:(x) x exp (—G(x)) (e.g., G = Ay 5 L(m;) /). Then

we know 7 is the stationary distribution of the infinite-dimensional stochastic differential equation,
dX; = — (VG(X;) + AXy) dt + V2dW;,

where (WW;)¢>0 is a cylindrical Brownian motion on A (Da Prato et al.,[1996) and VG is the Riesz
representer of the Fréchet derivative of G on H. To discretize the continuous-time SDE, we employ
the semi-implicit Euler scheme:

Xiy1 = X = n(VG(Xy) + AXiy1) + /20, 3)

ie, Xpy1 =5y (Xk —nVG(Xg) + \/%Ck) , where (. is a realization of standard Gaussian process
on H, and S;, := (Id + nA)~! where Id is an identity mapping. We remark that our choice of semi-
implicit scheme is due to the fact that {;, ¢ H in the infinite-dimensional setting, and thus the naive
Euler-Maruyama discretization does not ensure Xy € H while the semi-implict scheme does.

In practice, we need to approximate the infinite-dimensional vector X}, by a finite-dimensional one.
For that purpose, we apply the Galerkin approximation. Let Py be the orthogonal projection from
H to Hy := span{eq,...,ex}, and VG (z) := Py(VG(Pnz)). Then the finite-dimensional
approximation of the semi-implicit Euler scheme is given as

X0 =8y (X - VON (X) + VPG @

A convergence rate analysis of the infinite-dimensional gradient Langevin dynamics (@) with time
discretization and finite-dimensional approximation was given by [Muzellec et al.[(2022), which is an
important ingredient of our convergence rate analysis (the details can be found in Appendix [B).

4 Infinite-dimensional Particle Dual Averaging

In this section, we present our first algorithm to solve the risk minimization problem (2) which is an
infinite-dimensional extension of the Particle Dual Averaging (PDA) method Nitanda et al.| (2021).
PDA is a combination of Nesterov’s dual averaging (Nesterov, 2009) and particle sampling; it is
guaranteed to converge globally at a sublinear rate, but is tailored to the finite-dimensional setting.
Extending the algorithm and convergence analysis to infinite-dimensional input is non-trivial, and to
do so we make use of the weak convergence property of the infinite-dimensional gradient Langevin
dynamics (GLD) shown in Muzellec et al.|(2022).

Algorithm description of infinite-dimensional PDA. Here we provide the algorithm description
of PDA with infinite-dimensional input. Since we are optimizing the expected loss directly, we
employ an online gradient descent approach: we draw one input-output pair (z;, y;) from D at the
t-th iteration, and update the parameter by replacing the expected loss with a single-sample loss
¢ (Eg~r[ho(xt)], y¢). In addition, we apply the following linearization to the loss at each outer loop
step: suppose that we have M particles ©(*) = (Gﬁ,?)%:l whose empirical measure is denoted by

0 = LM 8, (i-e.. how =Bz [ho(-)]). Then the loss can be linearized around #(*) as

0 (Bgnr o (1)), y1)

o )

(m —7®)

=Egr [0 (Bso [R(0, 25)], yt) h(0, 2¢)] + const.
We denote the gradient component in the right hand side as () (0) := 9.4(hgw (), y:)h(0, z;).
The idea of the Nesterov’s dual averaging method is to take its weighted sum of the gradient over its
history: g() () := m S, 59(®)(8), and update the distribution as

Y = argmin Egor[A2g® (0)] + AKL(x||v).

(t+1)

As we have seen above, the Radon-Nykodym deriatives of 7 with respect to v is given by
(t+1)
d”(*i: () x exp (—g(t)(G)) . Hence in the inner loop, we sample particles from rlt using




infinite-dimensional gradient Langevin dynamics (@) by setting G = g™ (6). That is, we obtain the
M -particle approximation by iteratively calculating the following updates:

O = S0, (00, = Vg O)) + /20 Prci)

where S, := (Id + nA)~! and Vg](\’?(-) := Pn(Vg®(Py -)). We repeat the GLD iterations for
M (Q(Tt )

T; times in the inner loop and obtain the set of particles (9( ))m 1=

_, for the next outer

loop update. We denote by 7(*+1) () the distribution of each particle 9 (thlS is not the empirical
distribution 7, but its “true” distribution). We will show that 7(**1)(9) Well approximates the ideal
update rltHD (#) in the proof of Theorembelow.

Finally, after T" outer loop iterations, the algorithm outputs M parameters 9 f . ,0%? where
t €{2,...,T+1} is randomly chosen according to a distribution P(t) = t 2,...,T+1).
The full a] gorithm is summarized in Appendix [C]

T(T+3) (

Convergence Analysis. Now we establish the global convergence rate of our proposed infinite-
dimensional PDA. Let Py be the distribution of input € X and G := suppPy. Our analyses rely
on the following assumptions.

Assumption 2.
(Al) py ~ k% i.e. there exists a constant o, aig such that ap < k:2,uk. < as.

(A2) Y C [-1,1]. In addition, ¢(z,y) is 1-smooth convex function with respect to z. Moreover, for
all y, (2, y)| < 2 holds.

(A3) Both o1 and o9 are thrice continuously differentiable.  Moreover, it holds that
max{||o1 oo, ”(7/1”007 o7 ]lo0> lo2]loc; [|05 [0, 105 lloc } < b.

(A4) There exists 3 < v < 2, Bx > 0 such that ||z < By forall z € G.

Remark. (Al) is a sufficient condition to guarantee convergence of gradient Langevin dynamics
(Muzellec et al., [2022)), in which the exponent k=2 may be generalized to k=P (p > 1), but we present
the result only for p = 2 for simplicity. (A2) is satisfied by common loss functions such as square loss

and logistic loss. (A3) is satisfied by several practical activation functions such as sigmoid and tanh.
Finally, (A4) is a regularity condition that is used in the convergence guarantee of GLD.

K1+~

We show the convergence of infinite-dimensional PDA by the following two steps: (i) bounding the
difference between the optimal solution 7, of the objective (2)) and the optimal update 7r£ ) at the
{-th iteration (Theorem@) (ii) bounding the difference between the optimum auxiliary solution 77( )

and its particle approximation #® (Theorem |5 .

To begin with, let 654) be the weak convergence error of sampling in terms of the network output, i.e.,

) i= sup [ (00, 2)) — By,__ o [1(6, )]
z€G

This error can be bounded by the following theorem, proof of which can be found in Appendix [C.}

Theorem 3. Under assumptions (A1)—(A4), for all t = 1,...,T and £ € (0,1/2),

there exists C; = O ((1 + Af1)2 exp (O (A;l))) Cy = O (exp (O (A1), A =

Q (min{)\l, )\12/\2} exp (—O (/\2_1))) such that the following holds

el < 2 (él - exp (—A (AQTt - 1)) + (“}v/if” 4l K)> .

Theorem [3|establishes the convergence rate of sampling via infinite-dimensional GLD in the PDA

algorithm. According to this theorem, to achieve sufficiently small sampling error e%) < € it

suffices to take iy = O(e2/(1=20)) p, = O(e2/(1=2R)) T, = Qe T2 log(1/€)/A) with some
k € (0,1/2). This result is comparable to the finite-dimensional counterpart in Nitanda et al.| (2021),



where 7; = O(€?) and T; = ©(e~21log(1/¢€)/A) is shown to be sufficient, which is close to our bound
up to a factor of x despite the infinite dimensionality. It is worth noting that the finite-dimensional
analysis in [Nitanda et al.|(2021) is based on the convergence result of GLD under KL-divergence
(Vempala and Wibisono| 2019). However, in our infinite-dimensional setting, we generally do
not expect convergence under the KL metric since the distribution is hardly absolutely continuous
with respect to another. Instead, our convergence guarantee is solely based on a weak convergence
analysis, which allows us to establish computational complexity bound that is close to that of the
finite-dimensional counterpart in Nitanda et al. (2021 ﬂ

As for (i), the following theorem evaluates the difference between 7, and 7r( ) with respect to the
objective function value. The proof of this theorem can be found in Appendix [C.2}

Theorem 4. Suppose § > 0 and let € = 72 Y15 €t Under (A1), (A2), (A3), for all
distributions w, € Ps, the following inequality holds with probability 1 — 6:
T+1 T D] A2 - KL L
2 0 ) <o log (5) | 1+Ex [gM] A2 - KL(m[[v)+5;
_ t * )] < .
T(T+3); (E(w )= L(r)) <O\ +y| = 2o+ 50—+ -

This theorem shows that when the number of outer iteration 7T is larger than O(1/¢), the excess

objective function value of the auxiliary solution it " becomes smaller than e. It is known that this

O(1/T) rate is the minimax optimal for online first-order methods when the objective is strongly
convex (Agarwal et al.;2009). We note that the analysis in the original PDA algorithm (Nitanda et al.|
2021) heavily relies on the existence of probability density function of the parameters; however, this
is not guaranteed in the infinite-dimensional setting. We overcame this difficulty by reformulating the
update using the Radon—Nikodym density with respect to the Gaussian measure v. Interestingly, this
new technique yields a refined analysis that is indeed dimension independent.

Next we control the particle discretization error (ii), i.e., the difference between the auxiliary solution
and its particle approximation. The proof can be found in Appendix

Theorem 5. Under (A1), (A2), (A3), (A4), the following inequality holds with probability 1 — §:

-~ Bx+/log By + 4/log (%)
sup |E ylh(0,2)] — — h( H(t O ¥ + .
a:Ep GNTF,E)[ Z ( A \/M

In particular, we have |L(7r*t)) L(®)| = O(eg) + r(BX\/log By + 4/log (%)))

Notice that since the particle approximation does not have a density, the bound above does not control
the objective £ including the KL-regularization, but instead the L°°-norm error and the loss function
L of the estimated function. By combining the previous theorems, we know that when the number
of outer loops iterations is O(1/¢), and the number of particles M is O((1/€)? log(1/¢)), then our
proposed algorithm achieves e-error in terms of the output of the model (or the loss function) from a
solution with e-excess objective value.

Overall, the iteration complexity of our infinite-dimensional PDA to obtain e-accurate solution is
3—2kK

O(1/(Aer=2~)log(1/e)) for some x € (0,1/2), i.e., it is possible to obtain a solution with the

desired accuracy at polynomial order of iteration complexity (but with exponential dependency on

1/A2, which would be unavoidable for any mean-field method). We emphasize that our analysis

guarantees the convergence to the global optimal solution, not the stationary point or local minimizer.

5 Infinite-dimensional Particle Stochastic Dual Coordinate Ascent

In the previous section, we considered the expected risk minimization problem. On the other hand, in
the case of empirical risk minimization, we can improve the rate of convergence from polynomial
to exponential by making use of the finite-sum property. For that purpose, we propose an infinite-
dimensional extension of Particle Stochastic Dual Coordinate Ascent (P-SDCA) proposed in (Oko
et al.[(2022). As in PDA, the original P-SDCA is also tailored to the finite-dimensional setting.
Especially, the lack of density function in the infinite-dimensional parameter space necessitates a
careful modification of the update rule. Indeed, we reconstruct the algorithm based on the density
with respect to the Gaussian measure v.

*We also believe that the required 7; in (Nitanda et al.,2021) can be improved to ©(¢~* log(1/¢)/A).




Algorithm description of infinite-dimensional P-SDCA. Here we give an algorithmic description
of our infinite-dimensional extension of P-SDCA. The main ingredient of SDCA is to execute
optimization in the Fenchel dual of the objective function that is derived in the following lemma.

Lemma 6. Suppose that {(-,y;) : R — R is a proper convex functlon and h(- :H — Ris
bounded fori=1,...,n. We denote the conjugate function of £(-,y;) by £*( )E] Deﬁne the dual
objective D : R™ — R as

D(g) = —L S0, (g 1) — Ao 10g (Boms [exp (=25 S0, gih(6,20)) ) (9 € RY),
Then, if inf .cp, E(ﬂ') > —00 holds, it holds that inf e p, L() = sup cgn D(9g).
We construct the update rule based on this duality theorem. For a dual variable ¢ € R", the

xp(——2=3"" . g;h(0,x;
corresponding primal solution can be retrieved by p[g]() := . e[ p(( ) Ezl:nl J L;(: ))))]
v |€XP n>\2 i=19i z

for the dual optimal solution g*, the primal optimal solution can be recovered by p[g*|dv). In the
SDCA algorithm, we randomly pick up one coordinate i; € [n] from the uniform distribution, and
update the corresponding coordinate so that it maximizes the dual objective. Suppose that we have
the dual solution ¢(*) at the ¢-th iteration, then we update its 4,-th coordinate by the following formula
where ¢; € [n] is chosen uniformly at random:

gi " = argmax, { — (g, yi,) + Ey [h(ﬁ,xit) .p[g“)](e)} ' (9% gf?) %}

gt =g\ for j # .

(indeed,

We can see that the update formula requires the expectation E, [h(6,z;,) - p[g®](6)]. We ap-
proximate this expectation by a weighted average of M particles as E, [h(0,z;,) - p[gV](0)] ~

M
w=1 T h((fl’)’ ie) \where i) is the weight of the m-th particle. Here, the particles (6,,)M_, are

YomeaTm
“refreshed” once in every n iterations, and in the remaining iterations, we only update the weightings
of the particles (r,,)M_,. In particular: (i) at the resampling steps (once in every 7 iterations), we run

the infinite-dimensional GLD to generate M particles (6,,,)2_, from the distribution 7" thatis given

o) . o .
by dd = p[g™], and reset the weights as r,,, = 1/M for all m € [M]; (11) in non-refreshing steps,
hiy (0m) (95, =917 . I
we update the weights (1,,)2_, as Pt = 1D exp |- 1 )(Z’;z 9 )| This re-weighting

scheme allows us to reduce the number of sampling steps, which can be computationally demanding.

Convergence analysis. Now we establish the convergence rate of the proposed infinite-dimensional
P-SDCA. Suppose at the T'-th sampling stage, we run the GLD with step size nr for Jr iterations.

Then the sampling error can be bounded as follows: denote by p(™*”) the distribution of the particles,
under (A1),(A2),(A3),(A4), for all x € (0,1/2), it holds that

Byyiom [6(0)] B [60)plg™)(0)] | < Cre™ 537770 .05 (2 4ntf®) =™,

where Cy, Cs, A are constants depending on l;, A1, A2 and ¢ : H — R is any test function satisfying
[|¢]loc < 1 with sufficient smoothness (see Appendix [D.3|for more details). Using the sampling error

6((,? ) , we can now derive the iteration complexity of the algorithm.

Theorem 7. Assume (Al)~(A4) and |((z,y;) — infy 0(z,y;)| < By for all x € [—b,b] and
- 1 —L

i € [n]. Let §:= 1323 and take any Tong > 2% (1—&—”/\ )log ((n—i— L) B+2+61Pexp<‘°‘))

for ep > 0. Suppose that 6(0 ) and M satisfy eCT < Ciexp (——T) (VT € [Tond))

ez " N 1 X R
and M > (E(CT_L,I%))2 lOg (4 Tend) where Cl b= @) <)\2 2 1_,'_6;2/1\2 €Xp (n(iiijl_l))) and Cy =

72 744 ~
exp (W). Then, after n1,q iterations of infinite-dimensional P-SDCA, the duality

gap can be bounded as E [ﬁ(p[g(ﬁTend)]) — D(g("Tena)) | &] < ep, for a high-probability event £
such that P(€) > 1 — 4.

>The convex conjugate of a convex function f : R — R is given by f*(u) = sup,cp{zu — f(z)}.
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The detailed statement and proof of Theorem [/|can be found in Appendix Here, the expectation
is taken over the choice of the coordinates in each step and the event £ corresponds to measure concen-
tration induced by the M -particle sampling. Consequently, P-SDCA can achieve a duality gap smaller
than ep with O(log(1/ep)) outer loop iterations. In combination with the sampling complexity, we
see that the total iteration cost to obtain a solution with ep duality gap is O((1/ep) = log(1/ep)),
which is much better than that of PDA shown in Section [

6 Numerical Experiments

We numerical evaluate our proposed methods on a non-linear functional regression problem. Let H
be L2([0, 1]), which is a set of square integrable functions defined on [0, 1], and H  be the Sobolev
space H'([0,1]), which is a set of absolutely continuous functions defined on [0, 1] satisfying
u(0) = 0 and v’ € L?([0,1]). Then, H is a Hilbert space equipped with inner product defined by

(x1,22)9 = fol x1(t)x2(t)dt, and H is a Hilbert space equipped with inner product defined by
(1, 22)Hy = fol a2} (t)zh(t)dt. Consequently, H is a reproducing kernel Hilbert space whose
kernel function is given as K (s,t) = min{s, ¢}.

We consider a teacher-student setup. The data is generated as y; = 61(a®)Gd2({w®, z;)%) + €
(i=1,...,n)where ¢; ~ N(0,1) and G, (-) = 62(-) = sign(:). The true parameters (a°, w®) € H
are generated by a® ~ N(0,5%) and w® = Z;Y:I wWe;, where wl) ~ N(0,52). We randomly
generate x; from a Gaussian process whose covariance operator is a kernel function of H s, and
accept it when it holds that ||z; (|3, , < Bx with some Bx. In our implementation, we only used N

bases of H to define w° (note that w° € H, still holds for this implementation). We set N so that it
is larger than NV that is the number of bases for the Galerkin approximation.

In addition to demonstrating the validity of our proposed method, we also illustrate the benefit
of feature learning. For that purpose, we compare the performance of the two-layer mean-field
neural network against that of non-adaptive estimators: the ridge regression estimator and the
Nadaraya-Watson estimator. Here, we use the terminology “non-adaptive” to indicate that they
do not perform feature learning. For ridge regression, we implemented the estimator using an

. . . . N
N-basis approximation, i.e., y = (3_;_,a;e;, )3, where (a1,...,an) € RY are chosen to

, 2
minimize L Y% | (Zjvzl 331(‘] )ozj - yi) +A Z;\/:l o with regularization parameter A > 0. As for

the Nadaraya-Watson estimator, the estimator ¢ for an input z is given by ¢ = %‘:il yklzl(‘ix_;ﬁ U{”/g)l),
i=1 G

where h > 0 is a bandwidth and k(u) = max{1 — u?,0} for u € R (Epanechnikov kernel).

We used the squared loss for the optimization of two- 100

layer neural network. We employed tanh for the acti- :332 "t

vation functions o1, o5 of the student model. Hence, R atson: h=0.8
the teacher model is a bit out side of the student =~ - R b
model. Our experiments were performed using the & —— PDA o
following hyperparameters: Upper bound of input % T Psbea

data in H g2: By = 100; Number of basis functions F

to generate data: N = 300; Number of training data

n = 100; Number of basis functions for Galerkin

approximation: N = 150; Regularization parame-

ters for PDA and P-SDCA: \; = 1072, \y = 107?; 0 1 Giadiensevalua“tions 5 ® s
Number of particles: M = 200; Hyperparameters

for PDA: T, = 10, n, = 1075, minibatch size 50; Figure 1: gradient calculations vs. test loss.
Hyperparameters for P-SDCA: Jr = 10, # = 1000, n; = 10~%; Regularization parameter for ridge
regression: A = 0.1, 1, 10 (we observed that A = 1 achieved the best performance over all choices of
A); Bandwidth for Nadaraya-Watson estimator: A = 0.8,0.9, 1.0.

As shown in Figure[T] PDA and P-SDCA converge and achieve small test loss. Moreover, for both
algorithms, the eventual test loss is smaller than those of linear estimators (Ridge-regression and
Nadaraya-Watson estimator), which illustrates that the mean-field two-layer neural network has better
generalization ability than non-adaptive methods. This is mainly due to the feature learning ability of
the mean-field networks, whereas the non-adaptive methods are not able to find informative features.



7 Conclusion

In this work we studied two-layer neural networks in the mean-field regime as a model for machine
learning problems with infinite-dimensional input. We proposed two optimization algorithms to learn
the neural network, by extending the Particle Dual Averaging and Particle Stochastic Dual Coordinate
Ascent method to infinite-dimensional parameter space. Leveraging the convergence guarantee of
infinite-dimensional gradient Langevin dynamics, we showed that our proposed methods can globally
optimize the training objective at a rate of polynomial order for the online setting and exponential
order for the finite-sum setting. Numerical experiments on synthetic data confirmed that mean-field
neural network outperforms linear estimators that do not learn features.
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——Appendix

A Missing proofs in Section 2]

In this section, we show the proofs of theorems about generalization error bound of binary classifica-
tion problems and regression problems discussed in Section 2]

A.1 Aucxiliary results

In this section, we prove Lemma[9] which is commonly used for bounding generalization error of
binary classification problems and regression problems. In proof of Lemma[J} we use the following
Proposition[§]to evaluate the output of neural networks.

Proposition 8 (Donsker’s representation of KL divergence; [Donsker and Varadhan|(1976)). Assume

that A\, pu are probability measures on measureable space (X, ), and p is absolutely continuous with
respect to A. When % log % is integrable with respect to )\, the following inequality holds for all
bounded measurable functions ® on (X, X):

Eu[@(2)] < KL(p[[A) + log Ex[exp(®(x))].

Next, we set
Fru(R) = {Ex[h(0,2)] | KL(x||v) < R}.

Lemma 9] evaluates the empirical Rademacher complexity of this hypothesis set.

Lemma 9 (Lemma 5.5 in|{Chen et al. (2020). Suppose that |h(0, x)| < 1 holds for all 8, x. Moreover,
Assume that S C X has n elements. Then, it holds that

Rs (Fxn(R)) < ﬁ

Proof. For all v > 0, it holds that

R 1 "y n
Rs (FkL(R)) = —Eq sup E, |-+ sih(0, ;)
( ( Y mKL(7|[v)<R n ZZ:; (
L TV
1 n
< ~E, sup KL(7||v) + log [ E, |exp | — Z sih(0, x;)
Y Tr:KLTET<{'<HVD)§R i1

< % {R+ log <]EVIES exp (;VL ;sih(o,xi)N) } :

where s = {s; };c[n is a sequence of i.i.d. Rademacher random variables. We used Proposition (8| for
first inequality, and concavity of log and Jensen’s inequality for second inequality. Using Hoeffding’s
lemma, we obtain

Es

n 2 n
Y g 2
exp (n ;:1 sih(e,xi)>] < exp <2n2 igzl(h(ﬁ,xi)) ) .
Therefore, it holds that,

Rs (Fxr(R)) <

A
= |~
—N—
=
_|_
g
VR
&

IN
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The right side achieves minimum 4 / % when 7 = v2Rn. Consequently, it holds that

2R
—

Rs (Fru(R)) <
A.2 Generalization bound for binary classification problems (Proof of Theorem [I)

In this section, we prove Theorem [I] which is about the generalization bound for binary classification
problems, using smoothed hinge loss:

0 (zy > 1/2)
lz,y) = (1 -229)* (0<z2y<1/2)
1—4zy (otherwise)

Proof of Theorem(I] By the definition of smoothed hinge loss, {(ho (6, z;),y;) = 0 holds. There-
fore,

KL(r. |v) < -£(r.) £ 1-£(x*) =KL(x"|})

<L
A2
holds. Set R = KL(7°||v). Then, it holds that 7. € Fkr(R).
Next we define a family of functions F(R) with

F(R) = {(z,y) € X x Y +— L(h(z),y) | h € FxL(R)}.

Since ¢(z, y) is Lipschitz continuous with respect to z, using contraction inequality (Shalev-Shwartz
and Ben-David, 2014), we obtain

Rs(F(R)) = E,

sup Zsﬁ (z;) yll

heFkL(R) T
sup sih(x
hG.FKL Z ]

< 4RS -FKL )

<4\f\/7

Moreover, since |h,(z)] < 1,0 < ¢(hy(z),y) < 5 holds. Using uniform law of large numbers, the
following inequality holds with probability 1 — §:

Ex,yy~plo1(hr, (X),Y)] < Ex yyp[l(hr, (X),Y)]

< 4E,

. (). + 2R (F(R)) +5 o log £

]
0 1
[lv) +8\[\/ +5\/—10g6

= MKL(7°||v) +8f\/KL m°llv) \/1

INA
S|
H'M:

A.3 Generalization bound for regression problems

In this section, we discuss regression problems squared loss:

1(z— y)?.

Uz,y) = 5
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Theorem 10. Let D be a distribution of X x ). Assume that the set of n data S is given, and let T, be
the optimal solution of 2)) when the n data in S are used. Suppose that there exists a distribution 7°
on X satisfying y = hxo(x) for all (z,y) € suppD. When |ho(z)| < 1 holds for all 0 € Q,z € X,
the solution of the optimization problem, the following holds with probability 1 — § with respect to
the choice of S C X':

KL(7° 1 1
Eqx.yyeplf(ir. (X), V)] < KL(x[lv) + MJ R 2\/ oo &

Proof. Same as the proof of Theorem [} we set R = KL(7°||v) and it holds that 7° € Fir,(R).
We also define F(R) in the same way as in the proof of Theorem[l] Since |hg(z;)| < 1,|y;| =
|hre (2;)| < 1and £(z,y) is 2-Lipschitz continuous with respect to z for z € [—1,1],y € [—1,1], we
obtain the following result using the contraction inequality (Shalev-Shwartz and Ben-David, [2014).

Rs(F(R)) g?Es[ sup 1Zsih(xi)1

hEJ:KL(R) n i=1

< 2ﬂ\/§

Furthermore, 0 < {(h.(z),y) < 2 is true. Using uniform law of large numbers, the following
inequality holds with probability 1 — 4:

1 & . 1 1
Ex,y)~pll(hr, (X),Y)] < - Zé(hm (74),9:) +2Rs(F(R)) +2 o log 3
=1

° 1
= M KL(7°||v) + 4\/5\/KL(7T [1v) + 2\/ log 1
n 2n 1)

B Convergence result of infinite-dimensional Langevin dynamics

In this section, we show the convergence result shown in|Muzellec et al.|(2022), which we will use in
convergence analysis of extension of PDA and P-SDCA.

We define VL (z) as the Riesz representor of the Fréchet derivative of L, i.e., DL(z) for L : H — R.
Moreover, we will identify n-order derivatives with nth-linear forms, and with vectors when there is
no ambiguity (e.g., we write D3L(x) - (h, k) for the Riesz representor of | € H +— D3L(x)- (h, k,1)).
Fix A\ > 0 and set A’ = —\T;'. We define v as the Gaussian measure in  with mean 0 and
covariance (—3A’)~L.

Specifically, we consider discretized semi-implicit scheme below to sample from a probability
measure 7 satisfying 5177; x exp(—BL(x)):

Xn+1 =Sy (Xn —n'VL(X,) + \/ Zg’%) , %)

where 1’ > 0 is the stepsize, 8 > 7’ is the inverse temperature parameter, ¢,, are i.i.d. cylindrical
standard Gaussian (i.e., €, = .-, €,,;¢; Where each ¢, ; obeys the standard Gaussian N (0, 1)

independently identically), and S,y = (Id —n' A’ )71. When we apply Galerkin approximation
described in Section 3, we obtain the scheme below:

2 /
XN =Sy (XZX —'VLy(XDY) + \/gPNen> , (6)

where XV € Hy and VLy () := Py(VL(Pyz)).

We put some assumptions when we discuss the convergence of (3).
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Assumption 11.
1
1) Wi ~ =% i.e., there exists oy, g > 0 such that it holds that oy < k2,uk < as.

(I1}2) L is ~i-smooth; Vz,y € H, |VL(z) — VL(©)|l2 < nllz — yllx
(I1}3) L is three times differentiable, and there exists o/ € [0,1), Co € (0, 00) such that it holds that

ID*L (@) - (h,k)llar < CorlBllollkllo, and ||D*Ly(2) - (b, k)llo < Car lhll-a Il o

1/2
forall N € Nand z,h, k € Hy, where ||z|| = (Zkzo(uk)%\(x, €k>H|2> )
4) There exists By, > 0 such that it holds that ||V L(-)||x < Bp.

Remark @-2) and (]1;1']-4) ensures smoothness and Lipschitz continuity. As for (]1;1']-1), some
Sobolev spaces satisfy this assumption as we describe in Section[6} (T1}-3) imposes a weak smoothness
condition. This is satisfied under (A3), (A4) when we discuss infinite-dimensional PDA and P-SDCA,
which we will mention in the proof of Theorem 3]and sampling complexity of P-SDCA.

About the convergence of @), the following theorem holds.

Theorem 12 (weak convergence of infinite-dimensional gradient Langevin dynamics; Proposition 14,
17 in Muzellec et al.| (2022)). Suppose that ¢ : H — R is a two-times differentiable function that
satisfies |¢(-)| < V (-), where V(z) = ||z||3 + 1. Under Assumption[I1} for all k € (0,1/2),n €
(0,8),N €N, there exists C > 0 such that it holds that

|IE[¢>(X;§V)|X0 = 20] — Exrr[o(X)]|

C B By
< Cyy exp(—A% (k- 1)) + S0 (W2 47,

Ag
where
I6ll02 == max{||¢|oo, sup [V ()13, sup ||D2¢@)|H} 7
TEH TEH
A 1
B G min § 0=, 5
Coy = K[V +1] + VAV (zo) +b),AZ' = {2?v+j)} 5,
V6 4log (K s )
and
Ho - 1
b="0B, 1 k1), b= b1}, pi=
) L+ ()v max{,},p 1+)\77//MO
Ri=b+1, V:= 40 (7

Additionally, § € (0,1) satisfies 6 = Q(exp(—O(B))).

Especially, when ¢y : H — R satisfies ¢o(x) < b for a positive constant b > 0, we can apply

Theoremby setting ¢(z) = po(z)/b.

C Missing proofs in Section 4]

In this section, we show the proofs of the theorems that we omitted in Section[d] Before we prove the
theorems, we give the detailed algorithmic description of the infinite dimensional PDA in Algorithm
[[] In the algorithm, we set 7 as a Gaussian measure whose mean is 0 and covariance is Tk, i.e.,
when z ~ 1y, (2, 2)3 obeys the Gaussian distribution with mean 0 and covariance (z, Tk ), for
any r € ‘H.
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Algorithm 1 PDA for two-layer neural networks with infinite-dimensional input.

Require: Data distribution D, number of outer iterations 7', step size of sampling (1;)Z_;, number
of inner iterations {7} }7_,
fort=1,...,Tdo
Randomly draw a data (z¢, y;) from D

Randomly initialize M parameters HNJ(\},)D - ,ég\}?M ~ U
fork=1,...,T; do
forr=1,...,M do
Vol @)
t

M
2 1 ~
= - - _ (s) (k)
Py ()\Q(t n 2)(t T 1) Zsazz (M Zh(er axs)ays> Ogh (PNQNJ»)ms))

oY =y (08 - an“)(e(“)wﬂPch)

end for
end for
{9 t+1)} . {H(Tt+1) L
end for 2t
Randomly choose index # from distribution P(¢) = T(T+3)

Return th), ey 05&)

C.1 Proof of Theorem[3

To prove Theorem[3] we apply Theorem|[I2] i.e. the weak convergence of infinite-dimensional gradient

Langevin dynamics by setting L(-) = Ay - gV (1), 8= —, A = Mg, A" = =4, 7 ;\7 in
2

(©). The following Lemma[I3]is used for checking that Theoremn can be applied to the sampling
used in our algorithm.

Lemma 13. Ser L(-) = Ay - (). Under (A3), (A4), C € (0, ) such that the following inequality
is satisfied for all N € Nand 0,k1,ks € Hy:

ID3L() - (k1, k2)]lo < Cllkexlol|%=]lo,

i.e., (I1}3) holds with o/ = 0.

Proof. We denote the i-th-order differential of 0 : R — R by o®. Fori=0,1,s=1,...,t, we
define

Then, by noticing that

DBL(H) : (klv k27 k-?))
t

2 S
= S 2 e (¢).0e)

x> o @) () ) e Rl s
(i1,i2,i3)€{0,1}3

18



we have

ID3L(B) - (K1, k2)]lo
2 ¢ .
S DD 2 1o ) )l

s=1

D DI e O] S (EN )]
(i1,i2,i3)€{0,1}3

e
i3

’
t

42 | |
= mz Z 5‘<Z¢(f),k1>7{‘ ‘(zz(:),b);{‘
s=1 (iy,iz,i3)€{0,1}3

42 ¢ S S S
e e 1D DD DI L M P E B B P
s=1 (iy,iz,i3)€{0,1}3

< 326° max{1, BY} - ||k |l

Z(s)
iz

Using this lemma, we confirm that the assumption of Theorem[I2]is valid, and finally prove Theorem

kil

Proof of Theorem[3] We first confirm that Theorem [T2]is applicable to evaluate the sampling com-
h(-
plexity in PDA by setting ¢(-) = (A’ z) and L = A\yg®. 1) holds due to (A1). Due to (A2),
h2
(A3), 2) holds with y; = 4p? max{1, B?Y} Due to Lemma 3) is also true. 4) also
- h(6
holds with By, = 2b? max{1, By} due to (A2), (A3). Moreover, due to (A3), &

< 1is true

h(-
and (ZA)’;C) is two-times differentiable with respect to 6. Therefore, under (A1), (A2), (A3), (A4),
Theoremis applicable. Then, by setting ¢ = h(-, ) we have the following for all z € X.

h(6\0) ) h(0, x
|]E [{2 9(0) =0, 7E9N7rff+1> { (82 )}

/2—kK
* Mt CH¢||0,2 1/2—k Ui !
< Cy, exp <_Am (/\2 T, — 1)> + A Hnir + )\72 .

Therefore, we have that

[E 105 )2) | 00 = 6] ~ B, o [0(6, 2]

) C . 1/2—k
< (Ceo exp (—A;‘h (Z; Ty — 1)) + 7”/@'0’2 (M}\{il + (Z;) >> .
0
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By removing the absolute value of both sides, taking expectations about #(°), and taking the absolute
value again, we have

[Egrccon [1(0,2)] — By__cn (6, 2))|

72 « [T Cllpllo,2 1/2—k Ui e
<b Ey [C@(o)] - exp —Am )\—2 Ty —1 + AS : BNT1 + )\—2

. Clologmac{t =}
: * : -
< metmto (4, (1)) o )

Next, we check the dependency of variables on A1, 7;. Since

1 1\ 1
b—O<1+A1A2>,b—O<1+)\1)\2>,H—O(1+A1A2>,

1 1 1

1/ne _ _
P N ne = 1/n < A1
Aot t Ame t 1+ 2
<1+1:0*2> (1+ 1 ) pm
we have
_ 4\/55( 1—|—p1/77t +\/§p1/ﬂt) 14 /\1>\
V: <O 1A2
(14 2p/n)(1 — pt/me) = 1— pt/m
1+ 55 (( 1 1
1
1- 1+% )\1)\2 )\1
A 1 A 1
mln{ 12,7} mln{ 1277}
e e o 6
Alog (F(ED) log((1+)\ll)\2) (1+;1)) “log(1 - 8)

>0 4min{*2ﬁz : %}, - exp (‘O (1>>

- 1 1
A1)2 (1 + Tz)

>0 (min{)\l, Mo} - exp (—O (;))) )

Moreover, we it holds that

o V2(V(0©) + b
Ego [Coo] = Egoy |R[V +1] + ((\/5))
~ V201091, +b4+1
=Eyo R[]V +1]+ L \/7% )
_ 2
= AV + 1]+ /3 (Bgw [0 + 6+ 1)

_ 2
<7 +11+ /3 (Ve +0+1)

— 1
otz o5 +b+l
k=1
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Therefore, Egy) [Cyco)] has upper bound which does not dependent on ¢, and the upper bound is

2
O 1+ i exp | O i . Moreover, we have
A1 A2
. 1
C||¢|0,2-mm{1,w} Y 11 o1
A = max VBV exp "

Remark Practically, we set \; = O(1). Then, the terms including exp(\; *) are basically dominant
and hence the O(poly(A[!) exp(O(X; 1)) term can be regarded as O(exp(O(A\; 1))).

O

C.2 Proof of Theorem[d

First, we prove two lemmas. Lemma|[T4] guarantees that the average of M parameters which follow
7(Y), which is the approximation of A (2;), is close enough to h.) (x;) with high probability.

Lemma 14 (Appendix D in Nitanda et al| (2021)). Let T' be a positive integer and § > 0. If
01,...,0h follows =) identically, the following inequality holds with probability 1 — § for all

t=1,---,T:
< 2 lo &
=\ e\ )
Proof. Using Hoeffding inequality, we obtain
M
P > € SQexp(eA >
2b?

202 27
for all € > 0. Especially, setting € = {/ — log <) , we obtain

M 5
> 276210 2 <é
MOB\s)| =T

Therefore, ‘ﬁ SSM o, (20) = By (a:t)‘ > % log (2) holds with probability less than T - & =
0 forallt =1,...,T. Consequently, with probability 1 — 4, it holds that

M ~
1 202 oT
i ; ho, (zt) = heo (1) | < o o8 (5>

uniformly forallt =1,...,7T. O

’hem (1) = hao (24)

1 M
=3 ho (@) = b (1)
M r=1

P

1 M
— " he, (x1) = b (1)
M r=1

The following Lemma|[I5|gives a relation of the objective function values that is useful for evaluating
the dual averaging method.

Lemma 15 (Appendix A in|Nitanda et al.[(2021)). We define F': P» — R as F () := E.[H(0)] +

AKL(r||v), where H () is a bounded function. In addition, we set f = 9=, f' = %for T € Pa.
Then, the following inequality holds:

F(x) < F(n') + Eous|(f = /)HO) + Mog £)] = 515 = flzaqan

Especially, when
dm x e —7H(9>
dv P A

holds, the following inequality holds:

A
F(ﬂ-) < F(ﬂ-/) - §||f/ - fHLl(dl/)'
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Proof. Since we have

f'(0)
f(0)

E,[log f] + Ex[log /] — Ex[log f] + Ex [log ] — E,.flog f/(6)],

we obtain

Ex[log f] +E, [(f — f)log f] + KL(w'||m) = Ex [log f].

1
Using Pinsker’s inequality, we obtain KL (7'||7) > 5 \f = f H%l(du). Then, we obtain

1
Ex[log f] + By [(f' = f)log f]+ I = Il () < Ewllog .
Using this inequality, we obtain the following:

F(n) =E,[H(9)] + \KL(~||v)
=E[H(0)] + AE,[flog f]
=Ex[H(0)] + AE,[f"log f'] + (Ex[H (0)] — E~ [H(6)])
+ A (E,[flog f] — E, [f"log f'])
=Ex [H(0)] + AE,[f"log f'] + (Ex[H (0)] — Ex [H(6)]) + A (Ex[log f] — Ex[log f'])

< P+ B - £EO] -3 (B - 10w+ 517 - Tlian)

H
H

= F(r') + Ey[(f — f)(H(0) + Alog f)] — %Ilf’ — fllzyan-

Now we prove Theorem ] using two lemmas.

Proof of Theorem[d] Using convexity of £, the left hand side of the assertion can be evaluated as
follows:

T+1

T 2 { (00 00 + AKLG [0)) = (b (). 50) + DKL )}
t=2
<2Ti1t{8 Uh_ o w2), ) (B0 (- 20)] ~ Ex. (-, 22)])
=T(T +3) 2 2N (Tt ), Yt x(® » Lt T > Lt

0 (KL ) = KLr. ) } ®)

Due to the definition of eg) and Lemma we have

h@(t) (x(t)) — hﬂ_it) (xt)' <

how(xy) — hm(f) (Jit)‘ + ’h@m (m(t)) —hm (l‘t)’

W . [20 2T
S €A + ﬁ log T .

Moreover, since 0,/ is 1-Lipschitz continuous, we have for any probability measure

| (0-00, 0 @), 1) = -0 (), 1)) Exlh(0,2)]| < 52|10 (20) = hoo (+©)]
- 202 2T
< b? (ex) + SYa log <6)) .
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Then, we can evaluate the right side of (]3[) as follows:

T+1

n%w > {(z(hﬂn (1), y¢) + AzKL(w§t>||y)) — (U ha. (0), ye) + /\QKL(W*HV))}
t=2

T+1
2 - 202 2T
< gy oL 1207 | €4 7o
T(T+3)tz_;{ At 6\7
+0:llhow (o), ) (B o [, 0)] ~ B [0, 0)])
(t)
+ Ao (KL(W* ) — KL(W*HV))}
T+1
2 - 202 2T
- 202 | @ [
T(T+3);t{ lea Ty o
+E 0[]~ Er. [90] + Xs (KL ) ~ KL(ra 1)) } ©)

We used (A3) in the second inequality. We evaluate the right side of (9). We set

t
s Xo(t+2)(t+1
Vila) = ~Eor |3 50/ >] - 22D g ()
s=1
and
f(t) _ d77»(<t+1)
* dv
By the definition, 7r( 1 minimizes V;. Setting V;* := Vt(m(fﬂ)), we obtain the following for ¢ > 2:
= Aot + 1)t
‘/t* _ 7Eﬂ—i"+1) lz Sg(s)‘| _ %KL(WSH-UHV) o tEﬂ—iH'l) [g(t)]
s=1

— Aot + DKL )
= Viea () —1E_ 9] = da(t + DKL |Iv) + 1 (E_090) — B on [9)])

DY t+1 _
< vy, = 22Dl 0 etz [60] = da(t+ DKL)
+t ‘Eww 9] —E 0 [g“)}‘
L t+1 _
<vp, = 2D 0 gy B 6] = Aot + DKL)
+ 2t £ = £ )
L t+1 _
<vp, = 2D 0 gy B 6] = Aot + DKL)

(2t)2 A2 (t + 1)t
Xo(t+ 1)t

<V — 1B 0]g®] = Aot + DKL(r ™| |v) +

t t—1
£ = V12

4t
Ao(t+1)

For the first inequality, we used Lemma[T5] Moreover, it holds that

Vi = E 9] - BAKLE?|v) < 2 = 2,KLE? o).
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Therefore, we have

T41 T41
4s
s oo g (5) _ (T+2)
Vi £2 3 s (B KL ) AT 2T D) + 3
(S () () 4
<2-Ys (EM (9] + AoKL(x ||y)) T (10)
s=2

On the other hand, the following inequality holds for all 7, € Ps:

T+1
Vg = o { lzt t)] 2 i;)(T+ 2 L(WHV)}

T+1
B |3t ] 2T D ey, )
T+1
- —E. |3t (g(t) + AQKL(MHV))] — Xo(T + 3)KL(m,||v) — E._[gV].  (11)
t=2

Combining (T0) and (TT]), we have the following:

T+1
~E.. [Z 1o+ AzKLM*IIV))] 2ol + 3)KL( 1) — Ex. [9 )

t=2
T+1 4
<2-3s (Eﬂ(s) [g®)] + AQKL(W<S>|\V)) 57
s=2
T+1
> t{Erw 0] = En, [5] + 2 (KL= ) - KL(m.|[»)) }
t=2

4
< 24 \o(T + 3)KL(m,||[v) + B [gV] + 7
2

Using this inequality and (9), we obtain

T+1
ﬁ Z {(f(hﬂiw (@), ye) + )\QKL(’]TSI)HV)) — ((hr, (ze),yt) + )\2KL(7T*||V))}
< 952 ( o Lle g<25T))
2 T+1
* TS tz_:t{Eﬂit)[g( )] = Ex[gD] + X (KL(W* Iv) KL(W*IIV))}
<ot (o [ 5108 (5) |+ gy (24 2ol + 9IKLGe ) + B 6]+ £ 7)

C.3 Proof of Theorem

Theorem 5] can be easily proved from the following Lemma|T6]
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Lemma 16 (Uniform bound for all input). Assume Assumption|2| Suppose 9?), ey 95\? random

variables which follow 7" independently for t = 2,...,T + 1. We set ji := max{ g, o} and
C= Z;io ,u?. The following inequality holds with probability 1 — §:

Egro [h Z h(6"), x

1 log 4 log B2 i IS
M 2~ oM

sup
zeX

Lemma [I6]argues that the expectations of the output of neurons and the average output of M neurons
are close enough in the ¢-th step.

In the remainder of this section, we prove Lemrna Let N(¢; T, p) be the covering number of the
set T with respect to a metric p on T.

Proposition 17 (Dudley’s entropy integral bound). { X} . is a sub-Gaussian process whose mean
is O with respect to px which is a metric on T. For all § > 0, it holds

E [ sup (X, — X;.)} <2E sup (X, —Xp)| + 32/ V1og N(¢; T, px)de.
)
1T

7,7€T 7,7’ €T
px (1,7')<é

Using this proposition, we can obtain the following lemma to evaluate Rademacher complexity.

Lemma 18 (Theorem 5.22 in[Wainwright| (2019)). We define p2(f, f'), which is a metric on a family
of functions F, as follows:

1 M
pa(f. ) = | 37 2 FO) = F1(00))2.
r=1

Let s1, ..., sy be independent Rademacher random variables. Then, for all § > 0, it holds that
E(s,) lsup —Zsrf 1 <26+ —/ Viog N(e; F, fo)de.

Proof. The left side of Proposition[I7)can be evaluated as follows:

E [supXT] =E [supXT — XTO] <E [sup (X, — X;)]
T€T T7€T 7,7€T

For each f € F, we define

1 M
= Tf(e
Vi =°

If po(f, f') < & holds, it holds that

=
V2]
9
—
~
—
>
S
N
|
=
Py
5
S
N~—
N—

X;—Xp =

%
Il
-

(=
=
<>
<
~—
I
s
—
>
I

IA

o~ =~

i
Il
-

1
Il
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=
=
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=
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Therefore, it holds

Sup —— Z s f(0,)] < 2VM6 + 32[5 Viog N(e; F, pg)de,

f€]~'

ie.,

sup—Zsrf <25+—/ V/log N (e; F, pa)de.

fer M

O

The following lemma is useful to calculate Rademacher complexity related to reproducing kernel
Hilbert space.

Lemma 19 (Example 5.12 in|Wainwright/(2019)). We define S C ¢*(N) as follows:

= (97)3—1 Zij <C
j=0"7
where |ig, 11, ... € R are constant which satisfy pu; < i/ for all j = 1,2,... for some

a > 1/2,f > 0. Then, it holds that
Cu)t/2\ " 1
log N (&5, [ - leevy) < {((’?) + 1} (log 4 + alog Cp) + 5 log Cpo.

01, ...,0) are parameters which can be obtained with infinite-dimensional Langevin dynamics. The
following lemma is stated in Muzellec et al.| (2022).

Lemma 20 (Lemma 26 in|Muzellec et al.|(2022)). For all positive integer N, k, there exists Cy such
that it holds that
2

Using these lemmas, we obtain the following Lemma [21]

2| 50 2
On., = 00| < Ca(1+160]%).

Lemma 21. Fixt € {2,...,T + 1}. Suppose that 9?), . ,05&) are random variables which follows
7" independently. We set [i := max{ag, o +- The following inequality holds with probability 1 — §:

Eg oz [R(0, )] - Z h(6

- 64\/02(1 + C)(log 4 + vlog B% i) 2
- M 2—~

sup
reX

log(2/6)
oM

+ ﬁ) Bxi?f+2

Proof. First, we derive an upper bound of empirical Rademacher complexity of function family
{0 — h(0,x)|x € X}, ie.,

M({0 — h(e,l‘) | T € g}) = E{ST}

LM
sup — > s, h(00, 2)]

where s, ..., s)s are Rademacher random variables. Let po be a metric on X defined as

M
. 1
pa(w,a’) =y | 37 D _(ha(0) = har (6))2.
r=1
Then, using Lemma [I8] we obtain

Ry ({he(0) | x € G}) < / Vl1og N(e; G, p2)de.
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Due to [|o1 || < band ||ob]| < b, it holds that

M
ﬁg(.’ﬁ,.’bl) < \ Z g(t) 02(<9£t),$l>’}{))2
b &
<\ a7 20—
r=1
bt (t) m—3 2
< | B ST T -

ﬂ
I
-

M
- 1 1o
< Plle = 'l | 37 D ITZ0 11
r=1

M

PR 1 1

We set 3 = b2 i E IT26812, prc (2, 2') := || — 2|34, . Then, we have
r=1

pa(x,3") < Bpx(x, ).

Let B(e; xo, p) is a ball whose center is xg € X" and radius is € with respect to metric p. The above
result means that B(e/S; xo, p2) C B(€; o, px2 ). Therefore, it holds that

N(&G, p2) < N(¢/B; G, pc2). (12)

x € G C Hx can be expressed as follows using the orthonormal basis eg, €1, . .. and po, f1, .. .:
o
T = Z ap() - /e,
k=0

where Y oy (2)? < co. Then, it holds that

2 2

oo o0 2

ag(z) 42 (ar(z))
Hm”%{KlM = T) - \/1kek = E 7 M’ oek = E -
HIFY k=0 Mg HIF k=0 Hi

Therefore, when ||z([%,,,, < Bx holds for all z € G, it holds that

S @) _ g

k=0 Mk
Using Lemma|[I9] we have
N Byal?\" 1
log N(e/53;G, px2) < {( /52 ) +1}(1og4+710gB§(a2)+2logB§(u0.
€

We set fi := max{ag, 1o }. Then, using v > 1, we have

BX,I]l/2

¢/B

Y
log N (¢/B;suppPx, pr2) < {( ) +2} (log4 + ylog By fi) .
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On the other hand, when ¢ > By /ﬁ £ holds, it holds that N (e/ B:G, p) = 1. Using this result and
(12)), we obtain

R ({ha(0) |z € X))
32 [ -
Sﬁ/o \/logN(e/ﬂ;QpKz)de

IN

log4+'ylogB /
0

logél—l—'ylogB2 /B Azp (
0
1~
2

Bx i
/
10g4+710gB < 2

IN

IN

_1lx
2

2 - 7

10g4+710gB

]
]
32\/10g4—|—’y10gB
]
]

Moreover, it holds that

M
]E{Gﬁt)} Z |TQ@(75 < ]E{ng)} |:

1 M
t
<\ 7 2 Bty (10713

A0
1+ By [169)13])

=1/Ca(1+C).

For the first inequality, we used Jensen’s inequality. For the second inequality, we used Lemma [20]

IN
Q
&2
—

In addition, we used 95\% ~ v for the equality. Therefore, we have

Co(1 + C)(log 4 log B ji 2
R ({ha(0) | = € X}) §32\/ JChs >(OgM” o8 Bl <2_ +f> i
where SO is a distribution of (61, .. .,0), which means that 6" (i = 1,..., M) follows 7"
independently.

Due to the uniform law of large number, the following inequality holds with probability 1 — §:

Egnn [h Z h(o®, z

Ca2(1+ C)(log4 + vlog B2 i) 2 159 log(2/4)
< 2 = St A
—64\/ M 2—'y+\/§ Bap*b™ + 2/ =5 1

sup
reX

O

Lemma 2] is stating about the parameters obtained in fixed one step. The algorithm finally outputs
the M parameters obtained in the ¢-th step, where ¢ is an index randomly chosen from {2, ..., T+ 1}.
Taking into account this, we eventually complete the proof of Lemma
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Algorithm 2 P-SDCA for two-layer neural networks with infinite-dimensional input.

Require: training data {(z;,y;)}?_,, number of inner loops 7,number of outer loops T¢,q4, number
nd—1

of steps for sampling (J7 )73

Choose ggo) satisfying |5‘z€*(g§0),yi)| <1i=1,... ,n),é*(ggo),yi) < (0, y;).

forT =0,1,...,Teng — 1 do
forj=1,...,Jrdo

Randomly initialize M parameters ég\},)p ceey ég\})M ~ U
0G4 = Sue (89),, = e Vpnlg®1O),) + V2 Pa ¢l ) (m =1, MD)
end for

o) o G (o — 1, )
ri T MED) (= 1,..., MT))
fort =nT,...,nT +n—1do

Choose i from {1,...,n} uniformly randomly.
MPT) (1) (T)
(t+1) * Zm:l T b0 ", @i,) (t) 1 (t)\2
g9;, < argmaxq —€"(g;,)+ G (9. — 9, )5~ (9, — 9;,)
it { Zfrvz[;f) o 2nAs
P W exp (—%thg),mit)(ggﬂ) - 91(:))) (m=1,...,MT)
end for
end for

Output g(ﬁTend) .

Proof of Lemma([I6] Due to Lemma[21] the following inequality holds forall t = 2,...,T + 1 with

probability 1 — 7" & =1—6:

sup
TeEX

M
1
Eg o [h(6, )] — 7 E h(OW , z)
r=1

1+ C)(log4 log B2 2 1a log(2/(6/T
§64\/02( + C)(log4 + vlog B3 [1) +V3) Baydh? 42 0g(2/(0/T))
M 2~ oM

14+ C)(log4 log B2 2 1a log(2T
§64\/02( +C)(0gM+7 og B3[1) (2 +\/§) Bapti? 42 0g(2T/6)
—

D Missing proofs and details in Section

In this section, we show the proofs for the theorems in Section E} At first, we give the detailed
algorithmic description of our infinite-dimensional P-SDCA in Algorithm[2] In the algorithm, same
as in the infinite-dimensional PDA, we set o as a Gaussian measure whose mean is 0 and covariance
is TK.

D.1 Proof of Lemma 23|

Proposition 22 (Fenchel’s duality theorem,Theorem 3 and 8 in Rockafellar| (1967)). Let X,Y be
real vector spaces with locally convex Hausdorff topology, and let X*,Y* be the dual spaces of
X, Y respectively. Moreover, suppose thet f : X — RU {0}, g : X — RU {oo} are both lower
semi-continuous proper convex function and A : X — Y is bounded linear operator. We also assume
that there exists x € X such that f(z) < 0o, g(Azx) < oo holds and g is continuous on Ax. Let A*
be the adjoint operator of A. Then, it holds that

Inf {g(Az) + f(2)} = sup {=g"(y) = /" (=A")}.

yeY*
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Moreover, & € X is the optimal solution of primary problem, and §j € Y™ is the optimal solution of
dual problem problem if and only if

At € dg™ (), A*y € 0f(2)
holds.

Using this proposition, we prove the following Lemma[23] which is the detailed version of Lemma [6]

Lemma 23. Suppose that ((-,y;) : H — R is a proper convex function and h(-,x;) : H — Riis
bounded fori = 1,...,n. In addition, we denote the conjugate function of ¢(-,y;) by €*(-,y;). We

define D(g) as
exp <_ni\2 ZQiW&M))]) .

If inf L(m) > —oo holds, inf L(w) = sup D(g) holds. In addition, w° € Py is the optimal

TEP2 TEP, gER™
solution of the primary problem and g° € R"™ is the optimal solution of the dual problem if and only
if it holds that

1 n
D(g) = == > £*(g:9:) — Ao log (Eu

n
=1

| ar o (ks T gth(0.20)
Er [h(0,2:)] € 00 (g7,v:) (i=1,...,n) and — =

dv Jexp (—n%\z > gfh(f),ﬂfi)> dy(ﬂ)'

Proof. WesetY =R" Y* =R". Then, Y and Y* are dual with respect to the linear operator given
by the inner product (u,v) = > | uw;v;, where u = (u;)"_; € Y,v = (v;)?_; € Y*. In addition to
that, we set X = L'(#H;v) and X* := L>(H;v), where L>(H; v) is a set of measurable functions
f+ H — Rsatisfying || f|lcc < oo (here, we define || f||co := inf{M > 0 | v({z | |f(z)] >
M}) = 0}). Then, X* is the dual space of X with respect to the bilinear function defined as

<gvf>X*,X = fgde/fOI'f S ng € X",
Let A : L'(H) — R™ be a linear operator which is given as

n

ar=(/f h(&x»f(e)du(e)) |

i=1

for f € L'(#). Due to the boundedness of h, A is a bounded linear operator. Let .A* be the adjoint
operator of A. Then, for y € R", it holds that

Aty = yih(0, ).
=1

KL divergence is lower semi-continuous for L' norm. Moreover, since KL(:||) is convex and there
exists m € Py such that it holds that KL(7||v) < oo, KL(+||v) is a proper convex function.

1 n
We set G(u) := — Zﬂ(ui,yi) for u = (u;)?; € R™. We also define, for f € X,
n

i=1

XKL (7||v) (when there exists m € P satisfying f = dw/dv)
00 (otherwise) ’

F(f) = {

Then, we have

inf L(m)= flgg({G(Af) +F(f)}.

TEP2

Then, if we set f(-) = 1, it holds that F'(f) = 0 < co. Moreover, since G is a convex function defined
on R™, it is continuous at A f. Therefore, the assumptions of Proposition[22]holds. Consequently, we
have

Inf {G(AS) + F(f)} = sup {=G"(g) — F"(-A"g)}

geR”
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For f" € L*(H;v), we have

F(7) = rato (8, oo (E)])).

Moreover, for § = (§;)7—; € R", we have
1 n
G*(9) = - ;é*(néi, Yi)-
1=
Then, due to Proposition[22] we obtain

1 & ]
inf L(m = su - 0 (ngi, yi Mlog | E, |exp | —— 5:h (0, x; .
ing 001 = sop {25 ) v (5 [ (S0 ) )

L1

By replacing ng by g, we obtain

1 & ]
inf L(7) = su —— 0 (gi,yi) — A2 log | By, |exp | ——— ih(0, x; .
TEP2 ( ) gEéi‘{ zg: g y 2% ( [ P ( nAggé;g ( )>_:)}

Propositionalso asserts that f° € L'(#) and g° € R™ are the optimal solutions of the primary
and dual problems respectively if and only if it holds that

(/h(@,xi)f"(&)du(e))n € 904G (9°),

i=1

S geh(0,2,) € 9 F(f),

i=1

ie.,
/h9 ) [ (O)Av(6) € 0 (g8 yr)  (i=1,....n),
exp ( nh S g2h(, xl))
Jexp (—n%\z S g2h(0, x,)) dy(ﬁ)'

f0) =

D.2 Derivation of updates in each steps

We set

qlg)(9) —exp< Zgz (6, ; )

n 2 =1

Note that it holds that p[¢](0) = ¢[g](6)/E.[q]g](#)]. The ideal update formula of P-SDCA is derived
as a maximizer of the lower bound of objective D below:

D(g + dg)
> D) + - (€ i 1) = G+ 0010,0)) + o [0, 2,) - $191(6)] i, —

1
2n2A2
(13)

where dg € R” satisfies dg; = 0(j # ;) for a randomly chosen index ¢; € [n]. To prove lower
bound (T3], we first prove the following Lemma

Lemma 24. Under (A2), the following two inequality holds for all g,5g € R":
Az log {E, [qlg + d9](0)]}

1
< A2log {E, [g }—fZE hO,w:) - plol(0)] 0gs + 5 53-logT. (14)
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Proof. Since it holds that

%u«: lalg)(9)] = — Bnlh E, [h(0,2;) - qlg)(0)].
we have
g, P2 108 (B llgl @) = == e FRE = B (6, plo0).

By differentiating by g;, we obtain

32
5255 Do {E el )]

Ey [0, 2:)h(0, z5) - qlg)(0) Ev[alg](0)] — Ev [0, 2:) - alg)(O)] By [A(6, z5) - alg)(6)]
b*n2AoE, [q(g](0)]?
Ey [0, z:)h(6, z;) - plg)(0)] — Ey [1(6, z:) - plg](0)] Ey [A(, ;) - plgl (O)]
b2n2)\2

Therefore, Hessian matrix V7 [X2 log {E, [¢[g](6)]}] is a covariance matrix of a random variable ¢
which follows a distribution 7 satisfying dir/dv = p[g]. Then, we have

o o8 {E lala(0))

Ex [(h(0, z:) — Ex [P0, 2:)]) (R(0, x;) — Ex[h(0, 7;)])]

b2n2)\2
Ex [(1(0, 2:) — Ex[h(0, 2:)])°] * Ex [(7(6, 7)) — Ex[n(0, 25)])%] ?
- 82712)\2
_ (Ex [(1(0,20))%] — (Bx[h(0,2)])*)* (Ex [(1(0,25))%] — (Ex[h(0,,)])*)
N 82712)\2
1
- 77/2)\2.

We used Holder’s inequality of the first inequality, and |h(6, z;)| < b, |h(8,z;)| < b for the second
inequality. Therefore, for all ¢ € R", it holds that

1
397 (V3 sl (B, sl 0)}) 30 < 33 a0, = sl

=1 j5=1

Then we have the following inequality:

Az log {E, [qlg + g](0)]}
< Aalog {E, [alg] (6)]} - fZE B0,2:) - plg)0)] s + 535169l

O

In the ¢-th step of P-SDCA, we use dg that satisfies dg; = 0 (j # 4;) where i, € {1,...,n}. Using
(T4), we can get the lower bound (I3).

Replacing § by ¢*) and (5th L1 by gi, — ggf), we obtain the following update formula which makes
the right side of (T3) maximum:

gﬁf“’zargqgax{—E*(git,yit)mu [1(6.25) - 51310)] - (00, = 98) = 5o (05 gif))Q},
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while we keep the value of other coordinates, i.e., g](.tH) = 'J(.t) for j # ;. Accordingly, the solution

of the primary problem is updated by 5 = p[g(*)].

As mentioned in Section[5] the ideal updating rule contains expected values and cannot be computed
exactly, so an approximation by weighted sums is used. In the following, the variables obtained by
the ideal updating rule are referred to as g, and the variables obtained in the actual algorithm are
referred to as g.

D.3 Derivation of sampling complexity of P-SDCA
In this section, we provide the sampling complexity in the extension of P-SDCA using Theorem

In infinite-dimensional P-SDCA, we use the following update formula to obtain the parameters
6‘1, ey 0 M-

055" = Sue (08— nrVonlg®10%),) + V2nr Puc)) (15)
We evaluate the iteration complexity to achieve a sufficiently small error of sampling when we use
this update formula. To do so, we apply Theorem [I2] which is the weak convergence result of

infinite-dimensional Langevin dynamics. Before starting the proof, we rewrite the claim about the
computational complexity of sampling as a theorem.

Theorem 25. Suppose that ¢ : H — R is a two-times differentiable function satisfying |¢(0)| < 1
forall 8 € H. Under (A1),(A2),(A3),(A4), for all k € (0,1/2), there exists

-o((1t) oo (o(£)).

o { i)er (0(2))

A=0Q <min{)\1, Mo} - exp (o (L)))
such that

E, [6(0)p" 7 (6)] K, [6(0)pls™)(0)]|

< Crowp (- (o —1)) G (3" 40l
2

holds.

The following Lemma [26] guarantees the boundedness of the dual variables obtained in the algorithm.

Lemma 26. Forallt =1,...,Tona,i € {1,...,n}, it holds that |¢\"| < max{2,20%}.

Proof. Let H;(i = 1,...,n) be constants satisfying |H;| < b%. Suppose that z, zy € R satisfy

2 := argmax {—0*(2',y;) + Hi(z' — 20)}
z'eR

for an arbitrary ¢ = {1,...,n}. Then, it holds that
0 € 0u (02 yi) + Hi(2' — 20)) (2)-
Since |H;| < b2, we have
O (z,25) N [—b, b2 # 0.
Due to a property of conjugate functions, z = ¢'(w, y;) < w € 9*(z,y;) holds. Then, we have

sup{|z| | 00" (2, y;) N [=0, 5°] # B} = sup{|¢'(w, i)| | Jw| < B} < 26°.
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Next, suppose that the following equation holds:

z 1= argmax {—Z*(z’,yi) + (2" = 20)Ex (0, ;)] —
z'eR

i (o — ZO)Q}.

NA2

Since functions defined on R that are expressed as the sum of two concave functions achieve the
maximum at the point between the points where each concave function achieves the maximum, it
holds that

2| < max{2b%, |z}

Due to a property of conjugate functions, 91 = 9,0(w,y;) holds, where w = 9,¢* (gl ,yl).
Since |w| < 1, using (A2), we have ’ g(o)‘ < 2. Therefore, the target inequality can be proved
inductively. O

The following lemma is used to check that the assumptions of Theorem [12]is valid.

Lemma 27. Under (A3), (A4), there exists Ce (0, 00) satisfying the following inequality for all
N eNand0,k1,ky € Hy:

3 (Tll angft)h("xi)> 0) - (k1. ks)

i.e., (T1}3) holds with o' = 0.

< Cllk1ollk2llo,
0

Proof. We set

@ ._ feo (1=0)

z; = s

! z  (G=1)

forj =0,1and? = 1,...,n. Then, by noticing that
D3gD(0) - (k1, ko, ks)

1 n
= n ;%m

x Y o PTIEERR) () PHEI) ( 0)5 ) (D ) (2 Ra)a (2 s,
(j1,42,73)€{0,1}3

we obtain

1Dg ) (8) - (k1. k2) ¢

1< e L
< EZ ggt) Z ‘0.53 (]1+]2+J3))(a)‘ ’Uéj1+J2+J3)(<xi79>)’
i=1 (J1,J2,33)€{0,1}3
(i
‘<J1’k1HH J2’ n
max{2h?, 26}
S S SR [T RS E) )
=1 (j1,j2,753)€{0,1}3
max{2h?, 26} i i i
<=2 3 TkaldiRalleiz el el Nl
i=1 (j1,j2,73)€{0,1}3
< max{165%, 160* 2411 Fea | 4
We used (A3) and Lemma [29]for the first inequality, and (A4) for the last inequality. O

Using Lemma 27} we can show that Theorem[I2]is applicable to bound the sampling complexity in
P-SDCA, and then we prove Theorem 23]
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1
Proof of Theorem[23] We use Theorem 2 by setting 3 = o A=, A = —XA 1 =

2
Z gih(-, ;). As for AssumptlonI 1) holds due to (A1). 2) also holds since

Lis 4b2 max{l, Bg(} smooth due to (A3). Moreover, l 3) holds under (A3), (A4) due to Lemma

I .
27| In addition, using Lemma 26} we have — Z ggt)agh(ﬁ, ;) < max{4b?, 4b*} max{1, By} , so
n 4

=1
that (I1}4) holds. Therefore, we can apply Theorem [12]to the update formula (T3). Then, we have

[E [o(6) | 6©) = 60] —E,_ o [0(652)]|
/2—k
. (N Cligloz [ 1/2-n (07’
< - Ay M- — 0.2 RES .
< Cy, exp < AL ()\2 Jr 1)) + A Hni1 + "

By removing the absolute value, taking the expectation with respect to #(?), and then taking the
absolute value again, we obtain the following equation:

‘E(,wu) {¢(9§\}{2)} — By {QS(QEVIQ)”

1/2—k
< ]EG(O) [Cg(o)] exp (—A;;T (ZJT — 1)) A* (u}\{i;fﬂ + (Z) >

" Clolbamas {1 b=}

* 2 K K

< ]Eg(o) [O@(o)] exp <A77T </\2JT — 1>) + A (,[LJ\?_H +n4 / ) .
0

Next, we evaluate the dependence of each variables appearing in (7) to A1, A2, 7¢. It holds that

1 . 1 B 1
b_0<1+)\1)\2> b= O<1+)\1>\2> K_O<1+)\1)\2>7

S — 1 1 1

= <
g\ /e ne = A’
(1e238) ™" (o)™ R

we have
, VBT
V= (1 +2pL/me)(1 — pl/ne) = 1 — pt/m
1+ 55 1 1
=0 —2r :O<(1+ )(1+
1— 21— A1 A1 ’
1-5-3—(1J
. S BYPN
A* = mln{)‘zﬁf,%} >0 mln{ 21“"2’%} )
R(V+1) - 2
4log( =5 ) log<(1+A11)\2) (1—&—)\11)) —log(1 — )
DYDY
- IW.QXP<_O(1>>
s (1 3%) A
>

Q (min{)\l, Mo} - exp (—0 (L))) .
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Moreover, we it holds that

- V2(V(0©) + b
Eyo [Cg(o)] =Epo K[V + 1] + ((\/g))
o 11a VIO + b+ )
=Eypo |R|V + 1|+
o | [ ] "

— 2
=RV +1]+ \@ (Boo 1160115 +b+1)

e @ (\/Emumml%{] Fht 1)

Therefore, Egy) [Cyco)] has upper bound which does not dependent on ¢, and the upper bound is

2
O |1+ 1 exp | O 1 . Consequently, we have
A A2
1\? 1
Ego) [Coo] SO (1++) exp(O| +—
A1 A2

Cll¢llo,2 max {1’ 1/12N}
2

A 1 1 1
< E— _
n o <o(m{5 gl (0(5)))

D.4 Proof of Theorem[7|

Moreover, we have

To prove Theorem we define §(*) by Algorithm [3| In addition, we define g(*) by Algorithm Note
that §© = g = g© and 5g(®) = gV — g{), 55 .= TV — gV 550 = g{I*Y — g,
G is a variable when the update of dual variable in each step is ideally using variable of the one
step before. g lies between §*) and ¢(*). Both ) and §(*) are updated with

P10 o pla®](6) - exp (—&h(e,mag@) ,

P (60) o 5D (0) - exp (—1h(9,$¢t)59(t))
nAg

However, while (") which is used for updating §**" is initialized with ideal distribution each 7
steps, (") which is used for updating §(*+1) is initialized with distribution of # which is sampled
from ideal distribution each 7 steps.

We prove Theorem [7]by the following steps:

(1) prove that g*) converges to the global optimal solution when §(*), the variable obtained with ideal
update, and ¢(*), the variable obtained with the algorithm, is close enough. (Section|D.4.1)

(2) prove that gap between §*) and §(*)is small enough. (Section|D.4.2)
(3) prove that gap between §*) and ¢(*) is small enough. (Section|D.4.3)

Using the result of Section[D.4.1] [D.4.2] [D.4.3] we prove Theorem|[7]in Section[D.4.4]
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Algorithm 3 Definition of §*)
P plg™ D]

gz(:?gurl) = argmax - (giﬁT7 y’iﬁT) +E, h(ea Linp )ﬁ(ﬁT) (9)} (giﬁT gz(:f;))

i
1 (RT)\2
2’11)\ (ng,T glnT ) }
fort =AT +1,....a(T +1)— 1do
PO« p[g®)]
~ . N 1 N
3"V argmax {—z @i viar) + Bur (10,250 0)] @1, — 3)) = 5550, - g§f>>2}
iy
end for

Algorithm 4 Definition of g*)
ST D)

gz(:?:-i_l) < argmax { - (giﬁT7 yiﬁT) +E, [h(aa Ligp )ﬁ(ﬁT) (0)} (giﬁ,T gz(f:))

Gizr
1 AT
BT g i gl(”))z}
fort=nT+1,...,a(T +1) —1do
P (9) exp (—,%AQ S h(6,2:,)567)
@00 (ks S 10, )

_ (e _ o r
gif“earg_max{e (@10 viar) + B (10,200 0)] (31, — 3)) = 55 <gugff>>}
iy

]j(t) <

end for

D.4.1 Convergence of ¢g'*) when §*) and ¢(*) are close enough

Lemma 28. Assume (A2). For all nonnegative integer t and s € [0, 1), it holds that

B, [PG) - D) = 2 (£6) - D) - (2) S

where

Y = plg¥]

0 (1= A=) (00
u® = age (B [(OR(0,2)] 01)
P
Proof. We abbreviate i, as i in this proof. For all s € [0, 1] and u!" € R", it holds that
n [D(g(t“)) - D(Q(”)}
G ) + G0, ) — nalog ( lalg o 9)}) +nXg log (EV[Q[Q(”](@)])
> (G, ) + Z]E [0, 2:) - pl3"10)] @ - 31")

L) (2 s
b @ = g2+ 3" i)
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> 0 + s ~ ), +sZE (10,2 - pla®)(0)] (" ~ 5)

2

S
“ o =A@ ). a0

We used (T4) in Lemmafor the first inequality, and the definition of §(*) for the second inequality.
Moreover, due to 1-smoothness of ¢(-, y;), £* (-, y;) is 1-strongly convex. Then, it holds that

@ + s = "), 9,)

1— 2
< s @) + (1= 9 @000~ L (0 )y

We set ul(-t) = 20 (E,[p® (0)1(0, z:)],y:). Then, using a property of conjugate functions, we obtain

C(E B Oh(0,x)],y:) + € (i) = By [1(60, z:) (O)]ul”. (18)

Similarly, due to the duality of the regularization term, we have
AE, [5)(0)1og 5 (0)] + Aa log (E, [alg®)] ) = - Z E, [n(0,2)50)] 3. (19)

Using (16),(T7).(T8), we obtain
n [D(F0) - DG

> —s (0, y0) — By [h(0, 2050 0)| ") + 2 ((1 8- M) (u — 30)”
= s {e (B, [fOORO,2)| i) + G v0) — B[00, 2059 (0)| 3" }

Taking the expectation with respect to 7, we obtain

£ [+ [p) -2

{Ze( [0 ©O)n(6,2:)]) + Ze*gi“,yz jlz . [0, ><0>}gz}

ZS{iiﬂ(Ey [ﬁ(t)(g) Q%D ZE* o
+ A, [ﬁ(t) () log ﬁ(t)(e)] + Az log (lEy [q[gmb }

I CET R D SRk

i=1
222G
— s (25— D(® )
s (£60) DY) = 5
where we used (T9) in the second inequality. O

Lemma29. Forallt =1,... ,Tengaand i € {1,...,n}, it holds that

£7§t)‘ , }gz@‘ < max{2, 262}.
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Proof. The proof is almost same as Lemma 26] O
Lemma 30. Assume (A2),(A3),(A5) hold. Then, it holds that
L(plg") — D) < Bi + 2.

Proof. Using the property of conjugate functions, we have

ME, [plg®](0)1ogplg®](0)] + Az1og (B, [als](0)])

Therefore, we obain
L(plg'”]) = D(9")

—Zé( ) (8 ) ZE* @, 1)
—+A2Ey[pw()KG)bgpw()Kﬁﬂ—+kzbg(Ey[qw“”K9ﬂ)

:iie(m[hiw)ﬂ” lui) + Zz* ) 4) ZE [1(6,2)pls®)6)] 4

{f (]Eu[hi(H)p(O)(G)Lyi) mff (z,y; } Z‘ ©)

i=1

IN
\

1 n
SE;Bl—i—Q:Bl—i—Z

In the last inequality, we used the fact that | ggo) | < 2 we mentioned in the proof of Lemma O

‘We set

LY
141

ey ==E[D(5") - D(g")

The following Lemma [31]shows the sufficient number of outer loops when it is assumed that the gap

between D(§*)) and D(¢™®) is small enough.
Lemma 31. Assume (A2), (A3), (A4). Suppose that
(nT)

<e§T

holds forallt =1, ..., Teng. Then, if Tonq satisfies

1 1 Bl+2+ 7ex1 -8
Tena > 22 (14— )log [ (n+ — ews) )
n )\2 )\2 €p

the duality gap satisfies E [ﬁ(ﬁ(ﬁT)) — D(g(ﬁT))] < ep.

A
Proof. By setting s = 1 Z ;)\2 € [0, 1], we have
1 (1—=5)nry _0
s
Therefore, using Lemma@ we obtain
E[DE" ) - DE")| = ZE[£(Y) - D@EY)) - (20)
n
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Especially, it holds that
E D" +V) - DE"™)| = ZE [£(T) - D(g*T)]. @D
Using (20), we have
“E [D(s°) - D) < ZE [£(6") - D(E")] <E D) - D)
—E[D(¢°) - DG)| - E [D(g°) - D)) -

Then, we have

Using this inequality iteratively, we obtain
£ [D(") - DE* )] < (1 - f)ﬁ £ [D(g) - D(g)
e
< exp(~23)E [D(g°) - D(g™)]
By the definition of e("(TH)) it holds that
E {D(QO) _ D(g(fz(Tﬂ)))} <E {D(g") B D(g(ﬁ(T+1)))] i egi(TH))
< exp(~29)E [D(g°) — D(g")] + 5T,

Therefore, using Gronwall’s lemma (described in Lemma |3'_7|), we have

T
E [D(go) - D(g(ﬁT))} < eXp(—2§T)IE |:'D(g°) — ’D(g(o)):| + exp 2ST Z GXp QST/ (nT )
T'=1

Due to the assumption that it holds that egT) < exp(—3T), we obtain

_ 05T _ o—25T
E[D(g%) — D(s"™)| < exp(=3T)E [D(g°) — D(s™) | +
: 1
<e T (E [ﬁ(g(” — D(g(o))] + 1 e_§>
<e T (B +24 ! ~>. (22)
1—es

We used Lemma [30] for the third inequality. Due to (21)), it holds that
E (™) - D¢ )| <E[DETH) - DE)] < E [D(e°) - DET)] . @23)
n

Using (22) and 23)), we have

~ (7 7t —sT 1
E [ﬁ(p( Y —D(g' T))} <e Tg <B1+2+ 1_6_5).

Therefore, if T,,q satisfies

1 1\ B1+2+ 25
TcndEQQ 1+ —|log| (n+ — L-ep(=5) ,
n nAs A2 €p

about the duality gap E [E(f)(ﬁT)) — D(g(ﬁT))] is not greater than ep. O
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D.4.2 The gap between §*) and §(*)

To evaluate the gap between ) and §g(*), we use the following lemma:

Lemma 32 (Lemma 9 in Oko et al.{(2022)). For an arbitary i € {1,...,n}, we define z1, 29 as
follows:

1
21 := argmax { —0* (2}, y;) + Hi(2] — wy) — (24 —w1)®
2 €R 2’17)\2
1
1
zg = argmax {—E*(zé, yi) + Ho(25 — wo) — (25 — w2)2} .
z5eR 2nA;
Then, we have that
1 1
|22721|§ +T§2 \HQ—H1|+T)\2|w2—w1| .

We define

72 741~ 712 ~ (5T 12
C1 i exp <4max{b ,b}n>702 et (n(QbClJrl)).

nAag 1—|—T§2 14+ nls

The gap between §(*) and g(*) can be evaluated like the following lemma Lemma
Lemma 33. Under (A1), (A2), (A3), (A4), it holds that

% [

gD _ 5| < 026(67:1T).

Proof. Using Lemma 32} we have

_(t+1) < (t+1) 1 1
G~ G \<1+n;z<

B [1(0,2,)90) — (0,2, lg ) O)] | + -

0t -3

).

We evaluate the first term of the right side. Due to Lemma \5§ff)| < 4max{1, %}, |6§§f)\ <
4max{1,b%} holds. Then, we have

t—1
1 1 ey
— < —— ) )87 | <
C1 P < nA2 Mo, 2i.)99;, ) =0

T=nT

t—1
1 1 ~(7)
— < [ — . A < .
C, — eXp( nAo Z Mo, 2i,)98:, ) =G

T=nT

For the sake of simplicity, we define

B 1 =L .
H(0) = = D h(6,wi,)00,)
T=nT

~ 1 A <
H(0) = == 3 h(b.i,)0,7
T=nT
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Then, it holds that
£, [3(0,2:,)(0) = h(0,2:,)p15 ) 0)]|

_ P (0) exp (Hy(9)) Plg™1(6) exp (Ht ) _
< |E, _h(G,fE“) (Eu [P (0) exp (Hy(0))] ]Ey[ (¢ T))(8 )exp( t(g))} ]
o P (@) exp (H(0))  pPT(0) exp (He(0)) -
< |E, -h(é’,ﬁczt) (Ey [P D) (0) exp (H:(0))] R, [p[ ("D)](9) exp (Ht(g)ﬂ)_
{ (p(”T)( exp (Hi(0)) — plg™)(0) exp (Ht(9))) |
+ |E, [h(6, ;)
E, [plg™)(6) exp (H.(0)) ]
| pD(6) exp (H(6))
< |E, h(a’x“)]El,[ (T)(0) exp (Hq(6))] E, [ [¢(AT)](6) exp (Ht )}
< (5 101 ()] . oo ]|
|: (p(”T) )exp (H.(0)) — plg"")](0) exp Ht )”
+ |E, |h(0,x;,)
[p [gD]( eXp Ht
’]El, (10, 21,)plg ")(0) exp (H:(6))| - B, [h(0 nT> 0) exp (H,(0
E, [plg")(0) exp (Htw))}
. B, [2(0,2:,) (97T (0) exp (HL(0)) — plg™™)(0) exp (11(6) ) )] |
E, [plg™](0) exp (H:(6)) |
sice P [1(0,21,) (P77)(6) exp (che)) —plg™)(0) exp (£:(0)) )] ‘ |

|h(0 Zi, ) exp
bC:

E, [n(6, ) (p<nT><9> exp (H:(0)) = plg™)(0) exp (H:(0)) ) |

Moreover, since 0| <1, Theoremlylelds the following inequality:

bCy
_ B [1(0,2,) (p"(0) — plg™T](0)) exp (He(0))]
- bCh
[ [1(0,2:)pl0")(0) (ex0 (H(0)) — exo (70)) )|

bCy
<edm+ %Eu HHf(e) - fIt(H)H :

Then, by noticing that

H(0) = H(0)] = -

e {(r - 7) - G a7

(T+1 +1)‘

i
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we have
E, [(0.2:,) (p"7)(6) exp (Hi(8)) — plg™)(6) exp (H:(6) ) )]
bCy

(AT) 1 t—1
nT
S €o + T2 E

,Z(TTH) _ gl('rJrl)‘ .

Consequently, we have

[0, 2:,)5(0) — (6, i, 0I5 V1(0)]| < 253 ( O i —g )

Therefore, it holds that

gty =gty
1 G . L [rt1) (et L e o
< 2b02 AT n S(T+1) _ o (r+1 ’ n ~(t ~(t
14+ n)\ ( < n>\2 T:Zﬁ glr ng ’/l)\g th g“
202 +1 <= L .
< 2bC2e0 ™) 4 ZEL TS (1) (r+ )‘ .
1+ n)\ < L€ nAg TZ;T Jir Yir

Moreover, since it holds that

_(AT+1) _ ~(AT+1)
AT AT =1+ 1

o (1O 6) = B, )plg "1 6) |

b 7
)

- 1+I’L)\2

using (Al), (A2), (A3), (A4) and Gronwall’s lemma, the following inequality holds for ¢ =
nT,...,n(T+1)—1:

. (t-AT)—1 o .
D (t+1)‘ < (1 + 26CF + 1) 2bC2el ™ b2bCE+1) T

= 14 nXy 1+ 5 nAa (1+¢>2
n)\2
~ ~ n—1
2b012 1 2()012 +1 €(ﬁT)
~ 1+ ,%M 14+ nle c
2bC2 a(26CE +1)\ ()
1 + 75\2 o ( 1 + n)\g ec .

We used Cy > 1 for the second inequality. On the other hand, for index ¢ € [n] which is not included

gz(t+1) _ g(t+1)‘

ineaT, . l(Aar1)T—1s 0 holds. Consequently, the lemma is proved. O

D.4.3 The gap between §(*) and ¢(*)

The difference of the objective functions at §(*) and ¢(*) can be evaluated in the same way as Oko
et al.| (2022). That will be presented in Lemma[3_7f]below. We define ¢ as follows:

an
=70% | — 1
ep :="T7C7 7 eel 5
Lemma 34 (Lemma 13 in|Oko et al.|(2022))). With the probability 1 — 6,
3" — o] < CaCfep

holds uniformly with respecttot =T, . .. ,(T+1)—1,i=1,...,n and the choice of the index
(LS
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D.4.4 Proof of Theorem[7]

We define
(AT) _ me2 1 1 4dn ey 1 | AnTonq
‘D 701\/1\4 8 (5/Tend) 701\/1\4 \"5 )

Then the bound in Lemma 4 with with ep = egLT) holds with probability not less than 1 — T5,q -
=1 — 4. We denote this event by £. Due to Lemma Lemma | under event &, it holds that

m
o — ] < Cacl® + CaC™.

where T' = [%] Using this result, we obtain the following lemma about € 5 with the same procedure
(2—1)t

as in |Oko et al.|(2022)). In the discussion below, we set C's <

4
Lemma 35 (Lemma 15 in|Oko et al.| (2022)). Suppose that n > ~ holds. We take an arbitrary
2

T. Assume that E[D(§"T)) — D(¢g"T"))] < exp(—51") holds for all T' < T. Then, the following
inequality holds for allt = T + 1,...,a(T + 1):

1

1 1 2
~(t) (t) - 3 / (nT) 2 (nT)
E[DG") - D(9)] < 5 exp (T + 1)) + oo (7 + A2> (Coelt™ + Cac3ey ™)

2

where | := - . Especially, if it holds that
14267 (By + 2+ L)

7 sT Cs sT
egLT) < Csexp (82> , (;T) < 02 Xp( 82 >

SJorallT =0,...,Tonq, then the following inequality holds for allt = nT + 1,...,7(T + 1):

E[DE") - DE")] < exp (—5 M) |

Using Lemma[3T]and Lemma[35] we can easily prove the following theorem:

Theorem 36. Assume that the following equality holds for Tenq,n, egL & (gT)

Tend22g 1+ — log n+ — lep( ) ’
n )‘2 )\2 €p
n > i
2 sT 24)
6(nT < Cyexp ( 5 |
(nT) < CB fg (nT) 4961 4nT‘end -
02 exp ( 5 s M Z log 5 exp(3T).

Then, the assumptions imposed on Lemma[31| hold. Therefore, for §, which is the output of algorithm,
E[P(plg]) — D(9) | €] < ep.

Finally, we prove E [P(p[g]) — D(g) | £] < ep.

Proof of Theorem[/] Suppose that (24) holds. Due to Theorem [36|and Lemma [31] there exists an
event & satisfying P(£) > 1 — § such that the following inequality holds:

E [P(plg™")]) = D(g"T)) | €] < ep.
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R ] ~ 82 64 ~
We set C7 = % and Cy, = C? = exp 8max{/\,}n) Remember that Cp =
NA2

213()12 7(20C3 + 1)
exp
1+ n)\z TL)\Q +1

2e5(Y + x;) . 202 (2002 + 1)
—1 _ 2 _ — 35 1
Oyl = =G = 0 NP == exp | =

B 1 G i(26C; + 1)
_O<A2 1+ni2€Xp< ndz +1 ))
. 1 C (2005 + 1)
1 _ 5 2 2
Cy —O<A2 1_|_1zexp< e 1 ))

D.4.5 Gronwall’s lemma

>. Then, by noticing that

we have

We used following Lemma [37] called Gronwall’s lemma, in the proof of Lemma[31] Lemma[34]

Lemma 37 (Lemma 18 in|Oko et al.|(2022)).
(1) Suppose that a real number sequence (u,,) satisfies the inequality below for alln = 0,1, .. .:

un+1 S AU, + bn+1;

where a > 0 and (by,) is a real number sequence. Then, the following inequality holds:

n
, b,
< g" n K
Up < a"ug +a E oF
k=1
(2) Suppose that a real number sequence (uy,) satisfies the inequality below:

n—1

Unp < Zauk +B7
k=0

where B > 0 and B € R. Then, the following inequality holds:
u, < (1+a)"Y(B+ aug).
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