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Abstract

The fair-ranking problem, which asks to rank a given set of items to maximize
utility subject to group fairness constraints, has received attention in the fairness,
information retrieval, and machine learning literature. Recent works, however,
observe that errors in socially-salient (including protected) attributes of items can
significantly undermine fairness guarantees of existing fair-ranking algorithms
and raise the problem of mitigating the effect of such errors. We study the fair-
ranking problem under a model where socially-salient attributes of items are
randomly and independently perturbed. We present a fair-ranking framework that
incorporates group fairness requirements along with probabilistic information about
perturbations in socially-salient attributes. We provide provable guarantees on the
fairness and utility attainable by our framework and show that it is information-
theoretically impossible to significantly beat these guarantees. Our framework
works for multiple non-disjoint attributes and a general class of fairness constraints
that includes proportional and equal representation. Empirically, we observe that,
compared to baselines, our algorithm outputs rankings with higher fairness, and
has a similar or better fairness-utility trade-off compared to baselines.

1 Introduction

Given a query and a set of m items, ranking problems require one to output an ordering of a small
subset of items in decreasing order of relevance to the query. Such ranking problems have been
extensively studied in the information retrieval [46] and the machine learning [45] literature, and
algorithms for them are used in applications such as search engines, personalized feed generators, and
online recruiting platforms [44, |12} |8]]. Several studies have observed that when the outputs of ranking
algorithms are consumed by end-users, e.g., image results for occupation-related queries, articles with
different political leanings, and job applicants in online recruiting, the outputs can mislead or alter their
perceptions about socially-salient groups [38]], polarize their opinions [24} 50]], and affect economic
opportunities available to individuals [32]. A reason is that relevance (or utilities) input to ranking algo-
rithms may be influenced by human or societal biases, leading to output rankings that skew representa-
tions of socially-salient, and often legally-protected, groups such as women and Black people [S3].

A growing number of works aim to make the output of ranking algorithms fair with respect to socially-
salient attributes [[74}(75,158]]. As for notions of fairness, in the case when each item belongs to one
of two socially-salient groups (G or G3), equal representation requires that, for every k, (roughly)
g items from each of G; and G appear in the first £ positions of the output ranking. Proportional

representation requires that at most & - % items from each G appear in the first k positions. Fairness
criteria that generalize proportional representation and involve p > 2 groups G, . .., G, where each
item may belong to multiple groups, have also been considered: Given values Uy, they require that
at most Uy items from G, appear in the first k& positions of the output ranking [61} [18]. One set
of works in the fair-ranking literature tries to improve fairness in utility-estimation [[72} 162} 73, 51].
Such approaches have the benefit that no changes to the existing ranking algorithm are necessary
but they may be unable to guarantee that the output ranking satisfies the required fairness criteria
[27]. Another set of works use the given utilities as-it-is and change the ranking algorithm to output
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the ranking with the highest utility subject to satisfying the speci ed fairness criteria by including
them adairness constraintf61, (9, [18,[27,130]. While these latter approaches can guarantee fairness,
they require coming up with new algorithms to solve the arising constrained ranking problems. Both
approaches, however, rely on knowledge of the socially-salient attributes of thelitéms [56].

Assuming precise access to socially-salient attributes is reasonable in some contexts and has led to
successful deployment of fair-ranking frameworks; s&.[However, in several contexts, socially-
salient attributes can be erroneous, missing, or known only probabilistically. For instance, errors can
arise due to misreporting, which is a common concern with self-reported attridlitégtfibutes can

also be missing, as is the case with images in web-search or in settings where it is illegal to collect
certain socially-salient attribute2(]. Often attributes are predicted using ML-classi ers, but such
prediction has inaccuracie$(]. In such cases, one can calibrate the con dence scores of classi ers

to derive (aggregate) probabilistic information about the true attrib@tgsforeover, probabilistic
information about socially-salient (protected) attributes can be sometimes computed from other
attributes. For instance, name and location of an individual, combined with aggregate census data
may be used to get a conditional distribution of their re2& B6, 20]. Even accurate attributes

may be randomly and independently ipped to preserve user privacy, and the distribution of ipped
attributes is determined lppublic parameters of, e.g., the randomized response mechanism [37, 69].

Several models of inaccuracies in data have been propdgead]. We consider one such model (due

to [5]) to capture inaccuracies in socially-salient attributes. Eachiite@ongs to thé-th group with a

known probabilityP; . For each iteni, the distribution corresponding B s over groups is assumed

to be independent of corresponding distributions of other items. This model can be used in cases where
these probabilities are available or can be derived, as in some of the aforementioned examples (see
Section 5 and Supplementary Material A). In other cases, e.g., when errors are strategic or adversarial,
other models are needed. This model and its variants have also been used by works on designing fair
algorithms in the presence of inaccuracies, for problems including classi cat®6y, 66, 14], sub-

set selection [48], and clustering [25] (Supplementary Material B brie y discusses these works).

In this noise model, while socially-salient attributes are not explicitly speci ed, one could still use
existing fair-ranking algorithms by rst sampling groups for items from the given probabilities. Indeed,
[29] evaluate existing fair-ranking algorithms on attributes obtained from the probabilities derived
from ML classi ers. They nd that “errors in [socially-salient attributes] can dramatically undermine
fair-ranking algorithms” and can cause “[non-disadvantaged groups] to become disadvantaged after
a “fair' re-ranking.” We con rm this observation on a synthetic dataset when the goal is to nding

a ranking that satis es equal representation (Section 5.1). We assigned each item the socially-
salient group that is most likely and nd that when existing fair-ranking algorithms (for equal
representation) are run with this group information, they output rankings that signi cantly violate the
equal representation criteria (Figure 1). Further, we mathematically analyze two natural methods
to sample groups from probabilities and give examples where taking such information as input,
existing fair-ranking algorithms output rankings which provably violate the equal representation
criteria (Supplementary Material C). Thus, new ideas are needed to design fair-ranking frameworks
that can guarantee given fairness criteria under this noise model.

Our contributions.  We present a fair-ranking framework that guarantees given fairness criteria
when the socially-salient attributes are assumed to follow the probabilistic noise model mentioned
above. In particular, it nds a utility maximizing ranking subject to a class of constraints that only
rely on given probability distributions (Prograf)). These constraints relax the given fairness
criteria by a carefully chosen factor: for equal representation, the relaxation is by roughlya%

multiplicative factor for positiork for anyk. Moreover, instead of sampling the attribute values and
applying constraints on them, these constraints apply the relaxed-fairness criteria to the expected
number of items from each group that appear in the krgiositions. We show that these constraints
ensure that any ranking approximately satisfying the given fairness criteria is feasible for them and
any ranking feasible for them approximately satis es the given fairness criteria (Theorem 4.1). Our
fair-ranking framework works for the general class of fairness criteria introduced earlier, which

position (Theorem 4.1), and for their position-weighted versions (Theorem F.1).

We show that our fair-ranking framework, besides nearly satisfying the given fairness criteria, has a
provably high utility (Theorem 4.1). Complementing Theorem 4.1, we prove near-tightness of the
fairness guarantee (Theorem 4.2): for equal representation fairness criteria, this results shows that it



is information theoretically impossible to output a ranking that violates this criteria by less than a
multiplicative factor ofl + @(pl—E) at thek-th position for anyk. Finally, we give a polynomial-time
algorithm to approximately solve Program (7) (Theorem 4.3).

Empirically, we evaluate our framework on both synthetic and real-world data against standard
metrics like weighted-risk difference (RD) that measure deviation from speci c fairness criteria
(Section 5). We compare its performance to key baselib@$fL, 27, 48] on both single and multiple
attributes. In all simulations, compared to baselines, our framework has a higher maximum fairness
(2-10% for RD; Figures 1 to 3) and a similar/better fairness-utility trade-off (Figures 2, 8, 10 and 14
to 16).

2 Related work

Work on automated information retrieval dates back to 1948s71]. Since then the IR literature has
devoted a signi cant effort in measuring relevance of items to speci ¢ queries across different tasks:
including, web searchv], personalization34], and product ratingd2]; we also refer the reader to

[46] and the references therein. In the last three decades, works in the ML literature have also made
signi cant contributions to relevance-estimatiotb], by proposing methods that: (1) supplement
traditional IR approaches, e.g., by automatically tuning their—previously hard to tune—parameters
[65] and by improving their ef ciency through clustering-based technigéds3], and (2) substitute
traditional IR approaches by neural-network based models to predict item relevance [12, 11, 68, 8].

Fair ranking. Existing works on the fair-ranking problem take diverse approaches: Among works that
de-bias utilities, different approaches include, post-processing the utilities so that the post-processed
utilities satisfy some fairness requirement]] introducing a “fairness penalty” in the objective
function used to train learning-to-rank mode#2[73, 49], and modifying feature representations
generated by up-stream algorithms so that the utilities learned from the modi ed representations
satisfy some fairness requirementg][ Works that alter the ranking algorithms can also be further
categorized into those which satisfy the constraints for each rank8d0, 27, 30] and those that
satisfy the constraints in aggregate over multiple rankigds9]. Among aforementioned works,

[49] uses a version of adversarial training to make (fair) learning-to-rank models robust to outliers but,
unlike this work, they require socially-salient attributes of items to be accurately known to specify
the “fairness penalty.” All of the other aforementioned works also need access to the socially-salient
attributes of items. When protected attributes are inaccurate, these works can fail to satisfy their
fairness and/or utility guarantees [29].

Effect of inaccuracies on fair-ranking algorithms. Some recent works have considered assessing
fairness of rankings and ranking algorithms with missing or inaccurate protected attril8s. [
analyze the setting where all protected attributes are missing, but can be purchased at a xed cost
per item. They give statistical-technigues to estimate the fairness-value of a given ranking at a small
cost. P9 use ML-classi ers to infer protected attributes from real-world data and study performance

of the fair-ranking algorithm byZ8] when given inferred attributes as input. While these works
underscore the need for fair-ranking algorithms to be robust to inaccuracies in protected attributes,
they only assess fairness in the presence of noisy protected attributes.

3 Model of fair ranking with noisy attributes

Ranking problem. In ranking problems, givem items, one has to select a subsehdfems and
output a permutation of the selected items. This permutation is said todrkimg There is a

large body of work on estimating the relevance of items and personalizing these estimates to speci ¢
users/queriesAp, 45]. We consider a ranking problem where the relevance of items are known.
Abstracting relevance estimation, in this problem, one is givemann matrix W, such that placing
thei-th item at thg -th position generatestility Wj . The utility of a ranking is the sum of utilities
generated by each item in its assigned position. The algorithmic task in the ranking problem is to
output a ranking with the highest utility. We denote rankings by assignment maRi2es0; 1g™ ",
whereR;; =1 indicates that itenn appearswgoqﬂi%)h, andR; = 0 indicates otherwise. In this

notation, the utility of a ranking ilR; Wi == {Z; = ;_; Rjj Wj . Then this ranking problem is to
solve:maxgor MR; Wi : WhereR is the set of all assignment matrices denoting a ranking:
n X X 0
R:= X 2f0;1g" ":8i 2 [m]; j"_l Xi 1 8 2[n; "’1 Xj=1: (U



Here the constram}? iz1 Xjj = 1 ensures positiof has exactly one item and the constraint
j=1 Xij  lensures that itemoccupies at most one position. While this model captures a variety

of applications, in some cases, the entriegofnay be skewed by an unknown amou#®,[16] or

not known accuratelyg3] and the utility of the ranking may not be linear in the entries\bf 2].

These are interesting directions but are not studied in this work.

Fair-ranking problem. There are several versions of the fair-ranking problem. We consider a version
withp 2 socially-salient group$1;Go;:::; G, [m] (e.g., the group of all women or all Black
people) which are often protected by law. Each ofithieems belongs tone or moreof these socially-
salient groups (henceforth referred to as just groups). This fair-ranking problem is to output the
ranking with maximum utility subject to satisfying certain fairness criteria with respect to these groups.
The appropriate notion of fairness is context dependent, and to capture different fairness criteria nu-
merougfairness constrainthave been proposeWe consider a class of general fairness constraints.

De nition 3.1 (Faifpess clgnstramts Given amatrixJ 2 Z7 P, arankingR satis es the upper
bound constraintif ,5. ;. Rj  Uc;forall” 2 [p]andk 2 [n].

Existing works consider similar constraints and show that they can encapsulate a variety of fairness
criteria [61]. For instancg, when grqups arg,glisjoint, to capture equal and proportional representation,
one can choose, = % andUe = k ' forall k and” respectively. (That said, they do not
capture qualitative differences among groups, such as, misrepresentation of demographics in image
results B8, 55], which could arise even when rankings has suf cient individuals from each group.)

As a running example, we consider the fair-ranking problem with equal representation with two
disjoint groups, i.e.,

X
maxgor MR; Wi  st: 8k2[n]8 2 [2] e o1 Rj

@)

N X

To ease readability, we omit ceilings-operators henceforth.

Noise model.If the socially-salient attributes of items are known accurately, then one can solve the
fair-ranking problem. However, as discussed, in many contexts, attributes are inaccurate, missing,
or only probabilistically known. Several models have been proposed to capture different errors in
attributes. Here, we consider a model (due to [5]) which has also appeared in [25, 42, 48].

De nition 3.2 (Noise mode). LetP 2 [0;1]" P be a known matrix. The groufs;;:::; G, [m]
are random variables, such that, for each [m] and™ 2 [p], Pr[G- 3 i] = P;. Moreover, for
differentitems 6 j the event$s- 3 i andGg 3 j areindependentor all *; k 2 [p].

De nition 3.2 makes two key assumptions: the matixs known and for each item the events

G- 3 i over groups are independent of the corresponding events for other items. Both of these
assumptions hold when attributes are ipped to preserve local differential privacy (Remark A.1).
In other settingsP's estimate can be inaccurate and above events may be correlated. These can
adversely affect the performance of our framework. We empirically study this in simulations Rthere

is estimated using con dence scores of off-the-shifsi ers and igniscalibrated(Figures 2 and 3).
Supplementary Material A shows how De nition 3.2 captures both disjoint and overlapping groups.

Fairness constraint with noisy attributes. Most existing fairness constraints assume that the groups
are deterministic. Hence, it is not clear how to impose them when groups are random variables,
as in De nition 3.2. One de nition is to require the constraints to be approximately satis ed with
high probability. Consider the instantiation of this de nition for equal representation: A rarking
satis es(; )-equal representation, if with probability , at mostg(l + ) items fromG- appear

in the rst k positions inR places for alk 2 [n] and™ 2 [p]. Naturally, one would like to satisfy this

de nition for small ; . However, it turns out to be too stringent and is infeasible for any sinall
Proposition 3.3. No ranking satis eq ; )-equal representation for< 1, 3.andP = 3 o

The proof of Proposition 3.3 shows that any rankigiolates the equal-representation constraint

at the 2nd position by a multiplicative factor afwith probability%. The issue is that the same
relaxation parameter is used for each positiok (whereas the information theoretically best-
achievable relaxation parameterkaimproves ak increases, this, e.g., follows by Theorem 4.1.)
Motivated by this observation, we consider the following alternate version of upper bound constraints.



De nition 3.4 (("; )-constraint). Forany" 2 R",and 2 (0; 1], a rankingR is said to satisfy

("; )-constraint if with probability at least over the draw ofG1;:::; Gp
. X X x
8k 2[n]8 2 [p; 26 - Rj  Ue(1+"y): (3)
We would like to output a ranking that satis es De nition 3.4 for smatnd small'y;"2;:::; ",

Problem3.5 (Ranking problem with noisy attributes). Given matriced, U, andW, nd the
rankingR maximizing utility hlR; Wi subject to satisfying"; )-constraint for some smdlland .

3.1 Challenges in solving Problem 3.5

In this section we discuss potential approaches for solving Problem 3.5. In other words, solving:
maxgor MR; Wi, s.t., R satis es("; )-constraint. 4)

Even for two disjoint groups, give¥, it is NP-hard to decide if the value of Prograi@) is at leasV/
(Theorem E.12). To bypass this hardness, one can consider approximation algorithms. P4dggam

an integer program (IP) because the entries of the mBtixe required to be integers (Equation (1)).

A standard approach to (approximately) solve IPs is to: (1) consider their continuous relaxation that
drops the integrality constraints, (2) compute the optimal sollRignf the relaxed problem, and then

(3) “round” R to satisfy integrality constraints while “retaining” its utility and fairness properties.
To take this approach, we rst need an ef cient algorithm to Rg. However, not just Progratf#),

but even its continuous relaxation is non-convex. Hence, it is unclear how to solve it ®..nd

Due to the independence assumption in De nition 3.2, the number of items@oappearing in the
rst k positions of a ranking is concentrated around its expectation (for krgehis implies that if,

in expectation, less that: items fromG- appear in the tog positions then, with high probability,
the number of items fror®- in the topk positions is not much larger thdu- . Using this one can
show that a ranking satisfying the following constraints

) X X

8k2[nl8 2 E i Rij U 5)
also satis es("; )-constraint for small and . One idea is to nd the ranking maximizing util-
|typsubje|gt to satlsf)gng gonstramjﬁ) A feature of Constrain(5) is that it is linear inR as
E[ ;6. [aRil= -1 Pi R and, hence, one may hope to nd the ranking with the max-
imum utility subject to satlsfylng ConstraifB). However, the issue is that there are examples where
any ranking satisfying Constrai(®) has 0 utility and there are rankings that satigfy )-constraint
and have a large positive utility (Lemma E.10). Hence, this approach can output rankings whose
utility is signi cantly smaller than the utility of the solution to Problem 3.5. To overcome this, we
relax Constrain{5) by a carefully chosen position-dependent factor, such that, any ranking satisfying
the("; )-constraint (for appropriateand ) is also feasible for our framework.

4 Theoretical results

In this section we present our optimization framework and its fairness and utility guarantees.

Input: MatricesP 2 [0; 1]™; PW2 R™,;" U2 R" P || Our Fair-Ranking Program
Parameters: Constantc > 1, failure probability || MaXR2R RIWi; (Noise Resilient) (7)
2 (0;1], andk 2 [n], relaxation parameter sit: 8 2 [p] 8k 2 [n]
_ P
k=12 log 2™ max-,p, ﬁ (6) ijzz[r[rll]]; PiRj Uc 1+ 1 = « :(8)

The above program modi es the program for fair ranking with accurate groups: It has the same
objective but different constraints. Instead of sampling the attribute values and applying constraints
on the sampled values, Constra@} applies upper bounds on the expected number of items in the
rst k positions from group (Section 3.1). Further, Constraif®) relaxes upper boundd by a

small position-dependent factor. Like for Constrds)t one can show that any ranking satisfying
Constraint(8) also satis eq"; )-constraint (for smalty;:::;", and ). But unlike Constrain(5),



) must also satisfy ConstraifB). (In fact, y is chosen to be the smallest, up to logarithmic factors,
value such that this is true.) We use this to prove Theorem 4.1's utility guarantee.
Our rst result bounds the fairness and utility of the optimal solution of Program (7).

Theorem 4.1. Let 2 R" be as de ned in Equatiori6). There is an optimization program
(Program(7)), parameterized by a constamtind failure probability , such that for ang > 1 and
2 (0; %] its optimal solution satis§$c ; )-constraint and has a utility at least as large as the

utility of any ranking satisfying(c C) ; )-constraint.

For equal representationy is ® plT . Thus, Theorem 4.1 guarantees that, with high probability, the
optimal solution of Prograr(i7) multiplicatively violates equal representation at Kxth position by
at mostL + @ pl—E . Further, this solution's utility is higher than the utility of any ranking satisfying a

slight relaxation of this fairess guarantee. Theorem 4.1 can be gxtendgd to position-weighted versions
of fairness constraints (Theorem F.1), where the fairness constrainfis =~ ;,;viRi U (forall

k and") for speci ed discount factors; Vp such as NDCG33]. If we are also guaranteed

Uk Ia for some constant> 0and allk and”, then we can improvey's dependence onfrom

logito log? (Supplementary Material E.3). The proof of Theorem 4.1 appears in Section 6.

Lower bound on fairness guarantee Our next result complements Theorem 4.1's fairness guarantee.

Theorem 4.2. There is a family of matriced 2 Z7 P such that for anyJ in the family and
any parad]"neters 2 [0;1) and"q;:::; " 0, if for any positionk 2 [n], "k land"g <

max:, s—— log = then there exists a matriR 2 [0; 1]™ P, such that it is information theoreti-
Pl 20 4

cally impossible to output a ranking that satis €5 )-constraint. This family, in particular, contains
the matricedJ corresponding to equal representation and proportional representation constraints.

q_
Since ¢ isO log(™) max: % , Theorem 4.2 shows that Theorem 4.1's fairness guarantee is

optimal up to log-factors. Supplementary Material D.1 proves Theorem 4.2.

An ef cient algorithm. As for solving our optimization program, it 8P-hard to check its feasi-
bility (Theorem E.7). However, because Constré®)is linear inR, the continuous relaxation of
Program(7) is a standard linear program and can be solved ef ciently. Our algorithm (Algorithm 1)
solves the standard linear programming relaxation of Prograitm nd a solutionR. and then uses

a dependent-rounding algorithm b9 to convertR. to a ranking. (See Supplementary Material D.2
for brief discussion of why straightforward rounding approaches are insuf cient.)

Theorem 4.3. There is a randomized algorithm (Algorithm 1) that given constants 2, a
failure probability 0 < 1, and matricesP 2 [0;1]" P andW 2 [0;1]™ ", outputs a
ranking satisfyin%O(d ); )-constraint and with probability at least , and has a utility at least

1 % V  6( dn);whereV is the utility of any ranking satisfying{d d) ; )-constraint.
The algorithm runs in polynomial time ohand the bit complexityof the input.

The tension in settind is that decreasind improves the fairness guarantee and the utility guarantee's
second term, but worsens the rst term in the utility guarantee. Under the mild assumption that
V = ( n), increasingl improves the utility guarantee because the rst term in the utility guarantee
dominates the second term. In this case, the utility guarantee improgks té o(1)) V. Finally,

while Theorem 4.3 requires utilities to be between 0 and 1, it can be extended to any non-negative
and bounded utilities by scaling. The proof of Theorem 4.3 appears in Supplementary Material D.2.

5 Empirical results

In this section we evaluate our framework's performance on synthetic and real-worltl data.

Baselines and metricsThe correct choice of fairness metric is context-dependent and beyond the
scope of this work§Q]. To illustrate our results, we arbitrarily x the fairness metric as weighted

*The bit complexity of the inputs is the number if bits required to encode the input using the standard binary encoding (which, e.g., maps
integers to their binary representation, rational numbers as pair of integers, and vectors/matrices as a tuple of their entries) [31, Section 1.3].

Code for our simulations is availablelatps://github.com/AnayMehrotra/FairRankingWithNoisyAttributes



Figure I Synthetic Data: Nonuniform Er-
ror Rate.We consider synthetic data where
imputed socially-salient attributes have a
higher false-discovery rate on the minor-
ity group. We vary the fairness constraint
() and observe the weighted risk-difference
(RD) of algorithms. They-axis plots RD
andx-axis plots . (Note that thex-axis de-
creases toward the right We observe that
NResilientachieves the most fair RD, while
obtaining a similar utility for all (Figure 8).
Error-bars denote the error of the mean.

Weighted risk-difference

(less fair) (more fair)

risk-difference (RD). This is a position-weighted version of the standard risk-difference nigric [
and measures the extent to which a ranking violates equal representation. The RD of aRaisking
1 X 1 X X

i MaX q21p]

1 Z k=5;10;:: logk

o Rjj o Rij ;

2G5 2[K] i2Ggq;i 2[K]

WhereG denotes the ground-truth protected groups Zridl a constant so th&D has rang40; 1].
Here,RD = 1 is most fair andRD = 0 is least fair. We compare our framewoMResilient, against
state-of-the-art fair-ranking algorithm€SV (“greedy” in [18]), SJ[61], andGAK (“DetGreedy” in

[27]). We also compare againstC, which ranks the items, in the subset output 485 algorithm,

to maximize utility. Finally, we compare against the baselldecons which outputs the utility
maximizing ranking without fairness considerations. We present additional discussion of baselines
and results, additional plots for RD, and comparisons with weighted selection-lift (instead of RD)
and different choices dfi (than the ones below) in Supplementary Material G.

Setup. We consider the DCG model of utilitie83] and a relaxation of equal representation con-
straints: (1) Given an intrinsic valug; O, for each iteri, we setW; = w; (log (j + 1)) ! 8j 2

[n]. (2) Given a parameter?2 [1; p], we set upper bounddy: = 5 k foreachk2 [n]and™ 2 [p]. In
simulations, we sean = 500, n = 25, and vary frompto 1. To gain some intuition about the
relevant values of , note that satisfying the 80% rule requires 5;’—”1 ie., L:llforp=2

and 1:.05for p= 4. For each , we drawm items uniformly without replacement and compute
an estimatd® of the matrixP (from De nition 3.2) using, e.g., off-the-shelf ML classi ers or public
APIs (see the paragraphs “Estimatilgin simulation with image data and “Setup” in simulation
on name data). We infer socially-salient gro@g @) viaP by assigning each item to its
most-likely group. Finally, we run all algorithms usiﬁgor (51; :11; B, as discussed next.

Implementation details. NResilientandMC take probabilistic information about socially-salient
attributes as input and are giv% CSV, SJ, andGAK require access to socially-salient groups and

given: for eactkk and™, Ue = - k. MC requires, for each 2 [p], an upper bound on the number of
items fromG- that can appear in top-positions. Itis given- n for each’ 2 [p]. GAK requires the
desired proportion - for each grous- and, roughly, satis es the constraidi: = - k for each
k2 [n]and” 2 [p]. ltis given - = %for each’ 2 [p], this corresp(?nds to =1 (hence, gures

only plot theGAK at = 1). As a heuristic, we set = 3y max, g in all simulations. We

nd that this suf ces and expect a more re ned approach to improve the performangResilient

5.1 Simulation on synthetic data

We show that on synthetic data, where error-rates of given socially-salient attributes vary over groups,
existing fair-ranking algorithms have worse RD tHancons

Data. We generatev andP for two groups using code byt and x B = P. Forallitemsi, w; is
i.i.d. from the uniform distribution ovdb; 1]. B is constructed such that attributes inferred frim
have a higher false-discovery rate for the minority group compared to the majdiy\s 10%).*

¢This 30% difference in false-discovery rates is comparable to the 34% difference in the false-discovery rates of dark-skinned females and
light-skinned men observed by [10] for a commercial classi er.



Figure 2 Real-world image datan this simula-
tion, givennon-gender labeleimages and their
utilities, our goal is to generate a high-utility
gender-balanced ranking. We estimBteising an
off-the-shelf ML-classi er and vary fromp =2
(less fair) tol (more fair). They-axis plots the
utility of algorithms and thex-axis plots RD. We
observe thaNResilient has the most fair RD and
the best fairness-utility trade-off. Error bars show
the error of the mean.

Utility

(less fair) Veighted risk-differen (more fair)

Results. See Figure 1 for the observed RD averaged over 500 iterations. We obsem&egsilient
achieves best RD (0.81), while not losing signi cant utility ( 98%of max.; see Figure 8MC
achieves the next best RD 0.79). In contrastCSV, SJ, andGAK , which do not account for noise

in the socially-salient attributes, achieve a worse RD.68) for 1:2thanUncons( 0.75). This

range of can be desired in practice: e.g., a platform must set1:1 to guarantee the 80% rule is
satis ed two groups. Thus, we observe that existing fair-ranking algorithms may achieve a worse RD
thanUncons

5.2 Simulation on real-world image data

In this simulation, givemon-gender labelednages-search results and their utilities, our goal is to
generate a high-utility and gender-balanced ranking.

Data. We use the Occupations datasHEi|[which contains the top 100 Google Image results for 96
occupation-related queries. For each image, the data has its position in search results, gender (coded
as male/female) of the individual depicted in the image, collected via MTurk. We use the (true)
gender labels in the data to compute RD and to estifataut do not provide them to algorithms.

Setup. For each image, with rankr;, we de new; = (log(1+ r;)) *. We say an occupation

is gender-stereotypical if more than 80% of images for this occupation have the same gender label
(41/96 occupations). An image is said to be stereotypical if it is in a gender-stereotypical occupation
and its gender label is the majority label for its occupation. We de ne the socially-salient groups as
the sets of stereotypical and non-stereotypical images in gender-stereotypical occupations.

Estimating B, After pre-processing, we use a CNN-based gender-claski[&9] to predict the
(apparent) gender of the person depicted in each image. We calibrate the con dence scores output
by f by binning and use these to estimfle(see Supplementary Material G for more details).

We perform this calibration once and on all occupations and, then, use it for gender-stereotypical
occupations. Because of tiiis miscalibrated (and hence, inaccurate). For instance, among samples

i for which0:25 Ibi; male  0:5, more than 75% are labeled as "'man’ (instead of some percentage
between 25% and 50%Jhis violates the assumption thRtis accurately known.

Results.See Figure 2 for RD and utilities (NDCG) averaged over 1000 iterations. We observe that
NResilientachieves the best RD (0.81) and has a better RD-utility trade-off than the other baselines.
In contrastCSV, SJ, andGAK, achieve a worse RD (0.77).MC achieves the worst RD (0.70)

and a worst RD-utility trade-off. In particulaNResilients RD-utility trade-off strictly dominates all
baselines foRD  0:66. This value ofRD can arise in practice: Figure 9 plots tR® vs for this
simulation and shows that if 1.1 (as required to, e.g., guarantee satisfaction of the 80% rule),
then all baselines ha\RD at least 0.66. We further evaluate the robustnes$¢Rxésilient to varying

levels of noise on the Occupations dataset in Supplementary Material G.3.2 and dtResikent

has a better or similar RD than each baseline at all noise levels.

5.3 Simulation on real-world name data

We consider gender and race (encoded as binary) as socially-salient attributes. Our goal is to ensure
equal representation across the four disjoint groups formed by combinations of these: non-White
non-men, White non-men, non-White men, and White men.

Data. We consider the chess ranking da2f][which has of 3,251 chess players. For each player,
among other attributes, the data has their full-name, self-identi ed gender (coded as male/female),



Figure 3 Real-World Name Data: Multi-
ple Attributes. In this simulation, the goal is
to ensure equal representation across four dis-
joint groups formed by combinations of two at-
tributes (non-White non-men, White non-men,
non-White men, and White men). We estimate
P by querying public APIs and libraries with
names in the data. Theaxis plots RD anc-
axis plots . (Note that the values decrease to-
ward the righ). We observe that all algorithms
have a better RD thadnconsandNResilient
has the best RD compared to all other baselines.
(less fair) (more fair) Error bars represent the error of the mean.

FIDE rating, and race (Asian, Black, Hispanic, White) collected via MTurk. We use the (true) gender
and race labels in the data to evaluate RD, but do not provide them to algorithms.

Setup. We partition the races into White (81.66%) and non-White (18.34%). For each player

i, we query Genderize and EthniCblwith i's full-name to obtain the “probabilitiesf (i) and

pnw (i) that playeri is labeled as a women and non-white respectively. We assume that these
probabilities are correct and that the gender and race of players are drawn independently. Hence,
e.g., we set the probability thats a non-white women a8, ¢ = paw (i)pr (i). Similarly, we set

Biw 4t =L Pow (D)Pr (D), Piow +m = P ()L pr (), NG o m = (L prw (D)L pr ().

Notably, we do not calibrat® on this data. We verify that, like the previous simulatiéhijs
miscalibrated in this simulation. E.g., only 31% of the samplis which Ibi;nw +m > 0:75are
labeled as "Non-white man' (instead of 75%fence, the assumption thRtis accurately known is
violated in this simulationWe expect calibration to improvdResilients performance.

Weighted risk-difference

Results See Figure 3 for RD averaged over 500 iterations. We observe that all algoriiiresi(ient,
CSV, GAK, SJ, andMC) have better RD thablncons Among theseNResilientachieves the best
RD ( 0.67), nextCSV, GAK, andSJobtain RD ( 0.61), andMC achieves RD ( 0:53). More
speci cally, for all 1:75, NResilienthas a strictly better RD than all baselines (this range of
subsumes, e.g., the range 1:05-required guarantee satisfaction of the 80% rule with four groups.)
Further, in Figure 10, we observe that all algorithms have a similar fairness-utility trade-off.

6 Proof of Theorem 4.1

In this section we prove Theorem 4.1. Some of the details are deferred to Supplementary Material E.3
due to space constraints. The proof is divided into two propositions:

Proposition 6.1. For any 2 (0; 1], any ranking feasible for Prod7) satis es&c ; )-constraint.

Proposition 6.2. Forany 2 (0; %) andc > 1, any ranking satisfying th€ c C) ; )-constraint
is feasible for Progrant7).

Proof of Theorem 4.1Let R? be the optimal solution of Prograf). SinceR? is feasible by
de nitioinroposition 6.1 implies theR” satis es the(c ; )-constraint. Pick anfR®that satis es
the((c ©) ; )-constraint. Proposition 6.2 implies tHatis feasible for Prograr(v). SinceR”
is an optimal solution of Program (”'s utility is at least as large as the utility &©. O

Notation. For each item and group, letZ; 2 f 0; 1g be the indicator random variablg =
I[G- 3 i]. By De nition 3.2, Pr[Z; ] = P andZ; andZ; are independent for anyé j. Given
rankingR 2 R, group™ 2 [p], and positiork 2 [n], letZx (R; "; k) be the number of items fro@-
in the topk positions ofR and letPs (R; *; k) = E[Z4 (R;; k)]. From the above, we get:

. . P P
Ps (R; k) = E[Z4 (R; ;K)] = i2[m]  j2[K] P I:zij .
We use the following concentration result (proved in Supplementary Material E.2) in the proof.

Lemma 6.3. For any positionk 2 [n], group™ 2 [p], parameters 0andL;U 2 R, and ranking
R 2 R, whereR is possibly a random variable independentf & g.. , if P« (R; ;k) U or

Sgender-api.com andgithub.com/appeler/ethnicolr respectively



P: (R;;k) L then the following equations hold respectively{Zx (R; ; k) < (1+ ") U]
.2 v 2
1 e % andPr[Zs (R;:k)> (1 ")L] 1 e & 7:
Proof of Proposition 6.1.Fix anyk and™. Let
=1 5t U%=Ue (I+ ) and =% )kk: 9)

Here,U%and satisfyU%1+ )= Ug (1L+ ¢ ): Fix any rankingR that is feasible for Prograif7).
SinceR is feasible, it satis es that

8 2[p; k2 [n]; Ps(R;Tk) Uk (l+  «): (10)
UsingU%1+ )= Uge (1+ ¢ ), Equation (10), and Lemma 6.3, we get that
200 2 © @ )2%c? Zup ( 1 @ )?%c? Zup
Pr{zs (R;;k) U1+ )] e » = g @ e ="e e o (11)
Fact6.4 Forallx;y 0,ifx y+ py, thenlizx y.

Using Fact 6.4 and Equation (6), we can show that for éxaqjﬁ%
uses < % andUy ;n 1)) Substituting this in Equation (11) we get:
Prizs (R, k) Uk (1+ c )] (12)

Taking the union bound over all positioksand”, we get (as desired) that with probability at least
1 ,forallk2[n]and 2,Z4 (R;;k) Uy (@1+ c ). O

a5z log 2% (This

Znp -

Proof of Proposition 6.2Let =1 -. Towards a contradiction, suppose thirft satis es

((c C) ; )-constraint but is not feasible for Progrdi). Then there exists andk such that
P; (R%k;")>U, (1+ ):Fixanyk and satisfying this. Let

b=1 #k; L%=Ue @+ ) and = 2L (13)
ItholdsthatL (1 )= Ug (1+ b ) and, hence, we get

(13), Lem:6:3 02 (¢ b)2Up Up ¢ .
Pr(zs (RO; k™) |_0(1 )] e 2<L1 y 43) e 2+ B e4(2*§ 1)5E(C§0)e ngk © (149
Since «  8log™® max: % < 1,andu 1, we havePr[z; (R%k;") Uc] <1

SinceR’satis es((c P ©) ; )-constraint we have a contradiction, hefR®must be feasible. [

7 Limitations and conclusion

Recent studies nd that errors in socially-salient attributes can adversely affect fairness and utility
of existing fair-ranking algorithms20]. We consider a model of random and independent errors in
socially-salient attributes and present a framework that can output rankings with high fairness and
utility in this model. This framework works for a general class of fairness criteria, which involve mul-
tiple overlapping groups and upper bounds on the number of items that appear in thpastions

from each group. We also show near-tightness of the framework's fairness guarantee. Empirically, on
both synthetic and real-world datasets, we observe that, compared to baselines, our framework can
achieve higher fairness-values and a similar or better fairness-utility trade-off for standard metrics.

Compared to existing fair-ranking frameworks, our framework does not need accurate socially-salient
attributes, but assumes that errors in attributes are random and independent. When these assumptions
do not hold, our framework may not satisfy its guarantees and a careful assessment of this on
application-speci ¢ data would be important to avoid any (unintended) negative social impact.

Our work only addresses one aspect of how bias may show up in rankings, and more generally, on the
web. For instance, while we consider a large class of fairness constraints, it does not capture some
important notions such as the qualitative representation of different gr88ps4). It is important to

take an holistic approach to mitigate bias and incorporate our work as a part of such a broader effort.
Finally, our work adds to the line of works that develop fair decision-making algorithms robust to
inaccuracies in data [42, 6, 54, 25, 67, 66, 48, 14].

Acknowledgements. This research was supported in part by NSF Awards CCF-2112665 and
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data by [15, 29]. To the best of our knowledge these assets are not licensed.

(c) Did you include any new assets either in the supplemental material or as a URL?

(d) Did you discuss whether and how consent was obtained from people whose data you're
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identi able
information or offensive content? [N/A]

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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A Further discussion on applicability of the noise model

The noise in De nition 3.2, arises in real-world settings where local differential privacy is ensured
e.g., using the randomized response mechanism.

RemarkA.1 (Model's assumptions hold if attributes are perturbed by randomized response

The randomized response mechanism ips each item's protected attribute to an incorrect value with
some (public) probability) < < % independent of all other items. Here, the independence
assumption holds (by design) aRd entries can be deduced from To see the latter concretely,
consider two protected groufg andG; (p = 2), and their noisy versiond; andN, corresponding

to the “ ipped” attributes. For any item2 Ny,

jG1j
Pi1= (1 210 and Po=1 Py
i1 = ( )lej i2 i1

For items inN», replaceP;, P;2, G1, andN 1 with P;,, Pj1, G2, andN,. When there are more than
two groups p > 2), then the randomized response mechanism publicly speci es the probahiity
with which it ips protected attribute value= ato another valué = b(for anya; b2 [p]). Asin
the binary case above, P's entries can be deduced from pararetgrsa; b2 [p]g.

Further, in other real-world settings such as image search and online recruiting, the erRriegrof
be estimated using the con dence scores of classi ers or using auxiliary attributes. In more detail:

« If the protected attribute is skin tone, then a classCzcan be used to predict if imageontains
a person with a dark skin tone. @ has a calibrated con dence scdbe c(i) 1in this
prediction, therP;. garkskin  tone = C(i): See Figure 2 in Section 5 for results from a simulation
that estimate® in this fashion.

« If the protected attribute is race and individuals are uniformly drawn from the population, then for
an individuali with surnameS and zip-code&Z, P;. = f (Z;S); wheref (Z; S) is the fraction
of individuals with surnamé& in zip-codeZ who have thé -th race; which can be estimated
using census data [23] (see Figure 3 in Section 5).

Discussion on the noise model with disjoint groups vs. overlapping groups.For each item and
groupG- (" 2 [p]), the noise model speci es the marginal probability thaelongs tdG-:

Pr =Pr[G 3 il

For anyi, the model allows for any joint probability distribution over the events

that is consistent with the above marginal probabilities. This allows the model to capture the setting
where all groups are disjoint — by requiring the events

to be mutually exclusive. It also allows the model to capture the cases where all or only some of the
groups can overlap. For instance, the case widgrean overlap withs, but bothG; andG, are
disjoint fromG3 can be captured by requiring the evef®s 3 i) to be mutually exclusive of the
eventyG; 3 i) and(G;, 3 i). Importantly, we do not need additional information to capture these
settings—it suf ces to know the marginal probabilities speci ediy

B Other related work on fair decision making with inaccuracies in attributes

Several recent works develop fair algorithms for tasks different from ranking that are robust to
inaccuracies in the socially-salient attributd,[6, 54, 25, 67, 48, 66, 14, 17, 25]. In particular,
several works study classi cation and clusterid@,[6, 54, 25, 67, 48, 66, 14, 17, 25|, and develop

fair algorithms robust to inaccuracies in protected attributes. Many of these works consider the same
random error model as us (or one of its variants) [42, 6, 67, 48, 14, 25], but some very recent works
have also considered adversarial noises in protected attritite$l] 17]. However, because the
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underlying algorithmic tasks are fundamentally different from the variant of the ranking problem
we study it is not clear how to adapt their approaches to our settt@)s{udies the problem of

fair subset selection under the same noise model. In subset selectionpgite@ns the goal is to
output anunorderedsubset oh  m items with the highest utility. They develop an optimization
framework outputs a subset satisfying the fairness constraint up to a small multiplicative error with
high probability but leave the problem of ranking open. We compare against an adaptation of their
approachMC, to ranking in our empirical results.

C Euxisting fair-ranking algorithms with rounding is insuf cient

Since existing fair-ranking algorithms require access to protected attributes, one way to use them
under the above model is to imputed grodds :: :; (Qp using the speci ed probabilities. Then
run these algorithms w.r.t. the imputed groups. To see an illustration, consider two Gpaps
G,. A natural imputation strategy is to use the Bayes optimal classi er, which assigns ttem

1 ifand only if Pj; > 0:5and has the lowest expected imputation error. This may be reasonable
when the imputation error is negligible. However, on exploring this strategy with non-negligible
imputation error, we nd that the output rankings can violate equal representation signi cantly (see
Proposition C.1). To gain some intuition consider an extreme case where all items in s@nefset
sizen, haveP;; = 0:51. The Bayes classi er assigns all itemsSnto @1, ie.,

iS\ &4j=jsj:

However, with high probability,
iS\ G;j 0:51jSj:
SincejS\ Gij andjS\ 8] are far, a ranking that seleatstems fromS and satis es the constraints
for ®; and®, but violate constraints with respect to the true groups. Proposition C.1 gives an
example where this occurs.

Another imputation strategy, is independent rounding: it assigns each tedy, with probability
Pi1 and otherwise t@;. This addresses the issue with Bayes imputation, because, it has property
that for any sef of sizen, jT\ Gij arejT\ ®,j close with probabilityl e( ). However, when
m  n, there are
m

n

el"l

sets of sizen, and hence, with high probability, there exists aSeff sizen for whichjS\ @1j and
S\ G,j are arbitrarily far. In this case also, existing fair-ranking algorithms can output rankings
which violate equal representation signi cantly. Proposition C.2 gives an example where this occurs.

Proposition C.1 (Imputing protected groups using the bayes optimal classi er is not suf cien).
LetR be any optimal solution t2) with protected groups imputed using the Bayes optimal classi er
for givenp. There exists a matrif 2 [0;1]™ 2 such thatR does not satisfy th¢'"; )-equal
representation constraint

1 1
f < = "ost: "k < = f k 2
or any 5 and sit k< 35 or some

Proposition C.2. LetR be a random variable denoting the optimal solution to the fair-ranking
problem (Program(2)) for protected groups imputed using independent rounding with dgivén
[0;1]™ 2. Forevery > O, there exists suf ciently larga andm and a matrixP 2 [0; 1]" 2, such
that, with probability at leasi R does not satisfy the'; )-equal representation constraint

forany < 1 and "2 (0;1)".

C.1 Proof of Proposition C.1

Proof of Proposition C.1.Pick any evem 2 N. Letm = 37” Let > 0be asmall constant that
we will x later. We will divide the items into the following three types:

20



* Type A:Foreach i %Sandl j n,
Pi1=0=1 Pi> andWij =1.

» TypeB:Foreac; +1 i nandl j n,
1
P, = §+ =1 Pi- andWij =1.
« TypeC:Foreacm+1 i 3andl j n,

Pi1=1=1 Pi> andWij =0.

Let®,; and®, be the groups imputed using maximum likelihood rounding. By construaBen,

contains all items of Types A and B and no items of Type C, whe@asontains all items of Type C
and no items of Types A and B.

LetR be an optimal solution of Progra(g) with parameter§&; = 8, andG, = 6,. SinceW; 1
foralli 2 [m];j 2 [n],
R;Wi n:
BecauseR satis es the equal representation constraints for two disjoint groups, for anykex¢gn],
R places exactl;% items of Type A ancg items of Type B in the tojx positions. Fron®;, R only
places items of Type A: IR picks no items of Type C, themR; Wi = n, whereas, iR picks one or
more items of Type C, thelR; Wi n 1, which is a contradiction since there is a ranking with
utility n that satis es equal representation constraints (e.g., a ranking which places items of Type A
and B in alternate positions).

Since all items of Type A are (always) ®,, R places at Ieaé} items from®, in the rst k positions.
We will show that with probability larger tha§1, at Ieastz"—O of theg items of Type B are iB,. Thus,

with probability larger thar%, R places more thaé % items from®; in the topk positions, and

henceR does not satisfy th€'; )-equal representation constraint for any % and" 2 O; 1—10 A

-1 . k=2 -k 1 k=2 - k 1 2 .
1 Py=3 . It follows thatE[ j:lpZiJ_] =353 andVar| i=1 Zil= 35 3 :
Thus, using the Chebyshev's inequality orf;f VARS
2

2

k k P— 1
4 o= > = 2 + 5
Pr j:lz.] 2@ 2)>51 4 2 55
Thus,
2362 3
k k p 1
Pré  z, <-@1 2 -1 42 2+ 5
r j=1 ! 4( ) 8 2+
P~
Sincek(1 2 ) L1 4°2 Por—=«k i & tk O(),forasufciently small > 0,
k k P—  k
-1 2 -1 4?2 2+ >
2 ( ) 3 20
Hence,
2 ) 3
k 1 (>0 1
< 5 <.
Pr Ziy < 56° 33 5 (15)
j=1
O
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C.2 Proof of Proposition C.2

Proof of Proposition C.2Let > 0 be a small constant that we will x later. We will divide the
items into the following two types:

* Type A: For each item of Type A
Pii= ,Pip=1 andWj =1 forallj 2 [n].
» Type B: For each item of Type B

Pi1=1,Pi» =0 andW; =0 forallj 2 [n].

* Type B: For each itemof Type C

Pi1 =0,Pi2 =1 andW; =0 forallj 2 [n].

Let there bemy = O log © o items of Type Amg = n items of Type B, and

log (1)

mc = nitems of Type C.

Note that a ranking which ranks items of Type B and Type C alternately, satis es the equal repre-
sentation constraints with probability 1. So in this instance, there exists a ranking which satis es
(;")-equal representation. However, we will show tRatloes not satisfy ;" )-equal representation

with probability at leasi

Let ®; and®, be the groups imputed by independent rounding.E_&k the event tha®; contains

at least items of Type A and= be the event tha®, contains at least items of Type A. Bothe
andF occur with probability at mogD( ). To see this, divide the items of Type A intogroups of
equal size. From each group, at least one item is selectBd and B, with probabilities at least

1 1 )mnA andl ( )mTA respectively. Taking a union bound over all groups and substituting
ma, we get

Pr[E] 1 andPrfF ] 1

Since only items of Type A have a nonzero contribution to the utility of a ranking and because there
are at leash items of Type A in each imputed group, it follows tHatonly selects items of Type A.
Now, the claim follows because, for small most items of Type A belong 1G;.

SupposeE andF happen and, henc® only selects items of Type A. Led; be the indicator
randem variable that the item in theth position ofR is in G;. We have thaPr[Z;] = . Therefore,
Var[ j“:l Zi]=n (1 ). Thus, using the Chebyshev's inequality we have

2 3
Mag 40 (@ ).

4 X
Pr Zi n 2 n22

i=1
Hence, for = ( "2 ), we have that
2 3

X
Pr4  Z
i=1

P . ) . .
The result follows since wheneverj”=l Z; %, Rviolates the equal representation constraint at
then-th position by a multiplicative factor larger thdnt+ ",.

O
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D Proofs of Theorems 4.2 and 4.3

D.1 Proof of Theorem 4.2
We consider the family of matricdd 2 R" P that satisfy the following condition: For each position
k 2 [n], there exists an attribufesuch that

Uk‘ Z

Notably, equal representation constraints satisfy this condition fopanyl. We will use Fact D.1 to
prove Theorem 4.2.

FactD.1 (Theorem 2 in%3)). Forallp 2 (0;%],0 " %(l p), ands 2 N independent 0/1
random variableZ 1;Z,;:::;Zs 2 f 0; 1g, such that for all 2 [s], Pr[Z; = 1] = p,
Pr * Zi @+ le 2"2pg
i2[s] ' (L+5ps  Zexp ps

Proof of Theorem 4.2Fix thek to the value speci ed in the theorem. Le [n], be any attribute
such thatJ, %. Such a exists because of the family of constraints we chose. Without loss of
generality suppose6 1. Fix anyn;m k. For each item 2 [m], set

P = UTK and Pj; =1

Further, foralk 2 [p], k 6 pandk 6 1, letPy =0.

Suppose, toward a contradiction, that there is a ranRirgR that satis es thg"; )-constraint.R
must satisfy the following equation:

Ya

P (16)

Prizs (Rik;)  Ue (Q+"J] 1 17)

For each positiofn 2 [n], letZ; 2 f 0; 1g be the indicator random variable that the item placed in the
j -th place in the ranking is in the protected grou@-. From Equation (16) and De nition 3.2, it
follows that:

8 2 [} PiZl= 7 18)
8u;v2[n]; st;u6 v, Z,andZ, areindependent. (19)
Using linearity of expectation and Equation (18), we get that:
X X k
PriZ: (R;k;™)  (@+"¢) Uel = Pr (204 Zi (1+") E =1 Zi . (20)
hp [
Sin%eo "1 andtE 1, Z 7. We can use Fact D.1 with = ", p =

P
1E jk:1 Z; 3,5 = k,andforallj 2 [n], Z; = Z;. Using this, we get that

X Xk 1 X k
Z; (1+") E Z; 1 76%P 2'2 E

j2[K] j=1

1 %exp 2'2Up
(Using Equation (18)) (21)

Chaining Equations (17), (20), and (21), we get that

1
1 Zexp 22U 1
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Hence,

r—
i IO i
ko 500 97

q___
This is a contradiction sinck is speci ed to be less than ﬁ log %. Thus, no rankingR satis es
the("; )-constraint for anyJ in the chosen family chosen. O

D.2 Proof of Theorem 4.3

In this section, we prove Theorem 4.3. Our algorithm uses the dependent-rounding algoriftéin of [
as a subroutine.

Remark.Desirable properties and potential approaches for rounding. At a high level, the goal
of this dependent-rounding algorithm is the following: Given a feasible sol®Rioof the standard
linear programming relaxation of Program (7) output a rankiRgsuch that for any matri with
nonnegative entrie$R; Ai is approximately equal tbR; Ai. This property guarantees that, with
high probability,R approximately satis es the fairness constraints and has a similar utilitR@s

A naive approach to achieve this property is to do independent rounding: Forieaudj , setR; =1

with probability (Rc); . The desired concentration property then follows from, e.g., the Chernoff
bound. However, the resultirf§ may not be a valid ranking because it could Bgt = Ry = 1 for

j 6 k, hence requiring to appear at two different positions (which is not possible). Similarly, it
could also place more than one items at one position (which also violates the constraints).

Another approach is (1) to expre& as a convex combination of rankings; R; ( i 0)
(e.g., using the Birkhoff von Neumann decomposition) and (2Rset R; with probability /

i. Since eactR; is a ranking this guarantees th& is a ranking, but it may violate fairness
constraints signi cantly. For example, consider the fractional assignment in whick-thebest
female (respectively male) appears in théh position with weight 0.5 for all positioris This can
be decomposed into two rankings: 1) females are ranked in decreasing order of utility, and 2) males
are ranked in decreasing order of utility. The fractional solution satis es equal representation, but
both rankings violate equal representation signi cantly.

The depengent-rounding algorithm dfg], which we use, also expressi@s as a convex combination
ofrankings ; ;R; ( ; 0). Butitdoes not outpuR; for anyi. Instead, it initially, setR = R;.
Then it iteratively “merges’R with R, thenR3, and so on.

[19]'s algorithm satis es the following guarantees.

Theorem D.2(Theorem 1.1 from [19]). LetP  [0; 1]V be either a matroid intersection polytope or
a (non-bipartite graph) matching polytope. For any x8c % there is an ef cient randomized
rounding procedure, such that given a (fractional) po¢ 2 P, it outputs a random feasible
solutionR corresponding to@ (integer) vertex Bf such thatE[1r] = (1 ) Rg. Inaddition, for
any linear functiorw(R) = ;, 5 W;; wherew; 2 [0; 1] it holds that

1. forany 2 [0;1]Jand  E[1g],Prffw(R) (1 )] exp = 2

2. forany 2 [0;1]and E[1R],PrW(R) (1 )] exp = 2,

3. for any land  E[1R],Priw(R)  (1+)] exp 55 (2 1)
The algorithm runs in time polynomial in the size of the ground$eand £, and makes at most
poly(N; d) calls to the independence oracles for the underlying matroids.

We claim that the following algorithm satis es the claim in Theorem 4.3

For each item 2 [m] and protected attribute 2 [p], let Z; 2 f 0; 1g be the indicator random
variable that the-th item is in the -th protected group, i.e., if2 G-, thenZ; =1, and otheZ; = 0.
Using De nition 3.2, it follows that:

8i 2 [m]; " 2([p; Pr{Z;]=Pi; (22)
8i;j 2[m]; "2 [pl; st:;i6j; Z; andZ; areindependent. (23)
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Algorithm 1 Algorithm from Theorem 4.3
Input: MatricesP 2 [0;1]" P, W 2 R™ ", U2R" P

Parameters: Constantd > 2 andc > 1, a failure probability 2 (0; 1], and for eactk 2 [n], a
relaxation parameter
r
2np 1
=12 log — max —:
“ J 2[p] U

1. Initialize R Solve the linear-programming relaxation of Progréthwith the speci ed inputs
2.Round R  Run [19]'s rounding algorithm with input = % andP = conv (R)
3.Return R

To simplify the notation, given a rankir§ 2 R , a protected attribute 2 [p], and a positiork 2 [n],
let Z4 (R; ; k) 2 Z be the random variable equal to the number of items f®mnin the topk
positions ofR and letPs (R; *; k) 2 R be the expectation &4 (R; '; k), i.e.,

X X
Z4 (R; k) = Zy Ry and Py (R;;k) = E[Z4(R;;K)]:
i2[m1j2 K]

Using Equation (22) and linearity of expectation it follows that

‘ X X
Ps (R;;k) = Pr Rj :
i2[m]j2[K]

Proof.

Running time. The Step 1 of Algorithm 1 runs in polynomial time when implemented with any
polynomial-time linear programming solver. Observe fRatorresponds to the bipartite matching
polytope, whose bi-partitions have sizendm respectively. Since the bipartite matching polytope is
a matroid intersection polytope, we can use Theorem D.2. The independence oracle for this polytope
can be implemented ipoly(m) time, e.g., using the Birkhoff-von Neumann theorem. Finally, since

= % andN = O(m?), it follows that Step 2 of Algorithm 1 runs in polynomial time drand the
bit complexity of the input (which is at least).

Let p_
— C .
= ﬂzgé—

Let Rg andR be the rankings from Steps 1 and 2 of Algorithm 1. From Theorem D.2, we have that
E[lr]=(1 ) Rfg. Hence, for any weightg 2 R" ™, it holds that

E[MR;Vi]=(1 ) hRg;Vi: (24)
Fix any positiork 2 [n] and group 2 [p]. Since’, k, andR are xed, we us&Z; (R) andZ; (R9)
andPy to denoteZy (R; *; k) andPy (R; *; k) respectively.

Utility guarantee. Let R? be the solution of Prograrf¥) for c = d. LetV = HW;R’i. Let
0 V be a parameter. Sin@:- is a solution of the LP-relaxation of Progrgif) andR? is a
solution of Progran{7), R 's utility is at least as large as the utility &7. From this it follows that

PrIAW;Ri h W;R? (1 ) ] Pr[W;Ri hW:Rgi (I ) ]: (25

SinceW 2 [0;1]™ ", we can use Theorem D.2 with= W. Using this we get can upper bound the
RHS of the above equation.

Priiw;Ri h W;Rgi (1 ) 1=Pr[ W;Ri E[MW;Ri] ] (Using Equation (24))
2

20 WiRei (1 )

exp
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Let = 2 hwW;Rgi (1 ) log 2™ . Substituting the value of in the above equation,
we have:

Pr[iwW;Ri  E[WW;Ri] ] ﬁ: (26)
Chaining the inequalities in Equations (25) and (26)
Pr[iW;Ri h W;R? (1 =
r[AwW; Ri RI@ ) 1 o
P
Since each entry oV isatmost 1 and ;; (Re); = n, itfollows thatiW;Rgi  n. Using this
andthat = %, |
ST
= 0 dn Iogﬂ

Thus, the utility guarantee follows.
Fairness guarantee SinceRF is feasible for the LP-relaxation of Program (7), it holds that

Py (RF)  Uce(@+ ) (27)

Let" > 0be some constant such that
" K. (28)

We divide the analysis into two cases depending on the vallie of
Case A Px (R) %Uk‘ L+ ™): SincePx (R) % Ue (2 + "), we have that

Ul+") Ps(R)
P (R)

1: (29)

We have that

Ue(L+") Py (R)

PriZ4 (R)>U 1+ ")]=Pr Z4;(R)>P4(R) 1+ P, (R)

From Equation (24) it follows tha®y (R) = P« (Rg)(1 ). Then from Equations (27) and (28)

we have thaP; (R) Uc (@ +"). Hence, 22t _P«(R) o Further, from Equation (29)

P4 (R)
%(R?”R) 0. Hence, we can use the second statement of Theorem D.2. Using this we get

!
Ue(1+") P:(R) °

!
_ Uc(L+") Py (Re)
exp 20 Py (RF) P (Rr )
(Fact IIE.Z and tha®, (R) Px (Rfg))
exp — U w
20 ¢ 1+

(Fact E.2 and Equation (27) ) (30)

Case B Py (R) < 2U (1 +")): SincePy (R) < 3 U (1+ "), we have that

Uc(1+") Px(R)
Pz (R)

1 (31)
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We have that

Uc(1+") Pz(R)
Ps (R)

Uc(1+") Ps(R)

Prizg (R)>U,c 1+ ")]=Pr Zzs(R)>P4(R) 1+

— P4 (R 2 1
exp 55 Pr(R) Py (R)
(Using third statement in Theorem D.2 and that Equation (31))
=exp 55 Uc(1+") 3Py (R))
— . + "
exp 5 Ue(@+")

(Using thatPys (R) < 3 Ue (1+ ™)) (32)

Combining Equations (30) and (32) we get that
( (" )2! )
PIZo(R)>U L+ "] max e oo Uk‘ﬁ P oo Ue(l+ )
(33)
Let

"= = g (34)
We claim that for this value df, it holds that

Prizs (R)>Ui 1+ )] 5 (35)
Now by taking a union bound over bound over'al [n] and using that = % it follows thatR
satis es the fairness guarantee with probability at legst

We can upper bound the second term in Equation (33), as follows

exp 0 Uc(1+") exp 0 Ug
exp( Ue )
n—p:

(Usingthat gt log 2"; which follows from Equation (6 1, andlog 2 1)

To upper bound the rst term in Equation (33), we use Fact D.3.
FactD.3. Forallx;y O,ifx y+ P Y, thenX> y.

1+ x

Proof. Sincel + x> 0, £ y holdsifand onlyifx?> xy y 0. The roots of the quadratic

T 1+ x
f(x)=x2 xy yare

r r
y y? y y2
2 gty and gt Tty

If x is larger than both roots, thér{x) 0and, hencel’fx y. It follows thatx % + L4 y

suf ces. Then using that for ali; b 0, P a+ b a+ b, we get that

Thus, itsufcesx y+ P y implies that> y. O

1+ x



(u k)2 39 2 k2 . ) .
1+ — 1+ (Using that0 1, 5, and Equation (34))
k k
2 2
& 1 +k (Using that0 < 1)
k

To proof Equation (35), it suf ces to prove that

k2 i lo n+2
1+ U 9

(36)

Further, Fact D.3 implies that to prove Equation (36) it suf ces to prove that

Kk YTt py;

wherey = g log ™*2. To prove this, observe that

r

log npo 1 log P i; (Using thatU,: 1)
Uie Ui
r 1 p | T
log p O log P o (Using thalog™ 1asn land 1)
Hence, Equation (36) follows from Equation (6). O

E Proofs of additional theoretical results

E.1 Proof of Proposition 3.3

Proof of Proposition 3.3.SupposeR is deterministic. Suppose it places iteiyjs 2 [m] on the rst
and second position respectively. With probabifity p; = %, bothi andj belong toG;, and with
probabilityp; p; = % bothi andj belong toG,. Thus, at least one of these events occurs with
probability%. If either of these events hold, th&violates the equal representation constraint on
the top-2 positions by a multiplicative factor 8f The last two statements imply th&tviolates

. H 1
(; )-equal representation forang land < 3.

If R is a random variable, then any dr&{ of R is a deterministic ranking, and hence, by the above
argumenRCviolates the equal representation constraint on the top-2 positions by a multiplicative
factor of2 with a probability5 (over the randomness ; andG;). Since this holds for all draws of

R andR is independent o5, andG,, it follows thatR violates the equal representation constraint
on the top-2 positions by a multiplicative factor2fvith a probability% (over the randomness (&,

andG,, andR). Thus,R does not satisfy; )-equal representation forang 1and < % O

E.2 Proof of Lemma 6.3

In this section, we prove certain concentration inequalities which are used in the proof of Theorem 4.1.
We divide the proof of Lemma 6.3 into two parts: Lemmas E.1 and E.6

For each item 2 [m] and protected attribute 2 [p], let Z;y 2 f 0; 1g be the indicator random
variable that the-th item is in the -th protected group, i.e., if2 G-, thenZ; =1, and otheZ; = 0.
Using De nition 3.2, it follows that:

8i2[m]; " 2[pl; Pr[zi]=Pi; (37)
8i;j 2[m]; ~2[p]; st;i6j; Z; andZ; areindependent. (38)
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To simplify the notation, given a rankifg 2 R, a protected attribute 2 [p], and a positiork 2 [n],
letZ4 (R;; k) 2 Z be the random variable equal to the number of items ft&min the topk
positions ofR and letPs (R; ; k) 2 R be the expectation &4 (R; ; k), i.e.,

X X
Zy (R k) = Zy Rj and Py (R;7k) = E[Z4 (R; 5 K)]:
i2[m]j2[K]

Using Equation (37) and linearity of expectation it follows that

. X X
Ps (R; k) = Pr Rj :
i2[m]j2[K]
Lemma E.1. For any positiork 2 [n], attribute™ 2 [p], parameters O0andL 2 R, and ranking
R 2R, whereR is possibly a random variable and is independenttsf g... , if Py (R; k) L

then with probability at least exp ,itholdsthatZy (R; ;k)>L (1 ).

L" 2
21 ")

Proof. Since”, k, andR are xed, we useZy andPy to denoteZy (R; ;k) andPs (R; *; k)
respectively.

SinceR andfZ; g,. are independent, we can bound the required probability as follows

Prizs L@ ")] = Pr Zs, Py 1 Pe LA T
Py |
w2
exp PT# %(1) (Chernoff bound, see [52])
#

[
1 Py L@ ")°
2 Py

= exp (39)

To bound the right-hand side of Equation (39), we will use the following fact.

FactE.2 ForallL;"> 0, W attains its minima at. over the domairL; 1 ).

SincePy L, from Fact E.2 it follows that the right-hand side of Equation (39) attains its maxima
atPy = L. Substituting?z = L in Equation (39), we get:

I
1 (L" )2 L" 2

Prizs L@ ")] exp > m =exp 2@ )

O

Lemma E.3. For any positionk 2 [n], attribute™ 2 [p], parameters' 0andU 2 R, and
rankingR 2 R, whereR is possibly a random variable and is independentsf g;. , if R satis es
thatPy (R;;k) U then with probability at least  exp ‘Z{r—z , itholds thatZy (R; ; k) <
@a+" u.

Proof. Since’, k, andR are xed, we useZ; andPy; to denoteZ; (R; ;k) andPy (R;; k)
respectively. Sinc® andf Z; g.. are independent, we can bound the required probability as follows

o
Prizs U@+")] = Pr Zs Py 1+u
#

0 1
U@ae+") Py 2 1

u@a+") p
P 2+ ?’*

exp @p,
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P
Prl ,Yi>(1+ ) ]<exp 2+—2 ,where = E[ ;Y] (seep2]). Simplifying the right-hand

side of the above equation, we get:
|

u@a+" Py)?
U(l+ ")+ P#

Pr(zz U@Q+")] = exp (40)

To bound the right-hand side of Equation (40), we will use the following fact.

FactE.4 ForallU;"> 0, W attains its minima a over the domaifo; U].

SincePy U, from Fact E.4 it follows that the right-hand side of Equation (40) attains its maxima
atPy = U. SubstitutingP?sz = U in Equation (40), we get:

Uu2
2+"

Prizs, U@+ ") exp (42)

O

E.3 Improved dependence of Theorem 4.1 on on
In this section, we show that given a constant 0, if U satis es that
8 2[p8k2[n]; Uc Kk

then we can improve the dependence offrom Equation (6)) orlog 2™ and . Concretely,
Theorem 4.1 holds for the following:
S

1 2np 1

8k 2 [n]; =max — log — —: 42

Ml «=max o= log O (42)
The proof of this relies on analogous of Lemmas E.1 and E.3: Lemmas E.5 and E.6.
Lemma E.5. For any positionk 2 [n], attribute™ 2 [p], parameter” 0, and lower bound
constraintL 2 Z" Op, and rankingx 2 R, if x satis es thatP4 (R; ";k) L then with probability
atleastl exp 2L2"2k ! itholdsthatzy (R;;k)>L (1 ).
Lemma E.6. For any positionk 2 [n], attribute” 2 [p], parameters’ 0OandU 2 R, and
rankingR 2 R, whereR is possibly a random variable and is independent &f g;. , if R
satis es thatPs (R;;k) U then with probability at least. exp 2Y22 | it holds that

K
Zs (R k)<U @A+ ).

To prove the improved dependence oft suf ces to prove Propositions 6.1 and 6.2. For the new
value of , their proofs change as follows:

Proof of Proposition 6.1. The parameters in Equation (9) remain the same. Hence, following the
same argument, Equation (10) holds. Now, we can prove Equation (12) as follows:

PriZs (R;;k) U@+ W) = PrizZz(R;Gk) Ui+ )]
(Using thatUq1+ )= Ue (1+ 1))
!
exp %.)2 (Using Lemma E.6)
= exp % (Using Equation (9))

exp 2 (1 )*Ux 2 (UsingthatUe k)

5 (Using Equation (42)) (43)
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Proposition 6.1 follows by replacing Equation (12) by Equation (43) in the rest of its proof.

Proof of Proposition 6.2. The parameters in Equation (13) remain the same. Now, we can prove
Pr{Zs (R%k;") Uc]l<1  asfollows:

Prizs (R%k;")  Ue]

Priz; (R%k;") L° @ )]

, (Using thattq1 )= Ue (1+ b))

2 o
exp % (Using Lemma E.5)
2 2112
= exp w (Using Equation (13))
exp 2 ( b)? 2Uc (Using thatU,e k)
< 2 (Using Equation (42) and Equation (13)) (44)
<1

(Usingthat < }andn 1) (45)
The rest of the proof is identical.

Proof of Lemma E.5First, note that since is not a function of the outcomes of the random variables
Z; , X is independent of the random variabfes: g - Since’, k, andx are xed, we us&Z; and

P. to denoteZy (R;; k) andPy (R; *; k) respectively. Now, we can bound the required probability
as follows

Prize LQ "=pPrz, P, 1 "¢ K@D FL,(l )
#
!
2 p2 P, L@ ") ?
k 7 P

exp

(qure we used the fact that: For any 0 and bounded rgndom variablés; Yo, 11 :;

51 Yn 2 [0; 1],
Pr[ ,Yi<(@ )l<exp 222n 1! where =E[ ;Y]
2 oy 2
= exp o (P LQ M)
exp 2L2"%k ! :
O]

Proof of Lemma E.6Since’, k, andR are xed, we useZ; andPy to denoteZ; (R;;k) and

Px (R; " k) respectively. Sinc® andf Z; g.. are independent, we can bound the required probability
as follows

1+") P
Prizs; U@+")] = Pr Z; Py 1490 P

Py |
2 ua+") Py 2
ep P2z — *

Whgre we used the fact that: For any 0 and bounded rapdom variablég, Yo;:::;

Pr[ ,Yi>(@Q+ )]<exp 222n 1 where = E[ ,Yi]([52). Simplifying the right-
hand side of the above equation, we get

PHZy U@+ exp S(UA+") Py

2u22

exp K : (Using thatP,;  U)
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E.4 NP -hardness result

Theorem E.7. Given constants > 1 and vector 2 R",, , and matrice® 2 [0;1]" P, W 2
R™,",U 2 R" P, itis NP-hard to decide if Progran{7) is feasible.

Theorem E.7 follows from Theorem 5.2 ¢fd], which proves that checking the feasibility of the
following program isNP-hard!

X m
max WX (46)
x2f 0;1g™ i=1
X m
st: 8 2[p]; L axi U (47)
X m
Xj=n: (48)

Where we used a superscript ‘on the variables 0f48], to differentiate between ours andig]'s
variables. Theorem E.7 follows from Theorem 5.2 48][by observing that Prograif@6) is a special
case of Program (7), when:

n
8k2[n];, «=1;

8k 2 [n]nflg; Uce = n;
8i2[m];j 2[n]; Wj =w:

Finally, we can choose ary> 1.

E.5 Proof of Proposition E.8
Given a non-empty subs€t R denoting a constraint, & be the ranking with the highest utility
inC, ie.,
Rc = argmaxg,c R; Wi :
In other wordsRc is the utility maximizing ranking subject to satisfying the “constrai@t”

Proposition E.8. Let C’ be the set of all rankings that satisfy; )-constraint. For any subset
C R ,suchthalC#$ C’, at least one of the following holds:

« there exists a matri¥v 2 R™; " such thatR¢ does not satisf{"; )-equal representation,

« there exists a matri¥v 2 R™, " such thatiRc; Wi h Re;Wi 1 2.

We will use the following lemma in the proof of Proposition E.8.

Lemma E.9. For all rankingsR 2 R, there exists a matri¥v 2 R™; " such that for all other
rankingsR°2 R, R 6 RO itholds thattR® Wi h R;wi 1 1

n -

Proof. SupposeR ranks itemsiy;iz;:::;in, in that order, in the rstn posgions. PickW 2
[0;1]" ™ suchthaW; =1 if i = ij and O otherwiseR has utilityhW; Ri = J-”=1 (W) = n.
We claim thatwW; R% n 1. If this is true, then the lemma follows.

Theorem 5.2 of48] states arNP-hardness result holds for a generalization of Progié) However, in

their proof they only consider the special case of Progi@®h Thus, their proof also implieP-hardness of
Program (46).
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SinceR 6 RO there exists a positiok 2 [n] such thai(xc);, , = 0. We can upper bound/; RY as
follows:

HW; RY = i = i;1(RY; (By the choice ofWV)
i=1 i=1
X
= (Ro)ilj
j=1
K1 X _
= (RY;,; +0+ (RY); (Using that(R9); , =0)
j=1 j=k+1
n L (Using that for alli 2 [m] andj 2 [n], (W)ij 1)
O

Proof of Proposition E.8.SinceC 6 C’, at least one of the se&n C or C’ n Cis nonempty. We
divide the proof into two cases.

Case A {C n Cj 6 0): Inthis case, there exists a rankiRg2 C such thaR 62 €. SinceC’ is the set

of all rankings that satisf{/'; )-constraint, it follows thaR does not satisfy"; )-constraint. Further,
from Lemma E.9 it follows that there exists a matik such thaR = argmaxgor R% Wi. Since

C R ,itfollowsthatRc = R. Therefore, for thisV, Rc does not satisfy"; )-constraint.

Case B [C’ n Cj®$0): In this case, there exists a rankiRg2 C” such thaR 62 CFrom Lemma E.9
it follows that there exists a matrW such that, for rankingR° different fromR (i.e.,R 6 R9),

REWi h R;Wi 1 %
Thus, for thisw, it follows that
. 1 . 1 Oy
R ;Wi 1 - hR;Wi 1 - h R% Wi :

In particular, forR°= Rc, we gettRc>; Wi 1 1 h ROWi.

E.6 Proof of LemmaE.10

Suppose there are two grouBs andG,. Let Rg be the optimal solution to Equation (5) and et
be the ranking with the highest utility subject to satisfy{ng )-equal representation constraints for
the following :
s
8k 2 [n]; k::%+2 E log an : (49)

Lemma E.10. There exists a matriceR 2 [0; 1]" 2 andW 2 [0; 1] 2 such that

* Rg satis es(; )-equal representation and has utility O,

« R? has utility 1.

Proof. Let P be the matrix withP;; = Pj, = % foralli 2f1;2;:::;m 1gandPy,; =1 and
Pm1 =0. LetW be the matrix whose rsin 1 rows are 0, and the last row has is all 1s. Hence,
only the last item, sai, , has a nonzero contribution to the utility: If a rankiRgranksiy, in the

rst n positions, then the utility oR is 1, otherwise the utility oR is 0.
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Our rst claim will follow because the choice & ensures that any ranking which ranksin the
rst n positions cannot satisfy Equation (5). To see this, suppossnksi, at thek-th position, then

X X k X X Kk
26, = NS gy o DR
X X k1

=1+ 2[minting  j=1 Pi1Rjj (Using thatP;, .1 = 1)
k+1 _ o

B (Using thatP;;; = % foralli 6 i)
k+1

> ;

2

Hence R cannot satisfy Equation (5).

To prove our second claim, we will construct a ranking which has utility 1 and saffs e9-equal
representation . It suf ces to choose any rankihgvhich places, in the rst n position satis es
constraint. By our earlier argument this ranking has a utility 1. Ldlg} the nBchator randgm variable
that the item in the-th position inR belongs tdG,. Thisimpliesthat ,5, -, Rij = - Zj

for all k. Further, by the choice d?, we have

(50)

Eurther, by De nition 3.2, we have th&; is independent oZy for anyj 6 k. Let", =

2 log 2" :Using the above, we have
X X k k+1 Xk k+1
Pr 26, (=1 Rjj > @+"y) =Pr =1 Z 5 @a+"y
X x X x
Pr (=1 Zj =1 Zj @+ "y
(Using Equation (50))
"2 X «
exp o E (=1 Z
(Using the Chernoff's bound, see [52])
u2k
exp "? (Using Equation (50))

q___
—: (Using that'y == & log 2 )

Further,as, L (1+ "y), we get

X X k k X X K k+1
Pr i2G1 j=1 Rij E (1+ k) Pr i j Rij

1+ ")



Further, considering Z; and repeating a similar argument f8p, we get

P X X R K 1+" =P Xk 1 7z K 1
r 26, j= 3 (1+") =Pr J.:1( i) 5 1+ )
X k X k
Pr @1 z) E @z @+ )
i=1 i=1

(Using Equation (50))

2 X
exp o E =1 1z
(Using the Chernoff's bound, see [52])
2(k 1) . .
exp "T (Using Equation (50))
%: (Using Equation (49))

By taking the union bound over &l one can show th& satis es( ; )-equal representation.]

E.7 Proof of Proposition E.11

Proposition E.11. There exisp 2 [0; 1]™ such that(4) is non-convex irR.

Proof. It suf ces to specifyn, m, p, ", , and two ranking®R; andR, such that botlR; andR;
satisfy("; )-equal representation, bﬁ%Rz does not satisfy"; )-equal representation.

>

Denen=2m:=4,and" =[ % %] . FixanyO< < %.Dene
p=[1 0 1 71:

LetR; be the ranking that places items 1 and 3 in the rst and second positioiiR abd the ranking
that places items 2 and 4 in the rst and second position, i.e.,
. 1 000 . 01 0 0,

Rl.—0010 andRz.—0001.
If 12 G; and3 2 G,, thenR; places an equal humber of items fr@na andG, in the rst two
positions, and hence, satis es equal representation. This event, happens with propaldilityps) =
1 . Thus,R; satis es(0; )-equal representation, and heng¢e, )-equal representation. Replace
item 1 and 3 with 2 and 4 and sw& andG; in the above argument, to get ttR¢ also satis es

("; )-equal representation.

However, we claim tha®5R2 does not satisfy"; )-equal representation. Note that with probability
1,12 Gy and2 2 G,. If 3;4 2 G, or 3,4 2 G, thenB:%R2 violates the equal representation
constraint on the top-2 positions by a multiplicative facto%oﬂt least one of these events happens
with probabilitypsps + (1 ps)(1  ps)=2 (1 ) > ,as < 1. Thus,B+3R2 does not satisfy

(": )-equal representation for the speciéd=[ ¢ +]” and < % O

E.8 Proof of Theorem E.12

In this section, we prove the following theorem.

Theorem E.12. Givenp 2 [0; 1], 2 (0;1, W 2 R™,"," 2 [0;1]", andV ~ Oitis NP-hard to
decide if the value of Prograif#) is at leastV .
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Recall that constrain62) is necessary and suf cient to satisfy; )-equal representation, and hence,
the value of(51) is the maximum utility of a ranking subject to satisfyifly )-equal representation.

max hR; Wi (51)
st:w.p. at least over draw ofG1; G, (52)
X Xk Kk
8k 2 [n]; 8 2 [2]; e Rj > L+ "):

We will show that the decision version of (51)N&-hard:

Theorem E.13.GivenL 0, 2[0;1]," 2 [0;1]",P 2 [0;1]™ P,andW 2 R™, " itis NP-hard
to decide if the value of51) is at leastl .

The proof of Theorem E.13 proceeds in two steps. In the rst step, we rg8683& (51). In the
second step, we prove th@3) is NP-hard because thidP-complete product partition problem
reduces tq53). Together, the two steps imply the hardnesgxd). The proof of the second step is
inspired by the construction of [57] for the product knapsack problem, which is similar to (53).

Step 1: Reduction from{53)to (51). In this step, we will reduce the following problem to (51).

Input: L 0,n2[m], 2[0;1,U2 0;5 v2R"y,andP 2 [0;1]" P
Decision problemis the value of (53) at lea&t?

X
max Vi (53)
S [m]: jSj=n i2g
sit: w.p. at leasi over draw ofG1; G,

iS\ Gij u+% and S\ Gyj u+%:

Reduction. Given an instance of (53) we construct the following instance of (51):

W = v1; (54)
2n
1="2= =M= o L (55)
2U
= L (56)
wherel, = (1;:::;1) 2 R".l The parameters, , andP are the same as the instance of (53).

The reduction fron{53) to (51) is as follows: First solvé51)to obtain a rankindR. LetS be the set
of itemsR places in the tom positions. Outpu§. Clearly, this is a polynomial-time reduction. It
remains to prove that it is sound and complete.

In our construction, Conditio(64) implies that the utility of a ranking only depends on the set
of n items it places in the top-positions, and hence, any two rankings that place the same set of
items in the topa positions have the same utility. Conditi@®b) ensures that any ranking satis es
the constraints in the rsh 1 positions with probability 1. This is because, forlalR [n 1],

g(l + ") = n>k. Thus, arankingR is feasible for51) if and only if it satis es: With probability

at leastl over draw ofG¢; G,,

8 2 [2]; Ri 5 (I+"n)=U+ =:
) ) 2 2
i2G-j=1
ITo be precise, we considér = ", = =", ;=min 1,2 1 and", =min 1,2 1.
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Soundness and completenesgix anyR 2 R. LetS be the set of itemR places in the topt
positions. It holds that

X
Rwi & Vi
i2s
It remains to show thaR is feasible for(51) if and only if S is feasible for53). Due to conditions
(55) and (56)R is feasible for (51) iff: With probability at leadt over draw ofG;; G,

X X n
8 2[2]; Rj U+ E:
i2G-j=1
. " P P, . . .
Since by thq:,de nitjon ofS, forall T [m], ¢+ . Ry =[S\ Tj, it follows that with
probability 1, . J-”:l Rj = jS\ G-j. Thus,S is feasible for(53)if and only if R is feasible
for (51). Thus, the reduction is sound and complete.

Step 2: Reduction from product partition problem {®3). We consider the following version of
the product partition problem:

Cardinality constrained product partition problel@PPB

Decision problemis there ase$ [q] of size™ such that

Y Y
a = a7
i2s i2[q]nS

. J

The usual product partition probler®RPB does not requir& to have sizeé and is known to be
NP-complete.CPPPis clearly inNP. To see thaCPPPis NP-complete, one can redu&d Pto
CPPP To see this, given an instance®PR construcg+ 1 instances oCPPP one for each value
of * 2f0;1;:::;099. Then,PPPis a “Yes' instance if and only if at least one of the 1 CPPP
instances in a “Yes' instance. Thus, it follows that CPPP isldRBaomplete.

Assumptions onCPPP instances without loss of generality. The decision problem foE PP Pis

Yyi}S ut loss of generality, we assume that 1 andas;:::;a; 1. Note that if in anCPPP
iz, @& is non-integral, then itis a "No' insk?l?%e. This can be veri ed in polynomial time, and
hence, without loss of generality, we assume that ;_, a; is integral.

Reduction from CPPP to(53). Given an instance of CPPP, we construct an instance of (53) with

1
n=2; m=q+; U=" 1; and = : 57
q s (57)
whereamax = max;z[q & . Further, de ne constants
U
. pv
M:=( +2) 8 and B = qdM log(amax)e+1: (58)

We chooser so that the rstqitems correspond to thnumbers in th&C PP Pinstance, and the next
* items have a “high” value:

8i 2 [0 Vvi:=dM log(a)e; (59)
8i2[] Vitg=1L: (60)
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Note that each of the lastitems has a value larger than the total value of thegrgtems, i.e.,

X
8i2[]; Vi+g= B> V! (61)
j2[q]

We choosé® so that for the rstqitemsP;.; / a; and the next are inG; with probability 1:

8i2[q Pii= — and Pio=1 Piq (62)
Amax = &
8i 2 [‘]1 Pi+q;l =1 and Pi+ q;2 =1 Pi+q;]_: (63)
Finally, let
$ %
m X ’
L="B+ > log(ay) : (64)

i=1

The reduction fronCPPPto (53)is as follows: First solve the constructed instancé€sd) to getS.
Then outpuSnQ, where
Q=["+dnlq

is the set of the lastitems.
LetC 2 Z be the bit complexity of the input for the given instancg%8). To show that the reduction

in poly(C) time. Note thatM  2°(®)  and hence, to computi log(a;)eit suf ces to compute
log(a;) up toO(C) bits, which can be done jpoly(C) time. Similarly, to computé it suf ces to
compute ?:1 log(a;) up toO(C) bits, which can be done ipoly(C) time. Thus, the reduction is
polynomial time.

The choice oL andv ensures thabthe following fact holds.
FactE.14 IfasetS [g]satises ;,5Vvi L andjSj= n,thenS Q.

P
Proof. Suppose toward a contradiction that satis es, g Vi L andjSj = n butS does not
containQ. SinceS = n=2" Then,

X X X
Vi = V; + Vi
i2S i2S\ Q i2SnQ
j S\ Qj maxv; + Vi (UsingS [glandv; 0)
i2Q )
i2[qInQ
CL®is\ g B+B
< |Qj B (Using thatS\ Q] j Qj landB > 0)
L: (Using (64),jQj = ",andL 'B)

O

P
SoundnessSupposeS is feasible for53)and satises ;,5Vvi L. Due to(63), with probability
1,G; Q.HenceG,\ Q= ;. Thus,

with probability I  jS\ Gyj = j(SnQ)\ Gyj j SnQj:

P
Since ,gVvi L andjSj = n (asSis feasible for(53)), Fact E.14 implies the& Q, hence
jiSnQj=jSj . Combining this with the above equation, we get that

with probability I jS\ G, | S =" (Using thatiSj= n=2")
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SinceU 0,
with probability L jS\ Gpj U+ ™ (65)
S is feasible for (53) iff:

Pr [[S\ Gjj U+ andjS\ Gyj U+'] 1
G1,G2

(65) . . <
0 Gle{;z[lS\ Gij U+7] 1
0 PLOSNQ\GH U+l 1
’ (Using that with probability 15:G; Q)
. 0 .
0 GPr IS Gy Ul 1
. O .
0 P S\ Gij>U]
0 Pr [[S°\ Gij = n] (UsingthatU = n 1andjSY = ")
v; 2
0 Pi1
i2S0
0 v 1 js%j=2 v
©O267) o ST @ aA a 1
i2[q] i2s0 8max
Y S N—
0 a a: (Usingthat > 0,a;;:::;84 > 0,andjSY = ") (66)
280 i2[q]

SincesS is feasible for (53), it holds that
Y S N
h 4
i2s0 i2[q]

To show thaiSis feasible forCPPR it remains to show that the above equation holds with equality.

ado—— qo——
Suppose toward a contradiction th%;zso a < i2[q &: Then, because ~;, & and

Y S N
q a L
250 i2[q]

BecauseM 0, taking the logarithm we get
0 1
X S N
M loga; M log@ a 1A (67)
i280 i2[q]

To upper bound the RHS, we will use the following fact:
FactE.15 Forallx 1,logx log(x 1) .

X

do—
Using Fact E.15 withx = i2[q] & (asas;:::;aq 1), we get

0 s 1 0 s 1
log @ aA log@ a 1A Fo——:
i2[q] i2[q] i2[q &
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Hence, by (58)

. S ¥— C42
M :( + 2) ai q Qi q Qi .
i2[q] log i2[q) & log o2& 1
On rearranging, we get
1 0 1
S N S N
M log @ a 1A Mlog@ aA 2
i2[q] i2[q]
Substituting this in (67), we get 0 L
X S N—
M loga; M log@ aA 2
i250 i2[q]
Sinceforalli 2 S°v; M log(a) + 1, it follows that
0 1 0 1
M Y M Y
Vi ?Iog@ ahA 2< 7Iog@ aAdS: (68)
i2s0 i2[q] i2[q]
Thus,
X X X
Vi = Vi + Vi
i2s i2S\ QX i2snQ
=B+ Vi (UsingthatS Q andS%:= SnQ)
R
P+ dm log @ aA
i2[q]
= L:

P
This is a contradictionto ,gVvi L.

Completeness. It suf ces to show that ifg° is feasible for the given instance GfPPP then
S = S°[ Qs feasible for (53) and satis es ios Vi A

Due to (63), with probability 1; Q. HenceG,\ Q = ;. Thus,
with probability jS\ Gaj = j(SnQ)\ Gyj j SnQj=jSY=";

where the last equality holds &8s feasible for the given instance of CPPP. This implies that (65)
holds. Hence, by following the same argume(®§) also holds. ThusS = S°[ Q is feasible for
(53)

P
It remains to show that ,,gvi L.
X X

X
Vi = Vi + Vi (Using thatS = S°[ Q)
i2s i2Q 230
(20)‘8 + Vi
i2so0
(59) X
B + M log a;
i2S0 0 1
o . M Y . Q Q
=B+ ?Iog@ aA (Using that ™ ;0@ = ~ j51q &)
i2[q]
(64)
A
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F Extension of theoretical results to position-weighted constraints

In this section, we extend Theorem 4.1 to position-weighted version of fairness constraints. In
particular, given position-discounts

Vi V2 Vn
and a matriXJ 2 Z P the position-weighted fairness constraint requires a ranRing satisfy:
X X
8k 2 [n];" 2 [p]; ViR Ue
i2G: j2[k]

for all k and”. For these constraints, we consider the following analogyg; o-constraints: A
rankingR is said to satisfy("; ;v )-constraint if with probability at least over the draw of

X

8k 2 [n] 8" 2 o] LR U+ (69)

i2G:

For these position-dependent constraints, our framework largely remains the same and is stated in
Program(72). Compared to PrograifY), the main difference is in the left-hand side of Progr@m).

We can prove the guarantees on the fairness and accuracy of the optimal solution of Ri@jram
under the additional assumption that, for a constant 0, U satis es that

8 2 [p];8k 2 [n]; Ug k: (70)

The parameter shows up in Equation (71).

Our Fair-Ranking Framework for Position-Dependent Constraints

Input: MatricesP 2 [0;1]" P,w 2 R™,",U2 R" P
Parameters:A constantc > 1, a failure probability 2 (0; 1], and for eaclk 2 [n], a relaxation
parameter
r__
1 2np 1
= — log — max —: 71
“ g 2] Ue (1)
Program:
maxgor HR; Wi ; (72)
st: 8 2 [p] 8k 2 [n]
X wPR, U 14281 . (73)
i2mpj2m 2P K

We prove the following guarantees on the fairness and accuracy of the optimal solution of Pro-
gram (72).

Theorem F.1. Let 2 R" be as de ned in Equatio(i71). If the matrixU 2 Z7 P satis es that for

all * 2 [plandk 2 [n], Ug k , then is an optimization program Prograff2), parameterized

by a constant and failure probability , such that forang > 1and 2 (0; %] its optimal solution

satis ﬁsjc ; 1V )-constraint and has a utility at least as large as the utility of any ranking satisfying
((c C) ; ;v )-constraint.

The proof of Theorem F.1 is analogous to the proof of Theorem 4.1. Here, we highlight the differences.

Notation. Recall that for each itein2 [m] and group 2 [p], letZ; 2 f 0; 1gis indicator random
variable thaZ; = 1[G 3 i].
The rst change is in the de nition oZ« (R; *; k). In particular, we need to de ne

X X k

Zy (R; k) = [ VIR

i2G:

For the new de nition ofZ, , we have following concentration result.
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Lemma F.2. For any positionk 2 [n], group™ 2 [p], parameters 0andL;U 2 R, and ranking
R 2 R, whereR is possibly a random variable independentf @ g.. , if Px (R;;k) U or
P: (R;;k) L then the following equations hold respectively

PriZ: (R;;k)< (1+")U] 1 e 2t
Prizs (R::k)> (1 "L] 1 e %

The proof of Lemma F.2 is identical to the proofs of Lemmas E.5 and E.6; the only change is the new
de nition of Zy .

To prove Theorem F.1, it suf ces to prove analogues of Propositions 6.1 and 6.2 for the new de nition
of Z, . Their proofs change as follows:

Proof of Proposition 6.1 The parameters in Equation (9) remain the same. Hence, following the
same argument, Equation (10) holds. Now, we can prove Equation (12) as follows:

PriZs (R;;k) U@+ W] = PrizZz(R;k) Ui+ )]
(Using thatUq1+ )= Ue (1+ 1))
!
exp %.)2 (Using Lemma F.2)
= exp % (Using Equation (9))

exp 2 (1 )*Ux 2 (UsingthatUe k)
Fp: (Using Equation (71)) (74)
Proposition 6.1 follows by replacing Equation (12) by Equation (74) in the rest of its proof.

Proof of Proposition 6.2 The parameters in Equation (13) remain the same. Now, we can prove
PriZzs (R%k;") Ug]l<1  asfollows:

Prizs (R%k;") Uel = PrizZs (R%;") L° (1 )]
, (Using thatt%1 )= Ue (1+ b))
, !
exp #.)2 (Using Lemma F.2)

2( b2 2U2

= exp " (Using Equation (13))
exp 2 ( b? 2Ue (Using thatU,e k)

< 2np (Using Equation (71) and Equation (13)) (75)

<1 (Using that < andn 1) (76)

The rest of the proof is identical.

G Implementation details and additional empirical results

In this section, we present the implementation details of our simulations (Supplementary Materials G.1
and G.1.1), give additional plots for the simulation in Section 5 (Supplementary Material G.2), and
additional simulations that use weighted-selection risk as the fairness metric or vary the amount of
noise in the data (Supplementary Materials G.3 and G.3.2)
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Code. The code for all simulations is available https://github.com/AnayMehrotra/
FairRankingWithNoisyAttributes

G.1 Implementation details
In this section, we give implementation details of our algorithm and baselines.

* NResilient We implementNResilientin Python 3 and use the Gurobi optimization library to
solve the linear program in Step 1 of Algorithm 1. We state complete pesudocbiiiResilients
implementation as Algorithm 2.

« SJ: This is [61]'s algorithm. SJ (1) solves a linear program whose objective encodes the utility
of the ranking and whose constraints capture the fairness constraints, and (2) decomposes the
solution as a convex combination of the rankings, and uses this convex combination to generate
rankings (see [61, Section 3.4]).

— More precisely, $1]'s approach works for any linear constraint on the ranking (see the last
equation in §1, Section 3.3]). For instance, as noted®i,[Section 3.3], their approach can
satisfy multiple constraints of the form: Given any vectord R™, g2 R", andh 2 R,
require the rankingr 2 f 0;1g™ " to satisfyf > Rg = h. By introducing a class variabke
with constraints 0, their approach extends to constraints of the form

f>Rg h:

These are suf cient to encode the constraint in De nition 2.2: For land ", de ne

g8i2[m], fi=I[2G];
8 2[nl; g =10 K
h= U :

The constrainf > Rg  h with the above values is equivalent to the upper bound speci ed
by U in De nition 3.2. Repeating this construction for eakhand ", we get a set of
constraints that capture the fairness constraints speci dd.by

[61] do not provide an implementation & and we implemen$Jin Python3: We (1) construct

an optimization program as de ned above, (2) use the Gurobi optimization library to solve the
linear program constructed b§J], and (3) use the code availablettps://github.com/
jfinkels/birkhoff to compute the Birkhoff-von Neumann decomposition of the solution
([61] also use the same code to compute the decomposition, see [61, Section 3.4]).

e CSV: This is the greedy algorithm fronig, Theorem 3.3]. 18] do not provide an implementa-
tion of CSV, we implement their algorithm in Python3 with NumPy.
* GAK: This is the Det-Greedy algorithm a27]. [27] do not provide an implementation GfAK ,
we implemeniGAK in Python3 with NumPy.
* MC : This rst uses the algorithm o0f48] to compute a subs& and then selects a ranking
of these items that maximize the utility (in the simulations this amounts to sorting items by
w;i). We used the implementation o4§]'s algorithm available ahttps://github.com/
AnayMehrotra/Noisy-Fair-Subset-Selection and use Python3's in-built sorting function
to generate the ranking4§]'s algorithm takesP and parameters specifying upper bound
constraints as input.
Uncons This is the baseline that outputs the ranking with the maximum utility. In the simulation,
this amounts to sorting all items in decreasing ordexjofnd outputting the ranking with the
rst n items (in that order). We implemebinconsin Python3 with NumPy.

Computational resources used. All simulations were run on &.xlarge instance with 4 vCPUs
and 16Gb RAM, on Amazon's Elastic Compute Cloud (EC2).

G.1.1 Pre-processing details of the simulation with image data

In this section, we present additional preprocessing details to estiiatthe simulation with the
Occupations dataset presented in Section 5.
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Algorithm 2 Pseudo-code of the implementationNResilient

Require: MatricesP 2 [0;1]" P,wW 2 R",",U2R" P
Ensure: ArankingR 2 R
Parameters: Constant > 1, failure probability 2 (0; 1], and for eaclk 2 [n], relaxation parameterc > O

1: Compute a solutioRg to the standard linear programming relaxation of Program (72)
. In the implementation, we use the Gurobi optimization library in Python 3 to conipute

2. Compute rankingR1;R2;:::;R 2 R and coefcients 1 2 2 [0; 1] such that
X
RF - |R|
i=1
. In the implementation, we use the code availablets://github.com/jfinkels/birkhoff to

compute this decomposition. This code implements an algorithm to compute the Birkhoff-von Neumann
decomposition. The value of does not need to be speci ed: It is the number of rankings output by the
algorithm to compute the Birkhoff-von Neumann decomposition.

M: has an edge between itérand positiorj if i appears in positiop in R;

. Initialize Ny = M;
fort=1;2;; 1ldo P

Nisa = Merge( 141 ;M ‘o 5 Np)
end for

© NoahR

: Construct a rankin® corresponding ttN : ltemi appears at positionin R, if and only if,i andj are
matched irN
9: return R

Algorithm 3 Merge procedure used by Algorithm 2

Require: Numbers < ; 1 and matching$1 andN
Ensure: A matchingK
Parameters: A constant (Set tot := 100 in the implementation)

1: whileM 6 N do
: P = getPathsM;N;t)
P%= getPaths(M;N;t)

—_ t 1 — t —
Set = T and = J.ﬁjy,andp—

a +

Draw variablew; u u.a.r. from[0; 1]
if u — then

Drawi u.a.r. from[jPjlandseM = M P;
else
: Drawi u.a.r. fromjP%]andseN = N PP
10: end if

11: end while
12: return K = M

eoNd Awbd

Estimating B, we begin by removing all images with gender label NA; this leaves 5,825 images
(out of 9600). On the remaining images, we use an off-the-shelf face-detgtorgxtract the faces

of the people from the images and remove all images where the face-detector did not detect a face;
this leaves 4,494 the images. We use a CNN-based gender clagfl] e the detected faces to
predict the apparent gender of the depicted individuals. For each im#geclassi er outputs a
gender (coded as male and female) and an uncalibrated con dencecs@i8; 1]. We take the

set of uncalibrated con dence scores 2 [0; 1]g; and calibrate them by rst binning them, then
computing the distribution of gender labels (provided in the dataset) for each bin. For each jmage
we set;; (respectively®;,) equal to the fraction of images in the same bin adose gender label

is female (respectively male). We perform this calibration once and on all occupations and, then, use
it for a subset of occupations.
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Algorithm 4 getPaths procedure used by Algorithm 3

Require: MatchingsM andN and a parametdr 1
Ensure: A set of path?

1. SetP = ;

2:ifjiM Nj 2tthen

3 Construct pathsps;:::;pt, wherep; = M N for eachi
4 LetNnM = fvy;:::;vng

5 For each 2 [t], removev; from p

6 SetP = fpi;:::;ptg

7: elseifM N is a paththen

8 Let the path formed bl N be(vi;:::;vn)

9: forj =1;2;:::;t+1 do

10: Ifvi 2 N set” =1 elseset =0

11: SetD = fviw:k2N; " +2tk j M Nijg

12: SetP = P[f (M N)nDg

13: end for

14: else . Here,M N isacycle

16: fori=1;2;:::;jM Njdo

17: Ifvi 2 M : continue

18: S= Visjwim nNjii =012t 1
19: SeP =P[ S

20: end for

21: end if

22: retumn K = M

G.2 Further discussion and plots for simulations from Section 5

lllustrating the fairness vs. utility trade-off. In our empirical results, we use fairness metrics such

as weighted risk-difference (Section 5) and weighted selection-lift (Supplementary Material G.3)
to measure the algorithmachievedairness. We do not use the parametéo measure fairness
because the output of algorithms may have lower fairness than speci edfigures 2, 8 and 10

plot utility vs. weighted risk-difference and Figures 14(b), 15(b) and 16(b) plot utility vs. weighted
selection-lift (SL) for the simulations in Section 5. They show th&esilient better or similar

(up to standard errors) achieved fairness vs utility trade-off compared to baselines. For example, in
Figure 15(b), to achieve SL0:55use Figure 15(a) to choose= 1:19for NResilientand =1:15

for CSV or SJ. For these values of, NResilienthas 2% higher utility tha@SV andSJ.

Comparison to baseline which has access tccurateprotected attributes. Let Clean-Fair be

the algorithm that, given utilities and accurate protected attributes, outputs the ranking with the
maximum utility subject to satisfying equal representation constraint. Not€than-Fair can only

be run in the ideal scenario where one has access to accurate protected attributes. We repeated the
simulations in Section 5 and, for each of them, also measured the utility and fairnéleaofFair.

We observe that the rankings output®lean-Fair have a RDclose to 1>(0.99), this is expected
because&Clean-Fair has access to the clean protected attributes. We observe that the ranking output
by NResilient (for any parameted 1, specifying the fairness constraints fdResilient) has

a utility that is at most 2%, 10%, and 4% smaller than that the ranking outpOtdan-Fair.

RD of Uncons. Uncons RDand utility does not vary with because it does not takeas input.
Note thatUnconsalso does not take the protected group® @s input.

Plots with a small number of iterations. Figures 11 to 13 present results from simulations in
Section 5 with 25, 50, and 100 iterations; compared to 500 or 1000 iterations in Figures 1 to 3. We
observe that:

« the error bars for both utility and fairness (w.r.t. RD) are a larger (up to 0.025 compared to at
most 0.0125 with 500/1000 iterations).

« the mean utilities and fairness (w.r.t. RD) of all algorithms at all valuesarfe additively within
0.05 of their corresponding values in Figures 1 to 3.
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(an=10 (b) n =30 (c)n =50

Figure 4: Simulation on synthetic data with different valuesrof The details appear in Supplementary
Material G.2.

Moreover, the relative order of the algorithms with respect to both their fairness (w.r.t. RD) and utility
is the same as in Figures 1 to 3 for all

Plots with different values of n. Figures 4 to 6 plot thé&kD and utilities (NDCG) withn 2

f 10; 30; 50g in the simulations from Section 5; comparedite 25 in Figures 1 to 3. We observe

that the best RD attained INResilientincreases wit: Increasingn from 10 to 30, increaseRD

from 0:76 to 0.85 with the synthetic data, from 0.75 to 0.84 with the real-world image data, and
from 0.61 to 0.71 with the real-world name data (see Figures 4 to 6). Further, in all simulations,
NResilients maximum RD is 2% to 8% higher than that of the baselines (see Figures 4 to 6). One
exception is the simulation with real-world image data anel 10. In this simulationNResilients

best RD is equal t@&AK's best RD. Both of them have 6% higher besiRD than any other
algorithm. (See Figure 5.)

(an=10 (b) n =30 (c)n =50
Figure 5:Simulation on image data with different valuesofThe details appear in Supplementary Material G.2.

(an=10 (b) n =30 (c)n =50

Figure 6:Simulation on real-world name data with different values ofrhe details appear in Supplementary
Material G.2.

Empirical results with real-world name dataset and overlapping groups. We present a variant

of the simulation in Figure 3 that considers four overlapping groups: The sets of all women players,
all male players, all non-White players, and all White players. In contrast, the simulation in Figure 3
uses four disjoint groups: The sets of non-White non-men players, White non-men players, non-White
men players, and White men players.

Setup.The same setup as the simulation in Figure 3. The only difference is in estirﬁ%(tiﬁgr each
i, we estimatd® as:

|bi;women: Pwomer(i); Ibi; men=1  Pwomer(i);

i; non-white = pnon-whi'[e(i ); I:bi; white = 1 pnon-white(i):

Wherepwomedi) andpnon-whitdi) are values output by Genderize APl and EthniColr Library that
estimate the probability that playeis labeled as a women and non-white respectivélg\{ and
GAK require protected groups to be disjoint and, hence, are not applicable to this simulation.)
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(a) Weighted risk-difference vs. (b) Utility vs. (c) Weighted risk-difference vs.

Figure 7:Simulation with the real-world name data and overlapping groups. The details appear in Supplemen-
tary Material G.2.

ObservationsFigure 7 plots RD and utilities (NDCG) averaged over 200 iterations. The results are
similar to the corresponding simulation on the same data with disjoint groups. In particular, compared
to other baseline\Resilient achieves the highest RD. The maximum RDNResilientin this
simulation is 0.64 compared to 0.67 in FigureS3.achieves the next highest RD followed BAC as

in Figure 3.

Figure 8 Synthetic Data: Nonuniform Error
Rate. This simulation considers synthetic data
where imputed socially-salient attributes have a
higher false-discovery rate for one group com-
pared to the other. We vary the fairness con-
straint from from 2 (less fair) tol (more
fair) and observe the weighted risk-difference
(weighted risk-difference) of different algo-
rithms. They-axis plots utility andk-axis shows
weighted risk-differenceNote that the values
decrease toward the right Error-bars denote
the error of the mean.

(less fair)  Weighted risk-difference (more fair)

Figure 9 Real-world image data.This simu-
lation considers images-search results which are
known to overrepresent the stereotypical gen-
der [38]. Given relevanhon-gender labeledn-
ages and their utilities, our goal is to generate a
high-utility gender-balanced ranking. We estimate
P using an off-the-shelf ML-classi er and vary
fromp = 2 (less fair) tol (more fair). In the rst
sub gure, they-axis plots weighted risk-difference
andx-axis shows (Note that the values decrease
toward the righ}. Error bars show the error of the
mean.

G.3 Additional empirical results

G.3.1 Empirical results with weighted selection-lift

In this section, we present empirical results with the weighted selection-lift fairness metric (Figures 14
to 16). Weighted selection-lift is a position-weighted version of the standard selection-difference
metric. Like weighted risk-difference, it also measures the extent to which a ranking violates equal
representation. The weighted selection-lift of a rankis:

P
1 X min P i26-:j2k Ri
Z k=5;10;:: logk “a2ip] i2Gq;j2[K] Rij

WhereG denotes the ground-truth protected groups s a constant so th&D has rang€0; 1].
Here, a value ol is most fair and is least fair.
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