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Abstract

This paper presents a text classification algorithm inspired by the notion of superpo-
sition of states in quantum physics. By regarding text as a superposition of words,
we derive the wave function of a document and we compute the transition probabil-
ity of the document to a target class according to Born’s rule. Two complementary
implementations are presented. In the first one, wave functions are calculated
explicitly. The second implementation embeds the classifier in a neural network
architecture. Through analysis of three benchmark datasets, we illustrate several
aspects of the proposed method, such as classification performance, explainability,
and computational efficiency. These ideas are also applicable to non-textual data.

1 Introduction

In quantum physics, the superposition principle is the idea that a system can be in multiple states at
the same time (e.g., a cat is simultaneously alive and dead in Schrédinger’s thought experiment [22]).
Here we show that text can be formally treated as a quantum system in a superposition of words.
Our superposition-of-words model is a bag-of-words model where each word is treated as a quantum
state. By exploiting this representation, we develop a supervised classifier based on key postulates of
quantum mechanics, namely the Born rule [4].

The Born rule provides a link between the mathematical formalism of quantum theory and experiment,
and as such is almost single-handedly responsible for practically all predictions of quantum physics.'
In this paper, we represent documents and classes as quantum objects and we compute the probability
of a document to collapse in a target class by applying the Born rule.

The paper is structured as follows. Section 2 presents the motivation of this work. Section 3
introduces the notation and some preliminary notions in quantum mechanics. Section 4 develops our
classification algorithm. Section 5 embeds the classifier in a neural network architecture. Section 6
presents our empirical results. Finally, Section 7 gives our concluding remarks and discusses
extensions to semantics and non-textual data.

To simplify extensions to this work, we implement our classification algorithm in scikit-learn [17] and
we embed the classifier in a neural network architecture using pytorch [16]. All the code is available
at https://github.com/eguidotti/bornrule.

"We refer the reader to [14] for an introduction to the Born rule.
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2 Motivation

In its most general form, the no-free-lunch theorem [23] implies that only prior knowledge makes it
possible to generalize from the training examples to novel test examples. As quantum mechanics
represents our understanding of nature at the deepest level [13], we wonder whether quantum-
inspired machine learning may incorporate a fundamental form of prior knowledge. Our hope
is that such knowledge results in more efficient algorithms, with better generalization ability and
shorter computational times. Such algorithms would be also beneficial in terms of explainability and
interpretability [8], as their interpretation is immediately inherited from the physical model [18].2

This work should not be confused with quantum computing, which harnesses the properties of
quantum states to perform calculations [1], or with quantum machine learning [3], which explores
how to devise and implement quantum software that could enable machine learning that is faster than
that of classical computers [6]. We refer to our work as quantum-inspired machine learning, in that
we use quantum theory to derive machine learning algorithms that can run on classical computers.
Although this is not the first time quantum theory is applied to machine learning (see e.g., [15]),
this is, to our knowledge, the first step to develop a new general-purpose algorithm for supervised
classification based on key postulates of quantum mechanics, namely the Born rule.

Here we focus on text classification, as the analogy with quantum systems is straightforward.?
However, the formalism we present is general and the implementations we derive can be used in
practice as general-purpose classifiers.

3 Notation

Let X be a feature vector with elements X; for i3= 1;::;;J. Let y be a probability vector with
elements y ~ O0fork =1;:::; K, and such that | yx = 1. Our goal is to learn a function g such
that y = g(X). Then, given a test instance X°, we predict the probabilities y* = g(x") and select the
class k = argmaxy y& for classification.

We start by giving some preliminary notions in quantum mechanics.

Wave function. In quantum physics, a system is regarded as a superposition of states jSi and, using
Dirac’s notation [7], it is represented by a wave function j i:
X
ji= sjsi with  s2C: (1

S

Bornrule. Inthe Copenhagen interpretation, the modulus squared of the inner product is interpreted
as the (unnormalized) probability of the wave function j i collapsing to a new wave function j”i:

Ve i > 2
P( ¥ 7)=jhjij= s s 2
S
where ” s denotes the complex conjugate of ”s. This is known as the Born rule, and it is one of the
fundamental postulates of quantum mechanics.

Wave coefficients. From (1) and (2), we notice that the coefficient j sj? represents the (unnormal-
ized) probability of the wave function j 1 to collapse in state jSi:

P( ¥s)=jhsj ij®=]j <j* 3)

4 Classification Algorithm

Let the feature vector X contain only non-negative elements such that X; 0 for all j (e.g., word
counts or tf-idf weights). We regard X;j as the (unnormalized) probability of the data instance (e.g.,
document) to collapse in the j-th feature (e.g., word). We represent the j-th feature as a quantum state

>We refer the reader to [19] for an introduction to quantum mechanics and its interpretation.
3We refer the reader to [2,5, 21, 27, 28] for quantum language models.



P
ji i, and we represent the data instance with a superposition of ptates i jiii. According
to (3)we havex; = P( ! j)=j ;j2 whichimplies the natural choicg = pﬁ.
X X
pi=" = P @
i i
P
In a similar way, we represent theth class with a wave functiop i = = j(k)jj i, and we
obtain the coef cients ]-(k) by setting the transition probability frofh (Vi to jji equal to the
conditional probability of featurg given clask, which we write ad; ;. According to(3) we have
Pk = P( @1 j)=j 2, which implies the natural choice! = P Piix.
o (k) X v (K)o X q = ...
j = = Pijkiii (5)
i i
Finally, we obtain the classi cation probability, by computing the probability gf i to collapse in
i i, By substituting (4) and (5) in (2), the unnormalized probabilities are:
_ o X w 2 X q
u=P( ! W)= jn W) 2= = PjikXj

J
P

2
; (6)
i i
and the normalized probabilities ayg = ux=" | Uk.

4.1 Training

To obtain the conditional probabilit®;;, in (6) we proceed as follows. Given a training set

x("

2" =p Ok (7)
joXjo

Then, we compute the conditional probabilRy;, from the (unnormalized) joint probability;y, :

X P
P = ZVy"; P= PSS (8)
n J0PJ0k

4.2 Regularization

We observe that iP; j is constant fok = 1;:::;K , then thg -th addend increases the summation
in (6) by the same value for all classes. BAsis a monotonic transformation of the summation,
thej -th addend does not alter the ranking of the probabilitigsthus being irrelevant for the
nal classi cation k = argmaxy yx = argmax Ux. To regularize the predictions, we shrink the
contribution of irrelevant addends towards zero by re-weighting the summation in (6).

Let us rewrite, for ease of notation, the probabilitigg, as some weighteVj, 0. Then,j is
irrelevant ifWjy is constant for alk. We normalizeéVjc such that the weights of the classesum
up to 1 for eachj, that is:

W = Bk . 9
kjj kOijo ( )
P
An irrelevantj maximizes the entropii; =  Wiij In(Wyji ), asWy; is uniformly distributed

across the classés Thus, we introduce the following weights that range between 0 (irrel¢vant
with maximum entropy) and 1 (relevapiith null elgtropy):

H; Wi, In(W;i
Hj =1 img e Wi In(Wgi) (10)
H max In(C 1)
Finally, we useH; in (10) to re-weight the summation in (6), which becomes:
X q 2
Uk = Hj ijka . (11)



4.3 Generalization

To simplify ablation studies, we generalize (11) as follows:
X 1 P.
Ug = Hfwa x2 *  with Wy = -P o] :
o T K PR e Pre)t P

whereH;j is given in(9)<10), Py is given in(8), anda > O,b 0, andh 0 are the model
hyper-parameters. Here, we are mainly interested in the claoivc%, b=1, andh = 1, which
corresponds to the origingbmodel(hl). Another special con gurationia=1,b=0, andh =0,
which corresponds tog = i Piij Xi whereP,; is the conditional probability of givenj . This
con guration offers a natural benchmark for our quantum approach in that it compuiscording
to classical probability theory.

(12)

4.4 Explainability

The contribution of the -th feature to the total probabilityx (local explanation) is given by the
addend—ijh jﬁ xf‘ in (12). Therefore, the most in uential feature for the classi cationis given
byj = argmax; Hthﬁ x&. In general, we usH; Wﬁ x& to rank the features by the degree in
which they contribute to the classi catidn .

The explanation at the class level (global explanation) is obtained by investigating the pﬂgﬁtm@

in (12), regardless of the vectar. The global most in uential feature for each cldsss given by

Jk = argmax; Hthji . In general, we usbljhwji to rank the features by their global importance
with respect to clask.

4.5 Computational Complexity

In the training phase, the algorithm (hl1), and more generall{12), learns the joint probabilit?;

in (8) by multiplying theJ N matrix of elementg™ with theN K matrix of eIementfy(”).

Entry Py is given by the inner product of thjeth row of the left matrix (which habl entries) and
thek-th column of the right matrix (which hds entries), so computing it takes tin@N ). We do
this once per element. Since the output matrix has dimerkiorK , there aréO(JK ) elements to
consider and the total work is done@(NJK ). That is, the training time is at most linear in the
number of samplesN), in the number of featured §, and in the number of classds ).

In the prediction phase, we compute (andyy) in (11), and more generallgl2). As these are all
elementwise operations on the K matrix of element®; , the total work is done in tim®(JK ).
That is, the prediction time is at most linear in the number of featurgsahd in the number of
classesK ), and it does not depend on the number of training samplgs (

Finally, we notice that the computational complexity can be further improved by using sparse matrices,
and all the operations involved in the training and prediction phases can be easily parallelized (e.g.,
on GPUs). Thus, we expect the method to be highly scalable.

5 Neural Architecture

A major limitation of the algorithm presented in Section 4 is that it can be applied only whenO.
Here we embed the method in a more exible architecture that admigsC.

Let us assume that a data instance (e.g., document) can be represented as a superposition of some
hldderpstate$3| fors = 1;:::;S (e.g., word embeddings). Then, we write its wave function

j i= 4 sjsi where the coef cients s generally depend on the feature vectofe.g., words).

We represent such coef cients with a neural netwokk=  s(x) that maps the feature vector

x 2 CJ tg the vector of wave coef cients 2 CS. Then, we write the wave function of clakss

i M = . $jsi where the coef cients &) depend ork ands, but not on the feature vectar

Finally, we use the Born rule in (2) to compute the probability dfto collapse irj' ()i:

X 2
k=P( 1 W)= jn Wjjjz= C0g(x) (13)



Equation(13)is read as a neural netwotk= (v ) where is a matrix of efements s = ' &

v = (x) is the output of the previous layev, denotes the matrix product ; sVs, and the
activation function () = j j? isghe modulus squared. Finally, we apply a normalization layer to
obtain the probabilitiegx = ux= | ux 2 [0; 1]. Anillustration is given in Figure 1.

Figure 1:Born Layer (BL) architecture.

Our method is similar to the usual approach where the rst part of a network is assumed to learn
log-probabilities, and the nal classi cation layer converts them into probabilities by applying the
softmax function. Here, the rst part of the network is assumed to learn the coef cients of a wave
function, and the nal classi cation layer converts them into probabilities by applying the Born rule.

5.1 Initialization

We initialize the weights s such that the wave functigh (*)i has an equal probability to collapse

in any statgsi. To this end, let us write the complex-valued weightg = s€ *, wherei
is the imaginary unit, ks 0, and s 2 [0;2 ). We recall from(3) that the probability of
j' ®i to collapse injsi isP(" ) 1 s) = j 2= xj2= Z. Weset2 = 2so that

the (unnormalized) probability is constant for kllands. To normalize the probability, vige set
S 2 = 1, whereS is the number of states (input dimension of the layer). We obtainl= S,
which resembles the initialization i®]and [10]. Finally, we sample yxs from a uniform distribution
in the interval[0; 2 ), such that the weightsys are uniformly distributed in the complex circle
(isotropy).

j ks
© = %? with 1 U (0;2 ): (14)

When the feature vector is a (unnormalized) probability vector as in %ection 4, tfEY) can be

written as the neural network if13) where we us& = J and ¢(X) = " Xs. In this case, it is

interestingto initialize the weights if13) with the corresponding weights developedid), that is
ks = Hs F)sjk-4

5.2 Explainability

We notice that the probabilitigg are invariant under scaling and rotation of the coef cienyd
in (13). To show that, we multiply Q) by a scaling factor and a phase fact@ . Then, we

substitute 1 el * Fin (13). The phase facta# vanishes when computing the modulus and
the scaling factor vanishes when the probabilities are normalized.

The invariance by scaling and rotation implies that the weightshave no absolute meaning, and

they become meaningful only in relation with each other. To inspect the relations amongstates

a given clasg, it is interesting to visualize the weightss in the complex plane (with unlabelled

axes). Here, the length of the vectors can be used to rank the states by importance, while the direction
of the vectors produce constructive or destructive interference among the states (see Figure 5 for an
illustration). For local explanations s Vs is used instead of s .

“More precisely, we scale the weights by dividing them by their mean and by the square root of the number
of features to mimi¢14). This does not alter the model, which is invariant under scaling (see Section 5.2), but it
helps to prevent vanishing or exploding gradients during backpropagation.



6 Empirical Results

We illustrate several aspects of our classi er using three well-established text classi cation bench-
marks: 20Newsgroup®, and theR8 andR52 subsets of Reuters 21578Ne perform tokenization

using the functiomlitk.word_tokenize” and vectorize the text with dfVectorizer 8. No other text trans-
formation or cleaning procedure is performed. The nal datasets are composeoNawégroup)

20 classes, 204 817 words, 11 314 training documents, and 7 532 test docur@nssclasses,

33 593 words, 5 485 training documents, 2 189 test documertg) 62 classes, 38 132 words,

6 532 training documents, and 2 568 test documents.

All the results are obtained using Python 3.9 on a Google Cloud Virtual Machine equipped with
CentOS 7, 12 vCPU Intel Cascade Lake 85 GB RAM, 1 GPU NVIDIA Tesla A100, and CUDA 11.5.

6.1 Training time, prediction time, and accuracy score

We compare our methodology against a baseline of six classi ers ozDttewvsgroup dataset. With

Born Classi er (BC), we refer to the algorithm presented in Section 4, where weights are computed
as in equatiorf8) and classi cation probabilities are calculated as in equatidr) The baseline is
composed by the algorithnmcision Tree (DT), K-Nearest Neighbors (KNN), Random Forest (RF),
Support Vector Machine (SVM), Multinomial Naive Bayes (MNB), andLogistic Regression (LR). For

all the algorithms in the baseline, we use the corresponding implementatoikiidearn. All the

classi ers are executed on CPU with default parameters.

Figure 2: From left to right: training time, prediction time, and accuracy score czothe@vsgroup
dataset (y-axis) for several classi ers, in function of the fraction of data used for training (x-axis).

The comparison betwedC and the baseline is reported in Figure 2, where we show the training
time, prediction time, and accuracy score in function of the fraction of data used for training in 10
independent executions. Figure 2 shows Brais fast to train, is fast to predict, can be accelerated

on GPU, and it achieves the highest accuracy regardless of the size of the dataset. Moreover, as the
amount of training data decreases, the accuracy gap be®@and the other classi ers widens.

6.2 Imbalanced data

While 20Newsgroup is almost balanced in terms of documents per cle8sandR52 are not. In
particular, the most frequent classRB2 contains 2 840 training samples, while the least frequent
class contains only 1 document in the training set. Figure 3 reports the F1-macro s&Ceafud

the baseline on the three datasets, which are increasingly imbal@@edtperforms the baseline
models and the performance gap widens for more imbalanced data. The native capabdity of
work with imbalanced data can be traced back8)y which computes the conditional probability of

the features given the classes. Dividing the joint probability by the marginal effectively normalizes
by the class imbalance.

Shttp://qwone.com/~jason/20Newsgroups
®http://archive.ics.uci.edu/ml/machine-learning-databases/reuters21578-mid

"See https:/iwww.nltk.org/book/

8See https://scikit-learn.org/stable/modules/generated/sklearn.feature_extraction.text. T dfVectorizer.html
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