This is the appendix for “Convergence of piggyback differentiation of nonsmooth iterative solvers”.
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A Reminder on conservative calculus

For the sake of completeness, we recall important definitions and results from [12] on conservative
calculus which are extensively used throughout the paper.

Definitions: We first collect the necessary definitions and details for Equation (4). We then collect
important results from [12], which will be used throughout the paper. Recall from multivariable
calculus that the Jacobian of a differentiable function f: R” — R is given by
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Definition 1 (Absolutely continuous curves) A continuous function v : R — R"™ is an absolutely
continuous curve if it has a derivative 4(t), for almost all t € R, which furthermore satisfies

10 =2(0) = [ §(r)ar

forallt e R.

The graph of a set-valued mapping D : R™ =3 R™ is the set graph D := {(x,2) : x € R,z €

Definition 2 (Closed graphs) A set-valued mapping D : R™ =3 R™ has closed graph or is graph
closed if graph D is a closed subset of R"™™ or, equivalently, if, for any convergent sequences
(Ltk)kEN and (zk)keN with zy, € D(xk)for all k € N, it holds

lim z; € D(lim xy).
k—0o0 k—00
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Definition 3 (Locally bounded set-valued mappings) A set-valued mapping D : R" =3 R™ is
locally bounded if for all x € R, there exists a neighborhood U of x and M > 0 such that, for all
wel, forally e D(u), |ly| < M.

We provide an equivalent alternative to Definition Equation (4) see [12, Lemma 2].

Definition 4 (Conservative Jacobians) The set-valued J : RP =3 R™*P g a conservative Jacobian
if J has a closed graph, is locally bounded and nowhere empty with

t=1
L Tyt = 0 (1s)

=0
for any v: [0,1] — RP absolutely continuous with respect to the Lebesgue measure such that
Y(0) = ~(1).

Given such a J, the potential f as in Equation (4) can be reconstructed up to a constant using
integration along absolutely continuous through.

t=1

(1) = F(7(0)) = f J(v())y(t)dt, (16)

t=0

where the value of the integral does not depend on the choice of v provided that the endpoints are
fixed.

First results and examples : We have the following results, see [12, Theorem 1, Corollary 2].

Theorem 3 Let F': RP — R™ be locally Lipschitz. Then F is path differentiable if and only if
Jac °F in (3) is a conservative Jacobian. In this case, setting J: RP =2 R™*P any conservative
Jacobian for F, we have

o J(x) = {Jac F(x)} for Lebesgue almost all x.
o Jac®(z) < conv(T (x)) for all x.

Example of path differentiable functions include

» Convex or concave functions
* Clarke regular functions

* Prox regular functions

we refer to [46] for details on these classes of functions. Another relevant class is that of semi-
algebraic or more generally definable functions, see [17, 18]. Beyond technical definition, this class
is relevant because it contains the vast majority of operations used in applications, independently
of smoothness. These include: the relu function, the absolute value function, the max-pooling
operation, ¢; and /5, norms, any polynomial or piecewise polynomial function such sorting a vector
by increasing coordinates order, the operator norm, the rank function .. .. Furthermore, the class of
semi-algebraic functions is closed under many operations, as for instance:

* usual arithmetic operations +, x, —, /
* functional composition

* differentiation

* partial minimization

* more broadly, any functional operation which can be described with a first order logical
formula: a boolean formula with quantification on variables only (not sets), see [17].

Conservative Jacobians and calculus: The main reason for the introduction of conservative
Jacobians in [12] is the lack of an efficient differential calculus for Clarke Jacobians (recall (3)). For
example, if f = |-|and g = —| - |, we have

0°(f +9)(0) = °(t = 0)(0) = {0} # [-2,2] = 0°f(0) + 0°9(0).

On the contrary, conservative Jacobians have an appealing calculus.
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Lemma 1 [12, Lemma 5] Let F; : R? — R™ and Fy: R™ — R! be locally Lipschitz continuous
mappings. Let Ji: RP = R™*P be a conservative mapping for Fy and Jo: RP = R>X™ be a
conservative mapping for Fo. Then the product mapping Jo - Ji is a conservative mapping for
FQ e} F1.

as a consequence, beyond composition, conservative gradients are compatible with basic arithmetic
operations, such as addition. In general conservative gradients and Jacobian provide a variational
meaning to the formal application of the rules of differential calculus to generalized derivatives
arising in nonsmooth analysis, this goes beyond simple arithmetic operations and composition, for
example with implicit differentiation [10].

Optimization: Let D be a conservative gradient, v is called a selection in D if for all z, v(x) €
D(x). Selection conservative gradients can be used as surrogate gradients, or subgradients, while
preserving convergence guaranties, examples are given in [12, 11, 10].

B Properties of affine iterations on compact subsets

B.1 Banach-Picard theorem: Proof of Theorem 1

For a compact set, Z we denote by || Z||sy, the maximal norm of elements in Z:
I1Z]lsup = sup [z
zeZ
In order to prove our fixed point result, we need first the following lemma.

Lemma 2 (Bounding Hausdorff distances) Let X',), Z < RP be nonempty compact sets, such
that X c Y+ Zand) < X + Z then

dlSt(X,y) < ||ZHsup-

Proof : The first inclusion says that for any x € X, there is y(z) € Y, z(z) € Z such that
x = y(z) + z(x). We deduce that for any x € X

min [z — y| = min |y(z) — 2(z) — y[ < ||2(z)] < max |z
yey yey 262

Therefore, max ey mingey |z — y| < max.cz ||z|. Symmetrically, maxycy mingex ||z — y| <
max.cz |z| and the result follows.

We now prove Theorem 1.

Proof of Theorem 1: Recall that the action of 7 on matrices is defined in (6) and by .4 and B the
projections of 7 on the first p and last I columns respectively, that is A = {4, 3B, [A, B] € J} and
similarly for B. Note that A is a compact set and that all matrices in A have an operator norm of
at most p. We claim that the restriction of 7 to compact subsets is a strict contraction in Hausdorff
metric. Indeed, for any X', )) compact subsets of RP*™  we have by using Lemma 2 and noting that
J preserves the inclusion,

J(X)c T +dist(X,V)B) ¢ J(Y) + dist(X, V) AB < J (V) + pdist(X,))B

J(Y) € J(X +dist(X,Y)B) < J(X) + dist(X, V) AB < J(X) + pdist(X,V)B
where the last inclusion follows because AB < pB, where B is the unit ball (for the Euclidean norm)
of p X m matrices, since by assumption all square matrices in .A have operator norm at most p. We
deduce that dist(J (X'), J())) < pdist(X,)) using Lemma 2, that is the action of 7 on subsets of
p x m matrices is p Lipschitz with respect to Hausdorff metric.
Let us show that (X} )ren remains in a bounded set, we have for all &

HXkJrlnsur) < HAXk + BHsup < HAXkHsup + HB“SUP < PHXkHsup + HBHSUP’

which entails

1Blsup IBlsup
Xk 1llsup — < P Xk sup — .
| ¥r4-1lsup — | X [sup —

1 1
We distinguish two cases
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: Blau . Blau o . .
o if | Xl sup > %, then | A%41]sup gets either closer to % or below it, in particular it

1—
decreases.
: Bls Bl|s. : :
o i | Xk lsup < % then || Xy 41sup < % and we remain below this threshold for all k.

Allin all, for all k € N,

|B]s 18]
|Xk+1sup<max{llxk|sup, T < < ma g, T

1B]sup

and lim supy, || X% [|sup < T—p °

We have shown that the sequence remains in a bounded set so that the recursion actually takes place
in a compact set C < RP*™ which contains all the iterates in its interior, we consider the restriction
of the topology to this subset. By [4, Theorem 3.85], the closed subsets form a complete metric space.
The result is an application of Banach-Picard theorem (for example [47, Section 10.3]). In particular
(see [4, Theorem 3.88]), L is the unique fixed point of 7 and it is closed and bounded, hence compact.
Note that we can consider larger compact sets to take into account larger initializations, the fixed

point remains the same. Indeed for a larger compact C containing C, £ is in the interior of C and is
still a fixed point of 7 when the topology is restricted to C and this fixed point must be unique. []

B.2 Properties of the fixed-set mapping

We now equip the set of matrices RP*(P*™) with the norm [[A, B]|p.m = max{||Alop, |B|}

where A € RP*? and B € RP*™. The set of compact subsets of RP* (™) js endowed with the
corresponding Hausdorff distance.

Definition 5 (Affine contraction sets) For p € [0, 1), we denote by C,, the set of compact subsets of
matrices in RP*(P+™) sych that for all S < RP*P+™) S < C, and all M € S, we have |Alop < p
where A € RP*P is the matrix made of the first p columns of M.

Given J € C,, we denote by fix(7) the unique fixed point of the corresponding iteration mapping as
defined in Theorem 1. We have the following

Proposition 5 (Monotonicity of the fixed set) Given J € C, and JecC » (as in Definition 5), such
that J < J, we have

fix(J) < fix(7).

Proof : Setting X, = fix(J ), we have
Xo = J(X) = T (%),
and the result follows by the same argument as in the last paragraph of the proof of Theorem 1. [

Proposition 6 (The fixed-set mapping is locally Lipschitz continuous) The function fix is locally
Lipschitz continuous on C, (as in Definition 5). More precisely, for any Jo € C, and J € Cp,

1 Sup[Ao,Bu]GJO HBOH
1—p (1-p)?

dist (fix(J), fix(J)) < ( ) dist(Jo, J)

Proof : Given J € C, and J € C,, we remark that J < Jy + dist(Jo, J)Bpm, where dist and
B, are considered with respect to the norm | - |,. This means

J < {[A07BO] + [07 D]’ [AO’BO] € Jo, H[Cv D]Hpﬂ’ﬂ < diSt(jmj)}
We have
J(x(Jo)) = {AX + B, [A,B] e J, X € fix(Jy)}
c {AoX + By, [Ao, Bol € Jo, X € fix(Jo)}
+{CX + D, |[C, Dy < dist(Jo, T), X € fix(Tp)}
= Jo(fix(Jo)) + {CX + D, ||[C, D]|mp < dist(Jo, T), X € fix(Jo)}
— ix(Jo) + {CX + D, |[C, D]mp < dist(To, T), X € fix(T)} -
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This sets one inclusion. Similarly, we have

fix(Jo) = Jo(fix(J0))
< J(6ix()) + (CX + D, [[C. Dy < dist(To, J), X € fix(0)} -

Recall that |[[C,D]||lmp = max{||C|op,|D|}, we have for any [C, D] with |[C,D]|m, <
dist(Jo, J) and X € fix(Jp),

ICX + DJ < |[Cllop[fix(To)sup + [ DI < dist(To, T)(1 + [ix(To)sup)-
We deduce using Lemma 2 that dist (fix(Jo), J (ix(Jo))) < dist(Jo, T) (1 + [fix(To) |sup)- Setting
Xo = fix(Jp), invoking Theorem | with 7 and k& = 0, we have
_ dist(To, T+ [ ouy)
L—p
(1 = p+suppa,,Byjes, 1Bol)
(1-p)? '

dist(fix(Jo), fix(J))

< dist(Jo, J)

B.3 Perturbed iterations

The following proposition shows that the linear convergence property is actually stable to pertur-
bations. It will be useful to show that all potential limits of unrolling algorithmic differentiation
recursions are contained in the corresponding fixed point set.

Proposition 7 (Perturbed set sequences) Let p < 1 and € > 0 such that p + € < 1. Let (Jx)ken
be a sequence in Cpy.c and J € C, (as in Definition 5). Assume that for all k € N

or in other words Jy, = J + €Bpy, where By, is the unit ball of the norm | - | pm. Then the recursion
on compact sets

X1 = Tr(Xy)
satisfies forall k € N
gap (X, fix(JT))
p (L4 p+€)|Xolsup + suppa pres [ Bl + € e (1 —p+suppa,pres | Bl) .
l—p—e (1—p)?
In other words, X, < fix(J) + C(p, €, k)B where C(p, €, k) is the constant above.

< (p+e

Proof : Set J, := {J + [C,D], J € J, |[C,D]|mp < €}. Denote by (X})ren the sequence
satisfying the recursion, X1 = J.(Xx) with Xy = Xy. We have

X =T (&) € Te(Xo) = Xy
and by recursion X}, — X}, for all k € N. By Theorem 1, we have

k diSt(Xo, Z(X()))

dist (&, fix(J.)) < (p+ ) —— Py

We deduce from Proposition 6 that for all k € N,
dist (X, fix(J))
< dist(Ay, ix(J.)) + dist(fix(7.), fix(7))
i dist(Xo, Je(Xo)) N (1 —p+suppa,pres |BI) -

< dist (..,
(ote) l—p—e (1—p)? e T
g (L+p+ &) Xolsup +suppa pre7 |Bl +¢ (1 —p+supps gres [Bl)
< (p+e 5
l—p—e (I-p)
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And the result follows because

max min_[|X — L|| < max min_ |[X — L] < dist(.fk,ﬁx(j)).
XeXy Lefix(J) XeA?k Lefix(J)

O

This allows to obtain explicit convergence results as follows

Corollary 4 (Limit of iterations with vanishing perturbations) Let p < 1 and J € C » (as in
Definition 5). Let (Jx)ken be a sequence of matrices such that for all k € N

8Py (JTky I ) < €

where (1) ken is a positive sequence such that there exists a constant a > 0 such that €, < apk for
all k € N. Then for the recursion on compact sets of p X m matrices

X1 = Ti(Xy)
There are constants C, ¢ > 0 such that for all k € N
gap (X, fix(J)) < Ce™ .
1
Vpte
Proof : We consider K € N such that ¢, < € for all £ € N where ¢ + p < 1. Without loss of
generality, we may assume that K = 0. Using the same notations as in the proof of Proposition 7,

we have X}, X, for all k € N. Furthermore, it follows from the same arguments as in the proof of
Theorem 1 that

Furthermore, one can take ¢ = log ( > for arbitrary € > (.

1% lsup < 1% lsup < M, (17)

for a constant M > 0. Now choose k € N, applying Proposition 7 shifting the initialization O to k,
we have forallm e N

max min [|X — L]
X€Xptm Lefix(J)

(4P H )| Xilsup + 5uPpapeg Bl + ek (L= p+supapes [ Bl)

<
(p+ €x) 1—p—en €k =2
1+p+e)M +su - | B + € 1—p+su > | B
< (p+e)m( p+e) Pra,ples | Bl +apk( P p[A,l;’]ej I H)’
l—p—ce (L-p)

where we have used the bound (17) and the fact that ¢, < ¢ and ¢, < ap”®. Setting u =
(1+p+e)M+suppa, ples | Bll+e (1—p+supp4 pies |B)

T_p—c andv =a a-p)2 we have
u+v
max min |[X —L| < ulp+e)f +vp" < (u+v)(p+e)?P< — +€2k/2,
XXy, Lefix(7) H H (p+e) P )(p+e) (p + €)1/ (p+€)
. . u—+v
max min [X —L| < ulp+ &)t +upf < ——(p+ ) BFTD/2,
XeXok 1 Lefix(T) H H (p ) p <p + 6)1/2 (p )
Since k was arbitrary, this proves the desired result. O

C Existence of a conservative Jacobian for autodiff

C.1 Regularity of J2°

We recall the main notations and elements of Assumption 1. We assume that I is locally Lipschitz,
path differentiable, and denote by Jp: RPt™ =3 RP*(P+™) 3 conservative Jacobian for F. Now
assume that any pair [A, B] € Jp(x, ) is such that the operator norm of A is at most p < 1, that is
for all z and 6, Jp(z,0) € C, (as in Definition 5). Define the following set-valued map

J: 0 =2 fix [Jp(z(0),0)].
Here, z(6) = fix(Fy) is the unique fixed point of the algorithmic recursion, so that we actually have

JP: 0 =2 fix [Jp(fix(Fy), 0)] .

We have the following
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Lemma 3 (Regularity of ng) The mapping ng is nonempty valued, locally bounded and has a
closed graph.

Proof : The fact that ng is locally bounded and nonempty valued comes from the fact that Jr is
locally bounded with nonempty values and Z is locally Lipschitz combined with Theorem 1.

By local Lipschitz continuity of & and the fact that Jr has a closed graph, the set-valued map
0 = Jr(z(0),0) also has a closed graph. By continuity of fix(7) with respect to the Hausdorff

distance, see Proposition 6, ng has a closed graph. O

C.2 Proof of Theorem 2
Proof : Following Remark 3, we consider
Ji: 0 =3 {(I — A)7'B,[A, B] € Jrp(2(6),0)},
a conservative Jacobian for z and Ly = J;mp. Now, define by recursion for all k e N
Liyr: 0 =3 Jp(2(0),0)(Li(0)).
Recall that this means that for all # € R™ and k € N
Ly+1(0) = {AL + B, [A,B] € Jp(Z(0),0), L € Li(0)}.

Since F(z(9),6) = z(0) for all §, J is conservative for F' and L is conservative for Z, we have by
induction that for all £ € N, L;, is conservative for z.

Fix [: R™ — R™ an arbitrary Borel measurable selection in J2°, that is [(#) € JE°(6) for all § € R™.

Such a selection exist by [4, Theorem 18.20] because Jipb has a closed graph by Lemma 3. Consider
for all £ € N, a measurable selection

lp: 0 — i —1(0)]-
K arg min |z —1(0)]
The function (z,6) — |z — [(0)] is Caratheodory (continuous in z, measurable in 6), so such a

selection exists (Aliprantis Theorem 18.19). By Theorem 1, we have that dist (L (6), J2*(6)) tends
to 0 as k grows, for all # € R™, where the convergence is in Hausdorff distance. Actually since all
set-valued objects are locally bounded, the convergence occurs uniformly on every compact. This
implies in particular that [, converges pointwise to [.

Fix an absolutely continuous path «: [0, 1] — R™. We have for all k& € N, by conservativity,

5(7(1)) - 3(1(0)) = j Ly ()3 () dt.

Furthermore, [, oy is measurable, converges pointwise to [0~y and [, o~y can be uniformly bounded, let
K be such a bound. The integrable function g: ¢ — K|%(¢)| dominates the integrand and l;; o v x %
converges pointwise to [ o y x y. By the dominated convergence theorem (see [47, Section 4.4] ), we
have

L has a Castaing representation with a dense sequence of measurable selection [4, Theorem 18.14].
Since ! was an arbitrary measurable selection in L, conservativity of L follows by [38, Lemma 8]. []

C.3 Proof of Corollary 1

Proof : Fix 6. We have zx(0) — Z(#), so that for any ¢ > 0, there exists K € N such that
Jr(xr(0),0) < Jp(Z(0),0) + €B for all k > K. The result is then a consequence of Proposition

7, letting e — 0. The last part is due to the conservativity of ng which must be a singleton almost
everywhere, equal to the classical Jacobian. O
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C.4 Proof of Corollary 3

Proof : Define (Ly)ken, a sequence of conservative Jacobians for Z as in the begining of the proof
of Theorem 2 in Appendix C.2. By [12 Theorem 1], for each k£ € N, there is a full measure set
Sk < R™ such that Ly (0) = } for all § € Si. Similarly, there exists a full measure set

S_1 < R™ such that ng(G) = 69 } forall 9 € S_;. Setting S = mi:_lSZ, S has full measure
and for all § € S and for all k£ € N,

ro-{Zol  ne-{Ze}.

Following the proof of Theorem 2 in Appendix C.2, L, converges to Jipb in Hausdorff distance, which
means that convergence occurs in the classical sense since all sets in the sequence are singletons. []

C.5 Proof of Proposition 1

Proof : Under the setting of Corollary 2, for almost all § € R™, recursion (PB) or (5) reduce to the
following, and all k € N

Jir1 = ArJi + By, (18)

where J;, = agek LA = (xk, 0) and By, = ‘Zg (z, 0) are classical Jacobians and J, converges to

the classical Jacobian of i o 5(0). Fixsuchaf € R™ and k € N, k& > 1. With the notation of Algorithm
1, for the forward mode, multiplying (18) on the right by 0, we have foralli e 1,...k

Jié = Ai_ljfi_lé + Bi_lé.

Setting ©; = J;6, this is exactly the recursion implemented by Algorithm | in forward mode.
Corollary 2 and the result follows from convergence of Jj.
As for the backward mode a simple recursion shows that
Jk = AkflAk,Q e A()JO
+ AkflAk,Q ce AlBO
+ ...
+ Ap_1Ar_o.. . A;B;1

+ Bi_1. (19)
Setting B_; = Jy, we may rewrite equivalently,
Jk—Bk1+Z(HA> (20)
=0 \j=k—1

Transposing and multiplying on the right by wy, we have

k—1 k—1
Jiw, = B o, + > B, (n Af) Wy (21)
i=0 j=i
Wesetforalli =0,...,k—1,
k-1
j=i
We have the backward recursion relation, fori = k,...,1

_ T
Wiy = A;_ W,
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which is the recursion implemented by Algorithm 1 in reverse mode. Combining (21) and (22), we
obtain

k—1 k
T _ T _ T - T _
Jk W = kal’wk + 2 B, jw; = Z Biflwi + JO wg,
=0 1=1

which is the quantity accumulated in 6}, in Algorithm 1. This proves that @,{ returned by the backward

mode is indeed equal to w,{ Ji and the convergence follows from convergence of both wy, and Jj, as
k — oo. Ul

D Connection with implicit differentiation

Recall that for all 6

Ji®(0) = {(I — A)7'B,[A, B] € Jp(z(0),0)}
= {M, 3[A, B € Jp(2(0),0) M = AM + B}.

Setting 7 = Jr(7(6),0), we have therefore that JMP(9) < J(J (g ))- By recursion, for all k € N,
JIMP(9) < J*(JIP(0)) and passing to the limit using Theorem 1, J™™(0) < fix(7) = J2*(6). In
particular, if F' is continuously differentiable, then (PB) with classwal Jacobians converges towards a
classical implicit derivative.

However, the inclusion Jz imp (0) c J§b(9) may be strict as the following example shows.

Example 1 Set 7 = {[A, B], A € A, B € B}, where

S (CRRE RER (0]}
T—(I—A)—lB_{(‘;;i),Ae[o,l]}.

As already observed, we have 7 < AT + B, but the inclusion is strict. Therefore 7 is not a fixed
point of the affine iteration and it is only contained in it.

1+1 0 4 1 5
(6 =) ()~ ()= () eares
5 _4
(1)-G2)
2 24X

the first equation requires \ = % while the second requires A = % which shows that the given vector
does not belong to 7.

We set

Indeed, we have

However solving for A

E Semialgebraic Lipschitz gradient selection functions

E.1 Lipschitz property of conservative Jacobians of selections

Lemma 4 (Conservative Jacobians of selections are Lipschitz-like) Ler F' be continuous, semi-
algebraic with Lipschitz gradient selection. Then for each vy € RP, there exists R > 0 such
that

gap(Ji(z), Jp(20)) < Ll — o, Vz, |z — x| < R

where L is the Lipschitz constant given by the selection structure of F'.
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Proof : Fix 2y € R? and consider the function g which associates to > 0 a subset of {1,...,m}
defined as

9(r) = Ujo—ag<r 1().
The function g is semialgebraic and therefore it admits a limit as » — 0. The function g is actually
piecewise constant so that the limit is reached for some R > 0 by semialgebraicity. This means that
there is R > 0 and an index set [ < {1,...,m} such that I(z) < I for all z such that |z — z¢|| < R.
Furthermore, for each ¢ € I and all 0 < r < R, there exists  such that |z — o] < r and
F;(z) = F(x). By continuity of each component F;, we have for each i € I, F;(z) = F(x¢), that
is I < I(xo).

We deduce that for each x such that |z — 2| < R and i € I(x), we have

oF; 0F; 0

E;
V-SR] | G - @) < e - aal

min
VEJ;;. (:Eo)

Fix any Z € J}.(x), it is a convex combination of Gai L

we have

(z) for i € I(x) so by convexity of the distance,

min |V — Z| < Lz — 2o,
VGJ;(Io)

which proves the result since this allows to bound the supremum over Z € J3(x) by the desired
quantity. O

E.2 Proof of Corollary 3

Proof : This is a consequence of linear convergence of the recursion z;.1 = F (2, ) combined
with Lemma 4 and Corollary 4. O

F Proximal splitting algortihms in convex optimization

F.1 Proof of Proposition 2

Proof : We consider the gradient step operation H,: (z,0) — = — aV, f(z,0). We have for all
(z,0),

Fo(x,0) = Gu(Ha(z,0),0).

By Assumption 2, both G, and H,, are 1-Lipschitz in x for fixed 6 and we are going to show that if
either f or g satisfy the strong convexity condition, the corresponding map is a strict contraction in x

for fixed 6. Furthermore, the mapping Jac§;_: (z,0) = {[I —aA,—aB], [A,B] € J}(z, 9)} is
the Clarke Jacobian of H,. By Assumption 2, all the functions are path-differentiable [12] and one

may obtain a conservative jacobian for F' by applying differential calculus rules [12]. We set for all
(z,0) a conservative Jacobian for F,,

Jr, (z,0) = {[C(I — aA),—aCB + D], [A,B]e JJ%(:I:,G)7 [C,D] € Ja,(z —aV,f(x,0),0)}
(23)

Whenever V. f is differentiable at (z, 8), the first p columns of its Jacobian form a symmetric positive
definite square matrix with eigenvalues at most L. This implies that the matrix (I — aA4) in (23)
is symmetirc with eignevalues in [—1, 1] and strictly greater than —1. Similarly, whenever G,, is
differentiable, since it is 1-Lipschitz in x for fixed 6 and the gradient of a C' L function, the first P
columns of its Jacobian form a symmetric positive definite square matrix with eigenvalues at most 1.
This implies that the matrix C' in (23) is symmetric with eignevalues in [0, 1]. In addition, we have
the following;

» Assume that for all 0, f is u-strongly convex. In this case, similarly as above the matrix
(I — aA) in (23) has eigenvalue in (—1, 1) for all (x, 9).

» Assume that for all 6, g is u-strongly convex. In this case, similarly as above the matrix C'
in (23) has eigenvalue in [0, 1/(1 + au)] for all (x, 6) [6, Proposition 23.13].

In both cases, the product C'(I — aA) in (23) has operator norm strictly smaller than 1 and Assump-
tion 1 holds. ]
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F.2 Proof of Proposition 3
Proof : From [6, Proposition 23.11], both R, ¢ and R are 1-Lipschitz. We are going to show that
R, is a strict contraction and the result will follow. Since f is C L1in 2, we have for all § € R™,
z = proxX,s.g)() & 2+ aVyf(z,0) —z =0
Set H,(z,2,0) = z + aV, f(z,0) — x, we have that
Jacy (z,2,0) 3 {[I +ad, -1, aBl} (24)

is the Clarke Jacobian of H,. Similarly as in Appendix F.1, by strong convexity of f, the matrix
I + oA in (24) is symmetric with eigenvalues strictly greater than 0 and smaller than 1. By implicit
differential calculus rule in [10, Theorem 2], the mapping

*y

JPTOX,,f(.,e) (ZE,@) = {[(I + aA)717 70[(1 + O‘A)ilB]a [AvB] € J?(proxozf( 0)70)} (25)

is conservative for (z,) — prox, (. o). Furthermore, the matrix (I + a:A)~" in (25) is symmetric
eigenvalues in (0, 1). This entails that the mapping

Ty (@,0) 3 {[2(1 +ad)t — I, =2a(I + @A) B — 1], [A, B] € J3(prox, ;.0), 9)}
(26)
is conservative for R, s (. ¢y and the matrix 2(1 + «wA) =" — I is symmetric with eigenvalues in (—1,1).

Similarly, the mapping
Tty (@,0) 3 {[20 ~1,2D 1], [C,D] € Jproxag(xﬂ)} 27)

is the Clarke Jacobian of R,g(. ¢y and the matrix 2C' — I in (27) is symmetric with eigenvalues
in [-1,1]. One may combine Jg_, , and Jg,, , , using differential calculus rule to obtain a
conservative Jacobian Jg_, for F,, such that for all (x,0) and [E, F| € Jg, (x, ), the square matrix
Eis of the form £ + ((I + aA)~! — I)(2C — I) where A is from (26) and C is from (27). Such a
matrix F has operator norm strictly smaller than 1 which is Assumption 1. O

F.3 Equivalence between ADMM and dual Douglas—Rachford
We need the following lemma.

Lemma 5 Let F, G two convex, lower semicontinuous and closed functions and h defined by
h(z) = F*(-ATz) + G*(x).
Then, h is convex, lower semicontinuous, closed, and
prox,;,(z) = z + a(Ad — 0) (28)

where o
(01, 9) € arg min {F(u) +G(v) + 2" (Au—v) + §||Au - ng} :

)

The material contained in this section is already known in the litterature accross several papers and
lecture notes, but for the sake of completeness, we include a full derivation of the equivalence.

In this appendix, we drop the dependency to the variable € since we are only concerned on the
behaviour with respect to x. We recall that the iteration of Douglas—Rachford are defined by an
initialization gy and the recursion

Lk+1 = ProxXrlYk
+ (W) 29
Yk+1 = Yk + Proxg (20541 — Yr) — Tht1.

By denoting z;, = x4+ and g, = yi, we can rewrite the updates of Douglas—Rachford (given zg
and gp) as

Uk+1 = U + proxy (2% — gx) — Ty.

s _ (30)
Tp+1 = proxy(Ye+1)
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Introducing the variable 7 = proxg(% — 4), this is also equivalent to
Pri1 = proxg(Qi;c — Uk)
Tps1 = proxy(Je + Fri1 — &) (3D
Uk+1 = Yk + Tht1 — T
Using the change of variable w; = &, — 95, we have
Pr1 = Prox, (&g + i)
Tp1 = proxy(fri1 — W) (32)
Wgt1 = Wk + Tp1 — Tyl
This formulation will be convenient to show how to retrieve the equations of ADMM (13).

The dual problem of (12) is given by (14)
max —f(x) —g(x). (33)

where f(z) = ¢*(—Az) + ¢z and g(z) = ¢(—Bzx)
We consider the update rules given by (32), i.e.,

7 = prox,,(z + w) (34)
& = prox, ¢ (f — w) (35)
W=w+I—T7. (36)

Applying Lemma 5 to F' = ¢ and G = (., we rewrite (34) by

P =a+w+ oAt —c)
where

0 = arg min {¢(3:) +a (Au—v) + %HAu —c+ w/aH%} .

Using the same lemma to F' = ¢ and G = 0, we rewrite (35) by

Z=z+al(Ad+ B —c)
where

0 = arg mgn {w(v) + 2 Bu + %HA@ + Bv — c} .

Finaly, combining the expression of 7 and Z, we obtain

w = aB7.

G Inertial methods

Let us first recall notations from Section 5. Consider a function f: R? x R™ — R, and 5 > 0,
for simplicity, when the second argument is fixed we write fy: x — f(x,0). Set for all z,y,6,
F(z,y,0) = (x — Vfp(z) + B(x — y),x), consider the Heavy-Ball algorithm (zj11,Yr+1) =
F(zg,yk, 0) for k € N. If fy is p-strongly convex with L-Lipschitz gradient, then, choosing o = 1/L

and 5 < % (QML + 4/ % + 2> , the algorithm will converge globally at a linear rate to the unique

solution,

G.1 Failure of Forward differentiation for C''-! objectives

The Jacobian of F' for the Heavy-Ball agorithm (in z, y) is of the form
_ 2 _
Jacr (x,y,0) = (U V)= ot (f[), (37)

when f is C2. If f is C'+!, then the Hessian can be replaced by a set-valued conservative Jacobian of
the gradient: Jyy,.
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Proof of Proposition 4:

Recall that the function f: R? — R is given by

&

x_ if >
R o N
% ifz <.
We have f'(x) = x fort > 0 and f'(x) = § for ¢t < 0, therefore, f’ is 1-Lipschitz. The Clarke
subdifferential of f’is {1} for ¢ < 0, {1} for ¢ > 0 and the segment [%,1] at ¢ = 0. Finally, f is

w= % strongly convex and has L = 1 Lipschitz gradient and the unique fixed point of the Heavy-Ball
algorithm applied to f(-,0) is ¢ = y = 6. Choosing o = 1, 8 = 0.75, we have

1( p 12 1(1 1
- | == —+2| === — + 2| ~0.77.
ﬁ<2<2LJr 4L2+> 2(8+ 64+>
Therefore, the heavy ball algorithm with this choice of parameter converges linearly to the unique

solution which is 0, a fixed point of the iteration mapping.

Set

[~

F(m,y,ﬂ) = (Z - vzf(*xaa) + ﬂ(l’ - y),m)
At (0,0, 0), the last column of the Jacobian of F'is (0,0) and the first two columns are given by
J = conv {My, M},

3 _3 3 _3
w-(t ¢) m=(f )
0

Therefore, the Clarke Jacobian of F' (with respect to x, y) at

where

(0,0,0) is given by
3 _3 3 _3
Jr(0,0,0) = conv{My, M}, M, = <% 04> , My = (% O4> )

We have

—-1/36 0
M MMy My = 3 (27 9> )

which has two eigenvalues =2 < —1 and 3. Setting for any 6 € R 2((6) = 6, yo(6) = 6, we have
for all k € Nz, (0) = yx(0) = 0, in other words, this is the unique fixed point of the Heavy-Ball
algorithm.

(]

Given ! € N, the forward propagation recursion in (PB) presented in Figure 3 satisfies for £ = 8
(M, M, M M) G)

This products will diverge diverge due to the eigenvalue of (M M; Mo My)? strictly above 1. In other
words, for all k, J5,, given by (PB) contains elements which magnitude diverges at a geometric rate.
We conclude that, for all k£ € N, J,, contains elements which magnitude diverge at a geometric rate.

This illustrates the failure of forward derivative propagation on f(-,): the Heavy Ball algorithm is
stable and globally linearly convergent, its fixed point is differentiable (it is actually constant in ), yet
there is a parametric initialization x(6), y(6) such that forward propagation of derivatives produces
diverging elements for § = 0. Note that implicit differentiation provides the correct derivative,
which is 0, since 2(6) = 0 is the unique fixed point of the gradient iterations. Forward derivative
propagation on the gradient descent algorithms also results in the limit in 0 derivative since it only
contains element which converge to 0 at a geometric rate.

Le us emphasize again that such pathology would not happen if f was C?2. Indeed, in this case,
JJ% would be single valued and the divergence phenomenon would not appear. This illustrate a

fundamental difference between C'** and C? objectives in terms of forward derivative propagation
for second order inertial methods.

27



H Experiments details

All the experiments where run on a MacBook M1 Pro (arm64), on Python 3.9 and numpy 1.21 for
a compute time inferior to one hour. They are repeated 100 times, and we report the median as a
blue line and the first and last deciles as a blue shaded area. The solutions are computed with 2000
iterations, and the curves are reported for the 1000 first iterations. The differentiation of all methods
is performed in forward-mode with jacfwd of the module jax.

Forward-Backward for the Ridge. The dimensions of the problem are n = 500, p = 300.

The design matrix is Gaussian, i.e., X; ; £ (0,1) and the observations y; ESH N(0,1). The

regularization parameter is set to = 0.05.

Forward-Backward algorithm for the Lasso. The dimensions of the problem are n = 50,
p = 500. The design matrix is Gaussian, i.e., X; ; i (0,1) and the observations y; £ N(0,1).

The regularization parameter is set to § = 0.2 X Opax Where Opax = | X T y/]|o0.

Douglas—Rachford for the Sparse Inverse Covariance Selection. We consider covariance ma-
trices of size n x n where n = 50 and # = 0.1. The matrix C is generated as C = V 'V where

Vig N0, 1).

ADMM for Trend Filtering. We consider the cyclic 1D Total Variation n = p = 75 and A = 3.0.
Here 6 "% A(0,1).

I Assets used

Our numerical experiments rely on:

* numpy [30], released under BSD-3 license.
* matplotlib [31], released under PSF license.
* jax [13], released under Apache-2.0 license.
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