
A Appendix

Proof. [Proof of Proposition 1.2] Using properties of projection onto a convex set, we have

∥GΘ(θ, z, β)∥22 ≤ 2β2 ∥θ −ΠΘ (θ − z/β)∥22 + 2β2 ∥ΠΘ (θ − z/β)−ΠΘ (θ −∇f(θ)/β)∥22
≤ max(2, 2β2)V (θ, z).

Before proving Lemma 3.1, we present the following result on Poisson equation solution from
[Lia10], and [AMP05] which is crucial to the proof of Lemma 3.1.

Lemma A.1 ([Lia10]) Let Assumption 2.4 be true. Then we have the following:

(a) For any θ ∈ Θ, the Markov kernel Pθ has a single stationary distribution πθ. Moreover,
∇F (θ, x) : Θ× Rd → Θ is measurable for all θ ∈ Θ, Ex∼πθ

[∇F (θ, x)] < ∞.

(b) For any θ ∈ Θ, the Poisson equation u(θ, x) − Pθu(θ, x) = ∇F (θ, x) − ∇f(θ) has
a solution u(θ, x), where Pθu(θ, x) =

∫
Rd u(θ, x

′)Pθ(x, x
′)dx′. There exist a function

V : Rd → [1,∞) such that for all θ ∈ Θ, the following holds:

(i) supθ∈Θ ∥∇F (θ, x)∥V < ∞,
(ii) supθ∈Θ (∥u(θ, x)∥V + ∥Pθu(θ, x)∥V) < ∞,

(iii) supθ∈Θ (∥u(θ, x)− u(θ′, x)∥V + ∥Pθu(θ, x)− Pθ′u(θ′, x)∥V) < ∥θ − θ′∥2.

We now prove Lemma 3.1.

Proof. [Proof of Lemma 3.1] Let,

ek+1 = u(θk, xk+1)− Pθku(θk, xk)

νk+1 = Pθk+1
u(θk+1, xk+1)− Pθku(θk, xk+1) +

ηk+2 − ηk+1

ηk+1
Pθk+1

u(θk+1, xk+1)

ζ̃k+1 = ηk+1Pθku(θk, xk)

ζk+1 =
ζ̃k+1 − ζ̃k+2

ηk+1
. (29)

Now, one has,

E [ek+1|Fk] = E [u(θk, xk+1)|Fk]− Pθku(θk, xk) = 0

We also have E [|ek+1|] < ∞. So ek+1 is a martingale difference sequence. We also have, using
Lemma A.1, and the fact that Θ is compact,

E [∥νk+1∥2] ≤ c1 ∥θk − θk+1∥2 + c2ηk+2 ≤ c1ηk+1 ∥yk − θk∥2 + c2ηk+2 ≤ c3ηk+1.

Again, using Lemma A.1, we have

E
[∥∥∥ζ̃k+1

∥∥∥
2

]
≤ ηk+1E

[
∥Pθku(θk, xk)∥2

]
≤ c4ηk+1,

where ci, i = 1, 2, 3, 4 are constants.

A.1 Proof of Theorem 3.1

Let,

y′k = argmin
y∈Θ

{
⟨zk, y − θk⟩+

β

2
∥y − θk∥22

}
,

and,

∥yk − y′k∥2 ≤ δk.

Consider the following system:

θ̃0 = θ0 z̃0 = z0 (30)
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ỹk = argmin
y∈Θ

{〈
z̃k, y − θ̃k

〉
+

β

2

∥∥∥y − θ̃k

∥∥∥2
2

}
(31)

θ̃k+1 = θ̃k + ηk+1(ỹk − θ̃k) (32)

z̃k+1 = zk+1 + ζ̃k+1 (33)

Equivalently one can also write:

ỹk = ΠΘ

(
θ̃k − 1

β
z̃k

)
, (34)

where ΠΘ is the orthogonal projection on the set Θ. Let ϕ(θ, z) be the following function:

ϕ(θ, z) = min
y∈Θ

(
⟨z, y − θ⟩+ β

2
∥y − θ∥22

)
. (35)

Let us define the following merit function.

W (θ, z) = (f(θ)− f∗)− ϕ(θ, z). (36)

Recall that as optimality measure we use the following:

V (θk, zk) =

∥∥∥∥ΠΘ

(
θk − zk

β

)
− θk

∥∥∥∥2
2

+ ∥zk −∇f(θk)∥22 . (37)

Lemma A.2 ([Jag13]) Under Assumption 2.1,

∥yk − y′k∥
2
2 ≤ 4D2

Θ(1 + ω)

tk + 2
,

where ω is the accuracy of the LMO.

In Lemma A.3, we show that the iterates generated by the auxiliary updates are close to the orig-
inal updates of Algorithm 1. Using Lemma A.3 we show that V (θk, zk) is close to V (θ̃k, z̃k) in
Lemma A.4. Lemma A.5, and Lemma A.6 bounds the first component of

∑N
k=1 ηkV (θk, zk), namely,∑N

k=1 ηk

∥∥∥ΠΘ

(
θk − zk

β

)
− θk

∥∥∥2
2
. Finally, we bound the second component

∑N
k=1 ∥zk −∇f(θk)∥22

in (46).

Lemma A.3 Let the conditions of Lemma 3.1 hold. Then, for k ≥ 1, and for any γ ∈ R, we have

E
[∥∥∥θ̃k − θk

∥∥∥2
2

]
≤η3k(1 + η−γ

k ) + 2

k−1∑
i=1

η3i
(
1 + η−γ

i

) k∏
j=i+1

(
1 + η1+γ

j

)

+ 2
k−1∑
i=1

ηiE
[
δ2i−1

] (
1 + η−γ

i

) k∏
j=i+1

(
1 + η1+γ

j

)
. (38)

Lemma A.4 Let the conditions of Lemma 3.1 be true. Then, choosing ηk = (N + k)−a, a > 1/2,
and setting γ of Lemma A.3 to γ = 1/a− 1, for δk ≤ ηk we get

E [V (θk, zk)] ≤ 2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
N1−4a + 8N2−4a

)
+ 12N−2a.

Lemma A.5 Let Assumption 2.1, Assumption 2.2, and Assumption 2.4 be true. Let {θ̃k, z̃k, ỹk, }k≥0

be the sequence generated by (30)-(33). Then ∀k ≥ 0,

β

2

N−1∑
k=0

ηk+1

∥∥∥ỹk − θ̃k

∥∥∥2
2
≤ W (x0, z0) +

N−1∑
k=0

rk+1 ∀N ≥ 1, (39)

where for k ≥ 0,

rk+1 =
(LG + Lϕ)η

2
k+1

2

∥∥∥ỹk − θ̃k

∥∥∥2
2
+

Lϕ

2
∥z̃k+1 − z̃k∥22 (40)

+ ηk+1

〈
θ̃k − ỹk, ϵ̃k+1

〉
+

ηk+1L
2
G

β

∥∥∥θk − θ̃k

∥∥∥2
2
.
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Lemma A.6 Let {θ̃k, z̃k, ỹk, }k≥0 be the sequence generated by (30)-(33), and Assumption 2.1-2.4
hold. Then,

1. If η0 = 1, we have,

β2E
[∥∥∥ỹk − θ̃k

∥∥∥2
2
|Fk−1

]
≤ E

[
∥z̃k∥22 |Fk−1

]
≤ σ2 ∀k ≥ 1; (41)

2. If ηk ≤ 1/
√
2 for all k ≥ 1, then,

∞∑
k=0

E
[
∥z̃k+1 − z̃k∥22 |Fk

]
≤ 2

(
∥z̃0∥22 + 24σ2

∞∑
k=0

η2k

)
, (42)

∞∑
k=0

E [rk+1|Fk] ≤ σ2
3

∞∑
k=0

η2k +
L2
G

β

∞∑
k=0

ηk+1E
[∥∥∥θk − θ̃k

∥∥∥2
2

]
, (43)

where

σ2
3 =

1

2

(
(3LG + Lϕ)

σ2

β2
+ 4Lϕ(∥z0∥22 + 24σ2) + 2

)
.

We now prove Theorem 3.1.

Proof. [Proof of Theorem 3.1] Define,

Γ1 := 1 Γk :=

k−1∏
i=0

(1− ηi+1) ∀k ≥ 2. (44)

Now, using the update of Algorithm 1,

∇f(θ̃k+1)− z̃k+1 = (1− ηk+1)
(
∇f(θ̃k)− z̃k +∇f(θ̃k+1)−∇f(θ̃k)

)
+ ηk+1

(
∇f(θ̃k+1)−∇f(θ̃k)− ϵ̃k+1

)
+ ηk+1

(
∇f(θ̃k)−∇f(θk)

)
Dividing both sides by Γk+1, we get,

∇f(θ̃k+1)− z̃k+1

Γk+1

=
1

Γk

(
∇f(θ̃k)− z̃k +∇f(θ̃k+1)−∇f(θ̃k)

)
+

ηk+1

Γk+1

(
∇f(θ̃k+1)−∇f(θ̃k)− ϵ̃k+1

)
+

ηk+1

Γk+1

(
∇f(θ̃k)−∇f(θk)

)
=

1

Γk

(
∇f(θ̃k)− z̃k

)
+

1

Γk+1

(
∇f(θ̃k+1)−∇f(θ̃k)

)
− ηk+1

Γk+1

(
ϵ̃k+1 +∇f(θk)−∇f(θ̃k)

)
Summing both sides from k = 1 to k = i− 1, we get,

∇f(θ̃i)− z̃i =

i−1∑
k=0

Γi

Γk+1

(
∇f(θ̃k+1)−∇f(θ̃k)

)
−

i−1∑
k=0

ηk+1Γi

Γk+1

(
ϵ̃k+1 +∇f(θk)−∇f(θ̃k)

)
.

Then,

∇f(θ̃i)− z̃i =
Γi

Γi−1

(
∇f(θ̃i−1)− z̃i−1

)
+
(
∇f(θ̃i)−∇f(θ̃i−1)

)
− ηi

(
ϵ̃i +∇f(θi−1)−∇f(θ̃i−1)

)
=(1− ηi)

(
∇f(θ̃i−1)− z̃i−1

)
+

ηi
ηi

(
∇f(θ̃i)−∇f(θ̃i−1)

)
− ηi

(
ϵ̃i +∇f(θi−1)−∇f(θ̃i−1)

)
Using Young’s inequality and Jensen’s inequality,∥∥∥∇f(θ̃i)− z̃i

∥∥∥2
2

18



≤1− ηi/4

1− ηi/2

∥∥∥∥(1− ηi)
(
∇f(θ̃i−1)− z̃i−1

)
+

ηi
ηi

(
∇f(θ̃i)−∇f(θ̃i−1)

)
− ηiϵ̃i

∥∥∥∥2
2

+
4− ηi
ηi

η2i

∥∥∥∇f(θi−1)−∇f(θ̃i−1)
∥∥∥2
2

≤1− ηi/4

1− ηi/2
(I1) + 4L2

Gηi

∥∥∥θi−1 − θ̃i−1

∥∥∥2
2
, (45)

where

I1 =(1− ηi)
∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2
+

∥∥∥∇f(θ̃i)−∇f(θ̃i−1)
∥∥∥2
2

ηi
+ η2i ∥ϵ̃i∥

2
2

− 2ηi

〈
(1− ηi)

(
∇f(θ̃i−1)− z̃i−1

)
+
(
∇f(θ̃i)−∇f(θ̃i−1)

)
, ϵ̃i

〉
.

Taking conditional expectation of I1 with respect to Fi−1, using (16), Assumption 2.4, and (32), we
get

E [I1 | Fi−1] ≤(1− ηi)
∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2
+ ηiL

2
G

∥∥∥ỹi−1 − θ̃i−1

∥∥∥2
2
+ η2i σ

2

− 2ηiE
[〈

(1− ηi)
(
∇f(θ̃i−1)− z̃i−1

)
+
(
∇f(θ̃i)−∇f(θ̃i−1)

)
, ζ̃i

〉
|Fi−1

]
≤(1− ηi)

∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2
+ ηiL

2
GE
[∥∥∥ỹi−1 − θ̃i−1

∥∥∥2
2
|Fi−1

]
+ η2i σ

2

+ 2η2i (1− ηi)
2
∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2
+ 2η4iL

2
G

∥∥∥ỹi−1 − θ̃i−1

∥∥∥2
2
+ η2i

≤
(
1− ηi

2

)∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2
+ 2ηiL

2
GE
[∥∥∥ỹi−1 − θ̃i−1

∥∥∥2
2
|Fi−1

]
+ η2i (1 + σ2).

Taking expectation on both sides of (45),

E
[∥∥∥∇f(θ̃i)− z̃i

∥∥∥2
2

]
≤
(
1− ηi

4

)
E
[∥∥∥∇f(θ̃i−1)− z̃i−1

∥∥∥2
2

]
+ 4ηiL

2
GE
[∥∥∥ỹi−1 − θ̃i−1

∥∥∥2
2

]
+ 2η2i (1 + σ2) + 4L2

GηiE
[∥∥∥θi−1 − θ̃i−1

∥∥∥2
2

]
≤Y i

0E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

G

i∑
k=1

Y i
kηkE

[∥∥∥ỹk−1 − θ̃k−1

∥∥∥2
2

]
+ 2

i∑
k=1

Y i
k−1η

2
k(1 + σ2)

+ 4L2
G

i∑
k=1

Y i
k−1ηkE

[∥∥∥θk−1 − θ̃k−1

∥∥∥2
2

]
,

where

Y i
i = I Y k

i =

k∏
j=i+1

(
1− ηj

4

)
for k > i.

Then,

N∑
i=1

ηiE
[∥∥∥∇f(θ̃i)− z̃i

∥∥∥2
2

]

≤
N∑
i=1

ηiY
i
0E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

G

N∑
i=1

i∑
k=1

Y i
kηiηkE

[∥∥∥ỹk−1 − θ̃k−1

∥∥∥2
2

]

+ 2

N∑
i=1

i∑
k=1

Y i
k−1ηiη

2
k(1 + σ2) + 4L2

G

N∑
i=1

i∑
k=1

Y i
k−1ηiηkE

[∥∥∥θk−1 − θ̃k−1

∥∥∥2
2

]
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=E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

G

N∑
k=1

N∑
i=k

Y i
kηiηkE

[∥∥∥ỹk−1 − θ̃k−1

∥∥∥2
2

]

+ 2

N∑
k=1

N∑
i=k

Y i
k−1ηiη

2
k(1 + σ2) + 4L2

G

N∑
k=1

N∑
i=k

Y i
k−1ηiηkE

[∥∥∥θk−1 − θ̃k−1

∥∥∥2
2

]

≤E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

G

N−1∑
k=0

ηkE
[∥∥∥ỹk − θ̃k

∥∥∥2
2

]
+ 2

N∑
k=1

η2k(1 + σ2) + 4L2
G

N−1∑
k=0

ηk+1E
[∥∥∥θk − θ̃k

∥∥∥2
2

]
.

The last inequality follows by Lemma A.7. Combining (39), and (43), we get,
N∑
i=1

ηiE
[∥∥∥∇f(θ̃i)− z̃i

∥∥∥2
2

]
≤ E

[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]

+ 4L2
G

(
W (x0, z0) + σ2

N∑
k=0

η2k +
L2
G

β

∞∑
k=0

ηk+1E
[∥∥∥θk − θ̃k

∥∥∥2
2

])

+

N∑
k=1

η2k(1 + σ2) + 4L2
G

N−1∑
k=0

ηk+1E
[∥∥∥θk − θ̃k

∥∥∥2
2

]
. (46)

Combining (46), and (39), we get,

E
[
V (θ̃k, z̃k)

]

≤
E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

GW (x0, z0) + 2
∑N

k=1 η
2
k(1 + σ2) + (4L2

G + 4L4
G/β)

∑N−1
k=0 ηk+1E

[∥∥∥θk − θ̃k

∥∥∥2
2

]
∑N

k=1 ηk
.

(47)

Choosing ηk = (N + k)−a, using Lemma A.3, for γ = 1/a− 1, we get,
N−1∑
k=0

ηk+1E
[∥∥∥θk − θ̃k

∥∥∥2
2

]

≤
N−1∑
k=0

ηk+1η
3
k(1 + η−γ

k ) +

N−1∑
k=0

ηk+1

k−1∑
i=1

η3i
(
1 + η−γ

i

) k∏
j=i+1

(
1 + η1+γ

j

)

≤2

N−1∑
k=0

(N + k + 1)−a
k−1∑
i=1

(N + i)−3a (1 + (N + i)aγ)

k∏
j=i+1

(
1 + (N + j)−a(1+γ)

)

≤2

N−1∑
k=0

N−4a
k−1∑
i=1

(
1 + (2N)1−a

) (
1 +N−1

)k−i

≤2

N−1∑
k=0

N1−4a
(
1 + (2N)1−a

) (
(1 +N−1)k − 1

)
≤8N2−5a

(
N(1 +N−1)N − 2N

)
≤8N3−5a.

Then, ∑N−1
k=0 ηk+1E

[∥∥∥θk − θ̃k

∥∥∥2
2

]
∑N

k=1 ηk
≤ 8N3−5a∑N

k=1(2N)−a
≤ 16N2−4a. (48)

Now using (48), and (47), we get

E
[
V (θ̃k, z̃k)

]
≤
(
E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

GW (x0, z0)

)
Na−1 + 2(1 + σ2)N−a + 16N2−4a.
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Then using Lemma A.4, we get,

E [V (θk, zk)] ≤
(
E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

GW (x0, z0)

)
Na−1

+ 2(1 + σ2)N−a + (9 + 4LG)
(
N1−4a + 8N2−4a

)
+ 12N−2a + 16N2−4a.

(49)

Now choosing, a = 3/5, we get,

E [V (θk, zk)] ≤
(
E
[∥∥∥∇f(θ̃0)− z̃0

∥∥∥2
2

]
+ 4L2

GW (x0, z0)

)
N−2/5

+ 2(1 + σ2)N−3/5 + (9 + 4LG)
(
N−7/5 + 8N−2/5

)
+ 12N−6/5 + 16N−2/5

=O
(
N− 2

5

)
.

Now we the provide the proofs of the Lemmas required to prove Theorem 3.1.

A.2 Proof of Lemmas for Theorem 3.1

Proof. [Proof of Lemma A.3] By Jensen’s inequality, contraction property of the projection operator,
and Youngs’ inequality, we get∥∥∥θ̃k+1 − θk+1

∥∥∥2
2

≤(1− ηk+1)
∥∥∥θ̃k − θk

∥∥∥2
2
+ ηk+1 ∥ỹk − yk∥22

≤(1− ηk+1)
∥∥∥θ̃k − θk

∥∥∥2
2
+ ηk+1

(∥∥∥θ̃k − θk

∥∥∥
2
+ ∥z̃k/β − zk/β∥2 + δk

)2
≤(1− ηk+1)

∥∥∥θ̃k − θk

∥∥∥2
2
+ ηk+1(1 + ηγk+1)

∥∥∥θ̃k − θk

∥∥∥2
2
+ 2ηk+1(1 + η−γ

k+1) ∥z̃k/β − zk/β∥22 + 2ηk+1(1 + η−γ
k+1)δ

2
k.

Now taking expectation on both sides, and using Lemma 3.1, we have

E
[∥∥∥θ̃k+1 − θk+1

∥∥∥2
2

]
≤
(
1 + η1+γ

k+1

)
E
[∥∥∥θ̃k − θk

∥∥∥2
2

]
+ 2η3k+1(1 + η−γ

k+1) + 2ηk+1(1 + η−γ
k+1)E

[
δ2k
]

≤η3k+1(1 + η−γ
k+1) + 2

k∑
i=1

η3i
(
1 + η−γ

i

) k+1∏
j=i+1

(
1 + η1+γ

j

)
+ 2

k∑
i=1

ηiE
[
δ2i−1

] (
1 + η−γ

i

) k+1∏
j=i+1

(
1 + η1+γ

j

)
.

Proof. [Proof of Lemma A.4] Using (16), and contraction property of the projection operator,

V (θk, zk) = ∥ΠΘ (θk − zk)− θk∥22 + ∥zk −∇f(θk)∥22

≤2
∥∥∥ΠΘ (θk − zk)− θk −ΠΘ

(
θ̃k − z̃k

)
+ θ̃k

∥∥∥2
2
+ 2

∥∥∥z̃k −∇f(θ̃k)− zk +∇f(θk)
∥∥∥2
2

+ 2
∥∥∥ΠΘ

(
θ̃k − z̃k

)
− θ̃k

∥∥∥2
2
+ 2

∥∥∥z̃k −∇f(θ̃k)
∥∥∥2
2

≤2V (θ̃k, z̃k) + (8 + 4LG)
∥∥∥θk − θ̃k

∥∥∥2
2
+ 12 ∥zk − z̃k∥22 .

Using Lemma A.3, and Lemma 3.1, we get,

E [V (θk, zk)]
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≤2E
[
V (θ̃k, z̃k)

]
+ (8 + 4LG)E

[∥∥∥θk − θ̃k

∥∥∥2
2

]
+ 12E

[
∥zk − z̃k∥22

]
≤2E

[
V (θ̃k, z̃k)

]
+ (8 + 4LG)

η3k(1 + η−γ
k ) + 2

k−1∑
i=1

η3i
(
1 + η−γ

i

) k∏
j=i+1

(
1 + η1+γ

j

)

+2

k−1∑
i=1

ηiE
[
δ2i−1

] (
1 + η−γ

i

) k∏
j=i+1

(
1 + η1+γ

j

)+ 12η2k+1.

For δk−1 ≤ ηk, choosing ηk = 1
(N+k)a with a > 1/2, we get,

E [V (θk, zk)]

≤2E
[
V (θ̃k, z̃k)

]
+ (8 + 4LG)

1 + (N + k)aγ

(N + k)3a
+ 4

k−1∑
i=1

1 + (N + i)aγ

(N + i)3a

k∏
j=i+1

(
1 + (N + j)−a(1+γ)

)
+

12

(N + k + 1)2a

≤2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
1

N3a−aγ
+

k−1∑
i=1

4

N3a−aγ

(
1 +

1

Na(1+γ)

)i
)

+
12

N2a

≤2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
1

N3a−aγ
+

4

N2a−2aγ

[(
1 +

1

Na(1+γ)

)N

− 1

])
+

12

N2a

≤2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
1

N3a−aγ
+

4

N2a−2aγ

[
exp

(
N1−a(1+γ)

)
− 1
])

+
12

N2a

≤2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
1

N3a−aγ
+ 8N1−3a+aγ

)
+

12

N2a
. (50)

Setting γ = 1/a− 1, we get,

E [V (θk, zk)] ≤ 2E
[
V (θ̃k, z̃k)

]
+ (9 + 4LG)

(
N1−4a + 8N2−4a

)
+ 12N−2a.

Proof. [Proof of Lemma A.5]

Recall that,

ϕ(θ, z) = min
y∈Θ

(
⟨z, y − θ⟩+ β

2
∥y − θ∥22

)
. (51)

It is easy to verify that ϕ(θ, z) has a Lϕ-Lipschitz continuous gradient [GRW20, Lemma 3] where

Lϕ = 2
√

(1 + β)2 + (1 + 1/(2β))2.

Using the definition of ϕ(θ, z) in (51), and Lipschitz continuity of its gradient, we have

ϕ(θ̃k, z̃k)− ϕ(θ̃k+1, z̃k+1)

≤
〈
z̃k + β(ỹk − θ̃k), θ̃k+1 − θ̃k

〉
−
〈
ỹk − θ̃k, z̃k+1 − z̃k

〉
+

Lϕ

2

[∥∥∥θ̃k+1 − θ̃k

∥∥∥2
2
+ ∥z̃k+1 − z̃k∥22

]
.

(52)

By the optimality condition of the subproblem (31) we have,〈
z̃k + β(ỹk − θ̃k), y − ỹk

〉
≥ 0 ∀y ∈ Θ. (53)

For y = θ̃k we have, 〈
z̃k + β(ỹk − θ̃k), ỹk − θ̃k

〉
≤ 0. (54)
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Note that this also implies

ϕ(θ̃k, z̃k) ≤ 0. (55)

We also have,

z̃k+1 − z̃k
=z̃k+1 − (1− ηk+1)z̃k − ηk+1z̃k

=zk+1 − (1− ηk+1)zk − ηk+1z̃k + ζ̃k+2 − (1− ηk+1)ζ̃k+1

=ηk+1 (∇f(θk) + ek+1 + νk+1 + ζk+1)− ηk+1z̃k + ζ̃k+2 − (1− ηk+1)ζ̃k+1

=ηk+1 (∇f(θk) + ek+1 + νk+1) + (ζ̃k+1 − ζ̃k+2)− ηk+1z̃k + ζ̃k+2 − (1− ηk+1)ζ̃k+1

=ηk+1 (∇f(θk) + ϵ̃k+1)− ηk+1z̃k,

where, ϵ̃k = ek + νk + ζ̃k. Then, using (16) we have,〈
ỹk − θ̃k, z̃k+1 − z̃k

〉
=
〈
ỹk − θ̃k, ηk+1 (∇f(θk) + ϵ̃k+1)− ηk+1z̃k

〉
=
〈
θ̃k+1 − θ̃k,∇f(θ̃k)

〉
+
〈
θ̃k+1 − θ̃k,∇f(θk)−∇f(θ̃k)

〉
+
〈
ỹk − θ̃k, ηk+1ϵ̃k+1

〉
−
〈
θ̃k+1 − θ̃k, z̃k

〉
≥f(θ̃k+1)− f(θ̃k)−

LG

2
∥θ̃k+1 − θ̃k∥22 −

β

2ηk+1

∥∥∥θ̃k+1 − θ̃k

∥∥∥2
2
− ηk+1

β

∥∥∥∇f(θk)−∇f(θ̃k)
∥∥∥2
2

+
〈
ỹk − θ̃k, ηk+1ϵ̃k+1

〉
−
〈
θ̃k+1 − θ̃k, z̃k

〉
. (56)

Combining (52), (53), (54), and (56), using (16), and rearranging, we get,

ϕ(θ̃k, z̃k)− ϕ(θ̃k+1, z̃k+1)

≤f(θ̃k)− f(θ̃k+1) +
LG

2
∥θ̃k+1 − θ̃k∥22 +

β

2ηk+1

∥∥∥θ̃k+1 − θ̃k

∥∥∥2
2
+

ηk+1

β

∥∥∥∇f(θk)−∇f(θ̃k)
∥∥∥2
2

−
〈
ỹk − θ̃k, ηk+1ϵ̃k+1

〉
− ηk+1β

∥∥∥ỹk − θ̃k

∥∥∥2
2
+

Lϕ

2

[∥∥∥θ̃k+1 − θ̃k

∥∥∥2
2
+ ∥z̃k+1 − z̃k∥22

]
W (θ̃k+1, z̃k+1)−W (θ̃k, z̃k)

≤− ηk+1β

2

∥∥∥ỹk − θ̃k

∥∥∥2
2
+

(LG + Lϕ)η
2
k+1

2

∥∥∥ỹk − θ̃k

∥∥∥2
2
+

Lϕ

2
∥z̃k+1 − z̃k∥22 +

ηk+1L
2
G

β

∥∥∥θk − θ̃k

∥∥∥2
2

− ηk+1

〈
ỹk − θ̃k, ϵ̃k+1

〉
Summing both sides from k = 0 to N − 1, and using (55), we get,

i∑
k=0

ηk+1β

2

∥∥∥ỹk − θ̃k

∥∥∥2
2
≤ W (θ̃0, z̃0) +

N−1∑
k=0

rk+1,

where

rk+1 =
(LG + Lϕ)η

2
k+1

2

∥∥∥ỹk − θ̃k

∥∥∥2
2
+

Lϕ

2
∥z̃k+1 − z̃k∥22 + ηk+1

〈
θ̃k − ỹk, ϵ̃k+1

〉
+

ηk+1L
2
G

β

∥∥∥θk − θ̃k

∥∥∥2
2
.

Proof. [Proof of Lemma A.6] We omit the details of the proof of Lemma A.6 since the proof is
similar to Proposition 1 of [GRW20] except that we no longer have E

[
(θ̃k − ỹk)

⊤ϵ̃k|Fk−1

]
= 0

since {ϵ̃k}k is no longer a martingale difference sequence. But we can show that the term is small
enough, i.e., of the order of the stepsize. Note that, using (41), we have

E
[
(θ̃k − ỹk)

⊤ϵ̃k|Fk−1

]
=E

[
(θ̃k − ỹk)

⊤(νk + ζ̃k)|Fk−1

]
≤
√

E
[
∥θ̃k − ỹk∥22|Fk−1

]√
E
[
∥νk + ζ̃k∥22|Fk−1

]
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≤

√
E
[
2∥z̃k∥22
β2

|Fk−1

]
ηk

≤2σηk
β

. (57)

Combining (57) with Proposition 1 of [GRW20] we get Lemma A.6.

A.3 Auxilliary Results

Let

Y i
i = I Y k

i =

k∏
j=i+1

(
1− ηj

4

)
.

Then, we have the following results:

Lemma A.7 For k ≤ i ≤ N ,∥∥Y i
k−1

∥∥
2
≤ exp

(
−1

8

(
(N + k)1−a − (N + i+ 1)1−a

))
N∑
i=k

Y i
k−1ηi = O(1). (58)

Proof. Using the fact that 1− x ≤ exp(−x), we get

Y i
k−1 =

i∏
j=k

(
1− ηj

4

)
≤

i∏
j=k

exp
(
−ηj

4

)
= exp

−
i∑

j=k

(N + j)−a

4


≤exp

(
−
∫ i

k

(N + j)−a

8

)
dj

≤exp

(
−1

8

(
(N + i)1−a − (N + k)1−a

))
Now,

N∑
i=k

Y i
k−1ηi

≤
N∑
i=k

exp

(
−1

8

(
(N + i)1−a − (N + k)1−a

))
(N + i)−a

=exp

(
(N + k)1−a

8

) 2N∑
i=k+N

exp

(
− i1−a

8

)
i−a

≤exp

(
(N + k)1−a

8

)∫ 2N

k+N

exp

(
− (i− 1)1−a

8

)
(i− 1)−adi

=
exp

(
(N+k)1−a

8

)
1− a

∫ (2N−1)1−a

(k+N−1)1−a

exp (−u) du

≤
exp

(
(N+k)1−a

8 − (N+k−1)1−a

8

)
1− a

≤ e

1− a
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B Proof of Theorem 3.2

Before introducing the main proof we present some notations. Recall that,

ϕ(θ, z) = min
y∈Θ

(
⟨z, y − θ⟩+ β

2
∥y − θ∥22

)
,

, and,

y′k = argmin
y∈Θ

{
⟨zk, y − θk⟩+

β

2
∥y − θk∥22

}
.

For a given θ, and z, we introduce the following notation for convenience.

H(y) = ⟨z, y − θ⟩+ β

2
∥y − θ∥22

Then we have [Jag13],

β

2
∥yk − y′k∥22 ≤ H(yk)−H(y′k).

We choose the parameters of Algorithm 2 such that

H(yk)−H(y′k) ≤ δ2k.

We will choose δk later. Let us define the following merit function.

W (θ, z) = (f(θ)− f∗)− ϕ(θ, z) + α ∥∇f(θ)− z∥22 . α > 0 (59)

We need the following result from [AMP05] on mixing properties of the data under Assump-
tion 2.4 (a).

Lemma B.1 [AMP05] Let Assumption 2.4 (a) be true. Then, for any θ ∈ Θ, the chain {xk}k is
exponentially mixing in the sense of Definition 25.

Proof. First we establish recursion relations on the three components of W (θ, z): (f(θ) − f∗),
ϕ(θ, z), and α ∥∇f(θ)− z∥22.

Using (16), Assumption 2.1, Young’s inequality,

f(θk+1)− f(θk)

≤∇f(θk)
⊤(θk+1 − θk) +

LG

2
∥θk+1 − θk∥22

=ηk+1∇f(θk)
⊤(y′k − θk) + ηk+1(∇f(θk)− zk)

⊤(yk − y′k) + ηk+1(zk + β(y′k − θ))⊤(yk − y′k)

− ηk+1β ⟨y′k − θk, yk − y′k⟩+
LGD2

Θη
2
k+1

2

≤ηk+1

(
H(yk)−H(y′k)−

β

2
∥yk − y′k∥

2
2

)
+

ηk+1β

16
∥y′k − θk∥

2
2 + 4ηk+1β ∥yk − y′k∥

2
2 +

LGD2
Θη

2
k+1

2

+
ηk+1β

16
∥∇f(θk)− zk)∥22 +

4ηk+1

β
∥yk − y′k∥

2
2 + ηk+1∇f(θk)

⊤(y′k − θk)

≤ηk+1 (H(yk)−H(y′k)) +
ηk+1β

16
∥y′k − θk∥

2
2 + 4ηk+1β ∥yk − y′k∥

2
2 +

LGD2
Θη

2
k+1

2

+
ηk+1β

16
∥∇f(θk)− zk)∥22 +

4ηk+1

β
∥yk − y′k∥

2
2 + ηk+1∇f(θk)

⊤(y′k − θk). (60)

Using (52),

ϕ(θk, zk)− ϕ(θk+1, zk+1)

≤⟨zk + β(y′k − θk), θk+1 − θk⟩ − ⟨y′k − θk, zk+1 − zk⟩+
Lϕ

2

[
∥θk+1 − θk∥22 + ∥zk+1 − zk∥22

]
≤ηk+1 ⟨zk + β(y′k − θk), y

′
k − θk⟩+ ηk+1 ⟨zk + β(y′k − θk), yk − y′k⟩ − ⟨y′k − θk, zk+1 − zk⟩
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+
Lϕ

2

[
∥θk+1 − θk∥22 + ∥zk+1 − zk∥22

]
≤ηk+1

(
H(yk)−H(y′k)−

β

2
∥yk − y′k∥

2
2

)
− ηk+1 ⟨y′k − θk,∇F (θk, xk+1)⟩

+ ηk+1 ⟨y′k − θk, zk⟩+
Lϕ

2

[
∥θk+1 − θk∥22 + ∥zk+1 − zk∥22

]
≤− ηk+1β ∥y′k − θk∥

2
2 + ηk+1 (H(yk)−H(y′k))− ηk+1 ⟨y′k − θk,∇f(θk)⟩

− ηk+1 ⟨y′k − θk, ξk+1(θk, xk+1)⟩+
Lϕ

2

[
∥θk+1 − θk∥22 + ∥zk+1 − zk∥22

]
. (61)

Recall Γi defined in (44). Then

∇f(θi)− zi =
Γi

Γi−1
(∇f(θi−1)− zi−1) + (∇f(θi)−∇f(θi−1))− ηi (ϵ̃i +∇f(θi−1)−∇f(θi−1))

=(1− ηi) (∇f(θi−1)− zi−1) +
ηi
ηi

(∇f(θi)−∇f(θi−1))− ηiξi.

Using Jensen’s inequality,

∥∇f(θi)− zi∥22 ≤(1− ηi) ∥∇f(θi−1)− zi−1∥22 +
1

ηi
∥∇f(θi)−∇f(θi−1)∥22 + η2i ∥ξi∥

2
2

− 2ηi ⟨ξi, (1− ηi) (∇f(θi−1)− zi−1) + (∇f(θi)−∇f(θi−1))⟩

≤(1− ηi) ∥∇f(θi−1)− zi−1∥22 + 2L2
Gηi

∥∥y′i−1 − θi−1

∥∥2
2
+ 2L2

Gηi
∥∥yi−1 − y′i−1

∥∥2
2
+ η2i ∥ξi∥

2
2

− 2ηi ⟨ξi, (1− ηi) (∇f(θi−1)− zi−1) + (∇f(θi)−∇f(θi−1))⟩ . (62)

Now combining (60), (61), and (62) we have,

W (θk+1, zk+1)−W (θk, zk)

=f(θk+1)− f(θk)− ϕ(θk+1, zk+1) + ϕ(θk, zk) + α ∥∇f(θk+1)− zk+1∥22 − α ∥∇f(θk)− zk∥22

≤2ηk+1 (H(yk)−H(y′k))−
15αηk+1

16
∥∇f(θk)− zk∥22 −

(
15βηk+1

16
− 2αL2

Gηk+1

)
∥y′k − θk∥

2
2

+ ηk+1

(
4β + 4/α+ 2L2

Gα
)
∥yk − y′k∥22

+ η2k+1

(
LGD

2
Θ

2
+

LϕD
2
Θ

2
+ ∥zk −∇F (θk, xk+1)∥22 + ∥ξk+1(θk, xk+1)∥22 + 2 ∥ξk+1(θk, xk+1)∥2 ∥∇f(θk)− zk∥2

)
− ηk+1 ⟨y′k − θk, ξk+1(θk, xk+1)⟩ − 2ηk+1 ⟨ξk+1(θk, xk+1),∇f(θk+1)− zk⟩

Rearranging, and choosing α = β/(32L2
G) we get,

14βηk+1

16
∥y′k − θk∥

2
2 +

15βηk+1

512L2
G

∥∇f(θk)− zk∥22

≤W (θk, zk)−W (θk+1, zk+1) +
(
4/β + 4β + 4/α+ 2L2

Gα
)
ηk+1δ

2
k + η2k+1Uk − ηk+1Sk − ηk+1Qk,

(63)

where

Uk =
LGD

2
Θ

2
+
LϕD

2
Θ

2
+∥zk −∇F (θk, xk+1)∥22+∥ξk+1(θk, xk+1)∥22+2 ∥ξk+1(θk, xk+1)∥2 ∥∇f(θk)− zk∥2 ,

Sk = ⟨y′k − θk, ξk+1(θk, xk+1)⟩, and Qk = 2 ⟨ξk+1(θk, xk+1),∇f(θk+1)− zk⟩. Taking expecta-
tion on both sides and summing from k = 0 to k = N , we get,

N∑
k=0

E
[
14βηk+1

16
∥y′k − θk∥

2
2 +

15βηk+1

512L2
G

∥∇f(θk)− zk∥22

]

≤W (θ0, z0) +

N∑
k=0

(
4/β + 4β + 4/α+ 2L2

Gα
)
ηk+1δ

2
k +

N∑
k=0

η2k+1E [Uk]−
N∑

k=0

ηk+1(E [Sk] + E [Qk]),

(64)
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Bound on E [Uk] : Similar to (41), we have E [∥zk∥2] ≤ σ. Using Lipschitz continuity of f(·), as
explained in Section 2, we have ∇f(θk) ≤ L. Combining these with Assumption 2.3, we have,

E [Uk] = O(1) (65)

Bound on E [Sk] : Using Ex∼π

[〈
y′k−l − θk−l, ξk+1(θk−l, x)

〉]
= 0, for l ∈ {1, · · · , k − 1}, we

have

E [Sk|Fk−l]

=E [⟨y′k − θk, ξk+1(θk, xk+1)⟩ |Fk−l]− E [⟨y′k − θk, ξk+1(θk−l, xk+1)⟩ |Fk−l]

+ E [⟨y′k − θk, ξk+1(θk−l, xk+1)⟩ |Fk−l]− E
[〈
y′k−l − θk−l, ξk+1(θk−l, xk+1)

〉
|Fk−l

]
+ E

[〈
y′k−l − θk−l, ξk+1(θk−l, xk+1)

〉
|Fk−l

]
− Ex∼π

[〈
y′k−l − θk−l, ξk+1(θk−l, x)

〉]
=E

[〈
y′k − θk,

k∑
i=k−l+1

(ξk+1(θi, xk+1)− ξk+1(θi−1, xk+1)

〉
|Fk−l

]

+ E

[〈
k∑

i=k−l+1

(y′i − θi − y′i−1 + θi−1), ξk+1(θk−l, xk+1)

〉
|Fk−l

]
+
〈
y′k−l − θk−l,E [ξk+1(θk−l, xk+1)|Fk−l]

〉
−
〈
y′k−l − θk−l,Ex∼π [ξk+1(θk−l, x)]

〉
=E

[
∥y′k − θk∥2

k∑
i=k−l+1

ηi ∥yi−1 − θi−1∥2 |Fk−l

]

+ E

[
k∑

i=k−l+1

(∥zi − zi−1∥2 /β + 2 ∥θi − θi−1∥2) ∥ξk+1(θk−l, xk+1)∥2 |Fk−l

]
+
∥∥y′k−l − θk−l

∥∥
2
∥E [ξk+1(θk−l, xk+1)|Fk−l]− Ex∼π [ξk+1(θk−l, x)]∥2 . (66)

Using Assumption 2.1 one has,

E

[
∥y′k − θk∥2

k∑
i=k−l+1

ηi ∥yi−1 − θi−1∥2

]
= O(lηk−l+1). (67)

Using Assumption 2.1, Assumption 2.3, zk+1 − zk = ηk+1(∇F (θk, xk+1) − zk), E [∥zk∥2] ≤ σ
one has,

E

[
k∑

i=k−l+1

(∥zi − zi−1∥2 /β + 2 ∥θi − θi−1∥2) ∥ξk+1(θk−l, xk+1)∥2

]
= O (lηk−l+1) . (68)

Using Assumption 2.1, Assumption 2.4, Lemma B.1, (25), and Lipschitz continuity of f(·), we have,∥∥y′k−l − θk−l

∥∥
2
∥E [ξk+1(θk−l, xk+1)|Fk−l]− Ex∼π [ξk+1(θk−l, x)]∥2 ≤ O(exp(−rl)), (69)

where r is as in (25). Combining (67), (68), and (69) with (66) we get,

E [Sk] = O(lηk−l+1 + exp(−rl)) (70)

Bound on E [Qk]: Following similar techniques used to establish bound on E [Sk], we have,

E [Qk] = O(lηk−l+1 + exp(−rl)) (71)

Combining (65), (70), and (71) with (63), choosing tk = ⌈
√
k⌉ to ensure δ2k = η∥, setting l =

⌈ log(1/ηk−l+1)
r ⌉, and choosing ηk = (N + k)−a, 1/2 < a < 1, we get,

N∑
k=0

E
[
14βηk+1

16
∥y′k − θk∥

2
2 +

15βηk+1

512L2
G

∥∇f(θk)− zk∥22

]
≤ W (θ0, z0) +O

(
N1−2a logN

)
,

(72)

Dividing both sides by
∑N

k=0 ηk, and choosing a = 1/2 we get,

E [V (θR, zR)] = O
(
logN√

N

)
.
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