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A Appendix

Denote
H(t,,s,u) = (f(t,2) + g(t, x)u, s) — q(t, ) — u"r(t, z)u. (25)
Lemma 1. Let the value function V, (¢, z) be continuously differentiable. Then, the following
Hamilton-Jacobi-Bellman equation holds:
Vi (t,x)

—a +151€a5<H(t,x,VwV*(t,x)7u) =0, (t,z)e€(0,T)xR".

The proof can be found, for example, in J. Yong. Differential Games: A Concise Introduction. World
Scientific, University of Central Florida, 238 USA, 2015. doi: 10.1142/9121.

Proof of Theorem 1. Note that, due to (19), (21), and (25), we have

Aty z,u) /Aty = H(t, 2,V Vi(t,z),u) — ma;U(’H(t,x, Vi Vi(t,z),u') (26)
u’'€
for any (¢, z,u) € [0,T] x R™ x U. Due to (9) and (11), we have
| f(t,z) + g(t, 2)ul| < crg(1+[12])es" == ayy, (t,2) €S, uel. (27)
Let ¢ > 0. Since V,(t, z) is continuously differentiable, there exists § > 0 such that
OV (t,
V*(t/,x’)—V*(t,x)—#(t’—t)—(vx‘/(t,x),x’—x) < (jt=t'|+|Jz—2)) I +5afg (28)

for any (t,x), (t',2") € S satisfying |t — t'| + ||o — 2/|| < J. Put ky, = (1 + afq)T/0.

Letk > k., i €0,k —1,2€ S(t;),u € U,andz’ =z + (f(t;,z) + g(t;, x)u) Aty. Due to (9) and
(11), we have (t;11,2z’) € S. Then, from (27) and (28), we derive

OVi(ti, x)
ot
Next, according to (18), (20), (25), (26), (29), and Lemma 1, we obtain

|Q(ti,x,u) + (q(ti, x) + uTr(ti,x)u)Atk — min Q(ti+1,x’,u’)|

V*(ti-‘rlaz/)_‘/*(tiax)_ Atk_<vx‘/*(tlaI)7f(t27‘r)+g(tzaz)u>Atk < €Atk, (29)

= |Vi(ts, ) + A(ts, z,u) + (q(ts, @) +uTr(ts, 2)u) Aty — Vi(tizr, )|

M + max H(t;, v, Vi Vi(t;, x), u') | Aty + eAty, = eAty.

<
ot u' e’

The theorem is proved.

Proof of Theorem 2. Let € > 0. Define k., according to Theorem 1. Let k > k.. Let Q € Q satisfy
(22). Let z;, @ € 0, k be defined by (13), where u; € u(t;, z;). Then, due to (12), (20), and (22), we
have

V(O, Z) — Jk(uo, e ,uk_l)
k—1 . (30)
=> (Q(ti,xi,ui) + (q(ti, i) + uf r(ts, x)u;) Aty — max Q(fi1, Tit1, U’)) < Te.
=0

Let us define Q. € Q according to (21). Let x}, i € 0,k be defined by (13), where u} €

79

argmax, oy @« (i, i, ). Then, due to the Theorem 1 and (20), we have
Vi(ti, o)) + (q(ts, f) + (u))Tr(ts, o))uf) Aty — Vi(tigr, 24| < eAty. 31)

Note that, according to definition (10) of the value function V., we have V. (ty, z) = o(z), x € R™.
Then, from (20), (22), and (31), we derive

0: t * ! _ £
max Q(ty, o, v') — o ()

E
=

<3 (max QUi v, w) — Qtss w7, ) — (alts,wf) + () r(ts, w)ud) Ate) + (0, 2)

Il
=)

(2

11



k—1
30 (Valt ) + (altsswd) + (@)t 27)us) Aty = Valtisn, @141) ) = Va(0,2)
=0
< 2Te+V(0,z) — Vi(0, 2).
333 Due to this inequality and inequality (30), we obtain Jy (uq, ..., ug—1) > Vi(0, z) — 3Te. Taking
334 into account (6) and (10) we have sup J(u(-)) = Vi (0, 2). Thus, the theorem is proved.

u(-)

Proof of Theorem 3. Let £ > 4 and Q € Quyap. Letus take i = k — 1 and = = 2. For the sake of
brevity, denote V' = V (tx_1,2), pt = p(tx—1,2), and P = P(tx_1,2). Then, in order to prove the
theorem, we have to show that

max [V = (u—p)* P+ u? Aty + (2 + ulty)?| > Aty /8.
ue[—1,1

Arguing by contradiction assume that

max |V — (u— 1)?P + Aty + (2 + UAtk’)2’ < Aty/8.

u€[—1,1]
335 Then, foru = —1,uw = 1, and u = 0, we have
—At/8 <V — (14 p)*P + Aty + (2 — Atg)? < Aty/8, (32)
sz —At /8 <V — (1 — p)?P + Aty + (2 + Aty)* < Aty /8, (33)
—At,/8 < =V + u?P — 4 < Aty /8. (34)
s3e Adding up inequalities (32), (33), and twice inequity (34), we derive
—Aty/2 < 2P — 2At, — 2At2 < Aty /2. (35)

Adding up twice inequalities (32), (34), and inequity (35), we obtain
7Atk S 74,LLP - 8Atk S Atk.

From this estimate, taking into account (35) and the inequality k£ > 4, we conclude

TAty, 7 7
< — < - <—-<-L
4P 5+ 4Aty, 6
s3e  This inequality contradicts the inclusion 4 € U = [—1, 1], which should be valid for Q € Qnar.
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