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Abstract

More than twenty years after its introduction, Annealed Importance Sampling
(AIS) remains one of the most effective methods for marginal likelihood estima-
tion. It relies on a sequence of distributions interpolating between a tractable
initial distribution and the target distribution of interest which we simulate from
approximately using a non-homogeneous Markov chain. To obtain an importance
sampling estimate of the marginal likelihood, AIS introduces an extended target
distribution to reweight the Markov chain proposal. While much effort has been
devoted to improving the proposal distribution used by AIS, an underappreciated
issue is that AIS uses a convenient but suboptimal extended target distribution.
We here leverage recent progress in score-based generative modeling (SGM) to
approximate the optimal extended target distribution minimizing the variance of the
marginal likelihood estimate for AIS proposals corresponding to the discretization
of Langevin and Hamiltonian dynamics. We demonstrate these novel, differentiable,
AIS procedures on a number of synthetic benchmark distributions and variational
auto-encoders.

1 Introduction

Evaluating the marginal likelihood, also known as evidence, is of key interest in Bayesian statistics as
it allows not only model comparison but is also often used to select hyperparameters. A large variety
of Monte Carlo methods have been proposed to address this problem, including path sampling [19],
AIS [37] and related Sequential Monte Carlo methods [13]. An appealing feature of AIS is that it
provides an unbiased estimate of the marginal likelihood and can thus be used to define an evidence
lower bound (ELBO) or mutual information bounds; see e.g. [53, 51, 7].

AIS builds a proposal distribution using a Markov chain (mk)fzo initialized at an easy-to-sample
distribution followed by a sequence of Markov chain Monte Carlo (MCMC) transitions targeting
typically annealed versions of the posterior. By proceeding this way, we obtain a proposal x 5 whose
distribution is expected to be a reasonable approximation to the target posterior. However, this
distribution is intractable as it requires integrating the joint proposal distribution over previous states
(xk)fz_ol. AIS bypasses this issue by instead using Importance Sampling (IS) on the whole path
(z)K_, through the introduction of an artificial extended target distribution whose marginal at time
K coincides with the posterior.

There has been much work devoted to improving AIS in machine learning and statistics but also
in physics where it was introduced independently in [29, 9]. A standard approach to improve AIS
is to modify the intermediate distributions [45, 21, 34] and corresponding transition kernels of the
proposal [10, 53, 18, 51, 54]. We here address a distinct problem. For a given proposal, it was shown
in [13] that the extended target distribution minimizing the variance of the evidence estimate is not
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Figure 1: Top: Samples X; from an AIS proposal (red) obtained by sampling initially from a
Gaussian at t = 0 and diffusing through Langevin dynamics on intermediate targets m; (white). The
intermediate marginals of the proposal, ¢;, approximated by the samples are such that g ~ 7 for a
reasonably fast mixing diffusion. Bottom: Computing importance weights. The optimal extended
target used to compute the weights is the distribution obtained by initializing X exactly from 7 and
then following the reverse-time dynamics of the forward AIS proposal. This requires access to score
vectors of the marginals g;.

the one used by AIS but is instead defined through the time-reversal of the proposal. However, this
result is difficult to exploit algorithmically as the time-reversal is intractable for useful proposals.

In this paper, we show how one can combine this result with recent advances in SGM to obtain
improved, lower variance, AIS estimates. We concentrate on scenarios where we use unadjusted
overdamped Langevin [23, 53, 51] and unadjusted Hamiltonian proposals with partial momentum
refreshment (i.e. underdamped Langevin) [10, 53, 18, 54, 28] which correspond to time-discretized
diffusion processes. The first benefit of using such proposals is that, by omitting Metropolis—Hastings
steps, one obtains differentiable versions of the Evidence Lower Bound (ELBO) amenable to the
reparameterization trick. The second benefit of these proposals is that their time-reversal can be
approximated by adapting techniques developed for SGM [24, 48, 15] to our setup. We derive a
principled parameterization for an approximation of their time-reversal which we learn by maximizing
the ELBO. As for SGM, this ELBO coincides with a denoising score matching loss [27, 52, 24, 48].
This provides novel, optimized and differentiable, AIS estimators which we refer to as Monte Carlo
Diffusion (MCD). We demonstrate the benefits of this approach on synthetic benchmark distributions
and variational auto-encoders (VAEs) [31]. All proofs can be found in the Appendix. A preliminary
version of this work appeared in [16].

2 Annealed Importance Sampling

2.1 Setup and algorithm

Consider a probability density 7 on R of the form

w0 =17 Z= [ s m

where ~y(x) can be evaluated pointwise. We want to approximate the intractable normalizing constant
Z. In a Bayesian framework, v(z) = p(z)p(D|z) is the joint density of parameter = and data D,
m(x) = p(x|D) the corresponding posterior and Z = p(D) the evidence.

To estimate Z, AIS introduces the intermediate distributions ()& | bridging smoothly from a
tractable distribution 7y to the target distribution 7 = 7 of interest. One typically uses 7 (z) o
Y () with y (z) = 7o (x) = Prry(z)P* for 0 = By < B1 < --- < Brx = 1 but other choices are
possible [21]. The IS proposal used by AIS is then obtained by running a Markov chain (zj)5_,
such that xy ~ 7 (+), and then xy, ~ F(-|z5—1) for k > 1 where Fj, is a MCMC kernel invariant
w.r.t. m;,. The proposal is thus given by

Q(zo.x) = mo(x0) [Toey Fr(rlza-1). )



Denote by ¢, the marginal distribution of xj under @ satisfying gqp(zr) =
f qr—1(xp—1)Fp(zg|xg—1)dag_y for k > 1 and g9 = o, it is typically intractable for & > 1. As
gx cannot be evaluated in complex scenarios, the marginal IS estimate wmy (2 k) = V(2 x)/0x (TK)
of Z is intractable.

One can bypass this issue by introducing an extended target distribution

F(x ) K—-1
P(z0.x) = gK ., T(wox) =v(@xk) [[ Bel@rlora), 3)
k=0

where (Bk)kK:_ol are backward Markov transition kernels, i.e. [ By(zg|2+1)dzy, = 1 for any x4,
so that by construction zx ~ m under P. For any selection of backward kernels such that the ratio
T'/Q is well-defined, we then have

F(xO:K)

Q(:’JCO:K)7 ¥

Eglw(zo.x)] = Z, for w(zo.x) =

i.e. w(xwo.x ) is an unbiased estimate of Z for zg.x ~ Q.

The AIS estimate of the evidence is a specific instance of the estimator (4) relying on the back-
ward kernels BY*(xg|Tp+1) = Tht1(@k) Frt1 (k41 |2k) /Tht1(xk41). This yields the following
expression for log w(zg.x ):

log wyis(T0:x) = Zszl log (ve(@k—1)/Vk—1(Tk-1))- )

2.2 Limitations of AIS

While designing P in (3) by using the backward Markov kernels (Bzis)gz])l is convenient, it is also sub-
optimal in terms of variance. For example, consider the ideal scenario where F (xg|zr—1) = 7k (xk).
This scenario has been used many times in the literature to provide some guidelines on AIS, see
e.g. [37, 21]. In this case, varg[log wis(zo.x)] = Zszl vary, , [log(vk(2g—1)/vk—1(2k—-1))] >0
while var, [Wmar(2x)] = vary [Wnar(zx)] =0

Another illustration of the suboptimality of AIS is to con- MO, 1) = N(10,1)
sider a scenario where the proposal is a homogeneous 0
MCMC chain, i.e. g ~ m and z, ~ F(-|z;_1) for
F a mw-invariant MCMC kernel; i.e. use I}, = F and
m, = wfor k = 1,..., K. If F is reasonably well-
mixing, then qx ~ 7 for K large enough and the evi-
dence estimate wm, (Tx) = v(2K)/qx (zx) should have
small variance. However, it is easy to check that we have —100
Wais (To.x) = Y(x0) /7o (x0) for the exact same proposal; 50 100 150 200 250
i.e. the AIS estimate does not depend on the MCMC sam- # steps

ples x1.x and boils down to the IS estimate of Z using the Figure 2 Compaﬁng log Z estimates as
proposal 7. a function of K using AIS and MCD.

Both estimates use the same forward
These two examples illustrate that it would be preferable  kernels but reweight samples in a differ-
to use Wmar (7 ) rather than wis(o: k). In Appendix A, ent way using distinct backward kernels.
we provide a detailed comparison of both estimates in a  [nitjal distribution 7 is 20-dimensional
scenario where their variance can be computed analytically. A/ (0, ) and progressively shifts to the
We propose in the next section an unbiased estimate of target 7 = 7 = N (10,1). The MCD
the evidence (MCD) approximating wmar(2 rc) based on  estimate is much closer to the ground
a different choice of backward kernels. As illustrated in  truth (log Z = 0) than AIS.

Figure 2, significant gains can be achieved.
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3 Optimized Annealed Importance Sampling

We show here that the optimal extended target distribution P minimizing the variance of the evidence
estimate (4) is defined through the time-reversal of the proposal (). By exploiting a connection to
SGM, we can approximate this reversal using score matching when the proposal is obtained through
an unadjusted overdamped or underdamped Langevin algorithm.



3.1 Optimal Extended Target Distribution via Time Reversal

We summarize here Proposition 1 of [13]; see also [46, 5].

Proposition 1. For a proposal Q of the form (2), the extended target P of the form (3) minimizing both
the Kullback—Leibler divergence Dx1,(Q||P) and the variance of the evidence estimate w(xg.x) =
D(zo.x)/Q(x0.5) for zo.5c ~ Q is given by P°*(xq.xc) = TP (x0.x)/Z where

K—1
k) F T T
D (r00) = 1) [] B Galennn),  BYGanleays) = 2T Eialn
o Gk+1(Trt1)
In particular, one has
V(zk)  T(wo.x) ‘
= = d D P =D . 7
Winar (T ) eer) . Olwor) an kL (Q||P™) KL (qx ||7) (7
This result follows simply from the chain rule and the law of total variance which yield
Dxr(Q|P) = Dxv(gkl|m) + Eqx [DKL(Q('\IK)HP('WK))}? (8)
varg [w(@o:x)] = varg, [Wmar(2 k)] + Eqy [Varq(.jo o) [w(zo:x)]]- ©)

Both quantities are clearly minimized by selecting P(zo.x—1|2x) = Q(To.x—1|K)-

We emphasize that Proposition 1 applies to any forward kernels (F})%_, including MCMC kernels,
unadjusted Langevin kernels or even deterministic maps”. It shows that P°P' is the distribution of
a backward process initialized at = which then follows the time-reversed dynamics of the forward
process Q. If we had g = 7, then we would have P°P* = ( as then P°P" would correspond to the
backward decomposition of Q).

3.2 Time reversal, Score matching and ELBO for unadjusted overdamped Langevin

We concentrate here on the case where (Fk)kK:1 correspond to a time-inhomogeneous unadjusted
(overdamped) Langevin algorithm (ULA) as used in [23, 53, 51]; that is we consider Fy(zy|xi—1) =
N(zy; xp—1 + 0V log 7 (xk—1),20T) where § > 0 is a stepsize. Let § := T'/K then, as K — oo,
the proposal () converges to the path measure Q of the following inhomogeneous Langevin diffusion
(w¢)¢ejo,7) defined by the stochastic differential equation (SDE)

dzy = Vlog m(2,)dt + V2dBy, T ~ T, (10)

where (Bt)e[o, 1) is standard multivariate Brownian motion and we are slightly abusing notation from
now on as 7y for ¢ = ¢, = kd corresponds to 7y, in discrete-time. Many quantitative results measuring
the discrepancy between the law of 7 and 7w = 7 for such annealed diffusions have been obtained;
see e.g. [17, 50]. From [22] , it is known that the time-reversed process (Z;) = (¥7_t)se[o, 7] is also
a diffusion given by

dz, = { — Vg mr—(Z) + 2V log qr—.(Z;) }dt + V2dB,, Zo ~ qr, (1)

where (Bt)te[o,T] is another multivariate Brownian motion. The continuous-time version of P
is the path measure PP defined by the diffusion (11) but initialized at Ty ~ = rather than g7 as
noted in [5]; see Figure 1 for an illustration. This shows that approximating (sz‘)f:_o1 requires
approximating the so-called scores (V log g;(x)):c[o,7]- This can be derived heuristically through
the fact that a Taylor expansion yields the following approximation of the optimal backward kernels,
B (wg|zrs1) = N (ks 541 — 0V log Tp1 (Trt1) + 26V 10g @1 (541), 201), which indeed
corresponds to a Euler discretization of (11); see e.g. [12, Section 2.1].

In SGM [48], one gradually adds noise to data using an Ornstein—Ulhenbeck diffusion to transform
the complex data distribution into a Gaussian distribution and the generative model is obtained by
approximating the time-reversal of this diffusion initialized by Gaussian noise. Practically, the time-
reversal approximation is obtained by estimating the scores of the noising diffusion using denoising

The case of deterministic maps corresponds to normalizing flow components, where the inverse flow is the
optimal and only valid reversal, see e.g. [2] which includes a detailed literature review.



score matching [52]. While in our setup, the diffusion (10) instead goes from a simple distribution to
a complex one (see Appendix D for a discussion), we can still use score matching ideas. We define a
path measure Py approximating P°"* using a neural network so(T —t, Z;) in place of V log qr—+(Z+)
in (11), i.e. we consider

di‘t = { —VlOgTFT_t(i't)+250(T—t,i‘t)}dt+\/§dét, To ~ T. (12)

We would like to learn ¢ by minimizing Dkry,(Q||Py) over 6, i.e. equivalently we maximize a
continuous-time ELBO. Note that it is neither easily feasible to minimize Dkr,(P°||Py) (as one
cannot sample from ) nor it is desirable as the evidence estimate is computed using samples from Q.
Hence we want the scores to be well-approximated in regions of high-probability mass under O.

In practice, the diffusions corresponding to Q and Py have to be discretized, so a more direct route
adopted here is to simply take inspiration from (11) and to consider the parameterized backward
kernels BY (vx|k11) = N (2 0p1 — 6V 1og Tpi1(2rs1) + 2880(k + 1, 2441), 261) to obtain a
parameterized extended target Py and corresponding unnormalized target I'y. We then learn 6 by
minimizing Dkr,(Q||Py) where

Q(xo.x) = m0(x0) [Thry Frsr(@rsalzr),  Po(zore) = w(xx) [Ty BY(wr]zhis)-

This is obviously equivalent to maximizing the ELBO Eg[log wg(xo.x )] where wg(xo.x) =
To(xo.x)/Q(x0.5c). We note that it has previously been proposed to learn parameterized back-
ward kernels for general AIS proposals [44, 26]. However, the parameterization adopted therein,
BZ (zg|Tr1) = N(zk; po(xra1), Xo(zr11)), does not leverage the structure of the true reversal
and performs poorly experimentally [51, Section 4.2].

As established in the next proposition, the continuous and discrete time approaches coincide for
d < 1. Once 0 is learned, we then obtain an unbiased estimate of Z through wy(zo.x ) for zo.x ~ Q.

Proposition 2. Under regularity conditions, we have

T
Dir(QlIPe) =Eo| [ Ilsu(t,z) ~ Viogau(en)|*dt] + € (13)
0

K th
= Z/ Eo [I[so(t, x1) — Viogqye, _, (zelw,_,)|?] dt +Co,  (14)
k=1

th—1
where t, = ko, K = T/, qs(2'|x) is the density of x; = x' given x5 = x under Q and C1, Cy
constants independent of 0. Let L(0) = 0 Zszl Eq [||so(k, zx) — V1og Fi(wk|zk—1)||?] denote a

discrete-time approximation of this loss. We have ¥V Dx1,(Q||Py) = VL(0) + €(0) for some function
€ satisfying limg_, o €(0) = 0.

Equation (13) shows that Dk, (Q||Py) corresponds to a score matching loss as for SGM [47]. Tt
is possible to rewrite this loss as (14) so as to replace the intractable score term V log ¢;(z) by
the easy to approximate gradients of the log-transitions V log ¢:(x¢|x+,_,) [52]. In practice, as
mentioned above, we simply learn § by minimizing the discrete-time KL discrepancy Dkr,(Q||FPp).
This formulation is also very convenient as we can additionally learn potential parameters ¢ of a
Q4 using the same criterion. Note from equation (8) that the KL divergence decomposes as firstly a
term penalizing the difference in the approximating measure and the fixed target at the final time and
secondly another term which can be reduced by optimization of both ()4 and P conditioned on x7;
seee.g. [1].

Pseudo-code for our approach (with a comparison to the AIS algorithm proposed in [23, 53, 51]) can
be found in Algorithm 1.

3.3 Incorporating Hamiltonian dynamics via the underdamped Langevin equation

We now consider a proposal defined on an extended space which arises from the time-discretization
of a time-inhomogeneous underdamped Langevin dynamics; see e.g. [33, Chapter 6]. In this scenario,
we first focus on continuous-time as the development of suitable numerical integrators is much more
involved than for overdamped Langevin diffusions. We consider the diffusion (x, p;)¢cjo,7) Where

p: € R? is a momentum variable

day = M~ 'p,dt, dpy = Vlog my(x;)dt — Cppdt 4+ /2¢MV/2d B, (15)



Algorithm 1 Unadjusted Langevin AIS/MCD - red instructions for AIS and blue for MCD

Require: Unnormalized target y(z), initial state proposal mo(z), number steps K, stepsize ¢, an-
nealing schedule {3 }%X_,, score model sq(k, x)
Sample g ~ (o)
Set logw = —log mo (o)
for k =1to K do
Define log vx(+) = By log¥(+) + (1 — Bx) log mo(+)
Define Fy,(zg|zk—1) = N(2p; 251 + 6V log vg(v—1), 261)
Sample x, ~ Fy(-|xk—1)

Define By _1(xp—_1|zr) = Fr(zr_1|zK) > AIS
Define By_1(zr—1]xg) = N(2k—1; 21 — 6V log vx (zr) + 2089 (k, 1), 201) > MCD
Set logw = logw + log Br—1(zk—1|xk) — log Fi(zx|TK—-1)

end for

Set logw = log w + log y(z k)

initialized at o ~ g, po ~ N (0, M) defining the path measure Q. Here M is a positive definite
mass matrix, ¢ > 0 a friction coefficient and (B;);c[o,7) a multivariate Brownian motion. If m;
was not time-varying, e.g. m; = T, the invariant distribution of this diffusion would be given by
7(z,p) = w(x)N(p;0, M). Intuitively, in the time varying case the SDE will have enough time
to approximate each intermediate 7 (z, p) = m¢(x)N (p; 0, M) if we change the target sufficiently
slowly. We can think of underdamped Langevin as a continuous-time version of Hamiltonian
dynamics with continuous stochastic partial momentum refreshment [25].

From [22], the time-reversal of the diffusion (15) is also a diffusion process (jt,l_)t)te[o’T] =
(T1—t, PT—t)1e(0,7) given by (Zo,Po) ~ nr and
dz, = —M~'p,dt, (16)
dp; = —Vlog wr_(Z;)dt + (Pedt + 2CM V5, log (%4, P )dt + /2C M/ 2d By,

where 7, denotes the density (x;, p;) under (15). In this case, the continuous-time version of Popy 1s
the path measure P, defined by the diffusion (16) but initialized at Zo ~ 7, Py ~ N (0, M) rather
than 7. We will approximate it by the path measure Py using a neural network sy(T" — t, T, p;) in
place of V log nr—+(Z¢, pr) in (16), i.e. we consider

dz, = — M~ 'pde, (17)
dp, = —Vlog wp_(Z,)dt 4 (pydt + 2C M so(T — t, Ty, oy )dt + /2 M/2dB,.

As for overdamped Langevin, we could also learn 6 by minimizing Dx1,(Q||Py) over 6. This again
corresponds to minimizing a score matching loss albeit of a form slightly different from (13).

Proposition 3. Under regularity conditions, we have

T
Dx1.(Ql|Pg) = (Eg {/ l|so(t, 2, p¢) — Vp, log nt(xtvpt)Hth +Ch (18)
0

tr

K
=¢> | Bo[llsolt,me,pi) = Vi, logne,_, (e, pelae, i )l13] dE+ Co,
k=1

th—1

where ||z||p; = u"Mu, ty = k6, K = T/8, C1,Cy are constants independent of 6 and
s (@', ' |, p) is the density of (x1,p:) = (2, p') given (x4, ps) = (x,p) under Q.

While the continuous-time perspective shed light on how to parameterize an approximation to the time-
reversal, this does not lead directly to an implementable discrete-time algorithm for underdamped
Langevin. Contrary to overdamped Langevin, we cannot indeed simply use an Euler discretization of
(15) defining Q and (17) defining Py to obtain some discrete-time forward and backward kernels
and then compute wg(zo.x, Po:x) = Lo(@0.x, Po:x )/ Q(Z0.k, Po: k). This is because this ratio is
not well-defined due to the lack of noise on the position component in both (15) and (17).

The integrator we use for the forward equation (15), consists in alternating partial momentum
refreshments and deterministic leapfrog steps (see e.g [33, 38]) giving

Prrs ~ N (hpg, (1 — h*)M), (@46, Divs) = Pe(@t, Peys)s (19)



Algorithm 2 Unadjusted Hamiltonian AIS/MCD - red instructions for AIS and blue for MCD

Require: Unnormalized target y(z), initial state proposal 7y(x), number steps K, stepsize 7, an-
nealing schedule {3 }%X_,, damping coefficient i, mass matrix M, score model sy (k, z, p)
Sample z¢ ~ 7 (o) and pg ~ N (po; 0, M)

Set logw = —log 7o (xg) — log N (po; 0, M)

for £k =1to K do
Define log vk (-) = i log y(-) + (1 — Bx) log mo ()
Sample py, ~ N (hpg_1, (1 — h?)M)

Set pg = pr—1
Set 11, = pi > UHA reversal mean
Set pp, = pr, — 2log(h)[Msg(k, xk—1,Dr) + D) > MCD reversal mean

Set logw = logw + log N (pr—1; by, (1 — h)2M) — log N (pk; hpg, (1 — h)2 M)
Run leapfrog integrator on 7, and set (zy, px) = P(xk—_1, Dk)

end for

Setlogw = logw + logy(zx) + log N (pr; 0, M)

with h = exp{—{d} and ®; is the leapfrog integrator for ;. The resulting forward sampler is similar
to the one proposed by [18], except we do not flip the momentum after the leapfrog step®. This
integrator may be interpreted as a splitting method for equation (15); see e.g [33, Chapter 7].

We need the integrator for the reversal to fulfill two criteria. First, by definition, as the time step
0 — 0 it must recover the SDE (17). Second, the importance weight of the forward sampler to
the reversal must be well defined. Since the leapfrog integrator is a diffeomorphism (or flow) the
only possible way to get a well defined reversal for these steps is to take the inverse ®; *. As the
transformation is also volume preserving, the contribution from the deterministic forward and reverse
terms will then exactly cancel in the importance weight. The required form of the reverse integrator is

(xtaﬁt+5) = (I),g_l(xt+5,pt+6)7 Pt ~ N(hfe(t + 6a 'Thﬁt-‘r(s)v (1 - hQ)M)y (20)

where fo(t + 0, ¢, Dits) := Di+s + 02C[M sy (t, x4, Di4s) + Di+s)- In Appendix C we show that as
0 — 0 this can indeed be interpreted as a valid split integrator for the reverse SDE (17). The crucial
point of algorithmic difference from [10, 18, 54] arises from our necessary form for the mean of the
reverse momentum refreshment. These works use hp; 5 as the mean instead of b fy(t + 0, x4, Dias)-
We again transition to discretized notation with § := T/K, and k = 0, ..., K. In this case, the log
importance weight, corresponding to the log evidence estimate, satisfies

Y(xg)N (px;0, M) +ZK:1 (Pr— 17hf9(k Th—1,Pk), (1 — h*)M)

WO(xO)NQjO, 0 M pk’ hpk—la (1 - hZ)M)

log wy(x, p) = log , (2D

where (x, p) denote all the variables introduced by our integration scheme. We can show informally
that minimizing Dkr,(Q||Py), i.e. maximizing the ELBO given Eq [log ws (X, p)], again corresponds
to minimizing a score matching type loss (18) when § < 1; see Appendix C. Pseudo-code for our
approach can be found in Algorithm 2.

4 Experiments

We run a number of experiments estimating normalizing constants to validate our approach, MCD
and compare to differentiable AIS with ULA [53, 51] and Unadjusted Hamiltonian Annealing
(UHA) [18, 54]. We first investigate the performance of these approaches on static target distributions
using the same, fixed initial distribution and annealing schedule. Finally, we explore the performance
of the methods for VAEs. Here, being the most expensive of our experiments, we include runtime
comparisons of our method compared to baselines. Additional results on a Normalizing Flow target
can be found in Appendix F.2. Full experimental details, chosen hyper-parameters, and model
architectures can be found in Appendix E.

Our score model is parameterized by an MLP with residual connections that is conditioned on
integration time ¢, and on the momentum term for the Hamiltonian case (see Algorithm 2). For an
ablation on various network architectures we refer the reader to Appendix F.3.

3[18] were not attempting to discretize an underdamped Langevin dynamics.



4.1 Static Targets

We estimate the normalizing constants of five simple distributions with known normalizing constants
equal to log Z = 0; N (10, I), A/(0,0.11), a Gaussian mixture with 8 components whose means are
drawn from N (3, I) where each component has variance 1, a standard Laplace distribution and a
Student’s T distribution with 3 degrees of freedom. We use N (0, I) as our initial distribution for
all targets except for the Gaussian mixture and (0, 0.17) which both use N (0, 3%1). We run each
method using K € {64,256} steps and use a fixed, linear annealing schedule. For all methods,
sampling step-sizes per-timestep are tuned to via gradient descent to maximize the ELBO and the
diagonal mass matrix is learned for the Hamiltonian samplers. Gaussian Mixture and Student-T
results can be found in Tables 1 and 2, respectively. Additional results can be found in Appendix F.1.

Sampler ULA UHA ULA-MCD UHA-MCD
# steps 64 | 256 || 64 | 256 || 64 | 256 | 64 | 256
Dimoo || 047 [ 003 [[-0.03 [ 0015 [ 0.01 | 0.0 0.0 | -0.01
+0.22 | £0.07 || £0.18 | £0.03 || £0.02 | £0.01 || £0.02 | +£0.01
Dima0o || 8562 | 2198 820 | -1.26 || -0.25 | 008 020 | -0.05
+£201 | £135 || +£1.84 | £035 || £0.03 | £0.122 || £049 | +0.04
Dim-s00 || 30406 | -8350 [ -4445 [ -8.60 || 261 | 101 | -L74 | -1.02
+548 | £7.88 || £3.24 | £1.69 || £1.26 | £099 || +1.25 | +0.03

Table 1: log Z estimates for a Gaussian mixture target. Averages and standard errors over 3 seeds.

On average and as expected, UHA outperforms ULA on most targets. Further our approximation to
the optimal backward kernels can yield considerable improvements — enabling the ULA sampler to
produce better results than UHA (using the standard AIS backward kernels). Additionally, we see
that our approximation to the optimal backward kernels improves the performance of UHA as well.

We further emphasize that often ULA-MCD and UHA-MCD with 64 steps outperform or is on-par
with ULA and UHA with 256 steps, a difference of factor 4 in terms of target gradient evaluations.
As we show below in Table 3, the additional computational costs of fitting the score model of our
method are only roughly twice that of the baselines.

Sampler ULA UHA ULA-MCD UHA-MCD
#steps | 64 | 256 || 64 | 256 | 64 | 256 || 64 | 256
Dimao || 009 [ -0.02 [[ -0.04 [ -0.02 [[ -0.06 | 000 [ -0.03 | 0.0

+0.02 | £0.01 || £0.02 | £0.01 || £0.02 | £0.01 || £0.04 | +0.01

Dima0o || 163 | 088 [036 [ -0.10 || -0.82 | -0.30 [ -048 | -0.10

+0.23 | £0.15 || £034 | £0.10 || £0.28 | £0.38 || £0.20 | +0.07

Dimsoo | 543 | 310 || 286 | -1.03 || -400 | 223 [ 203 | 0.06

+£0.78 | £0.07 || £036 | £0.13 || £0.51 | £0.18 || £0.18 | +0.30

Table 2: log Z estimates for a Student-T target. Averages and standard errors over 3 seeds.

4.2 Application to Amortized Inference

Next, we explore the application of our method to amortized inference, in the context of VAEs
[31, 41]. These models are trained to infer latent representations using an inference neural network
that consumes an input and produces parameters of an approximation to the true posterior distribution
of the underlying generative model. In particular, this posterior distribution is different for each input.
When applying AIS to VAE inference [51, 18, 54], the output of the inference network parameterizes
the initial distribution of the annealing sequence to the true posterior. By training this end-to-end,
we effectively learn the initial distribution for the diffusion process. Consequently, the diffusion
marginals and their score vectors V log ¢; are different for every input, and we need to condition our
score model sy on the inputs to reflect that. We achieve this by projecting the last hidden layer of the
inference network into a summary vector that is concatenated to the other conditioning inputs of sg.

We train a VAE on the binarized MNIST dataset [43], re-using architectures proposed in [18, 8] (two-
layer MLP encoder/decoder, Bernoulli likelihood). All generative models use the same architecture



and hyper-parameters. We compare standard amortized variational inference with annealed ULA
and UHA with standard AIS backward transition kernels, as well as ULA and UHA with our MCD
transition kernels. We match the number of sampler steps between ULA/ULA-MCD and UHA/UHA-
MCD to 64 and 32 respectively. ELBO and log-likelihood values on the test set are presented in

Table 3.

Sampler [ VI [ ULA UHA ULA-MCD UHA-MCD
ELBO -96.32 +0.40 | -90.41 = 0.17 | -88.58 £0.51 | -90.10 = 0.10 | -88.08 £ 0.07
Log-lik. -69.35+0.36 | -62.43 £0.25 | -61.05+1.84 | -61.83 +=0.42 | -58.58 £0.34
Iteration time 0.024s 0.055s 0.050s 0.101s 0.098s
Total time 3263.40s 4694.52s 5072.19s 11304.36s 11345.59s

Table 3: Test set performance for MNIST VAE. Averages and standard errors over 5 seeds. We
additionally report runtimes for a single training iteration, and total experiment time.

We see that, as reported in prior works [18, 51, 54], Monte Carlo based inference methods provide a
significant benefit over standard amortized variational inference. In addition, our learned backward
kernels lead to improved performance of both ULA and UHA, with the difference being more distinct
for the latter. We also note that UHA has significantly larger error bars than all other methods, but
UHA-MCD does not appear to inherit this. We further provide a runtime comparison in Table 3, both
for a single training iteration, and total experiment time (including evaluation). We find that fitting
the score models of our method results in roughly twice as much runtime (recall we fixed the number
of sampler steps).

5 Limitations

While we have demonstrated that our optimized backward kernels can lead to large improvements
over standard AIS backward kernels, our proposed approach has a number of limitations. First,
since our method relies upon unadjusted Langevin or Hamiltonian sampling, we inherit many of
the issues with these approaches. Using unadjusted samplers enables a fully-differentiable ELBO
estimate which can in theory be used to tune the many parameters of the sampler. However, these
samplers require repeated gradient steps as an inner-loop which can lead to divergence dynamics
and numerical instability, making optimization difficult. Next, our proposed training procedure has
a notable increase in memory consumption as we store the entire sampling trajectory in memory
to train our neural network. We further note that it is possible to compute our importance weights
online using O(1) memory. We could utilize this with Monte Carlo sub-sampling of the timestep (as
with SGM [24]) to derive a constant memory training procedure for our approximate time-reversal at
the cost of increased variance but we leave exploring this to future work. Finally, we observed that,
without mitigation, parameterized forward samplers 4 sometimes dropped modes during training.
Since this is a known challenge of using reverse KL, this might be improved by using alternative
optimization objectives [35, 36].

6 Discussion

In this work we have explored AIS using unadjusted Langevin and Hamiltonian dynamics. We
have demonstrated that the backward transition kernels typically used are suboptimal and we have
presented the form of the optimal variance-minimizing backward kernels. We have further shown
how an approximation to these kernels can be learned using score matching and that this objective
corresponds to maximizing the ELBO in the limit of infinitesimally small time-discretization step-
sizes. We have illustrated the benefit of using our proposed optimized backward kernels on a number
of inference problems including fixed targets and amortized tasks with model learning.
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A Variance calculations

We provide here, for a simple example, the variance expressions for log wyis(zo. ) and log war (k).
All the expectations in this section are w.r.t. the proposal ().

We consider the scenario where 7o (z) = vo(x) = N (z;0,07) and for k > 1
2 a?
ma) = Nas0.0), o) =exp (505 )
Ok
We select the sequence of variances as follows
2

- B o2\ VK
= @) T = (G) ot iwot

so that 7(x) = mx (z) = N (z;0,0%). We will pick 02 < 02 so Bx < 1. Finally we consider the
following proposal (). At initialization zy ~ 7y and for £ > 1 we have the following transitions
kernels

F(2'|z) = N(2'; 02, (1 — o®)o?)
which are 7g-invariant and « determines how fast it mixes. For o = 0, we have exact samples
from 7, and as a — 1 we are mixing less and less. For this setup, it is possible to provide exact
calculations for the expectation and variance of the log-evidence estimate.

Proposition 4. Under Q, we have xj, ~ N (0,£3) where £& = o8 and
& =&y + (1 - a?)op.

The expectation of the log evidence estimates satisfies

E[log wma (k)] = log (27T§K) 1 ( L 0_12 )f?(,
K

3%
1 (B —1) — &i-
E[log wais(o.x)] = B log(2mo?) + 5 kz_:l 0,317
while their variance is given by
1
var[log wmar (2 )] = ( 2) &%,
Ok
K K 2(1—k) ¢4
& o €
var[log wais(zo:x)] = (Bx — 1) (Z ke 1+ Z Tkl .
= Ksisk>1 Tkl

Proof. The proposal is given by zg ~ A(0,03) and
Tk = axp—1 + V1 — Q?oke, €k i N(O, 1).

So marginally, under Q, we have zj, ~ N(0,£7) where (& )0 satisfies the recursion stated above.
We are first looking at the optimal log-estimate of Z which is given by
log wimar(2x) = log Vi () — log g (T k)
1 o L/ 1
= ilog (2m&%) + 5 (5%{ - a%) Tk
so we have

1 1 1 1
E[log wmar(xK)] = 5 IOg (271-5%() + 5 (5%{ a U%{) gi{

and, using var[z?] = 20 for x ~ N(0, 0?), we obtain

2
[Ingmar(xK)] % <£K Jé{) f?(
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We are now looking at the AIS log-estimate of Z which is given by

log wis (wo:c) = Y _ log(yi(xx-1)) — log(yk—1(xx—1))

(B —1) N~ T
K2 Z k—1

1
=3 log(2mog) +
k=1

the term % log(2m03) coming from the fact that we consider vy = . It follows that
K (2
1 Br —1 o
E[log wais (zo.x)] = 510g(27r03)—|—( K2 ) ,; ];1%1.

The variance is given by

—1)? K 2
ar[log was(To. k)] = Mvar [Z k_1]

2 K 2 K
— Br —1)° Z évar [z7_1] + QM Z %COV (i1, 2] -

o
K>I>k>1 k71

Now, using again var[z?] = 20 for z ~ N(0,0%), we have var [z7_;| = 2¢}_,. To compute
cov [z} _y,x} ], we use the fact that one can easily check from the form of the forward transitions
that (xg_1,x;—1) satisfies for [ > k

cov(zp_1,m-1) = o' R

So we have in distribution for z ~ A(0, 1) independent of 51

(Tr—1,m1-1) = (Tr—1, ol gy + \/512_1 —a2=RkgR | 2).
Thus it follows that

Tp g = ah (al_kxkfl + \/512_1 - 042(17]6)5;%_12)
=z, (a =Ra? 4+ (&, — M)+ 20/7]6\/51271 - az(l_k)fi,lxk—lz)

= 020 Pzd o+ (6, —aPITPE )22 | 4201k JE | —a2-WE 2l e

Hence, we obtain

2

cov [xi—laqu] =E [xi—l'r?—l] -E [35%—1] E [5512—1]
=32+ (&, -2 TRG NG -8 &
=2020"Pgl

This finally yields
2 K 2 K
(Bx —1)? 1 Br —1 1
var[log wyis (0.5 )] = ngar T —i—Z% Z —5—Cov (27 _1, 27
k=1 "k K>I>k>1 k7l
K K 2(1—k) ¢4
ﬁK —1)° - a €1
S8 3 o
=1 %k K>I>k>1 k=l
as required. O

We now illustrate these results in Figure 3 by plotting the expectation and the root mean square error
of log W,y and log wy;s for various a and K.
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Figure 3: Plot of analytic results from Section A. The left column shows the analytic mean E[log w]
as a function of the number of temperature transitions K for different values of the mixing parameter
a € [0,1]. @ = 0 corresponds to perfect mixing while @ = 1 corresponds to no mixing. MAR denotes
the optimal importance weight, where AIS shows the one from Annealed Importance Sampling. Both
estimators tend to the correct value log Z (shown as a Cyan line) as K becomes large but MAR does
so faster. The right column shows the same plots but for the root mean squared error (RMSE) of
log w treated as an estimator of log Z. It is computed as the root of the bias squared plus the variance,
i.e \/(E[logw] —log Z)2 + Var[log w]. The RMSE of both estimators tends to zero in both cases as
K becomes large but MAR does so faster.

B Proof of Propositions

B.1 Proof of Proposition 1
Proof. The chain rule for the Kullback-Leibler divergence Dxr,(Q||P) yields

DxrL(Q||P) = Dxur(gk||m) + Eqx DKL(Q('|$K)||P('|$K))], (22)
where, from (2) and (3), the conditional distributions of x¢.x 1 given x i are equal to
K-1 K-1
Q(rox1lrx) = [[ B (@rlersr),  Pl@oxlex) = ] Brlzslzesa),  (23)
k=0 k=0

The expression for () above follows directly from its time-reversed decomposition; i.e.

K-1

Tk) Frv1(Try1|z
Q(ro.x) = qx (vx) H Gelon) Fer (Oralow) _ ax(ex) [] B (ealor), 24
o Q41 (Trt1) o

where we recall that g (z¢) = 7o (o). It thus follows directly from (22) and (23) that the backward
transition kernels (Bk)kK:_O1 minimizing Dx1,(Q||P) are (szt)f:_ol as this implies P(xo.x—1|2K) =
Q(ro.x-1]|TK)-

The variance decomposition formula yields for all P
varg[w(wo.x)] = Varg, [Eq(.jex) [w(To.x)]] + Eqp [VarqQ (o) [w(wo.x)]]
= varg, [Wmar(2x )] + Eqi [Varg (.o o) [w(@o:x)]]
> varg, [Wmar (T )]

By direct calculations, we also have wya(zx) = TPY(20.5)/Q(z0.5x) S0 P°P' minimizes the
variance of the evidence estimate. O
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B.2 Proof of Proposition 2
We establish first here Proposition 5 and Proposition 6. Both results can then be easily combined to
obtain Proposition 2.

Proposition 5. Under regularity conditions, one has

T
Dis(@I[Po) = Bo[ [ llsat,) = Vlogau(en|e] + Co es)

0
K th
=Y [ Bolllso(t.z0) ~ Viogaus, (arler_IF]de+Ca 26)
k=1

tr—1

for constants Cy, Cy independent of 0, where ty, = ké with K = T /6 and qys(2'|) is the density of
X, = 2/ given X = x under Q.

To establish (25), we follow arguments similar to [47, Theorem 2]. The loss (26) we then consider
differs from the one uses in the score-based generative modeling literature. This is because, contrary
to the Ornstein—Ulhenbeck process used for SGM, the transition density g,/|;(«’|z) of the forward
diffusion (10) is not available in closed-form and can only be approximated reliably when ¢’ — ¢ is
small. Practically, to obtain a tractable criterion, we need to first approximate the integrals in (26) by
the rectangular rule. We also discretize the Langevin dynamics using an Euler—Maruyama scheme;
i.e. we use an approximation @ of Q based on the ULA kernel Fj(xg|zg—1) = N(zk;Tp—1 +
0V log Ty (xp—1); 201) approximating g, ¢, , (2'|x). We recall here that we slightly abuse notation
by writing 7¢, = mys as m;. We thus finally obtain a loss

K

LO)=0> Eq [llso(k, xx) — Viog Fi(zx|zr—1)[1*] - (27)
k=1

Proof. We assume here sufficient regularity conditions ensuring that the SDEs given below admit a
unique solution, their corresponding time-reversed diffusions are well-defined and Girsanov theorem
applies; see e.g. [47, Appendix A].

By the chain rule for KL divergence, one has
D1 (Ql[Po) = Dxr(qrlT) + Eqy [DKL(Q('\CUT)|\7’0('|$T)) (28)
where Q(-|xr) and Py (-|z7) are the path measures induced by
dzy = { — Vlog mr_¢(z¢) + 2V log gr—.(z¢) }dt + V2d By, Ty = T, (29)
and
dzy = { — Viogmr_¢(z;) + 2Vlog sp(T — t,3;) }dt + vV2dB;, @9 =ar.  (30)

We now use Girsanov theorem (see e.g. [32, Section 10.3] and [39]) to compute the Radon—Nikodym
derivative dQ(+|xr)/dPy(-|zr) so that

Egr | Dice(Q(lar)|[Po(-Joz))]

d?@(ﬂxT)]
dQ(-|zr)

T T
:EQ[\/E/O (Vloqu,t(:Tct)—se(T—t,jt))dBt—i-/O 1V log gr (1) — so(T — t, )|t

:fEQ{log

T
“Eo[ [ 11 logau(er) — so(t, 0]

as Eg [fOT Tt (it)dgt} = 0 for any function f;.
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As in [11] in a different context, we can write for any partition of [0, T] defined by to = 0 < #; <
e <t 1 <tg =T

EQ[/OT||Vl0gqt($t)_Se(t,xt)H?dt} Z/OT/||v10gqt(x)—se(t,ﬂf)HQQt(ﬂ?)dxdt

K th
= |V log q;(x) — sg(t, z)||>qs (z)dadt
kz_l/ / gq o q

tr—1

where, for a constant ¢ independent of 8, we have

[ [190ga@) - soft.o)l Paodr

th—1

- / k / {11V log i (@)][2 + [[30(t, 2|2 — 250 (t, 2)V log gy(x)} go(x)dxdlt

te—1

:/t k /{HSe(t,x)HQ_259(t,x)TVlog qt(x)}qt(m)dxdt—i—c_

Now we have
tr 23
/ /so (t, )"V log q;(x) g (z)dxdt = / /59 (t, 2)"V g (z)dxdt 31
th—1 tr—1
where, using Chapman-Kolmogorov, ¢, satisfies
qt (33) = / Qty_y (xtk—l )Qt|tk71 (xl‘rtk—l )dxtk—l . (32)

It follows that

V() :/Qt;H(T/tkfl)v%\tkfl($|$tk71)dxtk71- (33)
Hence, we have

tr
/ /sa(t,x)TVqt(m)dxdt
th—1
ty
= [ [ [tV oz, o o Jaen (ko Yo dade
tr—1

so minimizing E,,. [DKL(Q( |x)||Po (- \xT))] w.r.t. 0 is equivalent to minimize

tr

// ||89(t’ m)Hthk—l (xtk—l )qtltkfl (,’L‘|l‘tk_1)d$tk_ld$dt

th—1

K
k=1
K th

_22/ //Se(t’m)TVlogqtltk—1($|xtk—l)qtk—l(xtk'—l)qtltk:—l(x|$tk—l)d1:tk—ldzdt
k=1"tr-1

K th
:Z/ // ||89(t,$) - vlogq”tk—l(‘r|xtk—1)||2qtk—1(xtk—l)qtltk—l($|xtk—l)dmtk—1dxdt+ C
k=1

th—1

where C' is independent of 6. Hence, this is equivalent to minimizing (26). O

18



We now establish results about the discrete-time Kullback—Leibler divergence Dx1,(Q||Fp). First
note that

DxnL(Q||Py) = EQ[logi:

mo(20) Tp—y Frs1(znglzr)

K_
(k) [Ty Bl(wklersr)

K-1

= — Z Eg [log Bz($k|$k+1)] + CY, (34)
k=0

where, as BY (v1|2k41) = N(@k; 211 — 6V log Tt 1 (zr41) + 2059 (k + 1, 2141), 201), one has
1
—log BY (x| 2rs1) = Eﬂxk — 2py1 +O0VIog i (Tpy1) — 2089(k 4 1, 24 1)]|* 4+ Ca

1 2
= 5H39(k + 1L, zp41) — —=(Tk — Tp1 + 5V10g7rk+1(:rk+1))H + Cy (35)

20
1 2
~ 5H89(k + 1, zp41) — %(xk — xpy1 +0Vlog 7Tk+1(l‘k))H + Cy
2
= (5H89(k‘ + 1,.’L‘;€+1) — Vlong+1(xk+1|xk)H + Cs, (36)

where we have used g1 (Zg+1) = Tpa1(zg) for 6 < 1. The sum over k = 0, ..., K — 1 of the first
terms on the r.h.s. of (35) are equal to the loss £(#) defined in (27). More rigorously, we can prove
the following result.

Assumption 1. There exists L < oo such that for all k and z,x' € R?

’ Vlog mi(z) — Vieg mi(2)|| < LHZL‘ —a|. (37
Assumption 2. There exists C' < oo such that
2
limsup max Eg, [HVIOng+1($k)H ] <C (38)
K k=0,..,K-1
and for any 0
2
limsup max Eo, [HVQSQ(kH,ka)H } <, (39)
K k=0,...,K—1

where we have emphasized here notationally that Q is a function of K.

Proposition 6. Under Assumptions 1-2, the gradient of the Kullback—Leibler divergence Dk, (Q|| Py)
satisfies
VDkL(Q|[Po) = VL(O) + €(0), (40)

for L(0) defined in (27) and a function € satisfying limp_, o, €(6) = 0.

Proof. In the rest of the proof, all the expectations are taken w.r.t. () unless mentioned otherwise
and we drop it from the notations for simplicity. However as we take gradients w.r.t. to both z and 6,
this is indicated notationally to avoid confusion. We also assume that 6 is a scalar in the proof, the
extension to the multivariate case is straightforward.

Using (34), we have

K—1
VoDkL(Ql|Py) = — Y  E[Vglog B](zk|xri1)], (41)
k=0
where, from (35), one has
—Vglog By (zk|Tri1) 42)
:5V9H59(k + 1L zp41) — %(mk — Xpy1 + 0V, 10gﬂk+1($k+1))”2
=20Vgso(k +1,2p01) (sg(k + 1, 2541) — %(mk — Tpy1 + 0V logmri1(2ey1))).  (43)
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We also have
K—1
VoL(0) =6 E |:V9
k=0

so(k. i) = V. log Fi(axlzi)| ] (44)

where
(5v9H59(k7 k) — Vg 10ng($k|l'k—1)H2

1 2
=6V —(xr — Tp41 + 0V, log 7Tk+1(l”k))H

20
:25VQ59(1€ + 1, Ik_H)T(Sg(k + 1, :L'k_H) —

so(k,my) —
%(Ik — Th41 + 6V, 10g71’k+1(1'k))). 45)
So we obtain by using (34) and (35)

VoDk1(Q||Py) = VoL(0) + €(0), (46)
for
K—1
e(0) = 20E Z Voso(k +1,2511)" (Valog i1 (2r) — Vi log 7rk+1(xk+1))] . 47
k=0
Hence we have
K—1
le(0)] < 26 Z E [|Voso(k + 1,2111)" (Vg log Tp1 (zx) — Vi log mp1 (T41))]]
k=0
K-—1 9 1/2 1/2
<29 Z E [Hvese(k + LMH)H } E [va log Tpq1(2k) — Va 10g7Tk+1(96‘k+1)H }
k=0
(48)

From Assumption 1, we have
2 2
E {HVT log T y1(xk) — V. log 7Tk+1(37k+1)H } < L°E [H‘TkJrl — ka ]
2
< 21K va 10g7rk+1(xk)H +2M} . (49)

where M = Ez 0,0 ||Z]%] as 2x41 = 2 + 0V log mpp1 (2x) + V20 Z under Q. Now using

Assumption 2, it follows from (48), (49), (38), (39) and K = O(1/6) that €(f) = O(+/5). The result
follows.

O

B.3 Proof of Proposition 3

We also assume here sufficient regularity conditions ensuring that the SDEs given below admit a
unique solution, their corresponding time-reversed diffusions are well-defined and Girsanov theorem
applies. The proof is very similar to the proof of the first part of Proposition 2 (i.e. Proposition 5 in
Appendix B.2).

To start with, we use again the chain rule for KL divergences, one has
Dict.(QIIPo) = D (nrllwr @ N0, M)) + Ey | Dicr(QUlar, pr)| [Pol-ler,pr))|  (50)
where Q(:|zr, pr) is the path measure induced by
dz, = —M~'pdt, (51)
dpy = —Vlog mr_¢(Z¢)dt + CPedt + 20 MV, log nr—i (¢, pe)dt + /2CM /A B,
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and Py (-|z7, pr) the path measure induced by
dz, = — M~ 'p,de, (52)
dpy = —Vlog wr_i(Z)dt + Cpydt + 20 M so(T — t, 4, pr) + /2C MY/ 2d By,

these two diffusions being initialized at (Zo, po) = (z1, pr)-

By now applying a version of Girsanov’s theorem that allows for some of the components of the
diffusions to be noiseless [49, Theorem 4], we obtain

Eyr [ Diw(QC Lo, pr)l[PoClar, pr))]
1 T 2
:i]EQ |:/ /||2CMvp lognt(mtvpt) - 2<M89(t7xt»pt)H(QCM)—ldt]
0

T
~CBa| [ IV, logm(ar.pn) = soft. . o)l et (53

Now equation (18) follows directly from (50) and (53). We are now going to rewrite this loss to make it
more tractable. We have for any partition of [0, 7] defined by to =0 <t; < -+ <tg_1 <txg =T

T
]EQ[/ ||V log ne (¢, pt) — Se(tvﬂﬁt,ptmﬁwdt}
0

T
=/ /IIVplogm(:mp) — so(t,x,p)|[3; ne(x, p)dadpdt
0

K th
=3[ IV logmten) — solt. )y (o pidac
k=1

te—1

where

tr
/ / 1V, log 1e(e, p) — so(t, 2, p) |y (e, p)dardpdt
tr—1

tr
- / / {11V, log el p) I + 1306, 2, pIs — 256(t, 2, 0) MV, log (2, p) } me(z, p)dardpds

th—1
123

= / / {Hse(t, z,p)||3; — 2s0(t, a:,p)TMVp log nt(x,p)} ne(z, p)dzdpdt + c.

tr—1
Now we have

tr tr
/ / so(t,z,p)" MV, log n:(x, p)n:(x, p)dedpdt = / / so(t,z,p)" MV yn(z, p)dzdpdt
te—1 te—1
where, using Chapman-Kolmogorov, we have
nt (x7 p) = /ntk—l (xtk—l ) ptk—l )77t|t;€,1 (.’177 p‘mtk_l 9 ptk_l )dmtk_ldptk_l .

Here 14, , (z,p|7s,_,, D, _, ) denote the transition density of (z¢, p;) = (z,p) given (x4, _,,pt,_,)
under the forward dynamics (15) so that

Vp’lh(x,p) :/ntk—l(‘rtk—l7ptk—1)vpnt|tk—1(m7p|xtk—17ptk—1)dxtk—1dptk—1'

Hence, it follows that

tr
/ / so(t, z,p)" MYy (x, p)dadpdt

tr—1

ty
:/ //ntk—l(xtk—l’ptk—l)ntltk—l(x7p|xtk—17ptk—l)x
tr—1

X 80(t7 x,p)TMVp log nt‘tk,1 (x7p|xtk—17ptk—1 )dxdpdxtk_1dptk_1dt

21



0 ("1 Dx1,(Q||Py) is equal up to an additive constant ¢ independent of 6 to

K th
Z/ //59(t7I’7p)TM50(t’x?p)ntk—1(ztk—l7ptk—1)77t‘tk—1(:C’p|xtk:—1’ptk—l)dxdpd’rtk—ldptk—ldt
k=1"Ytk—1

K th
_22/ //’rltk_l(xtk_17ptk—1)nt‘tk,1(x7p|xtk_17ptk_1)se(t7‘T7p)TM><
k=1"tk—1

x Vplognyp,_, (z,ploe, e, )dedpdry,  dpy,  dt

K th
:Z/ //Hse(tvva) _vplogntltk—l(x’p|xtk—1’ptk—l)‘|?\/[77tk—1(mtk—l’ptk—l)x
k=1

te—1
X M|ty (‘r?p|xtk—1’ptk—1 )dxdpd'rtk—ldptk—ldt +c
Hence, finally we obtain as required

172

K
Dx1.(Q||Ps) ZCZ E [|[so(t, 2, ) — Vi, 10g Mejey, (T4 pelTe, 1, D1 )|[37] At + Co.
k=1

te—1

(54)

C Details of the reverse integrator for the Hamiltonian variant

We take equation (17) and rewrite in the following form.
dz, = —M~'pdt, (55)
dpy = =V logmr— (&) dt + 2([Mso(T — t, %0, pr) +pe]dt + [~(prdt + /2(M/2dBy).
As in [15], we have rewritten the SDE for p; in three distinct components, the last one corresponding
to an Ornstein—Ulhenbeck process. The integrator we propose however differs from [15] and
will rely on a leapfrog component. In details, we integrate successively over the time interval

Ze[t'—6,t'] = =z €[t+6,t], wheret =T — t'. This allows us to directly compare random
variables with the forward integrator in Section 3.3.

First, we integrate
dz, = — M 'p,dt, dpy = —Vlogmr_¢(Z4)dt (56)

by using (Zi15,Pers) = P, '(Ti1s,piys) where @' (z,p) = Pmp 0 Py 0 Ppyp(w,p) with
Pgip (2, p) = (z, —p). We then integrate

djt = 07 dﬁt = 2C[M59(T - t7jtvﬁt) +Z_)t]dt (57)

using (@pﬁt) :~(3:”t+57 fo(t + 0,T445,De+s)) for fo(t + 0, Ze4s,Dits) = Divs + 20¢[Mso(t +
8, Tt+s, Pt+s) + Prts) and finally

dze =0,  dp, = —(pudt + /2CM2dB, (58)
using (z¢,pt) = (&1, hpe + V1 — hZe) with e ~ N (0, M) for h = exp(—(0).

Note that the = variable only changes in ones of these steps so that x; = £; = T4 5, allowing us to
eliminate the redundant terms. We can also eliminate p, by substitution. We therefore need only to
work in terms of the triple (¢, p;, Pt+s) at each combined time step. The conditional distribution for
these remaining random variables is then:

By (24, Dts Prts|Ters, Pevs) = 00— (wrr5,pess) (Tt Deas)N (Des hfo(t + 0,24, Prys), (1 — h2)]\45)9
(59

where 61 (z, . s p,s) (Tt Dr4-s) is a Dirac-delta centred on & (x4, 5, pias). From the main text we
note that the forward Hamiltonian integrator has the conditional distribution:

Frov1(Brrs, Tirs, Dets|Te: 0t) = Oauy pors) (Tits, Pes)N (Bevs; hpe, (1 — h*)M). (60)
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We again transition to discretized notation with 6 := T'/K, and k = 0, ..., K. Bringing together all
the remaining random variables at each time step we have:

Q(x,p) = 70 (x0)N (p0; 0, M) TTr—y Fiot1 (Tho1s Pro1s Pra|Ths i),

Lo(x,p) = v(vx )N (pK;0, M) Hk 0 (ffkapkvpk+1|$k+1,]9k+1)

We are interested in the unnormalized importance weight wy(x, p) = Ip(x, p)/Q(x, p). We note that
the division of delta functions is in general ill-defined and in our case should be interpreted formally
in terms of the action of the volume preserving Leapfrog integrator flows ¢;, as we describe in the
main text. Further although the numerator and denominator in the definition of wy(x, p) do not have
density with respect to Lebesgue measure, I'g(x, p) has density with respect to Q(x, p) and therefore
wy (X, p) may be interpreted as the resulting Radon-Nikodym derivative. The explicit expression for
log we (X, p) in equation (21) of the main text then follows.

We now show informally how maximizing the corresponding ELBO Eg [log w (X, p)] corresponds
approximately to minimizing the score matching loss given in Proposition 3 for § < 1. We restrict
the derivation to M = I for simplicity. For pedagogical reasons, it is beneficial here to get back to the
continuous time notations and recall that we use k corresponds to ¢t = kJ. From direct calculations,
maximizing the ELBO is equivalent to minimizing

K-1

0) = Z Eq [|lprs — hfo(kS, Trs, Pie+1ys)|”]
k=0

where
Eq [llpks — Rfo(kS, ks, Dt 1)s)|I°] = Eq [|Ipks — b (Pie+1ys + 20 [80(kS, Trs, Pt 1)s) + Pes1ys)) |7
Note that & = exp(—d¢) ~ 1 — §¢ so we obtain
Eq [Ilpes — hfo(kd, zrs, Prys)| ]
~Eq [|lpks — (1 = 6¢) (Pis1ys + 26¢[s0 (K6, Trs, Bres1)s) + Pie+1ys)) 1]
~Eq [|lprs — (14 6C)Dres1)s — 26¢s0(kS, 2rs, Ps1)s) %]

by neglecting terms of order §2. Now we try to further understand the asymptotic when § — 0. We
have that

(Zhs, D(k11)5) = Prg (T(ht1)8> Pt 1)5)-
Now as we use for @5 a leapfrog-type integrator, we do have
@5 (@, p) = Ppip 0 Ps 0 Prip(2,p)
where ®gip (2, p) = (z, —p) and, for § — 0, we have
(Dk5(x7p) ~ (I + 6p7p - 6VE/€5(I))7
where mi5(x) < exp(—FEgs(x)). So we have for
@;51(1'/,])/) = Pgip © Py 0 Pyip(a’, p')
= Ppip 0 Dys(2’, —p')
= <I>ﬂip(:17’ —0p',—p' — 8V Eks(2'))
= (z' = 6p',p' + OV ERs(2)).
It follows that
Eq [|lpks — (1 + 6Q)Pirr1)s — 26¢s0(kS, ks, B+ 1ys)||]
~Eq [llpks — (14 6C) (Pret+1)s + 6V Ers(T(ht1)s)) — 26¢s0(kS, 2 (hs1y5: P+1)8) 7]
~Eq [|Ipks — Ps+1)s — 0(CPUt1)s + VERs(T(h41)8) + 2¢50(kS, T(111)5, Dot 1)6)) | 7] -
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Now we have
1

4C5EQ [[lpks — Pkt 1)s — 0(CPk+1)5 + VErs(Z(rs1)s) + 2C50 (K, T(rs1)5: P(e+1)))| %]

1
=0CEq |||s6(kd, 2 (k4115 Pk+1)5) — 5= (Prs — Pirr1)s — 0(CPk+1)s + VErs(T(11)5)))| |
205

1
(Prs — Pe+1)s — 0(Cprs + VEké(fké)))H?]

~0CEQ |[|s0(kd, T (kt1)5: D(k+1)5) — 23

=0CEq |l[86(kd, T (k+1)5: P(k41)5) = Vippusnys) 108 F'(P(k+1)5]Pks, xké)lﬂ ; (61)

where F(p(k+1)5|pk§, Ik(;) = N(p(k+1)5; (1 — 5C)pk§ - 5VEk5($k§); QC(SI) and the joint distribu-

tion (2 (541)5, P(k+1)5) [Pk Ths) = w5 —5pis (T(h1)8) F (P(k+1)5|Prs, Trs) is an Euler approxi-
mation of the forward transition of the underdamped Langevin dynamics. Now we expect similarly

Nk41)61k5 (T (k- 1)85 P(k+1)5| Tk PkS) A N(kt1)5(k8 (P(k+1)5| Tk D6 )N (k+1)5|k5 (T (kt1)5 [Tk, PRs)
for 0 < 1 and (61) is thus an approximation of the score matching loss.

D Diffusion processes: SGM, Langevin and AIS

We provide here a more detailed discussion between the similarities and differences between the
diffusion process considered for SGM and the proposed approach. We first recall some basic elements
of diffusion processes. Consider the diffusion (z¢);c[o,7) on R?

day = f(t,x)dt +V2dBy, @0~ qo, (62)

where (B;);e[o,7] is standard multivariate Brownian motion and qq is the initial distribution. The law
g of x; induced by this diffusion satisfies the Fokker—Planck—Kolmogorov equation

0q:(x
) 9t )] + Al (63)
where V - [f(t, 2)q:(z)] = Z?Zl W and Agi(z) = Zf 1 gt(x) denote the divergence

and Laplacian operators; see e.g. [32].

For SGM, we define the following Ornstein—Ulhenbeck process on R? which corresponds to using

fou(t,z) = —x (64)

where (Bt)te[o,T] is standard multivariate Brownian motion and ¢q is the data distribution. This
is also known in the SGM literature as the variance preserving diffusion [48]. This process adds
noise progressively to the complex data distribution and converges geometrically fast to its invariant
distribution which is the standard multivariate Gaussian moy(z) = N (x; 0, I) (see e.g. [12]) verifying
indeed that the r.h.s. of (63) satisfies

=V - [fou(t, z)mou(z)] + Amou(z) = 0.

More generally, a time-homogeneous Langevin diffusion to sample from a target distribution 7 is of
the form

Jrev(t,z) = Vlog (). (65)
It is easily check that 7 is indeed an invariant distribution as the r.h.s. of (63) satisfies

-V [ngV(ta ‘r)ﬂ-(z)] + Aﬂ'(ﬁlj) = 07

so that ¢ = = for all ¢ if gg = w. Moreover, g; converges to m whatever being mp; see e.g.
[42]. However, obtaining sharp quantitative bounds for complex 7 is a more difficult task than for
mou(z) = N(z;0, 1) in general.

In the context of this paper, the “forward” diffusion process we define is a time-inhomogeneous
Langevin algorithm

fais(t, z) = Viogmy(z), (66)
with gy = 7o an easy-to-sample distribution and (7 );c[o,7] @ non-constant curve of distributions
such that mp = m. So, contrary to SGM, which starts from a complex distribution and moves
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towards a simple distribution, we start here from a simple distribution and moves towards a complex
distribution.

In this scenario, even in ¢y = 7 then we do not have ¢; = 7; as the diffusion always lags behind its
stationary distribution at time ¢. However, quantitative results measuring the discrepancy between
the law of 1 and 7 for such annealed diffusions have been obtained; see e.g. [20, 17, 50]. For this
discrepancy to be small, one requires 7; to vary slowly over time.

E Experimental Details

In all experiments, we sweep over diffusion time, number of steps, step-sizes and whether to learn
them, and the annealing schedule. We identify the best parameters for each sampler individually on a
validation set and then re-run these methods using 5 different seeds to obtain error bars on test set
performance. All experiments were executed on 8 GPUs for parallelized training and a single instance
of our most expensive experiment (VAE) takes under 3 hours including evaluation. Experiments are
implemented in JAX [6] using the DeepMind JAX ecosystem [4].

E.1 Sampler parameterization

For all models, the step size was learned via a function eg () which is a 2-layer neural network with
32 hidden units, followed by a scaled sigmoid function which constrains ey(¢) < 0.25. As in prior
work [18] we found this alleviated some instabilities in training.

When learning the annealing schedule, we parameterize an increasing sequence of 7" steps using
unconstrained parameters b; (initialized to the same constant). We map these to our annealing
schedule with

_ Zf/gt o(be)
Sy o(bi)

where we fix 5y = 0 and o is the sigmoid function. This ensures that 3y = 0, Bx = 1, and 3; < By
whent < t'.

Be (67)

For UHA [18], we also learn the momentum refreshment parameter 77 € (0, 1). We parameterize this
with a parameter u and define 77 = .980 (u) + .01 to keep the values in the range (.01,.99) which we
found alleviated sone training instabilities.

E.2 Score model parameterization

We parameterize our score model sy(t, x) using an MLP residual network. We first project the = to
dim dj, using a linear layer and embed discrete time steps ¢ to dim d; using a learned embedding map.
We then apply £ residual blocks.

Each block begins with a layer norm [3] operation followed by a nonlinearity. We project the hidden
representation to dim 2 - dj, using a linear layer, project the embedding of ¢ to dim 2 - dj, using another
linear map and add them together. We then apply another nonlinearity and then project the back to
dy, using another linear layer. We use the swish nonlinearity [40] throughout.

To ensure our ELBO is initialized to a reasonable value we warm start it so that at initialization, the
score model outputs the standard AIS backward kernels. For the ULA version of our approach we
do this by defining a score model 54 (¢, ) as explained above (but set the final layer weights to 0 at
initialization) and define:

so(t,z) = 5p(t, x) + Va log i (z). (68)

For the UHA version we parameterize a score model 5y (t, z, p) and define:
so(t,,p) = 5o (t,z,p) — M~'p. (69)

In both cases we found this led to much faster convergence and better results overall.
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E.3 Hyper-parameters

In all experiments we use k = 3 residual blocks in our score network. For our Gaussian experiments
we set d, = 512 and d; = 16. All models are trained with the Adam optimizer [30] with learning
rates 0.001 and 0.0001 and up to 300k iterations with a batch size of 128. For static targets, we
produce an estimate of log Z using 16,384 importance samples. As these methods produce a stochastic
lower-bound on log Z we report the result from the hyper-parameter setting which gives the largest
log Z estimate.

The VAE experiment uses architectures described in [8], which consists of encoder and decoder MLPs
with two hidden layers with 200 units each, tanh activations, and 50 latent dimensions. In contrast to
[18], we found this architecture work better than the one described in [18], especially when trained
for more iterations. We chose the best performing models and their hyperparameters by monitoring
validation performance during training. We report performance of the best combination on the full
test set, for each model respectively. The best performance were reached with a matched the number
of sampler steps between ULA/ULA-MCD and UHA/UHA-MCD - 64 and 32 respectively.

F Additional Results

F.1 Static Targets

Here we present additional results on a A'(10, I) target, a A/(0,0.17) target, and a Laplace(0, )
target. Results can be found in Tables 4, 5, and 6.

Sampler ULA UHA ULA-MCD UHA-MCD
# steps 64 | 256 || 64 | 256 || 64 | 25 | 64 | 256
Dim-20 -46.75 -6.23 0.0002 0.0002 -0.017 0.0034 -0.0005 0.0000
1m- +0.69 | £091 || £0.0008 | +0.0004 || +0.020 | 4+ 0.0055 || £ 0.0007 | £ 0.0005
Dim-200 -752.25 | -160.60 0.0003 -0.0005 -4.74 -0.019 0.0008 0.0060
- +243 +£2.03 || £0.0026 | £0.0007 || £1.20 | £0.047 || £0.0032 | £ 0.0084
Dim-500 -1999.40 | -455.20 0.0006 -0.0008 -21.62 -0.29 0.0030 0.0099
1m- +1849 | £7.90 || £0.0007 | £0.0012 || =+ 1.64 +0.16 =+ 0.0063 | £ 0.0050
Table 4: log Z estimates for a N'(10, I) target. Averages and standard errors over 3 seeds.
Sampler ULA UHA ULA-MCD UHA-MCD
# steps 64 | 256 || 64 | 256 | 64 | 256 | 64 | 256
Dim-20 -1.58 -0.27 -4.46 -0.41 0.0095 0.0057 0.0038 0.0002
1m- £042 | £0.13 || £093 | £0.51 || £0.0155 | £0.0052 || +0.0273 | +0.0120
Dim-200 -166.23 | -58.33 || -228.79 | -74.62 -4.53 -0.67 -4.10 -1.47
- +515 | £199 || £3.64 | £1.60 | +096 | +033 +098 | +0.57
Dim-500 -545.77 | -207.15 || -704.96 | -247.11 -27.36 -10.11 -29.20 -5.14
m- +555 | £573 || £730 | £4.83 || +£223 | £1.17 +346 | £1.50

Table 5: log Z estimates for a N'(0, 0.17) target. Averages and standard errors over 3 seeds.

Sampler ULA UHA ULA-MCD UHA-MCD

# steps 64 | 256 || 64 | 256 || 64 | 256 || 64 | 256

Dimoo || 031 | 040 [ -0.0086 [ -0.0077 [ 0092 | 023 [ 0.0003 | -0.020
£045 | £0.63 || £0.1314 | £0.1340 || £0.235 | £0.02 || £0.1573 | £ 0.141

Dimo0o || 540 | 454 527 5.28 5.08 | 431 5.30 539
+053 | £096 || +0.18 | +£0.19 || +052 | £066 || +0.15 | +0.09

Dims00 || 1767 | -17.25 || -17.91 1791 1764 | -1552 || -18.11 | -18.11
+£191 | £085| +£078 | +£078 || £198 | £126 | £070 | £0.72

Table 6: log Z estimates for a Student-T target. Averages and standard errors over 3 seeds.
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F.2 Normalizing Flow

In this experiment we train NICE [14] flows which are fitted on downsampled variants of the MNIST
dataset at resolutions 7 x 7, 14 x 14, and 28 x 28. All models are trained for 100K steps with a batch
size of 128 and then log Z is estimated using 4096 importance samples.

Results can be seen in Table 7. In the largest setting we can see that UHA outperforms ULA, but our
method outperforms both. We note that a Sequential Monte Carlo sampler or AIS with Metropolis-
Hastings corrections would be capable of estimating log Z very close to the true value of 0. We
have found that unadjusted samplers required for building a differentiable evidence lower-bound
have difficulties sampling from this target distribution. As discussed in the Limitations section of the
main paper, we hypothesize that this is due to the fact that we are limited to using a relatively small
number of transitions, since backpropagating through these repeated updates can be unstable. We
believe this is a limitation of this approach to inference and will impact any approach which utilizes
an unadjusted forward sampler. Still, we note that our approach to learning an optimized reversal
(MCD) leads to improvements over the standard AIS reversals. We believe addressing these issues to
be a key area for future research to focus.

Dimension | ULA | UHA | MCD (ours)
X7 0.14 0.17 0.11
14 x 14 13.24 | 15.04 6.25
28 x 28 141.29 | 82.16 23.10
Table 7: log Z estimate absolute error for Normalizing flows.

F.3 Score Network Ablation

We include additional results exploring the impact of various score-network architectures on perfor-
mance. We re-run our Gaussian Mixture experiments in dimension 200 using 1) an MLP with residual
connections and 2) a standard MLP, both with 1, 2, and 3 layers. We run these experiments with 64
and 128 sampling steps. Results can be seen in Figure 4. We see that more expressive architectures
lead to better performance in general. Further, we find that with more sampling steps, the impact of a
more expressive score network diminishes. This aligns with intuition as, when using more steps we
will use a smaller step size, and the standard AIS reversal becomes a better approximation to the true
reversal.

64 Steps 128 Steps
0 —+— msnet 0.0 —+— msnet
mip mip
= -0.1
-0.2
-2
g §037
5 5 L=}
—0.4
-4
-0.5
-5
—0.6
100 125 150 175 200 225 250 275 3400 lo0 125 1500 175 200 225 250 275 300
layers layers

Figure 4: Score network architecture ablation on Gaussian mixture target (main results can be found
in Table 1). Left: results with 64 sampling steps, right: results with 128 sampling steps.
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