A Relations to Algorithmic Stability of SGD

In this section, we formally introduce notions of algorithmic stability and relate them to results
presented in the paper. Let Z denote a set of datapoints and % a distribution over Z. For two training
sets S,S8" € Z", we write S =~ §’ if they differ in exactly one datapoint. For a learning algorithm
A: Z* — R4, we define the uniform argument stability (UAS) of A by

() = max  [LA(S) ~AS) )

and the average argument stability (AAS) of A by
1y .
€ltgnan () 1= MaX {; ) Esezn ezl A(S) - A(S“))H} : 5)
i=1

where S is formed by taking S and replacing z; with ;.

It is well known (e.g., [9, 32]) that for any distribution Z and algorithm A, the following relations
holds between the generalization gap, AAS, and UAS;

[Es-z0 [F(A(S)) = FA(S) ]| < () < €ty 0). ©)

In [7] it was established the UAS of both with and without-replacement SGD is Q(n+/n) for n steps
of size i with n training examples. However, considering Eq. (6), it remained unclear whether the
AAS and generalization gap of these algorithms exhibit rates of similar order, in which case the
UAS accurately captures the rate of the generalization gap. Interestingly, the answer to this question
depends on whether sampling is done with or without replacement, as we discuss next.

Stability of without-replacement SGD. As an immediate corollary of our Theorem 1, we have that
the AAS of without-replacement SGD is also Q(nv/n). This follows from Eq. (6) and since the theorem
establishes the generalization gap to be Q(n+/n). Similarly, the lower bound given by Theorem 3
demonstrates that the AAS of SGD in the strongly convex case is Q(1/A+/n). Combined with the
naive upper bound argument for uniform stability of O(1/A+/n) (which follows by convergence of
SGD iterates to the minimizer in parameter space), we get a tight characterization of stability for
strongly convex losses for the standard step size schedule.

Stability of with-replacement (one-pass) SGD. In Section 4, specifically in Corollary 2, we establish
a generalization gap of O(1/+/n) for with-replacement SGD with a particular averaging scheme and a
properly tuned step size. However, as it turns out, the average argument stability of this version of
SGD is nonetheless of order Q(n+/n) as we demonstrate in Theorem 7 below. This shows that this
version of with-replacement SGD is an algorithm that is not stable in any sense but the most general
one (namely, the one being equivalent to the generalization gap).

Theorem 7. Letn € N, n > 200, d > 2°", W = Bg(l). Further, let {B;}}_, be an iterate averaging
scheme that does not decay too quickly; Y _,,, Bn > C((n—1)/ n)? for some constant C > 0. Then

there exists a distribution over the instance set Z = {0, 1}¢ and a 2-Lipschitz, convex loss function
f: WX Z — R such that for all k € [n],

Es~zn, 2 ~z||W - w®|| = Qmnvn),

where w, w'®) denote the { B, }-averaged iterates {w}, {w;} of n with-replacement SGD iterations
(initialized at w| = w1 = 0) with step size n > 0 over the training sets S and S (k) respectively;

n n
W= Zﬁnw,; wh = Zﬁnw;.
= 1=

Note that the averaging scheme employed in Theorem 4 decays sufficiently slow so as to satisfy
requirements of Theorem 7, hence the stability lower bound follows.

Proof. Let Z be defined by z(i) ~ Ber(1/2), and set
d

Fw32) == )@ (pw(i) + max (w(i)}.

i=1
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We will take € := f8,,/(16nd), and define

-n z(i)=1,

@z (i) = {1 2(i) = 0.

In addition, let

I(w) = argmin {i | w(i) = max{w(j)}} >
J

ic[d]
set

ip = 1(wy), i) = I(w)), @)
and define

g(w;2) = —ea; + ey, ()

where e; denotes the i’th standard basis vector. It follows that g(w;z) € d f(w;z) and ||g(w; 2)|| <
nde+1 < 2forall z € Z,w € W. Proceeding, we denote

S={z1,.-,za}, S ={z},.. ..z}
and note that z; = z; for all / # k. Further, we denote the training examples sampled by SGD by

=, €S, 7= € s,

where {k;} ~ Unif[n] are uniformly random and independent training indices. For the remainder of
the proof, we condition on the event

E={(z1,--,zn2,) | Z(S) = n, and Z(S’) > n}, 9)
where Z(S) = |{i | Vr € [n], z,(i) = 0}| and similarly Z(S") = |[{i | Vr € [n], z.(i) = 0}|. Owed

to our assumption that d > 2%", a standard concentration argument shows this event occurs with
probability > 1/2.

We will now proceed to track how the SGD iterates evolve. Observe that for all ¢ € [n], we have by
direct computations of the gradient steps with Eq. (8);

t
i ¢ {i,....ir} = w(i) =ne Z%(i)
s=1

{wm(i) = et Vs <t, zs(i) =0,
wis1 (i) € [-nen®,0] 3s <t, Zy(i) = 1.
In addition, from similar computations;
ie{il,....ir} = w1 (i) £ -n+nen.
Summarizing, and applying identical calculations for w/_, we have:
t<s = ws(iy) <-n+nen, i¢{i1,....in} = Vs, ws(i) € [-nen?, nen]
t<s = wi(i))<-n+nen, i’ ¢{i,...,i,} = Vs, wi(i’)e [-nen®, nen]. (10)

By Eq. (10) above, for all ¢ € [n] we have;

w(iy) = iﬁsws(iz) < iﬁsnse - i Bs(n —nen)
s=1 s=1

s=t+1

<-n Zﬁs+nneiﬁss—%niﬁs, (11

where the last inequality follows from our choice of €. In addition, if i; ¢ {i{,...i,}, again by Eq. (10)
and our choice of ¢ it follows that;

0 (7)) = ;ﬁsw;(it) > ;ﬂsnnze > —Zﬁn. (12)
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Now, set 1y := min{z | k; = k} to be the first time that index k (in which training examples differ)
is chosen, and let t > #9. Note that z; (i;) = 1 implies i, ¢ {i{,...,i,}; to see this, observe that for
T < 1o, i} = i, while T > to implies i # i, since the event Eq. (9) we condition on ensures

i; =min{i € [d] | Vs < t, Z4(i) = 0},
iy =min{i € [d] | Vs <1, Z;(i) = 0}.

(From the above it also must hold that i; # i, ] # i} for all # # 7.) Thus, putting together Eq. (11),

Eq. (12) and the fact that z; (i;) = 1 implies i; ¢ {i},...,i,}, we obtain for all #o < t;
n
Py —~ . ’ . 7/ C(l’l—l)z
9G] = 1z =111 ) A= 1) = 1} o

s=t+1

where the second inequality follows from our assumption on {f,}. Thus, for ty < t < 3n/4, we get
that

#G0) - 78] = 1 {0 = 1} T,

and taking expectations we obtain;

\%

E[[[o -] 1]

E JZ(W(Q) =W (ir))? | 1o
t=1

3n/4

%[E Z 1{zG) =1} | 1o -

t=to+1

\

Now, observe that z;c is independent of #; for all ¢, hence the expectation above is of the form

where m = 3n/4 — ty and Y; ~ Ber(1/2) are independent. Thus,

m
Pr (m/Z— ZY, > m/4) < e <12,

=1

for m > 100, and then

= [HW - W(k)“ | lo] > %%\/371/4 —fo= %\/&1/4— fo.

To conclude, we use the fact that ¢y follows a geometric distribution with parameter 1/n, therefore

n/2
Pr(1g < n/2) = % Z(l —1/n)=1-1-1/n)"?>1-¢"2>1/3.

t=1

This implies,
-~ Cn Cn
-] St = v
vow 3 VA - nf2= i
and completes the proof. (]

B Proof of Theorem 1

Our first proof below applies for step sizes 7 < 1/+/n. The extension for larger step sizes is rather
technical and requires care of the projection step — we provide it in the supplementary. The statement
of Theorem 1 is repeated below for the case of the small step size regime.
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Theorem 8 (Small step size case of Theorem 1). Letn € N, n > 4, d > 2*1°¢" and W = B24(1).
Then there exists a distribution over instance set Z and a 4-Lipschitz convex loss function f : WXZ — R
such that

(i) the optimization error is large; Eg..gn [F(Ws) - F(wg)] =Q (nyn),
(ii) the generalization gap is large; Eg.on [f(ﬁ?s) - F(ﬁ?s)] =Q (nyn),

where W is any suffix average of SGD with step size n < 1//n.
Proof. Our construction is parameterized by €, 6 > 0, which will be chosen later. We will work with
the datapoints set Z = {0, 1}?¢ and define the distribution Z = Z(8) over Z by
1 wp.0;
0 wp. (1-9),
Vi>d;, z(i)=z(i-d).
Our loss function is a combination of two components; the “push” function ¢ is in charge of driving
the SGD iterate towards areas in the L, ball where the “penalty” function v inflicts a norm-like loss.

Vi<d, z(i)z{

2d

G(w;z) = —€ Z 2(w(i) + max {w(i) +w(i +d)}. (13)

i=d+1

d
Y 2w, (14)
i=1
fwiz) = p(w;2) +vz(w).
The lower bound arguments all go through with any sub-gradient oracle g(w; z) € d,, f(w; z). For

clarity of exposition, we make use of the gradient oracle g that returns the minimal coordinate
sub-gradient for the max component in ¢;

vy(w) =

e Ui =1(w)} i<d
go(w;2)(i) = {—ez(i) +1{i=Iw)+d} i>d’ (15
where I(w) = min {i € [d] | i € argmax{w(j) +w(j +d)}}. (16)
I<j<d

We additionally denote the index picked by g on round 7 € [n] by
it = I(Wt) (17)

We thenset g(w; 2) = g¢(w; 2)+ Vv (w). Itnow follows thatforallw, z € R24, 8p(W;z) € Owp(w; 2),
thus g(w;z) € 0y f (w; z). Choosing € = 1/d, we get that f is 4-Lipschitz;

1

lgw;z)|| < eVd +2+ 2wl wll <3+1/Vd < 4.

w
With the above construction in place, we first claim that with sufficiently large probability, the training
set will contain the desired collection of “bad” coordinates which will be picked up by our gradient
oracle. Indeed, with the dimension d large enough, a proper choice of § ensures that for every ¢ € [n],
there will be a certain coordinate with a prefix of # — 1 ones followed by a zero only suffix.

Lemma 2. For & = 1/4n?, with probability > 1/2 over the random draw of S = {z1, ..., za} ~ 2", it
holds that for all t € [n]:

1. There exist prefix of ones coordinates E(VD = {j e [d] | s <t = z,(j) =1} # 0, and

2. the minimal such coordinate J; ‘= min {j € E(l”)} also has a zero suffix; s >t —
Zs (]t) =0.

From this point onward fix § := 1/4n>. By definition of our gradient oracle, a relatively straightforward
argument given in our next lemma establishes SGD will take gradient steps precisely on those bad
coordinates of Lemma 2. Notably, we have designed the construction so that these steps are made only
after the samples penalizing those coordinates have been processed. This eliminates the possibility
for SGD to correct these coordinates in future steps.
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Lemma 3. We have with probability > 1/2 that for all t € [n], i; = J; (see Eq. 17), and for all
T € [n], >t w(iy) =-n.

To complete the proof, we assume the event from the lemma occurs. Since it occurs with constant
probability, a lower bound derived conditioned on it implies a lower bound in expectation. First we
argue the population loss of all iterates is upper bounded as

2d d
F(w,) = - Z Sw: (i) +enn + E Zz(z’)w,(i)z
i=d+1 i=1

-1 d
< —€b Zw,(is) +enn + J Z[E 2(D)]w, (1)
s=1 1

i=

=eb(t-1)n+enn+ 5ZWz(i)2

i=1

t
<2enn+,|6 Z‘wt(ix)2
s=1

2 mVn

d 2n " An
By convexity of the population loss, the above implies that any suffix average satisfies F(w) < n/+/n.
In addition, note that F (wy) < F (0) < 0, hence the Q(n+/n) bound we will now establish on the
empirical risk of SGD implies our claimed optimization and generalization lower bounds. Indeed, let
7 € [n] and denote w, := n—lr+2 :’:Tl wy. Observe that for 1 < ¢t < n/2, by Lemma 3 at least half of
the iterates have the —7 value in coordinate i;;

< 2enn + 4/6n*n =

n+l n+l

wr(ip) = T+2 ZW (ir) < Z ws(ir)

s=max{r,n/2}

n
— < —=.
n—re2 M=

(We ignore the fact that the last iterate, formally speaking, may have a slightly greater value due to the

projection on the last step.) Now, for any w € W,

F(w) = % if(w;zs) = % iﬁb(w;zs) + % i Z w(ir)?
s=1 = s=

< n—max {r,n/2} +2

where the second inequality follows from Lemma 15. Noting that ¢(w; z5) > —€>dnn > —n and
combining the last two displays we get that

F(Wrp) >

which completes the proof. ]
Proof of Lemma 2. Fix t € [n], denote

ELD ={ie[d]|z()=1Vs <1},
E"0 = {i e [d] | z5(i) =0 Vs > 1},

and let J, € E(1Y) be the minimal element if it is not empty. Note that

Pr(E() = 0) = Pr(Vi € [d], 3s <1, 2,(i) = 0) = (1 - 5f-1)d < (1-6M¢
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In addition, since the contents of E (") are independent of z;, . .., z,, we have that for any i € E (L)
Pr(i € E®) = (1 -6)" " > (1 -6)".
Therefore,
Pr(E() =0 OR (EM %0 but J, ¢ EWV)) < (1-6"+1-(1-06)"
Now, by the union bound over all values of ¢ € [n] we obtain

Pr (w e [n], EM £0AND J, € E(”0>) > l—n((l ey (1-8)").  (18)

~—

Now, since § = 1/4n? we have

asm\? .1
1-6M?=[1-=-] <e® < —
(1-0% ( d)_e = an’

where the last inequality follows for d > 67" log(4n) = 4"n*" log(4n) (recall that by the assumption
in the theorem statement d > 2*1°2" > 47,2"4p) . In addition;

a1-6"=[1- ! n>1_ ! = 1-(1-9§)"< !

B 4n?| 4n T 4n
Back to Eq. (18), applying the inequalities from the last two displays we obtain the desired event
occurs with probability

z1-n((1-5")"+1—(1—5)")z1—n(in+i)=l (19)

and the result follows. ]

Proof of Lemma 3. Following a direct computation, we get that

. z(DHw (i) .
]].{l—I(W)}+W lsd, (20)
1{i=I(w)+d}—ez(i) i>d.

gw;2) (i) = {
From the above we see that the value of w(i + d) for every coordinate i + d € {d + 1, ...,2d} gains
ne when z(i) = 1, while the value of coordinate i only decreases. Thus I(w,) will be a coordinate
with an all ones prefix if one exists. Formally, let t € [n], and observe that our gradient oracle will
return the minimal coordinate i; € [d] with the maximum value of w, (i;) + w, (i; + d). Assuming
the event from Lemma 2 occurs, note that the coordinate J; € [d] with z;(J;) =...=z,1(Jy) =1
exists. Now, observe that any coordinate j € [d] is bound to satisfy

wi(j) +wi(j+d) <wi(Jp) +wi(Jr + d).

To see this, note that w, (J;) = 0, because J; # i for all s < ¢ (formally this follows by induction). In
addition, by Eq. (20);
Vs <t, zs(Jy)) =1 = Vs <t, -ngw;z5)(Jr+d) =en = w,(J; +d) = (t — 1)en.
On the other hand, for any j’ € [d] we have w,(j’) < 0, and w,(j" + d) < (¢ — 1)en. Concluding, it
follows the gradient oracle will pick i, = I(w,) = J;, therefore w/_ (i;) = —n forw; , = w, —ng;.
To see that w;4 = Iy (w}, ) = w;,,, note that by assumption 1 < 1/+/n, hence
2d

il =) wia? <) Wiy (i)? + d(nem)* = n*(t+n/d) < (t+ D/n,

i=1 t=1

and w;,, remains inside W for all < n. Finally, since the desired event occurs with probability 1/2
by Lemma 2, we are done.
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B.1 Lower bound for large step sizes

When the step size is large, the projections actually alleviate the problematic nature of our construction,
to the point where they can be exploited to obtain any convergence rate with the full iterate averaging.
Notably though, concatenating our construction with a standard lower bound (e.g., Lemma 14) the
best convergence rate possible is n~'/# with 7 = n=!/% which is the same as what would be achieved
by the somewhat more reasonable choice of 7 = n=3/* that does not rely on the projections.
Theorem 9 (Large step size case of Theorem 1). Letn e N,n >4, d > p4nlogn qud W = B(Z)d(l).
Then there exists a distribution over instance set Z and a 4-Lipschitz convex loss function f: WXZ — R
such that

).

Proof. The analysis parts ways from the small step size case after Lemma 2. Instead of Lemma 3, we
make the claim below.

Lemma 4. Forall T € [n], it holds thatt <1 = w.(i;) < —n(1 +1?)'"", where i; := 1(w;) and
7 < n+ 1. In addition, for any suffix average w, it holds that

(i) the optimization error is large; Eg.gn [F(WS) - F(wg)] Q (n

(ii) the generalization gap is large; Eg..gn [f(ﬂ?s) - F(ﬂ?s)] =Q (

5

|._.

B

n

where W is any suffix average of SGD with step size 1 > 1/+/n.

n

. 1
)11 = 50

t=n/4

The important consequence of the above lemma is that whichever suffix average we take, we will end
up with an Q(1/n) mass in the total bad coordinate summation. We now show this translates to an
empirical risk lower bound as claimed. Ignoring the negligible contribution of €, by Lemma 15 we

have;
1 n 1 n n 1 n 1
F(w)=—) f(wizs) 2~ w(i)? 2 — w(i)] 2 ———,
where the last inequality follows from Lemma 4. This completes the proof. (]

Proof of Lemma 4. For t € [n], denote w, = w; — ng(wy,z;) so that now wyy « Iw (w;)

Informally, we have ||w;||2 < 1+ n? for all #, when we ignore the negligible e component. Formally,
let

) 0 i<d,
60 = {—ez;(i) i>d,
so that g(w;; 2;) = {; + e, + €(j,+a), and observe
’ 2 2
[rill” = e =080 = nes, = neqra
< 1+dnne® +2n*
1+ (n/d)n* +2n?
1+3n%

IA

IA

Now, set y := 3n?, lett < 7 € [n], and observe;

welin) = Thy (w7) () = T < ) (1)

where the inequality follows from the norm bound and since w;(i;) < 0 for all / € [d]. In addition,

for T — 1 > ¢, we have w (i;) = w,_1(i;), hence

wii) T+ =we g () A+ < < wi )T+ =—n(1+7)",
therefore,

1<1T = wi(i) <-n(l+y)7, 21

which proves the first part. For the second part, we begin by computing the values in each individual
coordinate.
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The individual coordiantes w (i;). let w be the average of the last k iterates wy_g42, . . ., Wpe1, and
set g :=n—k. Fixt € [n], set/ ;= max(tg + 1,7+ 1), and observe

o 1 n+l1 n+l -
7G| = ;m(zm > ;0 +) T,

where the first inequality follows since all values are negative and the second from Eq. (21). We have

n+l n+l-t
Z(lw)t =) +p*
k=1-t
_ (-0 (1 _ ~(n42-1) !
= (140 (1= (14 y) 21)1_(1”)71
_ t— —-n— (1+Y)
= (T 1=y 2)—<1+w—1
1
=(1 t—I+1 1=(1 l-n-2\ =
(1+7) ( (I+7) )y

= ().

Now,

1
< %) = 1 t+k—n—1 1_ 1 -k =
r<t = (=) (1= e
= 7] = )™ (1= (1 @2)
1
d )=[1=(1 t-n—-1) =
and 1> 19 = (%) ( (1+7) )y
— W) = Yik(l—(l+y)""_1). 23)

Before moving on to bound the sum of values in the coordinates, we record the following basic facts
which will be used repeatedly. By Bernoulli’s inequality and our assumption that 7 > 1/+/n, we have
(L+y)™=(1+30*)™ > 1+3n°m > 1 +3m/n. Hence,

(1+p)™ ! < !
YT Oeym = 1+ 3m/n
_ 3m/n
1-(1 m> ———
= (I+y = 1+3m/n’
and then,
m>n/4 = 1-(1+y)™™ > (3/4)/4 > 1/6, 24)
m
o I=(1+p™  1/6 1
d 1 J > > = —. 25
" Z( T ET Ty T TS L Ty 2

I+y

Bounding the sum of coordinate values. We first consider the case that 7o < n/2;
3n/4

Y w(i N 2\t—-n—1
t;4|W(lt)| ; Y_kt;z(l -y ) (by Eq. (23))
n 'in/4
_k t;ﬂ 6 (by Eq. (24))

-
oyk (3n/4 n/2)

__™m
- 24yk

n 1
> > —
100nk — 1007’
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which proves the desired result (recall that y = 3n?). Assume now 7o > n/2, and observe;

Z [w(i)| = — i (1 _ (1+Y)t—n—l)

1=To+1 t To+1

Jj=
k—1
=Y"—k(k—1 Y ey )
j=1
_n L1-(4p'
_yk(k_l_(l+) 1 (1+Y)‘1)
=1(k 1_1—<1+y>1k)
Yk Y
=yzlk(y(k—1)—(1—(1+y)1 k))
= =D+ ™).

In addition,

Y > 2 L (1-ep 3 (1 4yt

t=n/4 t=n/4

= (1-asn) Y ey
t=n/4
T0-n/4

=g (1) 3 aen?
=0
n/4

> 77_k (1 - (1 +y)‘k) Z(l +Y)_j

> 6;72]( (1-a+p )

(by Eq. (23))

(26)

(by Eq. (22))

(by Eq. (22))

27

where in the last inequality we have applied Eq. (25). Now, combining Eq. (26) and Eq. (27), we

obtain

Z [w(in)| > L(Yk y-1+(+y)"" k)+L2(1_(1+Y)—k)

6y°k

(yk—y—1+(1+y)‘*k+1_(1+),)—k)

- (Yk y+(+n' =1 +y)” )

which proves the desired result also in the second case, and completes the proof.
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B.2 SCO with non convex components

Proof of Theorem 2. We define the distribution Z = Z(J) over the set of datapoints Z by

-1 wp. o
Vi<d, z(i)=31 wp.o
0 w.p. (1-20),

Vi>d;, z(i)=1{z(i-d)=-1}.
We consider the same loss function of Theorem 1, but leave the norm-like component without the
square-root;

d

Fw32) = pws2) +vo(w), vo(w) = ) z(w(i),

i=1
where ¢ is defined as in Eq. (13). We also define the gradient oracle for ¢ as we have done in the
convex case Eq. (15), Eq. (16), and Eq. (17), repeated here for convenience;
1{i=1(w)} i<d

gp(w;2)(0) = {—ez(i) tl{i=Iw)+d} i>d’

I(w) = min {i € [d] | i € argmax{w(Jj) +w(j+d)}},
1<j<d

it =1 (Wt)
Here, unlike the construction in Theorem 1 we need € to depend on 7, and set € := 17/d. The next
lemma establishes the SGD iterates end up “overfitting” the empirical objective, and follows from

a proof that is essentially identical to Lemma 2 and Lemma 3. The only difference is that here the
training examples have —1 rather than 1 in the critical coordinates.

Lemma 5. For § = 1/4n?, we have with probability > 1/2 that for all T € [n] and t < ;

e we(ir) =-n,

e l<s<t = z,(iy) =-1,and

e t<s<n = z4(i;) <0.

1 n+l

Thus, let 7 < n+ 1, and denote w; := -—— ) ;= w;. By a derivation identical to that of the convex
case, we obtain forall 1 <t <n/2, w;(i;) < —g. Hence, for s < n/4,

n/2

Vs (WT) < - Z Wr(it)z = _ﬁ

t=n/4+1 16

therefore

. 1 n n
Fm) =1 ) o)+ ) ve, (90
t=1

t=1

nnn
< 2enn — —— —1
T
nn2
T 64
To conclude the proof, we note that
2d
F(w;) = —€ Z 5(nen) = —*dénn > —n*/n,
i=d+1
and the result follows. O
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B.3 SCO with strongly convex components

Proof of Theorem 3. We first make the argument for an unbounded domain, so that no projections
take place. Let

A
FOw:2) = @i ) +v2 () + 3 lIwll

where ¢ and v are defined by
2d
d(w:z) = —€ ,«;1 2(w(i) + max {w(i) +ew(i +d)}, (28)
d
va(w) =) w2, (29)

i=1
and € := 1/d. These are essentially the same definitions as in our main construction Eq. (13) and
Eq. (14), but with an added € factor inside the max component of ¢. This only makes our formal
argument simpler, but otherwise does not make any significant difference. For the gradient oracle, we
define

e Ui =1(w)} i<d
gp (w3 2)(0) = {—ez(i) vel{i=I(w)+d) i>d’ (30)
where I(w) = min {i € [d] | i € argmax{w(j) +ew(j +d)}}, 3D
1<j<d
and again denote the index picked by g on round ¢ € [n] by
it = I(Wt) (32)

We then set
g(w;2) = gp(w;2) + Vv (w) + Aw.
Clearly, for all w, z € R?*?, g(w;z) € 8,, f(w; z). Following a direct computation, we get that

1{i=1I(w)}+220 4 AwG)  i<d,

vo(w)

1{i=I(w)+d} —ez(i) +Aw(i) i>d,

where I is defined in Eq. (16). Hence, the stochastic gradient steps w41 «— w; — 1,g2(wy, z;) are
given by

g(w:2)(i) = {

et (0) = {( ez (Ve W)+ ) w () - L {i=I(w)} i<d a3

(L=n:A) we (@) +€nez (D) —neel {i = I(w) +d} i>d.
The next lemma makes a similar assertion as Lemma 3 and follows from similar arguments.
Lemma 6. With probability > 1/2, for all T € [n] we have
Weer (i) = {_771 HE:H] (1-nsA) i=ipte [.T], .
0 € [dI\{i,...iz},

where z1(i) = ... =z,-1(;) =1, and z; (iy) = ... = 2, (i) = 0.
Next, a simple derivation shows the empirical risk is large for any suffix average. Thus,let 7 < n+1,
and denote w; = n_i 3 :::11 w;. By Lemma 6, assuming the event from the lemma occurs we have
_ ] . -
t<n/2 = [@60)] 2 5 wan Gl = 3 [ ] (1-n.0).
s=t+1
Therefore, noting that ¢(w,; z;) > —€*dn/A > —en/A > —1/(An), by Lemma 15 we obtain;
1 n/2
FWrn) 2 5 [Weall” = — Y ]_[ (1=152)
2 An 10‘/_1? n/4  s=t+l
A s 1 1
> Wrn —+ . forn;, = 1/At
3 el = 3+ G (for 7, = 1/A1
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Noting that F (0) = 0, we obtain the claim on the optimization error. For the generalization gap, first

note that forany t < n+1,

2d
E,p(ws;2) < —€ Z Sw; (i) +en/A
i=d+1
<edn/A+en/A
< 2en/A,

and observe;

n

_ 2en A _ CN= s
F(e) € =54 5 el 4 Eoez || ) 200 we(ie)?

t=1

2€n
2wl + (o Zwm,)z

Zen
2wl o Dwr(zm

2en — logn
—T+_||WT|| 2An
A logn
< 5wl + =2

Combining the inequalities in the last two displays completes the proof.

(by Jensen’s inequality)

(forn, = 1/ A1)

(since 2en/A < logn/(2An))

Bounded domain case with A > 1/+/n. In this case projections happen, but owed to our assumption
on A we will see their effect is negligible. Denote wy, = ws—ng(wy, z5) so thatnow wgy; « Iw (wg)

Observe that by Eq. (33) under the event of Lemma 6, we have

0 i€ [d]\{ir,... iz},
W;+1(i) =1 =0 A)w. (D) + 0L {i =iz} i€ d{in,....ir},
(1= V)w () +enzs()(-1+1{i=i, +d}) iel[d+1,2d],

thus

0 ie[dl\{i,...
(1 _nr/l)ZWT(i)z iedfin,...,ir—1},
2

2
wl ()7 < .
L =1y,

(z;e/)l)2 ield+1,2d].

iT}’

Note that by our assumption that A > 1/~/n and our choice of € = 1/d, we have n’¢*/A? < n/d>.

Now, fix T > 2n/3, and observe;

2d

Iwial|” < 2 + d(n/d?) + (1 =120 )~ we (D

i=1
=02 +n/d+ (1 -n0)? Jw,|?
<n+n/d+(1-n:1)?

1 rn_ 2.1
212 d 1 12

< +1 E+i_z

~ A2n d 4n? 1
3 10 2

S_ e —
2T 4n? T

<1
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In the above, we have used that n/d < 1/4n?, and that 1/27 > 1/(2n) > 10/4n? for n > 10. Hence,
from round 2n/3 onwards projections do not occur anymore. To conclude the proof, we note that we
can lower bound the empirical loss precisely as we did before but over rounds 47n/6 to 5n/6, rather
than n/4 to n/2. In addition, the population loss has only improved since the per coordinate values in
all iterates have only decreased in magnitude as a result of the projections. (|

Proof of Lemma 6. Note that for all r € [n] and any i € [d + 1,2d] \ {i1 +d,...,i; +d}, by Eq. (33)
we have

wip1 () = (1 =1 A) w; (i) + €24 (7)

- Zemzv() ]_[ (1-mA). (34)

[=s+1

Hence, the number of times z,(7) = 1 for s < ¢ determines the maximality of w;, (7). In other words,
the extra component in the gradient update effects all coordinates equally, and the situation here is no
different than the convex case. Thus, by Lemma 2 and the same arguments as given in Lemma 3, we
have that with probability > 1/2, for all ¢ € [n], i; = I(w;) = J;. Therefore, by Eq. (33);

¢ [ =1
(ZBIOERE P n§:3~+1(1 -mA) i=is, s<t;
0 i€ [d]\ {in,. .0t}

Note that the z,(i)v,, (w)~' component in Eq. (33) does not contribute since z; (is) = 0 for all # > s,
given our event. U

C Proofs for Section 4

In what follows we provide the standard analysis of SGD with the iterate averaging scheme specified
in Theorem 4. The theorem stated and proved below provides the rate of convergence on the target
objective function from which gradients are sampled (as similar analyses normally do); note that we
use it in the context where the target objective is the empirical loss given by the training set. This
should be contrasted with the goal of Theorem 4, which is to establish the convergence rate on the
population objective. Our only motivation for proving the below theorem is to argue the generalization
gap upper bound established in Corollary 2.

Theorem 10. Let W ¢ R? with diameter D, and fi, . .., f, be a sequence of convex, G-Lipschitz
losses sampled i.i.d. from some distribution F. Further, let w* = minwew Es.5f(w) denote the

minimizer of the expected function. Then the weighted average w = - +1 Y "‘fl” w; of the iterates
produced by SGD with step size ) = e \f obtains the following upper bound:

4GD

Efy....fu o [F(W) = FWN)] < ik

Proof. Observe,

E[£(7) ~ Fwh)] < — Z [/ we) - £ 0]
— 2 E —n—t+1 N i
T n+1 ;T(ﬁ(wt)_ﬁ(w )| - (35)

By the standard SGD analysis,

o) = i (0") £ Vfi0e) T =) < 22 (DF = D7) + 562
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where D; = |lw;, — w*||. Now,

D2

t+1

) e

Y T () - vt < o .

t=1

D2 - G2
( n t)+172n

Plugging the above inequality into Eq. (35), we obtain
4GD
vﬁ b

which completes the proof. (]

E[fG) - fw*)] <

D Proofs for Section 5
D.1 Lower bound for multi-epoch SGD

Proof of Theorem 5. First, note that without modifications, the strategy of Theorem 1 breaks after
the first epoch; it will just keep pointing the gradient on coordinates with an all ones sequence. We
use the idea we can fully “record” into the iterate w¥ the precise samples we have stepped through
so far, and define a gradient oracle that will cause the iterate to advance on fresh bad coordinates
in every new epoch. We will work with the datapoints set Z = {0, 1}¢ and define the distribution
Z = Z(0) over Z by letting z(i) ~ Ber(0) for all i € [d]. We consider two separate portions of a
vector w € R, which we denote by w[-;0] € R? and w|-, -; 1] € R¥"K_ The first portion with d
entries is where the bad gradient steps will be made and where we will eventually suffer the loss
from. The second consists of dnK entries and is used to encode the samples observed during the
optimization process. Our loss function is defined as follows;

d
ve(w) =) 2(wli 01,

i=1
(w3 2) = Z(Hz(z)) max {wli, j; 1]} + max {wi; 0]}, (36)
F912) = (2 + 2.

Again, we choose ¢ > 0 sufficiently small so that the loss induced by it is negligible, and so that f is
4-Lipschitz. The gradient oracle we use is specified by that of the ¢ function;

gow:2)[i, i 1] =e(1+z() {j = LL(w[i, 1]}
8o(w32)[0] = egy(w)

where 7} (x) := min {j € [nK] | j € argmax {x(l)}} for x € R"K,
le[nK]

Ip(w) := min {i € [d] ‘ i € argmax {w[l;0]}, and i € argmin {V(w)(l)}},
leld] leld]

nkK
and V(w) := Z wl- ji1],

J=to(w)
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where 7o(w) denotes the first global iteration index of the current epoch. This index is easy to infer
from w{-, -; 1] since the #’th SGD iteration in epoch k results in values strictly smaller than 0O in all
entries of w[-, 7; 1], where T = n(k — 1) + ¢ (and O remains from initialization for 7/ > 7). In words,
we design our “adversarial” gradient oracle so that it will choose the coordinate for max; ¢4 {w[i; 0]},
by “looking” in w([-, -; 1] and choosing the coordinate i* := Iy(wk) € [d] such that the number if
times zX(i¥) = 1 for s < # is largest. An illustration is provided in Fig. 1.

(W)
L a1

2 2'2L i3 1 Z; sz 1 2 3 +1 +2 +3 nk
i 1 1 4
1 111 ||
1 2011 1111 :
i 11 I
111 22 |1 111 :
1 1 1 1 21 1 T
1011 «oenenn “€llalafa]| 1 it {ololololol «ooeee- —
11 JERE IBa
117 e 221 —
1 1 101]1 E
1011 1 1 2|22 —if
111 1011
'IERE iE o
wil-, 1] wil -3 0]

Figure 1: Illustration of gradient oracle mechanism

In similar spirit to the the basic construction from Theorem 1, we will ensure that with high probability,
the coordinates selected by our gradient oracle are such that zX(i¥) = 1 for all s < ¢, and z¥(i¥) = 0

for all s > ¢. To that end, we first assert the existence of a set of datapoints Z c {0, l}d where a
desired property described next holds with sufficiently high probability. Consider some arbitrary

ordered set S = {z1, ..., 2.} C {0, 1}. Fort € [n], denote
EUD = {ie[d] | zs(i) = 1 Vs < t},
ELEE) o {Jtl, ..., JK | JF is the k’th smallest € E(l”)} ,
E"0 = {ie[d] | z(i) =0Vs > t}.

So E(15K) js just the first K elements of E ¥, where we enumerate the coordinates by the superscript
in increasing order. We say the event € holds for the set S, or equivalently that S € & if for all
t € [n], we have |[E(-5K) | = K, and E(L5K) ¢ E(0) In words, S € € if for every 1 € [n], the first
K coordinates {J/,...,JK} that have a prefix of (1 — 1) ones; s <t = z,(JF) = 1, also satisfy
that they have a suffix of zeros; s > t = z,(J¥) = 0.

Lemma 7. There exists a set of datapoints Z = {(1, ..., {n} C {0, 1}%, such that
..... wn (Vh € KT, {2h,. ok} e €) 2172,
where 1y is sampled by either single-shuffle or multi-shuffle, and zf = {ap o)

With Lemma 7 in place, we can be sure bad coordinate sets will turn up in every epoch. Let k € [K]
and r € [n], and assume the event from the lemma occurs. By the definition of our gradient oracle, it
is bound to select one of the first k coordinates that have a prefix of all ones, which we are assured
by the lemma will also have a suffix of zeros. Formally, we argue by induction on k, . The base
case follows from the definition of g4 and our assumption that the event occurs. For the inductive
step, assume the selected coordinates i :‘ of all prior rounds satisfy the inductive hypothesis. Then at

most k — 1 of the first coordinates in E(1*-X) could have been selected previously, since the inductive
hypothesis implies every selected coordinate i f, has exactly t" — 1 ones. Hence, the gradient oracle
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will choose a coordinate from E (1*-K)  the elements of which are coordinates that also enjoy a suffix
of zeros, as assured by the event from the lemma. In addition, note that our initialization at wi =0

and our assumption that n < 1/V2nK (and that € is negligibly small) ensure the iterate never leaves
the domain W thus no projections occur. Summarizing, we have that for every k € [K],t <n+1,it
holds that:

t<t = wh(i*) =
ands <1 = K@% =1
To complete the proof, we will now prove a lower bound of Q(n+/n/J) for the average iterate of the
last J epochs. The other terms in the bounds of the theorem statement follow from concatenating our
problem instance dimension-wise with standard constructions — see Lemma 14. Proceeding, we

slightly overload notation and denote w (i) for w[i, 0]. Let w be the average of the iterates in the last
J € [K] epochs;

n+l

P L Y

k=K-J+1 t=
Foralln/4 <t <3n/4and K —J +1 < k < K, we have

n

- 1
P> — Y whah] = L) = L (37)

t'=3n/4
since wk (i¥) = —p for all ¢/ > 1.

Single-shuffle case. Ignoring the negligible € terms, we now have

K n/2

l1<s<n/4d = f(W;Zi-) > \ ZZZs(lk)W(lk)z

=1 t=s

K n/2
1oikyos (k)2 — _ n
Z\ ) ) AHEGE? = \ 14 )16J2 “Veas™
k=K—-J+1 t=n/4+1

since zX(i%) = z1(i*) = 1 Vs < t, k € [K]. Therefore

F(9) = }:ﬂwanf“dm

concluding the proof for this case.

Multi-shuffle case. For {; € Z denote

I(¢;) = 1{z; = {1 € [n/4,3n/4]},
K
1%(¢0),
k=K-J+1

{(i e Z | I({;) 2 J/4}.

1(¢;)

Z:

We wish to lower bound the size of Z, to show that enough {;’s where incident in the [n/4,3n/4]
iteration range in a sufficiently large number of epochs. (Our interest in this range stems from the
desire to apply Eq. (37).) Observe;

}: Eiﬁ«»—f—

k=K-J+1 i=

J
= Zl(Ci) = %
o1
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Since 1({;) < J for all i € [n], by the pegionhole principle we get that |Z | > n/4. Otherwise, we
would have

J nJ
Zl((z)<|Z|J+ n—|Z| - <J4+4 =5
Now,
1 n
W) > — W bt k = kN2
F(w)zan(w,z)Z Z Z 1%(2) Zw(lf)
z€Z zeZ k=K-J+1 t:3n/4
>
> Z iy To
ZEZ 1= 3}1/4
1 nn?
“n Z. 1627
zeZ
A
RV
which concludes the multi-shuffle case and the proof as a whole. 0

Proof of Lemma 7. We will make our argument for an i.i.d. sampled instance set Z, and convert it

to the stated result as follows. Assume % is a distribution over {0, 1} for which we establish the
following;

1
Prz.ogn(Z € &) > — UK (38)
Clearly, applying a random permuation on Z ~ 2" does not change its distribution, therefore
21/1( <Prz.gn(Z € &) =Prz.gn a~T([n )(JI(Z) eé)
= Z Pron (Z)Pryoni(n)) (7(Z) € E)
Zezn
< %nax {Prmn( y((Z) € 8)}
E n
The above derivation implies the existence of Z* € Z" with the property that
1\ 1 ,
Pry, ag~n(n) (Vk < K, mi(Z2%) € E) 2 (21/K) =5 (multi-shufile)
1
and Pry .ni((n)) (Yk < K, m(Z2*%) € €) > UK 2 5 where 1y = ... =mg. (single-shuffle)

Therefore, for the rest of the proof we focus on proving the distribution Z as defined next satisfies
the desired property Eq. (38). Let § > 0 which will be chosen in hindsight, and consider Z = Z(5)
where z(i) ~ Ber(9) for each i € [d] independently. Fix ¢t € [n], and let €, denote the event that
|[EUD| < K, and E(L5K) ¢ (0 We will prove €, holds with sufficiently high probability, so that
€ = Nie[n1 € holds w.p. > 1/2YK  Proceeding, assuming we choose 8 and d so that K < d&", by
Hoeffding’s inequality we have that

Pr(|E(1”)| sK) =Pr ]1{ieE(1”)} <K

=Pr

T TR

1l
—_

1 {i c E“”)} _ 46 <K - d6")

4

d
=Pr(do =) 1 {i c E(l”)} > 46 — K

< e—(dﬁ”]fl()z/d < ef(dﬁ"fl()z/d‘ (39)
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In addition, fori € {J},...,JK} = E0-K) we have
Pr(i € E®O) = Pr(V¥s > 1, z4(i) =0) > (1 - 6)".
Therefore,
Pr(E!K) c EU0)) > (1 -5)"K.
From the above and Eq. (39) we obtain
Pr(not &) = Pr (E“’“K) ¢ E@O or B0 < K) < e (0" KPd Ly (] _ )k
hence,
Pr(Nrepn) &) = 1-n(e” @K1/ 41 _ (1 - 5)"K), (40)
To finish the proof, we choose § and d as follows. Set § := 1/ ¢n?K, and note that

1"k 1 1
3 ) >l-— = 1-(1-0)" < —.
cnK cn cn

(1-6)"K = (1—

In addition, note that —(d6" — K)?/d < —d&*" + 2K 8", hence

o (don-K)ja |

cn

2 1

o dOTHIKE"
cn

& log(cn) +2K8" < d6*"
& (log(cn) +2K8™) (cn’*K)*" < d,

R

which holds for any d > 26102(cnK) = (cpK)6" > 21og(cn)(cn?K)?". Back to Eq. (40) we obtain
for ¢ = 2]/47_1;

11 2
Pr(OZE[HJSZ) Zl—i’l(—+—) =1-->
- c

and we are done. O

D.2 Upper bound for single-shuffle multi-epoch SGD

First, we slightly generalize the notion of uniform argument stability and prove some supporting
lemmas. We extend the definition of uniform-argument-stability Eq. (4) to one that enables more than
one difference in the training sets. We give the definition below in notation suitable for SGD and the
lemmas that follow;

SGD /
e (1) = max max Weel =Wl 41
b FiveosFosfiseenfy itseenis €l7] Iess = vl
where w; " is the output of GD after swapping f7, . . ., f; in locations i, . . ., i; with the other losses
fi»--., f;. Lemma 8 given next generalizes Lemma 10 for the stability notion we have introduced

above. The proof provided below is based on similar lemmas given in [20].

Lemma 8. Let {f(w; 1)}, be a set of n, G-Lipschitz losses, and F(w) = % Y i—i f(wst). Then, for

a uniformly random permutation 7: [n] < [n], f¥ = f(-; 7(t))Vk, it holds that for single-shuffle
SGD;

E[F(wF) - fEwh)] < GSSP(n(k - 1) +1 - 152k),

stab

where wf the t’th SGD iterate of the k’th epoch.

Proof. Fix t,i € [n], and let n(f; < f(-;i)) denote the distribution obtained from a random
permutation followed by replacing f; with f(-;7). In addition, denote by 7 | f; = f(-;i) a uniformly
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distributed permutation conditioned on f; = f(-;i). Itis easily verified both distributions coincide.
Now, by the law of total expectation;

Efiosn [fi(WD)]

S

lZ[Efl...fn [fOvisD) | fi = £(50)]
i=1

n
= Z[Eflmfmnlft:f(»;i) [f(wisi)]
i=1

n
== Efifuntiesen [FO0830)]
i=1

where wf’(i) denotes the SGD iterate obtained for the datapoint sequence after replacing ftj with
f(-; i) in all epochs j < k. Note this means each epoch differs from its original version in either O or
2 indexes. Now

i (PO = fEeb)] = Z[Efl o [FOvEsD = pOwE i)

< max G ||[wk
i€[n]

<SSP (n(k — 1) +1—1;2k),

< btdb

)

which completes the proof. (|
We will also make use of a generalization of Lemma 11 given in [7, Lemma 3.1]. The next lemma is
a direct implication of it.

Lemma 9. The generalized uniform-argument-stability (see Eq. (41)) rate of SGD with step-size
n > 0 for G-Lipschitz convex functions satisfies

e3P (1, ) < 2GnVT +41GJ.

stab

We are now ready to prove the single-shuffle convergence upper bound.

Proof of Theorem 6 (single-shuffle case). Similarly to the multi-shuffle case, we have;

K n
F(w) - F(w*) < % ZZF(Wf) - F(w®)
k=1 t=1
1 K n
_ k ko, *
—&ZZF(WJ—JCI (w*)
K n
=— ZZF(W oYY R - o)
k: =1
K D2 2
< niK ZZF(W") - FE + 5 %

k=1 =1

with the last inequality following from the standard nK round regret bound for gradient descent [see
e.g., 15]. To bound the other term, we now apply Lemma 8 and Lemma 9 to obtain;

E [F(wk) = fFwk))] < GeSCP (nk +1;2k)

< 2nG*(\n(k — 1) + 1 + 4k)

< 2nG*(VnK +4K).
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Now,

K n
1 D?  nG?
— 3 Y E[FO) — fr b)) + 5+ T
nkK b=t [P0 = 47 0v7)] 2nnK 2

IA

E [F(w) - F(w")]

< — 2nG K +4K)) + + —

=K ;;( nG=(Vn DAy )
D? G?

< 8nG*(VnK + K) + K + nT

6GD 4K /4
L ——+ —
= pl/Ag1/4 n3l4 "’

where the last inequality follows from a choice of n = D/(2Gn/*K3/*). When n > K, the above
implies
10GD

E[F(w) - F(w")] < R

and concludes the proof. g

E Stability Lemmas

In this section, we provide statements and proofs for several known results relating to stability
properties of SGD. For convenience, we repeat the definition of UAS Eq. (4) with notation suitable
for SGD;

SGD () - (@)
€ 1) = max max||wsp —w ) 42
stab ( ) Fros fo 7 i€[1] “ 1+l t+1“ (42)
where fi, ..., f;, f’ are any sequence of convex Lipschitz losses, w;; the iterate produced by gradient
descent from wy € Won fi,..., f;, and wt(i)l the iterate produced from w; on the same sequence

after replacing f; with f.

The next lemma relates the difference between the without-replacement loss distribution and the full
batch objective to the uniform stability rate Eq. (42) of the optimization algorithm in question. For a
proof see [35] (where it was originally stated for average stability, which is a weaker notion and thus
implies the uniform stability case as well).

Lemma 10. Let {f(w;1)}, be a set of n, G-Lipschitz losses, and F(w) = % Y f(wst). Then,

Jor a uniformly random permutation n: [n] < [n], and w, independent of m, it holds that

Ex [FOn) — fOr ()] < C= 006300 -,

where esgtl)) is the stability rate of SGD defined in Eq. (42), and w, the output of SGD on {f (w; s) ;]1

Following are two lemmas providing uniform stability upper bounds for SGD.

Lemma 11. The uniform argument stability of SGD with step size n > 0 on convex G-Lipschitz losses
is bounded as;

eSS0 (1) < 2GnVr.

stab

For proof of the above lemma, see [7].

Next, we have standard lemmas providing stability of ERM and regularized ERM in respectively
strongly convex and general convex problems.

Lemma 12 (Strongly Convex ERM Stability). Let f: W X Z — R be A-strongly convex and
G-Lipschitz for all z € Z. Then

o o - PO | < &
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Proof. Let wg := w denote the empirical risk minimizer, and wg: the ERM for the training set with
the i’th index swapped with a fresh sample z;. We have

[Es-z [F7s) - F@s)|

1 v _ —
- Z[E [f(ws:z)) —f(stQZf)]‘
i=1

A
s
-
3)
(%)
|
S
@
n

where the first inequality is the generalization equals average stability (see e.g., [32]), and the
last inequality follows since wg and wg: minimize (1/An)-objectives that differ in a 2G-Lipschitz
term. ]

Lemma 13 (Regularized ERM Stability). Let f: W X Z — R be G-Lipschitz for all z € Z, and
denote the regularized empirical risk minimizer by v’ﬁé = arg min,, ¢y {F(w) + % ||w||2} . Then

|[ESNZn [F(wg) - ﬁ(ws)” < j—;

Proof. Let FA(w) := F(w) + % lw||* and define the regularized empirical loss FA accordingly. Then
we have a A-strongly convex problem and by Lemma 12,
4G?

[Es-zn |[F@Y) - F@D)|| = [Es-zn [P0 - b || < -

F Auxiliary Lemmas

The following provides standard step size dependent lower bounds for convex optimization. See also
[1] where similar claims are made in their Lemma 6.2 and implicit in the proof of their Theorem 6.1.

Lemma 14. For any step-sizen > 0, T € N and d := [160°T?], there exists a convex optimization
problem h: W — R where W C R is of constant diameter such that

—~ 1 1
h() - min h(w) > gmin{n—T “n, 1},

and w is any suffix average of T gradient descent step iterates.

Proof. We shall concatenate two objectives; the first is single dimensional and will contribute the i
term, the second is d dimensional and will contribute the 1/1T term.

First objective. Set f;(w) := |w — n/4|. Since we initialize at 0, the iterates will “zig-zag” between
0 and —-n. Clearly, any average of iterates is at best 7/4 away from zero loss.

Second objective. Set f(w) := max;c[q) {w(i)}, and note w* = —\/LEI where 1 denotes the all ones

vector € RY. We initialize SGD at w; = 0 € R¢, and follow the gradient steps Vf(w;) = e; where

i € [d] is one of the coordinates that satisfy w, (i) > w,(j) Vj € [d]. Hence, for any ¢ € [T],
Iweetlly < welly + 0 IV w)lly = lwelly +m < - < e < T

By the pigeonhole principle, this implies there must exist some coordinate i such that wr (i) > —nT'/d.
In addition, for any i, w;.7-(i) > wz41(i). Therefore, assuming 87°72 > 1 we conclude;

1 nT 1 1

T
Evril _ * >_n _ > _— = .
fer) = f W) 2 =5 TV s T T st

In the case where 81]2T2 <1,

1
_— 2>
2V2

and the result follows. O

fWer) — f(W*) >-nT+ = >

N1 —
N1 —
Bl
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