A Applications of distributed/federated minimax problems

In this section, we consider specific instantiations of (I)) and (7). Two examples are presented: one is
federated generative adversarial networks, another is agnostic federated learning. We show that both
of them are special cases of the general framework considered in the paper.

A.1 Federated generative adversarial networks

In [50], the authors consider to train GANSs in a federated way, where m agents with corresponding
local datasets cooperate to learn a common model which is essentially the model of centralized GAN.
Then, for each agent, its local objective function is defined by

Ri(z,y) = —Eewp, [log 6y (§)] — Eernq, (o) log(1 — ¢y (£))]

where ¢, is the discriminator and @; () is the distribution to generate fake data of the generator. And
the objective of the centralized GAN is given by

m

R(xay) = %ZRl(‘TﬂU)

i=1

when identical sample sizes are assumed. This is essentially the same as our formulation.

A.2  Agnostic federated learning

The framework of agnostic federated learning was first proposed and analyzed in [|13]]. where the
centralized model is leaned for any possible target distribution that is formed by a convex combination
of all agents’ local distributions. In particular, let P; denote the distribution of agent ¢. Then, the target
distribution is formed by > | A¥ P; for some unknown A\* such that \* € A, where A represents a
simplex. Then, agnostic federated learning is aimed at learning a model §* that performs best under
the worst case, i.€.,

0" = arg min {R(Q,A) = r/{lgj)\(; )\,Ri(ﬁ)}

where R;(6) = E¢p,[I(6;€)] is the local population risk. The empirical version of the problem can
be derived similarly. Note that this formulation is essentially included by our problem.

B Proof of Proposition 1|

Given (3), it is straightforward that

v = Diihhuihh),
vk = Af@ELYGY.
Noting (2, y™*) = L3770 (e, yi ) and (2, y") = (275", yih'),
T R
x = E;Di (=" y"),

1 m
y o= AR,
i=1

Further using lim,_, o (2, 3*) = (z*, y*) gives

1 m K-—1

EZ foZ(Df(m*,y*),Af(m*,y*)) = 0,
=1 k=0

1 m K-—1

. Vyfi(D} (%, y%), A (27,y%)) = 0,
=1 k=0

which completes the proof.
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C An illustrative example for Local SGDA with constant stepsizes

We illustrate the inexact convergence of local SGDA with constant stepzie through a simple instance
of () where only two agents cooperate to find a minimax point of f(x,y) by Local SGDA using full
gradient information. We further assume that each f;(z, y) is strongly-convex-strongly-concave and
Lipschitz smooth such that the minimax point is unique and linear convergence is possible to reach.
Specifically, we construct local objectives as follows:

filzy) = 22—y —(x—y)
folzy) = 42° — 4y —32(x —y)

—1
where the minimax point is z* = y* = (Zle 22‘2) 2 (31i — 30). By Proposition a
straightforward calculation gives

2 K-1 -1 9 k1

Fiocu_scon = (z 202(1 — 2, >k> 33 1801 — 2t
=1 k=0 =1 k=0
2 K-1 2 —1

Viocal_SGDA = ( 2i2(1 — 20 )’“) Z (310 — 30)(1 — 2n,i*)".
=1 k=0 =1 k=0

In general 2§ qapa 7 2%, Ypeacpa 7 Y° When K > 2. Therefore, we see that Local SGDA has
incorrect fixed points when constant stepsizes are used even under deterministic scenarios.

In the sequel, we empirically show the effect of different numbers of local updates on the fixed
point. We consider cases with K = 1, K = 10, K = 20, K = 50. The stepsizes 7, and 7,
are set by 1, = 1, = 0.1 when K = 1 and by n, = n, = 0.001 for the remaining cases. The
initial points (2°,4°) for four cases are identical for the convenience of comparison. From Figure
when K = 1 Local SGDA reduces to centralized GDA and converges to the minimax point (z*, y*
linearly by strong-convexity-strong-concavity and Lipschitz smoothness assumptions. However, for
K =10, 20, 50, given identical stepsizes, larger the number of local updates is, fewer communication
rounds are needed until convergence, but farther the limit points are from the optimal one. Another
point that is worthy to note is that convergence error between the minimax point and the fixed point
of Local SGDA can be too large to be neglected (even over 102 in Section |5)), although the errors
shown in Figure [3are relatively small.
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Figure 3: Local SGDA with constant stepsizes under different numbers of local updates
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D Convergence analysis of FedGDA-GT

D.1 Proof of Lemma/[2]

First, we introduce the definition of saddle point of f(x,y):
Definition 2. The point (z*,y*) is said to be a saddle point of f(x,y) if

flz*y) < f(2",y") < flz,y"),Ve e X,y € ).

Obviously, by Definitions|1|and [2} we know that any saddle point of f(z,y) is also a minimax point
of f(x,y). Then, any saddle point in the interior of X' x ) must satisfy Lemma Moreover, when
f(x,y) is strongly-convex-strongly-concave, we show that any minimax point is also a saddle point,
stated as follows:

Lemma 4. Suppose f(x,y) satisfies Assumptionsand If (x*,y*) is a minimax point of f(x,y),
then it is also a saddle point of f(x,y). Moreover,

Vof(@®,y") =V, f(z*,y") =0 < (2%, y") is asaddle point of f(z,y).

Proof. By Assumption[I} we have
By Lemma [I] and Proposition 5 in [59], we obtain that under Assumptions [I|and 3|
Vof(z*,y") =V, f(z",y") =0 < (z",y") is asaddle point of f(x,y).

Noting that (x*,*) is a minimax point implies V f (z*,y*) = V,, f(z*,y*) = 0 by Lemmal[l} this
completes the proof. O

Next, we provide the uniqueness statement of saddle point (z*, y*).
Lemma 5. Under Assumption[l] the saddle point (x*,y*) of f(x,y) is unique in X x Y.

Proof. By Assumption it yields given any y € R? and « € (0, 1),
flax+ (1 —a)z,y) < af(z,y) + (1 —a)f(z,y) — %a(l —a)|lz —z|?, Va,z. (15)

Suppose there exists some saddle point (u*,v*) # («*,y*). Then f(a*,y*) = f(u*,v*) must hold.
Otherwise without loss of generality, assuming f(z*, y*) < f(u*,v*), by the definition of saddle
points, the fact f(z*,v*) < f(z*,y*) < f(u*,v*) contradicts f(u*,v*) < f(z*,v*).
Then, by and Definition [2]

f@®y") < flaa® + (1 - a)u”,y") + (1 —a)f(u’,y")
+ (1= a)f(u",v7),
f

which implies f(z*,y*) < f(u*,v*), contradicting f(z*,y*) = f(u*,v*). This completes the
proof. O

IN A
=

Finally, combining Lemmas [4] and [5| gives Lemma 2]

D.2 Technical Lemmas

Before the convergence proof of Theorem I} we need several technical lemmas.
Lemma 6. (Relaxed triangle inequality) Let vy, . . ., v, be n vectors in R%. Then,

n 2 n
Sul| <03 fuil
=1 =1

Lemma 7. Let Fi(z) = (Vo fi(x,y), =V fi(x,y)) where z = (2, y). Under Assumption[l| F;(-) is
w-strongly monotone, ¥i = 1, ..., m, which means

(Fi(z) = Fi(), 2 = ) > pllz — /|2, ¥z, € RV,
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PVOOf: Let gz(x>y) = fz(x7y) - E||x||2 + %||y||2 and G’L(Z) = (vzgz(x7y)7 _vygi(xa y))’ where
z = (x,y). From Assumption |1 it is obvious that g;(x,y) is convex-concave. Then, F;(z) is
u-strongly monotone is equivalent to

(Gi(2) = Gi(2'), 2 — 2') >0, Vz, 2/ € RPTL.

Given the convex-concave property of g;(x,y), we have for any z; = (21, y1), 22 = (22, y2),

gi(z2,y1) > gi(w1,y1) + (Vegi(x1,y1), v2 — 1),
—gi(1,92) > —gi(x1,y1) — (Vygi(21,91), y2 — 1),
9i(r1,92) = gi(2,92) + (Vagi(z2,y2), 21 — 22),

—gi(x2,91) > —gi(w2,y2) — (Vygi(w2,42), 41 — ¥2).

Adding these four inequalities gives
(Vagi(1,91) — Vagi(z2,y2), 11 — 22) — (gi(z1,91) — 9i(¥2,Y2), Y1 — y2) > 0,
which essentially indicates (G;(z1) — Gi(22), 21 — z2) > 0. This completes the proof.

O

Lemma 8. For any u-strongly monotone and L-Lipschitz continuous operator F(-), there exists
some \ € (0, 1) such that given any n € (0,2u/L?),

lu—v=n(F(u) = F))|| < Alu—wvl, Yu,v.

Proof.
lu—v = n(F(u) — F(v))| lu = vll* + 02| F(w) = F(u)|* = 20(F(u) = F(v),u - v)
< lu =l +7? L2 lu = ol* = 2npllu - v]?

(1 =n2u —nL?)|ju—v|? (16)

where Lemmal[7]is used.
By setting A = 1 — n(2u — nL?), we obtain A € (0,1), ¥n € (0,2u/L?), which completes the
proof. O

D.3 Proof of Theorem/I|

In this section, we formally prove Theorem 1]

Define z = (xay)’ Fl(z) = (vzfz(xvy)7 _vyfi(mvy))’ F(Z) = (vwf($7y>7 —Vyf(x,y)) By
definition, F(z) = L 3™ | Fj(z). Denote Projz(-) = Projy (")

We focus on the updates within one outer iteration ¢ and may selectively drop the superscript ¢ in the
following analysis for notational convenience. Then according to Algorithm 2] we obtain

Zi,k = Zzo—nz i(2i8) — Fi(2") + F(2"))

K-1

= zi0—1 Y Fi(zix) +nK(F(z") - F(z")).
k=0

Note that 2/ = 3" 2 g and 2! = Projz (£ >, zi k), it yields

1 m m K-—1 K m
A = Projz ( Z Zi0 — ul Z Fi(zix) + i Z(Fz(zt) - F(Zt))>
mi3 M ko mi3
m K-—1
= Projz <zt . Z FZ(sz)> . a7
m
i=1 k=0



Then, we have

m K-—1 2
tH1 _ k2 <« t o« 1
R L e ) P LT
i=1 k=0
" m K-—1 2
= [l2f = 2|* + EZ Fi(zik)
i=1 k=0
T1
1 m K-—1
—277(%2 Fi(zix),2" — 2%) (18)
i=1 k=0

where we use the fact that |Projz(z1) — Projz(z2)]| < ||z1 — 22| and 2* = (z*, y*).

Next, we will bound 7. By noting F'(z*) = 0, we have

772 m K-—1 2
= 5 Fi(z k)
m2 ; k=0
172 m K-1 2
= |22 D (Filzip) — Fi(2)
1=1 k=0
@ 2 &= 2
< XD (Fieik) — F(=)
m =1 || k=0
(b) 2K m K-1
< TN R - BED + BGD - BE)
i=1 k=0
c 2 m K-—1
2 TES Y o (e et - )
m =1 k=0
212 m K-—1
= 277"-71:; KZ |‘Zi,k*2t||2+2n2L2K2Hzt*Z*HQ (19)

©
I
—
£
I
o

where (a) and (b) follow from the relaxed triangle inequality, and (c) follows from Assumption@
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Then we will derive a bound for 7.

1 m K-—1
Ty = —27}<%Z Fi(zi), 2" — 2%
i=1 k=0
1 m K—1
= _277(%2 Fi(zix) — Fi(2Y) + Fy(2Y), 2" — 2%)
i=1 k=0
1 m K-—1
= (3 R - BED ) - KRG, 2 )
i=1 k=0
() 1 m K—
< 2n —Z Fi(zix) — Fi(2Y) Hzt—z* — 2K (F(2Y), 2" — 2*)
M= k=0
© 2q LS t t ty Lt
< EZ 1 Fi(zin) — Fi(29)|ll[2" — 2" || = 2nK(F'(2"), 2" — 2%)
i=1 k=0
(c) oI, m K-—1
< TESTS flaik — 2ll2 - 27 - 2K (F(2t) — F(27), 2 - 27)
m 3 o
(d) ol m K-—1
< == ik = 2'll" = 27| = 2nuk]|t = 272 20)
m i=1 k=0

where (a) follows from the Cauchy-Schwartz inequality; (b) follows from the triangle inequality; (c)
follows from Assumption 2} (d) follows from Lemma[7}

From (T9) and (Z0) we observe that both bounds are relevant to ||z;  — z*||, which indicates the drift
between local models and the global model caused by multiple local updates before the communica-
tion. However, this drift can be bounded by the correction techniques of Algorithm [2}

lzigsr — 2 = lzik — 2" = n(Fi(zik) — Fi(2") = nF (2")||
< ek — 2" = n(Fi(zik) — )|+ 0l F (Y|
< Az — 2+ 0l F ||

for some 0 < A < 1with0 <7 < i—’é by Lemma It further indicates for any 1 < k < K,

lzie — 2 < AFl|zi0 — 27| + nk||F ()|
< K| F(zY)|
< nKL|z" =2 1)

by noting z;0 = 2 and Y7 M < k.

Combining (T8), (T9) and (Z21) gives

2 =22 < (U427 L2K° = 29pK) 12" — 2% |12 + 2(nLK)* 2" — 2*[° + 2(nLEK)?||2" — 2*||?
= (1-2(nuK —20°L*K? — n*L*K")) ||2" — 2*||2.

Let h(n) = 2(nuK — 2n?L2K? — n*LAK*). Given 0 < n < 52, h(n) < 1. Moreover,

2uK?’
h )
(77) _ /LK _ 2T]L2K2 _ndL4K4
2n
which is a monotonically decreasing function with respect to  with lim,,_,o %Z) = puK > 0and
lim,, o0 %:77) = —oo. Then, we conclude that there exists some 7; > 0 such that h(n) > 0,

V0 < n < ;. By defining 79 = min{2u/L?,1/(2uK),n1}, it yields h(n) € (0,1), Vn € (0,n0)-
Defining p(n) = 1 — h(n) completes the proof.
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D.4 Analysis of homogeneous local objectives

In this section, we analyze the convergence properties of FedGDA-GT under homogeneous setting.
In fact, when all agents have identical objective functions, i.e., f;(z,y) = f(z,y),Vi=1,...,m,
the convergence rate can be at least as K times faster as that in Theorem I} which is formally stated
by the following proposition:

Proposition 2. Suppose Assumptions [Z] are satisfied and f;(xz,y) = f(x,y),Vi=1,...,m. Let
{(xt,y")}2 be a sequence generated by Algorithm Then, choosing 1 = i/ L?, we have

ot = 2* P + 1yt — oI < (1 — w25 (a® - 2"|2 + [l° — y*|2) V= 0,1,...
where k = L/ is the condition number of f(x,y). Moreover, we have 1 — % < p(n),¥n € (0,10)
where 1 is defined in Theorem([l]
Proof. As we stated before, Algorithm [2]reduces to conventional GDA under homogeneous setting.
Then, for any [ > 0, by the same techniques of Lemma we have

2141 = 2* I < (1 = 2np+ 0 L2) 20 — 271

Setting n = u/L?, 1 — 2nu + n? L? reaches the smallest value, which is 1 — k~2. Next, we prove
that x=2 > h(n),Vn > 0. Note that

-2

h(n) = 2(nuK — 20°L*K? —n*L*K*) < 29p(uK — nLl’K*) < -k 2 < &

N —

Thus, we have p(n) := 1 — h(n) > 1 — xk~2,Vn > 0, which completes the proof. O

To gain the intuition behind Proposition [2| we note that when f;(z,y) = f(x,y), V. fi(z,y) =
Vaf(z,y) and V,, fi(z,y) = V, f(x,y). Then local updates in Algorithm [2{reduce to xﬁil =
xf*,;l —nV.f (xﬁj,:l, yf*,;l), similar for y. Since at the beginning all agents start at the same point
(z°,9), it guarantees that for any ¢, (¢}, yf,) = (¢} ,,9%,),Vi,7 € {1,...,m} and V& =
0,..., K — 1. Thus, Algorithm [2]is equivalent to the centralized GDA in this homogeneous setting,
where the global model is improved by K times in one communication round.

E Analysis of generalization properties of minimax learning problems

In this section, we provide the formal proofs of the results in Sectiond Our proofs are based on the
following technical tools.

Definition 3. (Growth function) The growth function 113y : N — N for the hypothesis set H is
defined by

Myu(n) = max [{(A(E0).- b)) s h e W)

1s:-58n

where &1, . .., &, are samples drawn according to some distribution.
Definition 4. (VC-dimension) The VC-dimension of hypothesis set H. is defined by

VCdim(H) = max{n : IIy(n) = 2"}
which measures the size of the largest set of points that can be shattered by H.

Lemma 9. (Massart’s lemma) Let V. C R™ be a finite set such that r = max,cv ||v||. Then,

1 - 2log |V
E, | Lo o0 | < V2REV]
nver:I n

where v; denotes the jth entry of v, each o is drawn independently from {—1, 1} uniformly.

Lemma 10. (Sauer’s lemma) Suppose the VC-dimension of hypothesis set H is d. Then for any
integer n > d,
en

() < (21"
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We further introduce McDiarmid’s inequality.

Lemma 11. (McDiarmid’s inequality) Let X1, ..., X, are independent random variables with
X; € X.,Vi = 1,...,n. Suppose there exist some function f : X" — R and positive scalars
C1,...,Cy such that

|f(@1, e wn) = f(@r, . 2 2n)| S

forallk =1,...,nand for any realizations x1, . .., x,,x;, € X. Denote f(X1,...,X,) by f(S5).
Then, for any € > 0,

Then, we are ready to give the proofs of results in Section 4]

E.1 Proof of Theorem 2|

Let S = {S1,...,Sm} be the collection of all local data sets. Given y € ), define

®(S) = sup {R(z,y) — f(z,y)}-

TEX
Let S’ = {Si,...,S,,} be another data collection differing from S only by point §; ; in S} and &; ;
in §; for some speaﬁc 1. Then,
O(8) ~®(8) = suwp {R(z,y) ~ f'(z.9)} = sup {R(z,9) — f(z,9)}
< sup {R(z,y) — f'(z.y) — (R(z,y) - f(z,9))}

reX

= sup {f(z,y) - f'(z,9)}
rzeX
o ¥ mn ot ) I 81,7 mn = IRARY W]

1
— M;(y).
— (y)

IN

Applying McDiarmid’s inequality gives that for any ¢ > 0,

—2¢2 2¢2m?n
R s D Y ( T ) (Zm MZ(y )>'

Setting § = exp (267]’\?2?0 we obtain ¢ = \/ > ]gm(?:l log $. Then, with probability at least
1-9,

L M? 1
iEE{R(x’y) — flz,y)} <E Lftelg {R(z,y) - f(fmy)}} +4> 27;121) log .

=
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By similar techniques of [29], we have for any y € ),

Eer[8(S)] = Eeop [ggg {Rix.y) - f(:ay)}}
. [335 {Benr [ (2,9) - I, y)]}}

< Beenr [sup(f(@) ~ fla)}

m n

1
= E| E sup ¢ — oii (U, y; &) — U, y; &
o |EE~P meg mn ;; G, y: &) = Uz, 6 5))

1 m n
< 2E| E |su — i il(x,y; & 4
= o |ep xeg mn ;; i, ( Yy El,])

= 2%Z(X,y)
by noting £ and &’ are drawn from the same distribution and o is Rademacher variable. Thus, we
have given y € ), with probability at least 1 — 6,

o~ M2(y), 1
sup {R(z,y) = f(@,y)} < 22(X,y) + Do g

1=

Since ) is compact, every open cover of ) has a finite subcover. Then, we have D)e’ < oo. Taking
the union over )., it yields for any z € X and y € )., with probability at least 1 — 0,

m M2 2
R(r,9) < flay) + 28X y) + | D0 2D 1oy D

i=1
By the definition of )., for any y € ), there exists a 3y’ € ), such that
R(z,y) - R(z,y') < Lyly—y'll < Lye
fla,y) = flzy) < Lylly =yl < Lye
by Lipschitz continuity of [ in y. Thus, for any ¢ > 0, x € X and y € ), with probability at least
1 — 4, the following inequality holds:

m 2
R(z,y) < flz,y) +22(X,9) + | Y ngigi) log
i=1

Vel
0

+ 2Lye,
which completes the proof of Theorem [2]

E.2 Proof of Corollary/]

From Theorem 2] it is obvious that with probability at least 1 — ¢ for any = € X', taking the maximum
of Y gives

o~ M2(y) |Vl
< 2% (X E — =" log — 2L €.
R((E, y) = I';leaj))( f(l.7 y) + ( 7y) + pot 2m2n 0og 5 + y6

Since the above inequality holds for any y € ), by again taking the maximum over ) on the left-hand
side, we obtain for any x € X, with probability at least 1 — 4,

o~ M2(y) |V
< _t \I/ Rhaiin ) :
Qx) < myg}){ fz,y) +22(X,y) + ;:1 2y log 5 +2L,¢€

2L,
A R 2m?2n +2hye

m 2

which completes the proof.
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E.3 Proof of Lemma[3|

First, for any fixed y € ), define the growth function for the feasible set X:

where N is the total number of samples drawn from the global distribution P. Essentially, the growth
function Hi’\, (N) characterizes that given y € ), the maximum number of distinct ways to label N
points.

Then for any y € ), define a set V¥ of vectors in R™" as
Vy = {[l(l’,y;fi’j)] Zfi’j NP, Vi = 1,...,m, j = 1,...,7’L}.

For any v € V¥, we have

m n m

loll = | DD I, y: &iy)I? < Zan(y)

i=1 j=1

Then, by Massart’s lemma, for any y € ), it yields

Yy
A(X,y) < ZM2 210g|V|

Moreover, noting that for any y € Y, |[V¥| < 1%, (mn) by the definition of V¥. Then, by applying
Sauer’s lemma, we have

emn ) d
d
for all mn > d. By taking the maximum over ) on both sides of (22), we directly obtain (12).

I (mn) < (

F Code of the experiments

The datasets and the implementation of the experiments in Section [5] can be found through the
following link: https://github.com/Starrskyy/FedGDA-GT.

24


https://github.com/Starrskyy/FedGDA-GT

	Introduction
	Related work
	Our Contributions.

	Problem Setup
	FedGDA-GT: A linear-rate algorithm for federated minimax learning
	Analysis on Local SGDA
	FedGDA-GT and convergence guarantees

	Generalization bounds on minimax learning problems
	Experiments
	Uncoupled quadratic objective functions
	Robust linear regression

	Conclusion
	Applications of distributed/federated minimax problems
	Federated generative adversarial networks
	Agnostic federated learning

	Proof of Proposition 1
	An illustrative example for Local SGDA with constant stepsizes
	Convergence analysis of FedGDA-GT
	Proof of Lemma 2
	Technical Lemmas
	Proof of Theorem 1
	Analysis of homogeneous local objectives

	Analysis of generalization properties of minimax learning problems
	Proof of Theorem 2
	Proof of Corollary 1
	Proof of Lemma 3

	Code of the experiments

