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Abstract

This paper investigates simultaneous preference and metric learning from a crowd
of respondents. A set of items represented by d-dimensional feature vectors and
paired comparisons of the form “item i is preferable to item j” made by each
user is given. Our model jointly learns a distance metric that characterizes the
crowd’s general measure of item similarities along with a latent ideal point for
each user reflecting their individual preferences. This model has the flexibility to
capture individual preferences, while enjoying a metric learning sample cost that is
amortized over the crowd. We first study this problem in a noiseless, continuous
response setting (i.e., responses equal to differences of item distances) to understand
the fundamental limits of learning. Next, we establish prediction error guarantees
for noisy, binary measurements such as may be collected from human respondents,
and show how the sample complexity improves when the underlying metric is low-
rank. Finally, we establish recovery guarantees under assumptions on the response
distribution. We demonstrate the performance of our model on both simulated data
and on a dataset of color preference judgments across a large number of users.

1 Introduction

In many data-driven recommender systems (e.g., streaming services, online retail), multiple users
interact with a set of items (e.g., movies, products) that are common to all users. While each user has
their individual preferences over these items, there may exist shared structure in how users perceive
items when making preference judgments. This is a reasonable assumption, since collections of
users typically have shared perceptions of similarity between items regardless of their individual item
preferences [[1-3[]. In this work we develop and analyze models and algorithms for simultaneously
learning individual preferences and the common metric by which users make preference judgments.

Specifically, suppose there exists a known, fixed set X of n items, where each itemi € 1,...,nis
parameterized by a feature vector «; € R?. We model the crowd’s preference judgments between
items as corresponding to a common Mahalanobis distance metric dps(x,y) = ||x — y|| ps, where

le]|ar == Va&T Ma and M is a d x d positive semidefinite matrix to be learned. Measuring distances
with dps has the effect of reweighting individual features as well as capturing pairwise interactions
between features. To capture individual preferences amongst the items, we associate with each of
K users an ideal point uj, € R for k € 1,. .., K such that user k prefers items that are closer to
uy, than those items that are farther away, as measured by the common metric dps. The ideal point
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model is attractive since it can capture nonlinear notions of preference, and preference rankings are
determined simply by sorting item distances to each user point and can therefore be easily generalized
to items outside of X with known embedding features [4}7] . Furthermore, once a user’s point uy, is
estimated, in some generative modeling applications it can then be used to synthesize an “ideal” item
for the user located exactly at uy, which by definition would be their most preferred item if it existed.

In order to learn the metric and ideal points, we issue a series of paired comparison queries to each user
in the form “do you prefer item ¢ or item j?” Since such preferences directly correspond to distance
rankings in R?, these comparisons provide a signal from which the user points {ug }r—, and common
metric M can be estimated. The main contribution of this work is a series of identifiability, prediction,
and recovery guarantees to establish the first theoretical analysis of simultaneous preference and
metric learning from paired comparisons over multiple users. Our key observation is that by modeling
a shared metric between all users rather than learning separate metrics for each user, the sample
complexity is reduced from O(d?) paired comparisons per user to only O(d), which is the sample
cost otherwise required to learn each ideal point; in essence, when amortizing metric and preference
learning over multiple users, the metric comes for free. Our specific contributions include:

» Necessary and sufficient conditions on the number of items and paired comparisons required for
exact preference and metric estimation over generic items, when noiseless differences of item
distances are known exactly. These results characterize the fundamental limits of our problem
in an idealized setting, and demonstrate the benefit of amortized learning over multiple users.
Furthermore, when specialized to K = 1 our results significantly advance the existing theory of
identifiability for single-user simultaneous metric and preference learning [7].

* Prediction guarantees when learning from noisy, one-bit paired comparisons (rather than exact
distance comparisons). We present prediction error bounds for two convex algorithms that learn full-
rank and low-rank metrics respectively, and again illustrate the sample cost benefits of amortization.

» Recovery guarantees on the metric and ideal points when learning from noisy, binary labels under
assumptions on the response distribution. Furthermore, we empirically validate the recovery
performance of our multi-user learning algorithms on both synthetic datasets as well as on real
psychometrics data studying individual and collective color preferences and perception.

Summary of related work: Metric and preference learning are both extensively studied problems
(see [8]] and [9] for surveys of each). A common paradigm in metric learning is that by observing
distance comparisons, one can learn a linear [[10-12], kernelized [[13L|14]], or deep metric [[15}/16] and
use it for downstream tasks such as classification. Similarly, it is common in preference learning to use
comparisons to learn a ranking or to identify a most preferred item [5}|6,/17-19]]. An important family
of these algorithms reduces preference learning to identifying an ideal point for a fixed metric [5/20].
The closest work to ours is [7], who perform metric and preference learning simultaneously from
paired comparisons in the single-user case and propose an alternating minimization algorithm that
achieves empirical success. However, that work leaves open the question of theoretical guarantees
for the simultaneous learning problem, which we address here. A core challenge when establishing
such guarantees is that the data are a function of multiple latent parameters (i.e., unknown metric
and ideal point(s)) that interact with each other in a nonlinear manner, which complicates standard
generalization and identifiability arguments. To this end, we introduce new theoretical tools and
advance the techniques of [[12] who showed theoretical guarantees for learning a Mahalanobis metric
from triplet queries. We survey additional related work more extensively in Appendix

Notation: Let [K] := 1... K. Unless specified otherwise, ||-|| denotes the ¢, norm when acting on a
vector, and the operator norm induced by the ¢, norm when acting on a matrix. Let e; denote the ith
standard basis vector, 1 the vector of all ones, O, 3 the a x b matrix of all zeros (or O if the dimensions
are clear), and I the identity matrix, where the dimensionality is inferred from context. For a
symmetric d x d matrix A, let vec (A) :=[A11,A12,...,A14,A22,A23,...,A24,... Aga]T
denote the vectorized upper triangular portion of A, which is a D-length vector where D =
d(d+1)/2. Let u ®g v == vec (uv’) denote the unique entries of the Kronecker product between
vectors u, v € R?, and let ® denote the Hadamard (or element-wise) product between two matrices.

2 Identifiability from unquantized measurements

In this section, we characterize the fundamental limits on the number of items and paired comparisons
per user required to identify M and {uk}szl exactly. In order to understand the fundamental



hardness of this problem, we begin by presenting identi ability guarantees under the idealized case
where we receivexact, noiselesdifference of distance measuremghtsefore deriving similar
results in the case afoisyrealizations of thesignof these differences in the following sections.

We formally de ne our model as follows: if usérresponds that they prefer itento itemj , then
kxi ukkm < kx; ukkwm . Equivalently, by de ning
(k) =k uky kX Uk = xTMx G XM 2ugM (X xp); (D)

userk prefers item over item;j if ,(Jk)

(k) is measured exactly, and refer to this measurement type @scprantizegaired comparison.
I,et mg denote the number of unquantized paired comparisons answered byarsgtetm =
k=1 My denote the total number of comparisons made across all users.

< 0 (otherwisg is preferred). In this section, we assume that

It is not immediately clear if recovery of bot andf ukgE:1 is possible from such measurements,
which depend quadratically on the item vectors. In particular, one can conceive of pathological
examples where these parameters are not identi able (i.e., there exists no unigue solution). For
instance, supposg#= n,M = | forascalar > 0, x; = g fori 2 [n], and for each user

U = k1 forascalar . Thenone can showthaﬁ]k =0 foralli;j;k ,and therefore, 1;:::;

are unidenti able from any set of paired comparisons oXerln what follows, we derive necessary

and suf cient conditions on the number and geometry of items, number of measurements per user,
and interactions between measurements and users in order for the latent parameters to be identi able.

Note that eq.[(|1) includes a nonlinear interaction betwdemandu ; however, by de ningvy =
2Mu g (which we refer to as usér's “pseudo-ideal point,” re ecting the componentof in the

column space o1 ) eq. [1) becomes linear M andv:

k

I(])—xiTMxi XTMX G+ (X X)) v ()
If M is full-rank and the system of equations admits unique solutionsifaandf vy g_, , then
uk can be recovered exactly from E] In other words, the non-convex el (1) can be solved in two
stages by rst solving a linear relaxathﬂ (2) in terma\df andvy, and then solving fouy. Note

that sinceM is symmetric, we may writg Mx ; = tvec M | M );x; s X;i. De ning
(M)=vec (2M | M), from WhIChM can be determined, we have
M
D= i sxi xp sx)T (i x))T (Vk )

By concatenating all user measurements in a single linear system, we can directly show conditions
for identi ability of M andfv,g_, by characterizing when the system admits a unique solution. To
do so, we de ne a class of matrices that will encode the item indices in each pair queried to each user:

De nition 2.1. Aa bmatrixS is aselection matrixf for everyi 2 [a], there exist distinct indices
pi;G 2 [ suchthaS[i;pi] = 1,S[i;0i]= 1,andS[i;j]=0 forj 2 [0 nfpi;qo.

In Appendix C, we characterize several theoretical properties of selection matrices, which will be
useful in proving the results that follow.

For each usek, we represent their queried pairs byna  n selection matrix denoteﬁk where each
row selects a pair of items corresponding to its nonzero entries. Letting[x1;:::;x,] 2 RY "

X =[X1 sX1;::5Xn sXn] 2 RP " and ¢ 2 R™« denote the vector of unquantlzed
measurement values for uderwe can write the entire linear system over all users as a set of
equations wittD + dK variables to be recovered:

3
m)y2 2 3 SIXT SIXT Om,a O,
V1 1 SoX T Om,a  SaX T Om,:d
. Z= 3 : £ where = : : : : AN ©)
Vi K SkXT Omcd  Omy Sk X T

We use the term “measurement” interchangeably with “paired comparison.”

2If M were rank de cient, only the component of, in the row space o affects (Jk) In this case, there
is an equivalence class of user points that accurately model their responses. We thentake the minimum
norm solution, i.e.u, = % M Yvy. This generalizes Proposition 1 of [7] for the multiple user case.



From this linear system, it is clear tha¢M ) (and hencéM ) andfv,gf., (and hencéu,gf_, ,
if M is full-rank) can be recovered exactly if and only ithas full column rank. In the following
sections, we present necessary and suf cient conditions for this to occur.

2.1 Necessary conditions for identi ability

To build intuition, note that the metrid hasD degrees of freedom and each of Kiepseudo-ideal
pointsvy hasd degrees of freedom. Hence, there must be at least D + Kd measurements in

total (i.e., rows of ) to have any hope of identifyinlyl andf vy gk_; . When amortized over th¢

users, this corresponds to each user providing at ttas?=« measurements on average. In general,

d of these measurements are responsible for identifying each user's own pseudo-ideal poin(since

is purely a function of uset's responses), while the remainiRgx contribute towards aollective

set of D measurements needed to identify the common metric. While haseasurements must be
linearly independent from each other and from those used to learn the ideal points, a degree of overlap
is acceptable in the additiondlmeasurements each user provides, ay{feare independent of one

denote the concatenation of all user selection matrices.

P
Proposition 2.1. If  has full column rank, then _, m, D + dK and the following must hold:

(a) forallk 2 [K], rank(SkX 7) = d, and thereforeank(Sx) dandm, d
(b) o, rank(Sk X X" ) D+ dK,andtherefore ,_; rank(Sx) D + dK

(c) rank(St X T X T )= D+d,andthereforeank(St) D+d,rank( XT XT )=
D+dandn D+d+1

If P E=1 my = D + dK exactly, then (a) and (b) are equivalentiy ~ d 8k and each user's
selection matrix having full row rank. (c) implies that the number of required itestales ag d?);

in higher dimensional feature spaces, this scaling could present a challenge since it might be dif cult
in practice to collect such a large number of items for querying. Finally, note that the conditions in
Proposition 2.1 araot suf cient for identi ability: in Appendix C.6, we present a counterexample
where these necessary properties are ful lled, yet the system is not invertible.

2.2 Suf cient condition for identi ability

Next, we present a class of pair selection schemes that are suf cient for parameter identi ability
and match the item and measurement count lower bounds in Proposition 2.1. This result leverages
the idea that as long the tllemeasurements each user provides to learn their ideal point do not
“overlap” with theD measurements collectively provided to learn the metric, then the set dbtal
measurements is suf ciently rich to ensure a unique solution. First, we de ne a property of certain
selection matrices where each pair introduces at least one new item that has not yet been selected:

De nition 2.2. Anm  n selection matrixXS is incrementalif for all i 2 [m], at least one of the
following is true, whergy; andg are as de ned in De nition 2.1: (a) for ajl<i , S[j;pi]=0; (b)
forallj<i ,S[j;q;]=0.

We now present a class of invertible measurement schemes that builds on the de nition of incremental-
ity. For simplicity assume thabht+ = D + dK exactly, which is the lower bound from Proposition 2.1.
Additionally, assume without loss of generality that eagh> d; if instead there existed a uder

such thamy = d exactly, one can show under the necessary conditions in Proposition 2.1 that the
system would separate into two subproblems where rst the metric would need to be learned from
the othelk 1 users, and thewy is solved for directly from usek 's measurements.

Proposition 2.2. LetK 1, and supposeny >d 8k 2 [K],mr = D+ dK,andn D+ d+1.
Suppose that for eadh2 [K ], there exists @ n selection matri>8,((1) andmg d nselection
matrix S,ﬁz) such thatSy =[ (s®)T (s@)T ]T , and that the following are true:

(a) Forallk 2 [K], rank(S{") = d



(b) De ningtheD  n selection matrixs® asS®@ = [ (s@)"  (s@)T 1", there exists a
S

D D permutationP such that for eack 2 [K], PS'(‘l()a is incremental

Additionally, suppose each itexs is sampled i.i.d. from a distributiopy that is absolutely continu-
ous with respect to the Lebesgue measure. Then with probabilityhas full column rank.

Remark2.3. In Appendix C.6 we construct a pair selection scheme that satis es the conditions

in Proposition 2.2 while only using the minimum number of measurements and itemsnyvith

d+ D= (and thereforent = D + dK)andn = D + d+ 1. Importantly, this construction con rms

that the lower bounds on the number of measurements and items in Proposition 2.1 are in fact tight.
SinceD = O(d?), if K = ( d) then onlym, = O(d) measurements are required per user. This
scaling demonstrates the bene t of amortizing metric learning across multiple users, since in the
single user casb + d = ( d?) measurements would be required.

2.3 Single user case

In the case of a single usdf (= 1), it is straightforward to show that the necessary and suf cient
selection conditions in Proposition 2.1 and Proposition 2.2 respectivebgaiiealent and simplify

to the condition thatank(S) D + d (where we drop the subscript & ). In a typical use case, a
practitioner is unlikely to explicitly select pair indices that resulSitbeing full-rank, and instead
would select pairs uniformly at random from the set df unique item pairs. By proving a tail bound

on the number of random comparisons requireddo be full-rank, we have with high probability
that randomly selected pairs are suf cient for metric and preference identi ability in the single user
case. We summarize these results in the following corollary:

Corollary 2.3.1. WhenK =1, if is full column rank themank(S) D + d. Conversely, for
a xed S satisfyingrank(S) D + d, if eachx; is sampled i.i.d. according to a distributiqo
that is absolutely continuous with respect to the Lebesgue measure fedull column rank with
probability 1. If each pair is selected independently and uniformly at randommnwith( D + d) and
mt = ( D + d), then ifx; is drawn i.i.d. frompx , has full column rank with high probability.

Importantly, the required item and sample complexity for randomly selected pairs matches the lower
bounds in Proposition 2.1 up to a constant. As we describe in Appendix C.7, we conjecture that a
similar result holds for the multiuser cag€ ¢ 1), which is left to future work.

3 Prediction and generalization from binary labels

In practice, we do not have access to exact difference of distance measurements. Instead, paired
comparisons are one-bit measurements (given by the user preferring one item over the other) that are
sometimes noisy due to inconsistent user behavior or from model deviations. In this case, rather than
simply solving a linear system, we must optimize a loss function that penalizes incorrect response
predictions while enforcing the structure of our model. In this section, we apply a different set of
tools from statistical learning theory to characterize the sample complexity of randomly selected
paired comparisons under a general noise model, optimized under a general class of loss functions.

We assume that each paiis sampled uniformly with replacement from the set ’rz‘)f pairs, and
the usek queried at each iteration is independently and uniformly sampled from the Ketisérs.
For a pairp = (i;j ) given to usek, we observe a (possibly noisy) binary respoylgé where
y,()k) = 1lindicates that uset prefers item toj, andy,gk) = 1 indicates tha} is preferred. Let
S = f(p;k; y,gk))gp:( ij ) be ani.i.d. joint dataset over papsselected usets, and responsgé)k),
wherejSj denotes the number of such data points. We wish to I¥arand vectors u,gf., that

3We note that these conditions are not exhaustive: in Appendix C.6 we construct an example \ighere
full column rank, yet the conditions in Proposition 2.2 are not met. A general set of matching necessary and
suf cient identi ability conditions onf Sk gf-; has remained elusive; towards this end, in Appendix C.7 we
describe a more comprehensive set of conditions that we conjecture are suf cient for identi ability.



predict the responses 8t given a convexl-Lipschitzloss : R! R (;* we wish to solve

min ix Cy8 kup xikE k ug Xk

M fucgk, JS] S P . (4)
stM  OkM ke gikucke o 8k2[KLj ) 8ijik

where g; ; > 0are hyperparameters anﬁ) is de ned as in eq. (1). The constraibt 0

ensures tha¥l de nes a metric, the Frobenius anginorm constraints prevent over tting, and the

constraint on f)k) is a technical point to avoid pathological cases stemming from coheresttors.

The above optimization is non-convex due to the interaction betweev tledu terms. Instead, as

in Section 2 we de nev, = 2Mu ¢ and solve the relaxatién
min_ RM ;fvigics) stM OkM ke rikvgke v 8k 2 [KTj 95 8k
M sfviegko, k
. K — 1 X N (k) T T T (5)
Whereﬂ?(M fvkOe=1 ) = 5 Yoo Xi Mx i Xy MX o+ v (X X))

S

The quantityi?(M ;fvidf., ) is theempirical risk given datase®. The empirical risk is an unbiased
estimate of the true risk given by _
i
R(Mfvigly) = E oyl xTMx i xTMxj+vi(xi %)

where the expectation is with respect to a random drag=of i;j ), k, andy,gk) conditioned on the
choice ofp andk. Let® andfiygl_, denote the minimizers of the empirical risk optimization
in eq. (5), and leM andfv,gf_, minimize thetrue risk, subject to the same constraints. The
following theorem bounds the excess risk of the empirical optinR(i ; f b, g, ) relative to the
optimal true riskR(M ;fv, gk, ).
Theorem 3.1. Supposdx;k, 1foralli 2 [n]. With probability at least.

S

2( 2 2
RIM:Fgly) RM fvegly) o (jgj+ 9D og(e + d+ 1)
P 2( 2 2 S 2 2] (2) (6)
128.2( ¢ + K 3) 2 8L og(=
— logd*+d+1)+ —mF+——=:
35] o ) 5]

Remarlk3.2 To put this result in context, suppoksk®! ke = dso that the average squared magnitude
of each entry is a constant,pirlwhich case we can seB _d. Similarly, if each entry o/ is

dimensionless, thekvik, / ~ d and so we can set, =  d. We then have that the excess risk
in eg. (6) is® (‘ZJ.*T‘“‘ where® suppresses logarithmic factors, implying a sample complexity
of d®> + Kd measurements across all users, and therefore an averdge @#¥=K measurements
per user. IfiK = ( d), this is equivalent t@®(d) measurements per user, which corresponds to the
parametric rate required per user in order to estimate their pseudo-ideaV poBimilar to the case

of unquantized measurements, MEl?) sample cost of estimating the metric from noisy one-bit

comparisons has been amortized across all users, demonstrating the bene t of learning multiple user
preferences simultaneously when the users share a common metric.

3.1 Low-rank modeling

In many settings, the metrid may be low-rank with rank < d [8,12]. In this caseM only
hasdr degrees of freedom rather thdhdegrees as in the full-rank case. Therefor¢ i ( d),
we intuitively expect the sample cost of learning the metric to be amortized to a c@tr pf

“We restrict ourselves to the case where the loss is a functigifibfku, ~ xik3 k ux Xk

5Speci cally we may choose, =2 ¢ , resulting in a constraint set containing the solution to (4). To
see this, leM ;fu,gf., bethe solutionto (4)anddene, = 2M u,. Thenkvi ks =2kM u,kz
2kM kkukkz 2kM kF kUkkz 2F u:



measurements per user. Furthermore, as eaéh contained in the-dimensional column space
of M , we also expect a sample complexity®@fr) to learn each user's pseudo-ideal point. Hence,
we expect the amortized sample cost per user tO@¢ in the low-rank setting, which can be a
signi cant improvement ove©(d) in the full-rank setting when  d.

Algorithmically, ideally one would constrain th8 andfw.gf., that minimize the empirical
risk such thatank(M ) = r andvg 2 colsp(M ); unfortunately, such constraints are not convex.
Towards a convex algorithm, note that singe2 colspM ), rank([M ;vi; vk ])=rank(M ) =

r. Thus, it is suf cient to constrain the rank pf1 ; vi; ; vk ]. We relax this constraint to a convex
constraint on the nuclear norkim v 1 v« ]k , and solve a similar optimization problem to eq. (5):

min  R(M :fvig,)stM  OkM v vk |k W sk ()
M fviegl,, '

We again leM andfv,gk.; minimize the true risiR(M ;fvigk.; ), subject to the same con-
straints. The following theorem bounds the excess risk over this constraint set:

Theorem 3.3. Supposdxk, 1foralli 2 [n]. With probability at leastt.

S
2 i . 2

RM :Tbegs) RM :fved,) 2L 2 Iog(2_d+ K) 8+4m|n(d,n) kX K +pli
iSj K n K

s

8L 8L2 2log(2=)

+ ——log2d+ K)+ ——=:

gsy 9T 1) S|

To put this result in context, suppose that the iternand ideal pointsi, are sampled i.i.d. from
N (0; 11). With this item distribution it is straightforward to show that with high probability,
kX k* = O(g) (see [21]). Foragiven<d letM = pd—FLL T whereL isad r matrix with
orthonormal columns sampled uniformly from the Grassmanian. With this choice of scaling we have
kM ke = d, so that each element df is dimensionless on average. Furthermore, recalling that
Vk = 2Mu g, with this choice of scaling[kvyk3] / d and so each entry of; on average is
dimensionless. To choose a setting forrecall thafM ;vq;::: vk ] has rank and therefore
r
kM v, vk ]k pFk[M V1 vk ke r(d2+ K krgﬁl(x]kvkk%);

which one can show is)(p r(d2 + dK logK)) with high probability and so we set =
O  r(d?+ dK logK) . With these term scalings, we have the following corollary:

Corollary 3.3.1. Letn  d,x;;ux N (0;il)andM = pd—FLL T, wherel isad r matrix with

orthonormal columns. IK = ( d?), then in the same setting as Theorem 3.3 with high probability
s 1
+
ROA Toge) R fvgi)= @ S
Remark3.4. The scalingSj = O(dr+ Kr ) matches our intuition th&(dr) collective measurements
should be made across all users to account fodth@egrees of freedom iM , in addition toO(r)
measurements per user to resolve their own pseudo-ideal pouhegrees of freedom. K = ( d),
then each user answeri@r) queries is suf cient to amortize the cost of learning the metric with
the same order of measurements per user as is required for their ideal point. Although Corollary 3.3.1
requires the even stronger condition tKat= ( d?), we believe this is an artifact of our analysis and
thatk = ( d) should suf ce® Even so, a( d?) user count scaling might be reasonable in practice
since recommender systems typically operate over large populations of users.

5The required user scaling & = ( d?) implies that Corollary 3.3.1 only recovers an amortized scaling of
O(r) measurements per user if the user count is very large. Nevertheless, the original statement of Theorem 3.3
doesapply for any user count, and in this case the only drawback to not invdkirg ( d?) is that the
amortized scaling is larger th&(r + dr=K ) measurements per user. We believe this scaling can in fact be
tightened taO(r + dr=K ) measurements per user fat user count (notjustk = ( d?)), which we leave
to future work. See the proof of Corollary 3.3.1 for additional discussion.



4 Recovery guarantees

The results in the previous section give guarantees on the generalization error of a learned metric
and ideal points when predicting pair responses dvdout do not bound the recovery error of the
learned parameteM |, f 1, gk_, with respecttdM andfv, gf., . Yet, in some settings such as data
generated from human responses [22, 23] it may be reasonable to assume thist a aoef v, gf_;

do exist that generate the observed data (rather than serving only as a model) and that practitioners
may wish to estimate and interpret these latent variables, in which case accurate recovery is critical.
Unfortunately, for an arbitrary noise model and loss function, recovevingandf v, gk., exactly

is generally impossible if the model is not identi able. However, we now show that with a small
amount of additional structure, one can ensure ¥haandf i, gf_, accurately approximatel

andfv, gf_, if a suf cient number of one-bit comparisons are collected.

We assume a model akin to that of [12] for the case of triplet metric learningf. 1Bt! [0;1]

be a strictly monotonically increasirmk functionsatisfyingf (x) = 1 f( x); for example,
f(x)=(1+ e *) listhe logistic link and (x) = ( x) is the probit link where( ) denotes the

CDF of a standard normal distribution. De ning(M ;v) := x{Mx i x[Mx j + v (xi X;)

for p = (i;j ), we assume thaft(yé,k) = =1 p(M ;vy)) for someM 0 andv, 2
colsp(M ). This naturally re ects the idea that some queries are easier to answer (and thus less
noisy) than others. For instance, fij 0 such as may occur wheq) very nearly equals user

k's ideal point, we may assume that ugeslmost always prefers iteirtoj and sdf ( iﬁk)) 1
(sincef is monotonic). Furthermore, we assume that eq. (5) is optimized withdative log-
likelihoodloss™s induced byf : ¢ (Yo; ;M ;v) = log(f (Yp p(M ;Vvi))). In Appendix E, we
show that we may lower bound the excess riskof f b, gi_, by the squared error between the
unquantizedneasurements correspondinglo, f,gf_; andM , fv,gk_; . We then utilize tools

from Section 2 combined with the results in Section 3 to arrive at the following recovery guarantee.

Theorem 4.1. Fix a strictly monotonic link functiof satisfyingf (x) =1 f( x). Suppose for a
given item seX withn D + d+1 andkx;k 18i 2 [n]thatthe pairs and users in dataset
are sampled independently and uniformly at random, and that user responses are sampled according
toP(yY) = 1)=f( oM ;v.)) whereM ;fv, g, satisfy the constraints in (5). L& ,
fbcgk., be the solution to (5) solved using logs Then with probability at least

|
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whereC; = min ,.j;; fYz) andJ := I, %1n 11 is the centering matrix. Furthermore, if

X is constructed by sampling each item i.i.d. from a distribupgn with support on the unit
ball that is absolutely continuous with respect to the Lebesgue measure, then with probability 1,
min J [X X T] > 0.

Remark4.2 The key conclusion from this result is that singg, J[X T;X 7] > 0almost surely,

the recovery error o , fi gk_; with respecttdM ,fv, g, is upper bounded by a decreasing
function of the number of data poin§§;j. In other words, the metric and pseudo-ideal points are
identi able from one-bit paired comparisons under an assumed response distribution. As discussed in
Section 2, the ideal poinfai, gk_; are then also identi able as long & is full-rank. We present

an analogous result for the case of a low-rank metric in Appendix E, and leave to future work a study
of the scaling of min J[X T;X T] with respect tal andn.

5 Experimental results

Below we analyze the performance of the empirical risk minimizers given in egs. (5) and (7) on both
simulated and real-world dafawith further details deferred to Appendix F.

"Code available atttps://github.com/gregcanal/multiuser-metric-preference



Simulated experiments:We rst simulate data in a similar setting to Cor. 3.3.1 whereuy
N(0;31)andM = #LLL T whereL 2 R? " is a random orthogonal matrix. To construct the

training dataset, we query a xed number of randomly selected pairs per user and evaluate prediction
accuracy on a held-out test set, where all responses are generated according to a logistic link function
(injecting response noise). We evaluate the prediction accuracy of the Frobenius norm regularized
optimization in eq. (5) (referred to &obenius metric), designed for full-rank matrix recovery, as

well as the nuclear norm regularized optimization in eq. (7) (referred kuatear full), designed for
low-rank metrics. We also compare against several ablation methods that modify the constraint sets in
(5) and (7):Nuclear metric, wherekM k andkvyk, are constrainedyluclear split, wherekM k

andk[vi; ;v ]k are constrained; andSD only, where onlyM 0 is enforced. We also
compare againgtiuclear full, single, which is equivalent ttNuclear full when appliedseparatelyto

each user (learning a unique metric and ideal point), where test accuracy is averaged over all users.
To compare performance under a best-case hyperparameter setting, we tune each method's respective
constraints using oracle knowledge f andfu,gk_, . Finally, we also evaluate prediction
accuracy when the ground-truth parameters are known exactlyMi.es, M ;v = 2M u,),

which we callOracle. This accuracy gives the “best case” performance, and re ects the inherent
response noise in the generated data.

To test a low-rank setting, we sg¢t= 10,r =1, n = 100, andK = 10. We observe thalluclear

full outperforms the baseline methods in terms of test accuracy, and is closely followeatlear

split (Fig. 1a). InterestinglyNuclear metric, which also enforces a nuclear norm constrainhon

does not perform as well, possibly because it does not encourage the pseudo-ideal points to lie in the
same low-rank subspace. Whiiclear metric does demonstrate slightly improved metric recovery
(Fig. 1b), Nuclear full andNuclear split recover higher quality metrics for lower query counts
(which is the typical operating regime for human-in-the-loop systems) and exhibit signi cantly better
ideal point recovery (Fig. 1c), illustrating the importance of proper subspace alignment between
the pseudo-ideal points. To this end, unliXeclear split, Nuclear full explicitly encourages the
pseudo-ideal points to align with the column spac#lof which may explain its slight advantage.
Finally, we note thaNuclear full, single results in the worst prediction accuracy, demonstrating the
bene t of a common metric model when the underlying metric is in fact shared. While the single
user case is not the focus of this work, in Appendix F.4 we compare the performaNoeleér full,
singleagainst the methods proposed in [7], which only considers the single user case.

Color dataset: We also study the performance of our model on a dataset of pairwise color preferences
across multiple respondents (= 48) [24]. In this setting, each colon(= 37) is represented as a
3-dimensional vector in CIELAB color space (lightness, red vs. green, blue vs. yellow), which was
designed as a uniform space for how humans perceive color [25]. Each respondent was asked to order
pairs of color by preference, as described in [26, Sec. 3.1]. Sin2e3§II possible pairs (including

each pair reversal) were queried for each respondent, we may simulate random pair sampling exactly.

As there are onlyl = 3 features, we constrain the Frobenius norm of the metric and optimize eq. (5)
using the hinge loss. Varying the number of pairs queried per user, we plot prediction accuracy
on a held-out test setéarned M, crowd in Fig. 1d). As CIELAB is designed to be perceptually
uniform, we compare against a solution to eq. (5) tkas M = | and only learns the points
fvigee, (Identity M in Fig. 1d). This method leads to markedly lower prediction accuracy than
simultaneously learning the metric and ideal points; this result suggests that although people's
perceptionof color is uniform in this space, thejireferencesre not. We also compare against

a baseline that solves the same optimization as egg@aratelffor each individual respondent
(learning a unique metric and ideal point per user), with prediction accuracy averaged over all
respondentdarned M, singlein Fig. 1d). Although learning individual metrics appears to result in
better prediction after many queries, in the low-query regisn@Q pairs per user) learning a common
metric across all users results in slightly improved performance (see Appendix F for zoomed plot).
Asd = 3 is small relative to the number of queries given to each user, the success of individual metric
learning is not unexpected; however, collectd(p?) samples per user is generally infeasible for
largerd unlike collective metric learning which bene ts from crowd amortization. Finally, learning

a single metric common to all users allows for insights into the crowd's general measure of color
similarity. As can be seen in Fig. 1e, the learned metric is dominated by the “lightness” feature,
indicating that people's preferences correspond most strongly to a color's lightness. As an external
validation, this is consistent with the ndings of Fig. 1 of [24].



(a) Test accuracy (b) Relative metric error (c) Relative ideal point error

(d) Color preference prediction accuracy (e) Averagdq over all color trials

Figure 1: (a-c) Normally distributed items with= 10, r = 1, n = 100 andK = 10. Error

bars indicate 1 standard error about the sample mean. For visual cl&®{p onlyandNuclear

full, single baselines are omitted from (b-c) due to poor performance. (d) Average color preference
prediction accuracy, where error bars indicate 2.5% and 97.5% percentiles. (e) Estimated color
preference metric. For (a-e), random train/test splitting was repeated over 30 trials.

6 Discussion

The main contribution of this work is a model for multi-user simultaneous metric and preference
learning consisting of a shared metric that captures the crowd's common perceptions between items,
as well as user-speci ¢ ideal points that characterize individual preferences. Our core result is that
when querying paired comparisons over a large number of users, the sample cost of metric learning
is distributed over the crowd, with the total number of queries per user scaling with the rank of the
underlying metric.

One interesting avenue for future work is to study more exible metric models, since as with
any Mahalanobis metric model it may not be the case that linear weightings of quadratic feature
combinations provide enough exibility to adequately model certain preference judgements. While it
may be possible to generalize the linear metric results studied here to a more general Hilbert space,
another avenue to increase model exibility is to acquire a richer set of features in the item set, which
would typically involve increasing the ambient dimension. In this setting, an important consideration
would be to ameliorate the requirement that the number of items scalesids While this condition

is necessary for identi ability if the metric is full-rank, we believe that the item count should only
need to scale a¢ dr) if the metric has rank < d (see Appendix C.3 for additional discussion).
Furthermore, in the case of metric learning from triplet queries it is known that pnly items

are required for metric recovery in the low-rank case [12]. This suggests a potential strategy of
supplementing paired comparisons with triplet queries to reduce the number of required items.
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A Broader impacts

With the deployment of the ideal point model with a learned metric comes all of the challenges,
impacts, and considerations associated with preference learning and recommender systems, such as if
the deployed recommender system produces preference estimates and item recommendations that are
aligned with the values and goals of the users and society as a whole, and if the item features are
selected in a way that is diverse enough to adequately model all users and items. Therefore, we limit
our broader impacts discussion to the challenges speci c to our model.

As with any statistical model, the utility of our common metric ideal point model is limited by

the accuracy to which it captures the patterns observed in the response data. The most immediate
guestion about our model is the appropriateness of the assumption that a single metric is shared
among all users. Such a model can prove useful in practice since it directly allows for shared structure
between users and shared information between their measurements, and furthermore allows for a
direct interpretation of preference at the crowd level, as we demonstrate with color preference data in
Section 5. However, with this model comes the implicit assumption that users are homogeneous in
their preference judgements. In many recommender systems the assumption of a common preference
metric will likely be violated, due to heterogeneous user bases and subpopulations of users.

In general, there are almost certainly individual differences between each user's notion of item
similarity and preference, and hence recovery of a single crowd metric should not necessarily be
taken to mean that it describes each individual exactly. Although our model does provide a degree of
individual exibility through its use of ideal points (rather than treating the entire crowd's responses
as coming from a single user), the result of a common metric violation may be that the learned
population metric will t to the behavior of the majority, or may fail to capture some aspect of each
individual user's preference judgements. Our model could certainly be applied individually to each
user, such that they each learn their own metric: however, as we demonstrate in our theoretical
and empirical results, there is a fundamental sample complexity tradeoff in that to learn individual
metrics, many more samples are needed per user, unlike the case of a common metric model where
measurements are amortized.

The impacts of such a mismatch on an individual or subpopulation can range from inconvenient,
such as in getting poor recommendations for online shopping or streaming services, to actively
harmful, such as in receiving poor recommendations for a major decision (e.g., medical) that would
otherwise suit the population majority. To prevent such cases, before deploying a common metric
model it is important to not only average performance across the entire population (which will
re ect the majority), but also evaluate worst-case performance on any given user or subpopulation.
Such considerations are especially important if the common metric is not only used for predicting
preferences between items, but also used to make inferences about a population by directly examining
the metric entries (as we demonstrate for color preferences in Section 5). If the metric only applies to
the majority or the population in the aggregate, then such inferences about feature preferences may
not be accurate for individual users or subpopulations.

Beyond considering the effects of skewed modeling of individual users or subpopulations, it is
important to consider potentially harmful effects of a common metric preference model when arriving
atitem rankings While the item set examples discussed here include non-human objects such as
movies and products, more generally the term “item” may be used in an abstract sense to include
people, such as when building recommender systems for an admissions or hiring committee to select
between job or school applicants (see [7] for a preference learning example on graduate school
admissions data). In this context, the “users” may be a separate population (such as an admissions
committee) that is making preference judgements about individual candidates (i.e., the “items”). In
such cases, it is critical that extra precautions be taken and considerations be made for any possible
biases that may be present across the population of users and re ected in the common metric. For
example, if a majority of an admissions committee shared certain implicit biases when making
preference decisions between candidates, such biases rfearibedin a common metric. On the

other hand, the existence of a common metric potentially allows for interpretation and insight into
the features by which a committee is making its decisions, possibly allowing for intervention and
bias mitigation if it is observed that the committee population is sharing a bias with regard to certain
candidate features. While our model could be applied to each individual to avoid the challenges
described above, there is a fundamental tradeoff in the sample complexity cost per user required to
obtain individual models, which our results elucidate.
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B Related work

Metric learning has received considerable attention and classical techniques are nicely summarized
in the monographs [8, 27]. Ef cient algorithms exist for a variety of data sources such as class
labels [10, 11] and triplet comparisons [12]. Classical metric learning techniques focus on learning
linear (Mahalanobis) metrics parametrized by a positive (semi-)de nite matrix. In the case of learning
linear metrics from triplet observations, [12, 28] establish tight generalization error guarantees. In
practice, to handle increasingly complex learning problems, it is common to leverage more expressive,
nonlinear metrics that are parametrized by kernels or deep neural networks and we refer the reader
to [13-15] for a survey of nonlinear metric learning techniques. The core idea of many kernelized
metric learning algorithms is that one can use Kernelized-PCA to reduce the nonlinear metric learning
problem ovem items to learning a linear metric R" via a kernel trick on the empirical Gram
matrix. The downside to this approach is that the learned metric need not apply to new items other
than those contained in the origiral

To circumvent this issue, works such as [16] have proposed deep metric learning. Intuitively, in the
linear case one may factor a metkic asM = LL T and could instead learn a mattix2 RY '.

In the case of deep metric learning, the same principle applies except thatplaced with a map

L : RY!1 R given by a deep neural network such that the nal metrid(is;y) = kL(x) L (y)ko.

While the theory of nonlinear metric learning is less mature, [29,30] provide generalization guarantees
for deep metric learning using neural tangent kernel and Rademacher analyses respectively. Finally,
metric learning is a closely related to the problem of ordinal embedding: [17, 31, 32] propose active
sampling techniques for ordinal embedding whereas [33] establishes learning guarantees for passive
algorithms.

Preference learning from paired comparisons is a well-studied problem spanning machine learning,
psychology, and social sciences, and we refer the reader to [9] for a comprehensive summary of
approaches and problem statements. Researchers have proposed a multitude of models ranging
from classical techniques such as the Bradley-Terry model [34, 35], Plackett-Luce model [36, 37],
and Thurstone model [38] to more modern approaches such as preference learning via Siamese
networks [39] to t the myriad of tailored applications of preference learning. In the linear setting,
[7,40-42] among others propose passive learning algorithms whereas [5:18, 48] propose
adaptive sampling procedures. [20] perform localization from paired comparisons, and [44] employ a
Gaussian process approach for learning pairwise preferences from multiple users.

The ideal point model we consider here is well-established in the single user set{ifiggddd differs
fundamentally from models of preference based only on inner products. In the inner product or
“attribute” model of preference, items with larger valuedwfxi are preferred, in which case an

item's preference can be modi ed simply by scaling its magnitude. On the other hand, the ideal
point (i.e., distance-based) model accounts for item magnitude, and it has been demonstrated that
distance-based models can more accurately model user preferences [45].

C Proofs and additional results for identi ability from unquantized
measurements

C.1 Properties of selection matrices

In this section, we present several theoretical properties of selection matrices (see De nition 2.1) that
will be useful for proving the results that follow. We begin with a lemma upper bounding the rank of
selection matrices:

LemmaC.1. Letn 2. Foranym n selection matriS, rank(S) min(m;n  1).

Proof. SinceS hasm rows,rank(S) m. By construction, for any selection mat$note that
1, 2 ker(S), wherel,, is the vector of all ones iR". To see this, for ang 2 R" theith element
of Sz is given byz[pi] z[g], and so théth element ofS1, is1 1 =0 and hence&z = 0.
Thereforedim(ker(S)) landsoank(S) n 1. O

We use this result to show a property of full row rank selection matrices that will be useful for their
construction and analysis:
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Lemma C.2. LetS be anm n selection matrix witm  m + 1, where for each 2 [m] the
nonzero indices of thigh row are given by distingt; ; g 2 [n] such thatS[i;pi] =1, S[i;qi]= 1
If rank(S) = m, then for every subsét [m] of row indices, there exists 2 | such that
S[i;pi ]=0forallj 21 nfi g,orS[j;q; ]=0forallj 21 nfi g.

Proof. Letl  [m] be given, and suppose by contradiction that no suekxists, i.e., no measurement

in | introduces a new item unseen by any other measuremehtd gt S(') be thejlj  n selection
matrix consisting of the rows i listed inl. SinceS is full row rank, its rows are linearly
independent, implying that the rows 8{') are also linearly independent and theref8f&) has rank

inj.

Letc n be the number of columns thgt') is supported on (i.e., have at least one nonzero entry).
By our contradictory assumption, every item measure8lin is measured in at least two rowslin

and therefore each of theseolumns must have at least 2 nonzero entries. This implieStiathas

at least2c nonzero entries in total. Since each measurement adds exactly 2 nonzero eigfiés to
this means that there are le@st2 = c measurements and §g  c.

Now consider thgl j cmatrix§() consisting oS(") with its zero columns removedank($(")) =
rank(S(")) since$(") andS(") have the same column space. Si®¥® is itself ajlj ¢ selection

matrix, we know from Lemma C.1 thaank($())  min(jlj;c 1). Since we knowlj c,
min(jlj;c¢ 1)=c 1, implyingrank($()) ¢ 1. Butthisis a contradiction since we already
knowrank($(")) =rank( SM) = jlj < O

Intuitively, Lemma C.2 says that 8 is full row rank, then every subset of rows contains a row that is
supported on a column that is zero for all other rows in the subset, i.e., at least one row measures a
new item unmeasured by any other row in the subset. This property is related to a selection matrix
being incremental (see De nition 2.2) as follows:

Lemma C.3. LetS be anm n selection matrix witm  m + 1, where for each 2 [m] the
nonzero indices of thigh row are given by distingt;; g 2 [n] such thatS[l pil=1,S[i;q]= 1

Suppose for every subdet [m] of row indices, there exists 2 | such thatS[j;p; 1= 0 for all

j 21 nfigorS[;qi ]=0forallj 21 nfi g. Thenthere existsam m permutation matrix
P such thatP S is incremental.

Proof. We will construct a sequence of row indices such that permuting the ro#&srothe sequence
order results in an incremental matrix. Ugt := [ m]. By assumption, there exists an indgx 2 |,
such thatS{[j; p|m] =0 forallj 2 mInfimgorS[;qi,] =0 forallj 2 [m]nfing. Now let
1<m?® m be given, and suppose by induction that there exists a set of distinct ifdliaRs o
such that for alm® k  m, S[j;p;, ] =0 forallj 2 [m]nfi- g™, or Sfj;g;,] = 0 for all

j 2 [m]nfi-g", (we have shown the case of® = m above). Letimo 1 == [m] n fixgiL 0.
Then by assumption, there exists an indgx 1 2 Ino 1 such thatS[j;p;_, ,] = 0 for all

j 2 [mInficgll o 1 0OrS[;di o ,1=0forallj 2 [m]nfixgil o ;. Therefore, combined with
the fact thaiymo 1 2 [m]nficgil 0 along with the inductive assumption & gyL 0, fFikORL mo
constitutes an index set where fora? 1 k m, S[j;p; ]=0 forallj 2 [m]nfi-gm, or
S[j;gi ]=0 forallj 2 [m]nfi-g7,.

Takingm?®= 2, we have proved by induction the existence of an indeXiset:: ;i g thatis a
permutation ofm] such that for ank 2 [m], S[j;pi, ] =0 forallj 2 [m]nfi-g7, orS[j;q;, ] =0
forallj 2 [m]nfi-g™ . By constructionim]nfi-gm , = fi‘gf‘zll, so equivalently for ani 2 [m],
S[ij;p,]=0forallj<k orSlij;g,]=0forallj<k.

We can then explicitly construct t,e  m permutation matriP as

1 "= ik

Pl 1= 0 otherwise

LetS%= PS,p? = p, andq® = q,. pY; are the nonzero column indices of tkih row in
the permuted selectlon matr8®, since for any 2 [n], So[k 1 = Slik; 1. We then have for any
k 2 [m], S%;pfl = S[ij;pi,1=0 forallj <k orSY;qf] = S[ij;q,]=0 forallj <k ,and
henceSCis mcremental O
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Furthermore, if a selection matr& (more speci cally, a permutation thereof) is incremental, then it
is also full-rank:

Lemma C.4. LetS be anm n selection matrix witmh  m + 1, and suppose there exists an
m m permutation matri¥’ such thatP S is incremental. The® is full-rank withrank(S) = m.

Proof. Denoting thdth row of PS by s, sinceP S is incremental for all 2 [m] there exists §
such thas;[j] 6 0 ands-[j] =0 forall * <i . Hence, for ali 2 [m], s; does not lie in the span
of fs g . Starting ai = 2, this implies thas; ands; are linearly independent. Lei®<m be
given, and assume by induction thi&t g 0 are linearly independent. Since by assumpsgn.,
does not lie in the span dfs-g mo, the entire sets-g mo.+1 is linearly independent. Taking
m®= m 1, we have by induction that the rows BfS (i.e.,fs-g ) are linearly independent,
and since these rows are just a permutation of the rov&, ithe m rows inS are also linearly
independent and sank(S) = m. O

We summarize the above lemmas in the following corollary:

Corollary C.4.1. LetS be anm n selection matrix witm  m + 1, where for each 2 [m] the
nonzero indices of thigh row are given by distingti; g 2 [n] such thatS[i;p;] =1, S[i;qi] = 1.
Then the following are equivalent:

(a) rank(S) = m.

(b) Forevery subsdt [m] of row indices, there exists 2 | such thatS[j;p; ]= 0 for all
j 21 nfi gorS[;qi ]=0forallj 21 nfi g.

(c) There existsam m permutation matriXP such that? S is incremental.

Proof. By Lemma C.2(a) =) (b).ByLemmaC.3(b) =) (c). ByLemmaC.4(c) =) (a).
Combining these implication§a) () b 0 (o). O

Another useful corollary lower bounds the number of columns a selection matrix must be supported
on, depending on its rank:

Corollary C.4.2. LetS be arankr, m n selection matrix witm randn r +1. Then at
leastr + 1 columns ofS have at least one nonzero entry.

Proof. Sincerank(S) = r, there exists an index set ofinearly independent rows &, which we
denote by [m]. LetS%be ther n submatrix ofS consisting of the rows indexed by since its
rows are linearly independemgnk(S9 = r. From Corollary C.4.1, there exists a permutatiomf
the rows inS°such thaP S%is incremental. Since the rst row d? S introduces two items and
the remaining 1 rows each introduce at least one new itéh$ ° must be supported on at least
2+(r 1)=r+1 columns. Since the rows iR S °are contained it5, S must also be supported
on at least + 1 columns. O

When studying random selection matrices in Appendix C.2, it will be useful to understand a particular

graph constructed from the rows of a selection m&a®ixorp;q2 [n]andp & g, lets ) denote a

vector inR" given by 8
<l j=p

Spplil=. 1 j=q (8)
"0 otherwise

Consider a set af vectorsS = fs;g/_; R" in the form given by eq. (8). We can construct a

graphGs = (Vs; Es) from this set as followsVs = [r] denotes the vertices of this graph (with

vertexi 2 [r] corresponding to row;), andEs denotes the edge set. We de ne the connectivity of

Gs by anr  r adjacency matriA s, where

1 9k2|[n]st:sik]60"s;[k]60

Aslijl= 0 otherwise

In other words, vectors; ands; are adjacent ofs if they have overlapping support. We say that
verticesi andj arelinkedonG if A[i;j ] =1, or if there exists a nite sequence of distinct indices
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fk-g',, [rInfi;j gsuchthatfi;k,] = Alky; ko] = = Alkr 1;kt]= Alkr;j]1=1. Denote
the set of linked vertex pairs by

Cs=1(;j):0;j 2][r];i;j linked onGsg:
We start with a lemma concerning the sparSah how it relates to connectivity 08s:

Lemma C.5. LetS = fs;g_; denote a set of linearly independent vector&Ihin the form eq(8),
withn r +1. For givenp;q2 [n]withp 6 q, if s¢pq) 2 span(fsig]-, ) then there exists a linked
vertex pair(ip;iq) 2 Cs such thats; [p] 6 0 ands;,[q] 6 0.

Broof. If s(p,q) 2 span(fsigi-, ), there exist scalafs igi-; not all equal to zero such thaf,q) =
r .
iz1 iSi, e,

X

1= iSi [p] 9
i=1

1= isi[a] (10)
i=1

0= isii] | & p;a: (11)

i=1
From eq. (9), we know there exist$a2 [r]suchthat ;, 6 0 ands;, [p] 6 O: otherwise, s;i[p] =0
foralli 2 [r] which would result in the summation in eq. (9) being 0. Letlenote the other index
supported bys; ,i.e.,j1 6 pands; [j1] 6 0. If j1 = g, then there trivially exists; = i, such that
si [dl = si, [j1] 6 0. Clearly this choice ofip; iq) is linked onGs sincei, = iq, which would give
us the desired result.

Now supposé¢i 6 g. Recalling thaj; 6 p as well, from eq. (11) we have

X .
0= iSili1]
i=1 X

|{ZI} ||_,{£|_]g Ei i |[]l] ( )
60 60 P
which implies that there exisig 2 [r] n fipg such that ;; 6 0 ands;,[j1] 6 O; otherwise,
iSilia] =0 foralli 2 [r] nfiygwhich would result in a contradiction in eq. (12). Note tfiat i)
are linked onGg, since they are both supported on inglex

Now, suppose by induction thatforagivén T r 1there exist distinct verticefd, :::;itg 2

ands;, [jk+1]160fork<T 1,si,[[T]60, (ip;it) are linked orGs, and ;, 6 0 fork 2 [T].
Above we have shown the existence of such sets for the the base daselof

Letjt+1 be the other item index supportedsn ,i.e.,jt+1 6 jt andsi; [[7+1]160.If jr+1 = 0,
then we can sdt, = it and we have found an linked toi, onGs (sinceit = iq is linked toi,
onGs by inductive assumption) arg, [q] = si; [[T+1] 6 0. Otherwise, sincés;, or, [f Si, g
areT + 1 linearly independent vectors in the form eq. (8), from Corollary C.4.2 we have that
fsi, o= [f si, g are collectively supported on at ledst- 2 indices in[n]. Hence, ifit+1 6 q,

then we must havgr.; 2 [n]n(fp;ag [f jkgl, ). From eq. (11), we then have

X .
0= iSilit+1]
i=1
. oX! .0 ! X !
i,SipJT+1]+ WS lr+ ]+ l{'ﬂ fl[{ +_1§+ iSilit+1 ]
k=1 y oS 5o i2[cIn(iplf ol )
= I{'i} fiTq +1g+ iSilit+1]; (13)
60  s0  i2[rn(iplf kgl )
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which implies that there exists+1 2 [r]n(ip [f ikgf-; ) suchthati,, 60 andsi,,, [T+1]160;

otherwise, iSi,,, [it+1] =0 forall [r]n(ip [f ikgi-; ), which would result in a contradiction
in eqg. (13). Note thatif = r 1, the existence of such af.; is impossible since in that case
[rIn(ip [f ikgi—y) = ?;hence,ifT =r 1,itmustbe the case that.; = gas described above.

If T <r 1landjt+1 6 g thensuchamryy 2 [rIn(ip[f ikglzl) exists. Note thaitr+; and
ip are linked orGs, sinceir+; andiy share an item (i.ejr+1 ) andir andi, are linked onGs
by inductive assumption. Hence, we have constructedfsege’* andfj,g_i! that ful Il the

inductive assumption foF®= T + 1.

Therefore, there must existla T r 1lsuchthafr +1 = @, in which case we can take
ig = it and thus have identi ed aiy that is linked ta, on Gs (sinceit = iq is linked toi, on
Gs) and satis essj, [q] = si; [T +1]160. O

C.2 Characterizing random selection matrices

In this section, we explore how many measurements and items are required for a randomly constructed
selection matrix to have full-rank.

To answer this question, rst we establish a fundamental result concerning how many item pairs
sampled uniformly at random are required (on average or with high probability) in order for a
selection matrix to be of a certain rank. We start by bounding the probability that, for an existing
selection matriXS with rankr, an additional rows constructed by selecting two items uniformly at
random lies within the row space 8f. This is equivalent to the probability that the concatenation of

s with S is a rankr + 1 matrix; bounding this probability will then allow us to bound the number of
such appended rows needed to increase the raSktofsome desired value greater thran

Lemma C.6. Supposé isanm  n selection matrix with rank  min(m;n  1). Lets 2 R"
be constructed by sampling two integgrsndq, uniformly and without replacement frofm] (and
statistically independent &) and settings = S(.q). Then

2r (r+)r

n D P(s 2 rowsp(S) j S) nn 1) (14)

We defer the proof of Lemma C.6 to the end of the section.

With the above result, we can work towards characterizing the probability that a selection matrix with
pairs sampled uniformly at random has a particular rank. To make our results as general as possible,
assume that we have a known “seed” n selection matrixSy with rankrg  min(m;n  2),

and that we appenah randomly sampled rows 18y where each row is constructed by sampling

two integers uniformly at random without replacement (and statistically independent from previous
measurements andy) from [n]; denote thesen rows asm n selection matrixS. We are
interested in characterizing the probability th%ﬁ’ has rank > r 3. We are only interested in

ro min(m;n 2),sinceifro = n 1thenfrom Lemma C.5, already has the maximum rank
possible for a selection matrix with columns, and so we cannot increase its rank with additional
random measurements.

Lets; denote thath row of S. We will take an approach similar in spirit to the coupon collector
problem by rst de ning a notion of a “failure” and “success” with regards to measuring new
rows. After having queried 1 random paired comparisons given by rofis g]! :11, we say
that sampling a new selection rasy “fails” if it lies in the span of the selection matrix thus
far, and “succeeds” if it lies outside this span. More precfsade ne failure eventg; = 0 if

Si 2 rowsp(So) [ span(fs; g} =11) and success eveht = 1 otherwise. Clearlydim(rowsp(So) [
span(fs; g -, )) = dim(rowsp( So) [ span(fs;g_;))+1 ifand only if Eg = 1. Fori 1, let

M; = min( fk : dim(rowsp(So) [ span(fs; %!;:1 )= ro+ig)=min( fk: }(:1 E; = ig). Note
thatforanyi  1,Ew, =1;otherwisej = |1} Ej = 'y YEj +0 <i by de nition of M;,
which would be a contradictioiM, [, forr >r ( is exactly the quantity we are interested in, since

8In the following statements concerning probability eveBisjs assumed to be xed and known.
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it is the number of random measurements (beyond those alreagyreeded for rg successesin
total, i.e., for the cumulative selection matri>°‘s° to be rankr.

ToanalyzeM; forl i r rg,letCi = M; M; ; denote the number of measurements until
the rst success after already having had 1 successes, whef® = M;. Then
Xi
Mi=(Mi M; 1)+(Mj 1 M 2)+(M; 2+  +(Mz2 Mp)+ M= G:
j=1
GivenCy;:::;Ci 1 (and hencéM; 1), we note by de nition that for ang 1,
Ci>c ( Ej =0forallM; 1+1 j M; 1+c: (15)
Now suppose we condition on the evéht= c;;:::;Ci 1= ¢ 1, which we denote for shorthand
bycp;:::;¢ 1. We have
0 1
M|\ 1tc
P(Ci>cjc;::ic 1)= P@ Ex =0 cij:iiic 1A (16)
k=M; 1+1
1
M|Y1+C K1
= P@E, =0 (E-=0);c;ii6 1A (A7)
k=M 1+1 =M 1+l
where eqg. (16) foll%ws from eq. (15). Fora xéd2 (M; 1+1) :::(M; 1+ c)glet
< P\ 1 =
Sc=. fs gt (E-=0);Ci=¢1;::55C 1= G 1, ;
' =M g+l '

. . . . T
i.e., Sk is the set of all possible row sefts\g'\‘:l1 that result in the events !‘: ,i,i +1(E-=0);C1 =

fs«gkzll). A natural result of thisoset de nition is

1
1
fs g t625 =) P@sg! (E-=0):ci;::::6 1A =0; (18)
=Miogtl
We then have
0 W1 1
P@E, =0 (E- =0);c1;::15¢; 1A
=MoL
X k 1k\ L k 1 M\ y
= P(Ex =0 jfsg';"; (E =0);ci;::5¢i 1)P(fs g7 ) (B =0);cai:i¢i 1) (19)
ts.gk_tasy =Mt =My ogH
— X P(E—O'\kl ako1 A - e ,
= k=0 jfs g )P(fs g™ | (E- =0);c15:01; Ci 1) (20)
fsg¥_ tasy T=EMyogHL
k\ 1
= P(sk 2 rowsp( So) [ Span(fs~gk=11)jfs~gk=11)P(fs\g~k=11j (E- =0);cq5::55¢0 1)
fs~g§<:1123k EMyogHl
. . k\ 1
W P(fs o't | (E-=0);c1i5¢i 1) @1)
fsgf_ tasy EMyogH
_ (ro+i)ro+i 1)
- W(l) (22)
and sceJ 1
A ro+ i)(ro+i 1
P@E, =0 (B =0)iCr= G =g ,A Lot Do ),
. n(n 1)
=M; 1+1
In the above, eq. (19) is a result of eq. (18), eq. (20) is since
R 1
fs g '2 S =) (E-=0);c;::::G 1
=M 1+l
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eg. (21) is from Lemma C.6 combined with the fact that sifmej‘zll 2 Sy, dim(rowsp(So) [
span(fs-g_")) = ro+i 1, andeq. (22)is from eq. (18).
Continuing from eq. (17), this implies
(ro+i)(ro+i 1) c
nin 1) '

c

andsoP(Ci cjCi=c¢1;:::;C 1=¢6 1) 1 W

Now, consider a set af  ro independentandom variablesB4;:::; B, (,, with eachB; 2

f1;2;3;:::gdistributed according to a geometric distribution with probablllty of success given by
pi=1 W We will relate the statistics d8; to C; in order to construct a tail bound
on M, ., our quantity of interest. Recalling the c.d.f. of geometric distributions, we have for

1 i r ro,
(ro+ i)(ro+i 1)
n(n 1) '

andsoP(C; cjCq;:::;Ci 1) P(Bj c) forall possibleCy;:::;Ci 1.

P(Bi c¢jB1;:::5;Bi 1)=P(B;i ©=1 (1 mpm)=1

P
LetB = | r° Bi. [46] presents a tail bo d for the sum of independent geometric random

variables, wh|ch we can apply ®. LetX = , -, X be the sum olg,‘, mdependent geometric
random variables, each with parame@es p; 1. Dene = E[X]= 1 p . Then from [46],
for any 1,
P(X ) €
Inour caseX; = Bj,j =r rg,and
XTo 1
=EBI= e m
i=1 ~n(n )
and so forany 1,
P(B ) et o (23)

To translate eq. (23) into a more interpretable tail bound,0Let < 1 be given. If we choose
=1+In 1 (notingthat > 1), then

1 Xfe 1
PB 1+In-= e ; (24)
i=1 n(n 1)

If we can relate the statistics & to those ofM, ,,, then we can potentially apply eq. (24) to
construct a tail bound oM, ,; the following lemma will provide the link we need. In the following,

for a sequenceéX gl _, letXi; = fXyd,_;.

LemmaC.7. Letf X;gi_ =1 andeI gI -, betwo sets of random positive integexs(Y; 2 N 8i 2 [r]),
where forus; 12 N' 1, fX;g_; is characterized by the distribution

Fxijxy (Ujusi 1) = PXi  ujXgi 1= Upi 1)
and thef Y;g/_, are statistically independent, so that for amy; 1 2 N' !
P(Yi UjYri 1=uni 1)= P(Yi u)=:Fy(u):

P P
LetX = [ XjandY = [ Y, withFx(x) = P(X x)andFy(y) = P(Y ).
Suppose forali 2 [r],u 2 R, anduy; 12 N 1 we haveFy jx,, ,(Ujui 1) Fy(u). Then
Fx (u) Fy(u)forallu2 RandE[X] E[Y].

We defer the proof of Lemma C.7 to the end of the section.
Corollary C.7.1. Forallc2 R,P(M, (,>c) P(B>c)andE[M, ,,] E[B]
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Proof. fBig_,'® are statistically independent, andwe knB¢C; c¢j Cq;:::;Ci 1) P(Bi ©
for all cand all possible€€y;:::;C; 1. Therefore by Lemma C.R(M; ,, ¢ P(B c¢) and
soP(M; ,>c) P(B>c)andE[M, ,] E[BI] O

Combining Corollary C.7.1 with eq. (24), fora@< < 1we have

™ o 1 ™To 1
PM: > 1+In = ] oo m PB> 1+In~ ] G @
i=1 n(n 1) i=1 n(n 1)
and
XTro 1
EM; 1] 1 CorDlori D
i=1 n(n 1)
i ihi 1 P 1 iti
In other words, with probability at leadt , 1+In = iz1 . —onoo - additional

1 (fo+ni)(nfo+i 1)
random measurements are suf cient to construct a rasgdection matrix fromm items and a seed
matrix Sg of rankrg. We formalize the above facts in the following theorem:

Theorem C.8. LetSy be a givenrm  n selection matrix withrank ro  min(m;n  2). Let
ro<r n 1 be given. Consider the following random sampling procedure: at sampling time
i 1lets; = Sipq) 2 R" wherep is sampled uniformly at random fron], ¢ is sampled uniformly

at random fronin] n f pg, and where each; is sampled independently frosn for j 6 i and from

Sop. LetS be the selection matrix constructed by concatenating the vestanso rows. Suppose
rows are appended t8 until rank( S° ) = r, at which point sampling halts. L&t be the total
number of rows ir§ resulting from this process. Then for a@yx < 1,

X 1

i(i 1)
i=ro+l 1 n(n 1)

1
PM> 1+In -

and
X 1

TR

EM]
i=ro+l 1 n(n 1)

Proof of Lemma C.6: If r = n 1, then by Lemma C.B already has maximal rank and so
its row space sparR". In this caseP(s 2 rowsp(S) j S) = 1, and so the upper bound of the
inequality is tight at 1. The lower bound is satis ed sincepas 2 by de nition of selection matrices,
2r=(n(n 1)=2=n 1 P(s2rowsp(S)jS)andsoistrue.

Otherwise, assume n 2. SinceS is rankr, there exists a set oflinearly independent rows,
which we denote bys;gi_; , such thatowsp(S) = span(fs;g{_; ): Without loss of generality, for
eachs; assume that, < q;, wheres;[pj] =1 andsj[g] = 1: this assumption does not affect the
span off sigf_, , since forp; 2 [nJwithp 6 g, S(pq) = S(qp)- IN @ slight abuse of notation, let
S nfsig_; denote the remaining rows B. We therefore have
P(s 2 rowsp(S) j S) = P(s 2 span(fsigi-;) j S) = P(s 2 span(fsigi-; ) jfsigi-1;Snfsigi.)
= P(s 2 span(fsigi-; ) jfsigi- );
where the last equality follows from the fact thsais statistically independent &.
Without loss of generality, suppoge < q. This does not affect our calculation &(s 2
span(fsigi-;) j fsig-; ), sincesq) 2 span(fsig-;) 0 S(qp) 2 spanfsig-,), as
S(pq) = S(qp)- Therefore, we can calcula®gy,) 2 span(fsigi-; ) directly by counting
which among the'; equally likely pairs withp < q lies in the span of s;gj_; . Precisely, let
Q= f(p;d): p;a2 [n]; p<a; Sgpq) 2 span(fsigi-; 9)g. Then
P(s 2 span(isig;) jfsigy) = L
2

With these preliminaries established, we can easily lower b&(ia® span(fsigi-; ) jfsig-,; ):
sinces; 2 span(fs; g/, ) for eachi 2 [r], Q contains the item pairs indexing the support of each
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fsjgf-, . Furthermore, sinces;g[_, are linearly independent, they must be distinct (i.e., for every
i;j 21[r],si 6 sj)andsoQ contains at least distinct item pairs, i.ejQj r. Hence,

Q  r _
P(s 2 span(fsig-; ) jfsig-) = 7 T = m
proving the lower bound in the inequality.
LettingS = fsig/_, , we will upper boundQj by analyzing the graps (with the graph construc-
tion introduced in Appendix C.1) with linked vertex pats. Let|s denote the set of distindem
pairs corresponding to linked vertices @, i.e.,

Is = f(p;d:p;q2 [n]; p<q; Aip;ig) 2 Cs; si,[P] 60; si,[q] 6 0g:
FromLemma C.5(p;q) 2 Q =) (p;0 2 1sandsgQj j Isjand

-
P(s 2 spansigy) jfsigo )= 1D sk, (25)
2 2

We can therefore upper bouRds 2 span(fsigi_, ) j f sigi-; ) by upper boundingl sj.

To proceed, without loss of generality that supp@sehas exactlyc distinct subgraphsc(2 [r])
G1 =(V1;E1);:::Ge = (Ve; Ec) whereVy;:::; V, are a partition ofr], such that for everi and
everyi;j 2 V, vertices andj are linked orGs (and hencésy), and for evenk; ™ 2 [c]withk 6 °

and everyi 2 Vi, 2 V-, verticesi andj are not linked orGs. We next de ne item pairs according
to which subgraph they pertain to: let

Ik = f(p;0:p;g2[n]; p<q; 9(ip;iq) 2 W SZtZSip[p] 60; siq[q] 60g: (26)

Note that for any given item pa{p; d) 2 | s with corresponding row indice@p;iq) 2 §5 such that
si,[p] & 0 ands;,[d] 6 0, there must exist 2 [c] such thaty,;iq 2 Vk. Hencels = | _, Ix and
therefore "

jlsj ISE (27)
k=1
To calculatglkj, rstde ne N to be the number of items supported by subgréph
N :="fi:i2][n]; 9 2 Vst:sj[i]60g:

Since all vertices itV are linked orGy (by construction)jl «j is exactly equal to all possible pair
permutations of items il gi.e., jlj = JN” . Letry = jVj denote the number of vertices
in subgraphGy, noting that ,_, ry = r. For eachk 2 [c] we then havgNyj = ry +1: to
see this, consider the selection matsix_ constructed from the rowss; gi»v, , and note that the
rowsf sigizy, are linearly independent by construction (sifisggioy, f Sig-; ). Furthermore,
suppose without loss of generality ti&y, is incremental: sincés;g,y, are linearly independent,

by Corollary C.4.1 we can always nd a permutation of these rows such that the resulting 8\gtrix
is incremental. We will show below that each rowSyf, introducesexactlyone new item.

Let S\(,tk) denote the submatrix ddy, consisting of the rstt rows: note that eacB\(}k) is also
incremental. Denote theh row of Sy, by s(V). Suppose by contradiction that there exbtsi  ry
such thats() introduces exactly two new items that are not supporteﬂ\}n and consider

anyj < i . Since every row index itV is linked onGy, there must exist at least one nite
sequence of distinct indicdk-g™_;,  [r] n fi;j g such thas(" ands(k1) share an item, each
sk) shares an item wits(k 1) for1 < T, andsk7) shares an item witlsl). Note that

ki > i, sinces!!) cannot share an item directly with any row$fy' 2 (due to our Contradlctory
assumptlon) Lek = max- ,ryk ; we know from the above argument that k; >i>j andso

k >ij; fkg'.; nfk g. By de nition of fk-g'_; , s(k ) shares an item with two distinct indices
Ka; ko 2 (fk-g'-; [f i;j g)nk : letp, be the item index shared witty andpy, denote the item index
shared withk,. Sincek >1i;j; fk-g'.; nfk g ka <k andk, <k , and therefore both, andp,

must appear itS\(,t Y. However, this is a contradiction sinéé,t ) is incremental meaning that
sk ) must introduce at least one new item. Therefore, there cannot existindéx ry such that
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s() introduces exactly two new items that are not supporteﬁf)nl). Hence, hence the rst row of
Sy, introduces 2 new items and each subsequent row (1 additional rows in total) introduces
exactly one new item, resulting B+ r, 1 = r +1 supported columns in total, i.gNkj = ri +1
andsglj= N = "ot

Therefore, by eq. (27),

X n+1 _1X
p k=1 2 2 k=1
where we recall that Ll r = r andc 2 [r]. To get an upper bound ghsj that only depends on,
we can maximize this bound over the choice ofg;_, andc. We propose thst = 1 and hence
ry = r maximizes this bound: consider any otlee? [r] andfrygf., suchthat _, ry = r. We
have

jlsj (re +1)ry;

X
(r+1)r (rk+)r=r2+r (rz +ry)
k=1 k=1
X X
= r? rg +r Mk
k=1 k=1
xXe
= r? rg
k=1
X
r? ri rr-
k=1 ke
x 2
=r? M
k=1
=0:
C P c
Hence, forany 2 [r] andfryg;_; suchthat ,_, re =r,
1 X 1
5 (k+Lre S(r+1)r
2k=l 2

and sgl sj %(r + 1) r. Recalling eq. (25), we therefore have
1(r+r _ (r+1)r

2 7 nin 1)

P(s 2 span(fsigi-;) jfsig-)

P
‘-, Y;: note thatX = X® and

. P .

Proof of Lemma C.7: LetX® = = [_; X; andY() =
Y =YD, Let _

Fxixy, (Ujuzi 1)= PXW  ujXy 1= ug 1)
and _

Fya (u) = P(Y(I) u):

We will prove by induction thaFy o) (u) Fy (u) forallu 2 R, and thereford&yx (u) Fy (u).
Starting ai = r, we have by assumption that for al2 R, anduy, 12 N™ 1,

Fxjxy, UjUnr 1) = Fx,jxy, (Ujusr 1) Fy, (U)= Fyo(u):
Now, letl m<r be given, and suppose by induction that for any, 2 N™, we have
Fxm jx,n (UjUm)  Fyme (U):
ExpandingFy mjx ., ,(Ujum 1),

Fx(m)jxlzm 1(Uj Uim 1) =

= P(X(m) ijlzm 1= Uim l)
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X

=P X UjXim 1= Utm 1
j=m
X .
=P X U XmjXzm 1= Utm 1
j=m+1
b3 X . .
= P X U XmjXim 1= Utm 1;Xm =V P(Xm =VjXum 1= Utm 1)
v=1 j=m+l
p 3

= Fx(mﬂ) jxl:m (U

v=1

Similarly we have

Fym) (u)

\Y

jum UV(Fxamixem (ViU 1) Fxaijxem (v 1juni 1))

P(Y(™ )

P Y, U YnjYm=V P(Yn =V)

P Yj u Vv P(Yy
vl j=m+l

*

v)

= Fyma (U V)(Fy, (V) Fy,(v 1))

v=1

(28)

where eq. (28) follows from the fact thRY;g_, are statistically independent. Therefore, letting
Upm 12 N ! pe given,

Fx(m)jxl:m l(Ule:m 1) Fy(m)(u)

b3

v=1

Fxmea jx., (U Viuem 0V(Fxqixy, (ViU 1)

Fxmjxl:m 1(V

v=1

FY(m +1) (U

®

v=1

1

<
1l

=1

<

0

N
1l

v=1

Fya (V)

b3

v=1

Fy (m+ (u

FY (m +1) (U

Fy (m+ (u

FY (m +1) (U

FY (m +1) (U

(Fym+ (u

(FY (m +1) (U

ljusi 1)) Fymey (U V)(Fy, (V) Fy,(v 1)

V)(Fxmjxlzm 1(Vju1:i 1) Fxmjxlzm 1(V 1ju1:i 1))

V(Fyvn (V) Fyvn (v 1)

v)(Fijxl:m 1(vj Ui 1) FYm (V))

V(Fxpmixim (v 1juwi 1) Fy, (v 1)

v)(Fijxl:m 1(vj Ui 1) FYm (V))

z 1(Fxnixym (Zjusi 1) Fv,(2)) wherez=v 1

V) Fymay (U Vo D)(Fxpixpn ((ViUsi 1)

F\((m+1) (U 1)(Fxmjxl:m 1(0J Ui 1) FYm (O))

V) Fymey (U Vv D)(Fxpixpm (ViU 1) Fyy (V)
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0 (€1Y)
where eq. (29) is by inductive assumption, eq. (30) is becAysgY, are nhon-negative and so
Fxmixem 1(0J Ui 1)= Fy jve, O]V 1))=0;
and eq. (31) is due to the fact tHag (m +1 (U) is non-decreasing and hence forall 1,

Fyma (U V) Fyma (u v 1) O
and by assumption we have
Fxwixem (ViU 1) Fy,(v) O

Takingm =1,we han:X [ (U) Fva (U) Oi.e. Fx (U) Fy (U)Z P
1

Usingthe factthaE[X]= ., P(X>u)= . (1 Fx(u)) andsimilarlye[Y]= @ (1
Fy (u)), we have

p3
EX]= (1 Fx(u)
u=0
(1 Fy(u)
u=0
= E[Y]:

C.3 Proof of Proposition 2.1 and additional discussion

If  has full column rank, then it® + dK columns are linearly indepenf_:jent andraok( ) =

D+ dK. Since the rank of is upper bounded by its number of rows, we requiréz1 my D+dK.
Next we will show in turn that each condition in Proposition 2.1 is necessary forhave full
column rank:

(&) InorderforallD + dK columnsin to be linearly independent, it must be the case that for
eachk 2 [K], the columns corresponding to useare linearly independent, given by

2 3
Oml;d
SX T

OmK d

Clearly this is only possible if thd columns inS X T are linearly independent (since padding
by zeros does not affect linear independence of columns), raek(SxX ) = d. Since
rank(SkX T) rank(Sk), we requirerank(Sg) d, which impliesmy d sinceSk has
My rows.

(b) Sincerank( )= D+ dK, musthaveD + dK linearly independent rows. Observing eg. (3),
each user's block afy rows is given by

SkX T Omk;d Skx T 0mk;d ; (32)

which has the same column space, and therefore the same r&k,4s X T : Therefore, the
number of linearly independent rows in eq. (32) is equal to the rarfigoX T X T , and so

the number of linearly independent rows ins upper bounded by :f:l rank(Sxk XT XT),
which for  with fyll column rank must be at leaf + dK. Sincerank(Sy X T XT)

nk(Sk), we have ,le rank(Sk XT X T) Ezl rank(Sg) and therefore we also require
K, rank(Sx) D+ dK.
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(c) Consider any 2 RP andv 2 RY. Recalling eq. (3), multiplying by [ T }/T_{ZLT}]T is

. K times
equivalent to
23 2 3 2 3
Vv Sle +S]_XTV S;
BY-§ : £=8:86xT xT =5 xT XT _: (3
\./ SKXT +SKXTV Sk

By the rank-nullity theoremker(St X T X T )istrivial if and only ifrank(St X T X T )=

D + d(recallthat X T X T hasD + dcolumns). Therefore ifank(St X T X T )<D +d,
there exists §,] 6 OsuchthatSt XT X T [,]= 0and therefore exists a nonzero vector in
RP+dK given by[ T }/T {le}]T such that

K times

which would imply that is rank de cient. Therefore, we requirank(St X T X T )= D + d,
and sincgank(St X T X T ) min(rank(St);rank( X T X T )) this impliesrank(St)

D + dandrank( X T X T ) D + d. SinceSr is itself a selection matrix, by Lemma C.1 we
requiren D + d+1 inorderforrank(St) D + d. O

In the setting where the metrdd is low-rank with rankr < d , we conjecture that the required item
scaling grows a®(rd) rather tharO(d?), which is a much gentler increase especially when d.

Our intuition for this conjecture is as follows: the requirement@®gd?) items in the full-rank metric

case comes from part (c) above, which says that if a hypothsiitgleuser existed that answered

the queries assigned #il users, then such a system would req@@?) measurements due to

the O(d?) degrees of freedom in the metric. Due to properties of selection matrices, we require
the same or greater order of items as measurements since intuitively one new item is required per
independent measurement (see Lemma C.1M lfs rankr < d, there are onlydr degrees of
freedom inM , and hence we believe that part (c) above would only redD{gr) independent
measurements for the hypothetical single user and thereforeQquly) items. Concretely, by
rewriting the unquantized measurements in eq. (2) as a matrix inner product bétween: vi ]

and a corresponding measurement matrix only depending on the items (see eq. (40) in the proof of
Theorem 3.1 for an example of this technique), and using low-rank matrix recovery techniques such
as those described in [47], we believe that one can show®(dy) independent measurements are
required for the hypothetical single user and therefore @{lgr) items are required.

C.4 Proof of Proposition 2.2

We rst permute the rows of as follows (row permutations do not change matrix rank): rst, de ne
D as

2 X L 3
SUXT sPXT  0gg Od;d
@ - g PXT 0gg  SPXT Od:d % (34
S+(<l) X T Og;d Od:d 5|(<l) XT
2
and @ as 2 ) 3
Siz) xT Sg. ) xT Om21 d;d Om1 d.d
@ = p gsg)x T Om, dd Sé IX T Om, dad ] (35)
SPXT Omy dd Omy dd sPxT
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(1)
Finally, deneP = :SinceP is simply a permutation of the rows in, rank(P) = rank( ).

Therefore, if we show that the + dK rows inP are linearly independent and herreek(b) =
D + dK, we will have shown thatank( ) = D + dK and so is full column rank.
We will start by examining the rows in® . Fork 2 [K], IetQ(kl) = SS) X T evaluating this
matrix product, théth row on(kl) is given byXp,,  Xgq » wherepy; indexes therl entry in the
ith row ofS,((l) andg; indexes the 1 entry in theith row ofSS) . Since eaclx; is i.i.d. distributed
according topx , andpy is absolutely continuous with respect to the Lebesgue measure, for any
i 6 j we have that;; = x; x; is distributed according to some distributipn (which does
not depend omorj sincex; isi.i.d. for alli) that is also absolutely continuous with respect to the
Lebesgue measure.
Inspecting the rst row on(kl) , we then have

P(ka;l XQk;l = 0): PZ(Z: 0):
where the last equality follows sincgf0g) = 0, where is the Lebesgue measure, god is
absolutely continuous. Hence, with probabilityxl,. , X, , iS nonzero and spans a 1-dimensional

subspace oR¢.
Letw be a vector orthogonal to,,.,  Xgq,,, and considex,,., Xgq,. ,, Which is the second row
of Q(kl) . Since by assumptioﬁlil) is incremental, at least one pf., or g2 is not equal tqy. 1 or
Ok 1. Suppose that botp. 2; k. 2 62 Px:1; G:109: Then

P(WT(XPk;z XCIk;z) =0 J ka;l;qu;l) = I:)Z (WTZ =0 J ka;l;qu;l) = O;

where the last equality follows from the fact thaf w™z =0 : z 2 R%g) = 0 andp; is absolutely
continuous.

Now suppose that exactly one f , or ¢ 2 is hot equal tq. 1 or & 1. Without loss of generality,

supposa: 2 is equal topy. 1 Or Gk 1 (the same argument holds if this were truegpr, instead). Then
P(WT(ka;Z qu;Z):Ojkazl;qu;l): P(WTka:Z WTXQk:Z zojxpkzl;XQKzl;XQk;Z)
=Px(W'x €=0]jXp,,;Xqe1:Xq.,) Wherecisa constant.
= O,

where the rst equality follows from the fact thqt 2 2 f px1; 10, the second equality follows

from the fact that when conditioned o, ,, W' X, , is a constant (which we denote byand that
Xp,. , is distributed apx and is independent of othey forj 6 py;2, and the nal equality follows

from the fact that (fw™x c¢=0:x 2 Rig)=0 andpx is absolutely continuous.

In either scenari)®(wW ' (Xp,, Xgc,) =0 j Xp,1;Xq. ;) = 0. Hence, when conditioned o1, ,
andx g, , , with probability 1x ., Xgq., includes a component orthogonaltg,., Xg., and

therefore does not lie in the spamaf,.,  Xg.,. Denote the rstj rows on(l)

(X Pk; 1 qu; 1)

QP L:i1=

(Xpy  Xag )T
Then, from the above argumelﬁ(rank(Q,(f) [1:2]) =2 Xpe1;Xge.) = 1. This is true for
anyXp,. ,;Xgq., satisfyingxp,., Xgq., 6 0, which we know occurs with probability 1, and so
marginalizing over this event we ha%rank(Q(kl) [1:2)=2)=1
Ifd> 2,let2 m<d be given, and suppose by induction tﬁ’@tank(Q(kl) L:m)=m)=1

The rows on(kl) [1 : m] are constructed from vectoxs wherei 2 M andM = fpg; g, [
f o gy

Letw be a vector in the orthogonal subspaceawsp(Q (1) [1:m]). Consider ronm + 1 of Q(l)

. . 1) . .
given byxp. .. Xgem o1 - Slncesli) is incremental, at least one pf., +1 Or Gem +1 IS NOt N
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M . First suppose this is true for bopRm +1 anddm +1 . Then by similar arguments as above,

P(wT (x Xgem +1) =0 jfXiGiam) = Pz(W'z2 =0 jfxigom)=0:

pk;m +1

Now, instead suppose without loss of generality that oply -1 2 M (an identical argument holds
for pcm +1 2 M). Then by similar arguments as above,

P(WT(ka;m +1 qu;m +1):0jfxigi2M): P(WTka;m +1 WTXqK;m 1 =0jqu;m 1 ;fxigiZM)
=Px(W'x c=0]j X 1 1TXiGi2m ) Wherecis a constant.

=0:

In either scenarioP(w T (x pem +1 Xaem « ) = 0 JTXiGi2m ) = 0. Hence, when conditioned on
fXiGiaM s Xpem 1+ Xaqum - INCludes a component orthogonal to the row spac@@ﬁ‘[l :m]and
therefore does not lie in this row space. In other words,

Prank(QM[1:m+1]))= m+1jfxigaom)=1:

This is true for anyf X giz m satisfyingrank(Q(kl) [1:m]) = m, which by inductive assumption is
true with probability 1 and so marginalizing over this event we H%(vank(Q(kl) [1:m+1])=
m+1)=1. Takingm = d 1, and noting thaQ(" [1 : d] = Q" P(rank(Q") = d) = 1. Since
this is true for allkk 2 [K ], by the union bound we have
[ D X D X
P (rank(Q,”) <d) P(rank(Qy”) <d) 0=0;
k2[K ] k2[K ] k2[K]
and therefore with probability Iank(Qf})) = d simultaneously for ak 2 [K].
Consider the following matrix:

3
o Odf Od;d
QW = god?d 2 Od;d % .
Od:d  Odd (Kl)

Each consecutive block afrows inQ® is clearly orthogonal, and since with probability 1 each
Q(kl) is simultaneously full row rank, with probability 1 we have tig) is full row rank (and hence

is invertible since it is square). Inspecting eq. (34), we canwiitt = R® Q@ whereR® is

aKd D submatrix. Sinc®® is rankKd, the column space of® is also of dimension at least

Kd and therefore @ is full row rank since it ha&d rows. In other words, we have shown that
with probability 1 the rows of @ are linearly independent. We will now show linear independence
for the remaining rows i (i.e., @), which completes our proof. Speci cally, we will proceed
through the remainin® measurements row by row, and inductively show how each cumulative set
of rows is linearly independent.

First, we de ne some additional notation: for any veato2 RP*Kd et | (w) be the subvector
limited to the column indices of involving userk, i.e.,

_ w[1l:D] .
W)= wD+(k 1)d+1:D+kd] °

Letr; denote theéth row of @ | letk; 2 [K ] denote the user that this row corresponds to (i;e.,

is supported on columris: D andD +(k; 1)d+1:D+k;d), and letj;.1;]i 2 denote the rstand
second items selected at this measurement. We require this exible de nition of the user and items in
rowr;, since the permutatioR has arbitrarily scrambled the users that each row# corresponds

to. Finally, let

)= 8%
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which is a vector irRP * 9. For any nonzero vector 2 RP*4, T (x) is a nontrivial polynomial in
X . With this notation de ned, for any vectav 2 RP*Kd we see from eq. (35) that

WTri = ki(W)T( (in;l) (X]i;z)):

Next, we establish a fact about the orthogonal subspacemsp( ). LetEq = span(feig?, )

wheree; is theith standard basis vector RP * 9K _ |t is a fact that for everyv 2 rowsp( )?,
projg, W 6 0. In other wordsy has at least one nonzero element in its Bsentries. Suppose this

were not true: then for some nonzevd 2 RKY | we would have

0

W = wo -

Sincew? 2 RKY and the rows oR® are a basis foRX? (sinceQ® is invertible), we have
wl=(QW)T forsome 2 RKY. Consider = ( ®)T | which is clearly inrowsp( ).
Expanding @, we have
.= (R(l) )T _ (R(l))T .

(Q(l) )T WO ’

and so

wir=0"T(RMT +(wiTw= kw%3 > 0;
where the last inequality follows sinee® 6 0. This is a contradiction since by de nitiow 'r =0
for everyr 2 rowsp( @).

Letw be a vector imowsp( )? not equal to the zero vector, and letenote the item indices on
which eackslﬂl) is supported across &2 [K ], i.e.,

J=fj:j2[n;9k2[KLi2[dst:SP[ijl160g:

Consider the rst row of @ . By the incremental assumption, at least onggf or j 1., is not found
in J. First suppose that both are not foundlinThen

PW'ry=0jfxigi23) = P( k,(W)"( (Xj5,))  (Xj12)) =0 jTxigias): (36)

As an aside, ik;; x; are i.i.d. distributed according to absolutely continuous distribuygjonthen
the joint distributionpy, .x; (Xi;Xj) = Px (Xi)px (X;j) is also absolutely continuous. Also note that
forany 2 RP*d,

T , Y= T T (xi) . 7

() () X (37)

Since ;(]' s ;((J' contains all terms ix; s X; andx; s Xj, ([X!]) contains (x;) and
(Xj). Therefore, we can view eq. (37) as being a polynomigkjrl. If & 0, then 6 Oand

so T( (x) (x;)) can be viewed as a nontrivial polynomial[iﬁ' |- Sincepy, x; is absolutely
continuous, for any nonzero we have

PO T( (xi) (xj)=0)=0;
since the set of roots for a nontrivial polynomial is a set of Lebesgue measure 0.
Returning to eq. (36), we then have
PwTri=0jfxigi23) = P k. W)"( (X)) (Xj1.)) =0 jfXigi25) =0;

which follows from the fact that \, (W) is nonzero: recall from the fact presented above that
projg,(w) 6 0,s0 (w) & 0foranyk 2 [K].

Now, instead suppose without loss of generality fhat62) andji., 2 J (an identical argument
holds forj 1.1 2 J andj 1., 62J). Then by similar arguments as above,

PWTri=0jfxigi2s)= P( k,W)"( (Xj,.,)  (Xj1.,)) =0 jfxigi2s)

31



POk W)T (X10) 6 W)T (Xj,,) =0 X, [f XiGi2s)
Px (K, (W)T (%) c=0]jXj,,[f Xigi25) wherecis aconstant.
=0:

The last equality follows sincey, (w) 6 0 and so «,(w)"T (x) cis a nontrivial polynomial in
X, along with the fact thgby is absolutely continuous.

In either scenaricP(w'r; =0 jfx;g23) = 0. Hence, when conditioned dix;gi»;, r 1 includes
a component orthogonal towsp( V) and therefore does not lie in this row space. In other words,
Prank ( O)T r; =Kd+1jfxig2; =1:

This is true for anyf x; gj» 5 resultingin @ being full-rank, which we know occurs with probability
1 and so by marginalizing we ha® rank ( M)T r; =Kd+1 =1.

If d> 1, letm <D be given and suppose by induction that
Prank ( )T ry 'm =Kd+m =1:

Let w be a vector in(rowsp( @) [ span(rigl,))? not equal to the zero vector. Note that
w 2 rowsp( )? as well, and so by the abovprojg (w) 6 0 and so «(w) 6 O for any
k 2 [K]. Reusing notation, let

J=fj:j2[n;9k2 [K]i2[dst:SPOMj160g[fj:j2 M9 2[mlj=ji1_j=ijiz0

denote the set of all item indices fhmeasured up through and including théh measurement of
@, Consider ronm +1 of (@ . By the incremental assumption, at least ongnpf; .1 Or j m+1 2
is not found inJ . First suppose that both are not foundlinThen

PW rme =0 jfXi623) = P( kpos W) ( Kjpar ) Xjna2)) =0 jEXiGi2s)
:O,
due to a similar argument as above.

Now, instead suppose without loss of generality fhat; .2 623 andjm+1-2 2 J (an identical
argument holds fofm+1:1 2 J andjm+1 2 621). Then by similar arguments as above,

P(WTrm+l =Oijigi2J): P( Km +1 (W)T( (ij+1;1) (X]m+1;2)):0 jfxigiZJ)
= P( km+1 (W)T (ij+1;1) km+1 (W)T (ij+1;2):o ] ij+1 2 [f XigiZJ)

Px ( kmor W)T (X) €=0jXj,..,[f XiGi23) wherecis a constant.

=0:

The last equality follows since,,,, (w) 6 Oandso ., (W)™ (x) cisanontrivial polynomial
inXx.
In either scenarioP(w rn+1 =0 jfXxig23) =0. Hence, when conditioned diX;gi2 3, I m+1

includes a component orthogonalrawsp( ) [ span(fr;gT, ) and therefore does not lie in the
span of the previous rows. In other words,

Prank ( )T ry rme = Kd+m+1jfxigo; =1:
This is true for anyfx;gi; satisfying rank ( )T r, Fm = Kd + m,
which by inductive assumption occurs with probability 1 and so by marginalizing we have
Prank ( O)T r, rmsa1 = Kd+ m+1 =1. Takingm = D 1, we have
with probability 1 that
( T 1y o = ( @7 ( @)t =bT

is full-rank, and so has full column rank.
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C.5 Proof of results in the single user case

Necessary conditions: WhenK = 1, the three conditions in Proposition 2.1 are equivalent to
rank(S) D + d: inthe single user cas&; = S, and so (c) directly states thatnk(S) D + d.

(b) also translates tank(S) D + dwhenK = 1. The conditiorrank(S) din (a)is subsumed
byrank(S) D +d.

Suf cient conditions: Supposaank(S) D + d. By de nition, there exists a set d + d
linearly independent rows i: denote théd + d  n submatrix ofS de ned by these rows aS°,
SinceSCis full row rank by construction, by Corollary C.4.1 there exists a permut&icuch that
P SOis incremental. De neS® as the rstd rows ofPS% andS®@ as the remaining® rows of
PSO Then[gg ] satis es the conditions of Proposition 2.2 and therefore if eacts sampled i.i.d.

according tqpx thenP SYx ™ x T ] has full column rank with probability 1 — and therefore full

row rank since it is square. Since the rows of this matrix are simply a permuted subset of the rows
in S[xT xT], we also have tha&[x " x T ] has rankD + d and therefore full column rank with
probability 1.

Random construction: We will use the results of Appendix C.2 to choose a number of random
measurements and items such that a single-user selection Bdtes rank at leadd + d with high
probability, to satisfy the conditions described above. Let failure probaBikty < 1 be given,
and suppos§ is constructed by drawingnt item index pairs uniformly and independent at random
amongn items. After drawing a single measuremedtyill immediately have rank 1. According

to Theorem C.8 withrg = 1 andr = D + d, with probabililgy at least the total number of

additional required measuremeMsis less than 1 +In 1 D T -

nn D

To make this quantity more manageable, note ihat(l,—l) is an increasing function of Hence, if
n(n 1)
we choose a constablt such thatw U,thenforevery2 i D + dwe also have
(CEXICEXREN
ﬁ U. To arrive at such &, suppose thain 1)> (1+ )(D + d)? for some > 0,

n(n 1)

ie.n PT¥(D+d)+1.Then
D+dD+d 1) (@D+d? 1

nin 1) (n 12 1+ °
and so
1 1 1+
(D+d)(D+d 1) i~ J
1 n(n 1) 1 1+

and we can sdt = ¥* . Therefore,

&+ d 1 1+

it (D+d 1)
) 1 i(i 1)
i=2 n(n 1)

and so with probability atleadt ,M < 1+Inl (D +d 1). Tochoose aconvenient
Piv— - i1 +r: 5) 1:62
So,ifn  I(1+ p5)(D +d)+1,andmy 1+ pg) 1+in! (D+d 1) +1 random

measurements are taken, then with probability at Ieast, rank(S) D + d. Hence, with high
probability,n = ( D + d) andmt = ( D + d) random measurements result in a selection matrix
S with rank at leasD + d. Once such a matrix with rank at led3t+ dis xed after sampling, if
eachx; is sampled i.i.d. according fax then as described abovewill be full column rank with
probability 1. Together, the process of independently sam@iagdf x;g; resultsin having

full column rank with high probability.

P . .
value for , we can let = %(1 + 5),in wrlnch case Ll =

C.6 Constructions and counterexamples

Counterexample for necessary conditions being suf cient: Below we demonstrate a counterex-
ample where the conditions in Proposition 2.1 are met, but the system resultsnra#ix that is
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not full column rank. In this example, =2 (andsoD =3),K =3, my = d+ D=K =3, and
n= D+ d+1=6. Consider the selection matrices below:

oo1 0 1 of
S;= 100 0 0 1
100 1 0 0
o1 0 0 1 of
S,= 10 10 0 0
000 0 1 1
o1 0 0 1 of
Se= 10 10 0 0 :
01 0 0 0 1

By inspectionrank(Sx) =3  d for eachk, P (rank(Sg) =9= D + dK, andrank(St) =5 =
+ d. Yet, when we numerically samplg N (0;1) and verify thatrank(SxX ) =2 = d,
(rank(Sy XT X T )= D+ dK,andrank(St XT X T )=5,westill ndthat isrank

de cient. This counterexample illustrates that the conditions of Proposition 2 dcasuf cientfor

identi ability.

Incremental condition construction: Here we construct a selection matrix scheme that satis es
the properties of Proposition 2.2 while only using the minimal number of measurements per user (i.e.,
mg = d+ D=K)anditems (i.,en = D + d+1). For eactk 2 [K], let

82
1 1 0 0 0 0
0 1 1 0 0 0
0O O 1 0 0 0
s =drows_8: : 1 1 1 Ogph;
% 0O O 0 1 0 0
0O O 0 1 1 0
0 O 0 0 1 1
and de ne 82 3
1 1 0 0 0 0
0 1 1 0 0 0
0 O 1 0 0 0
S@ =Drows_f0pqg @ : :
% 0 O 0 1 0 0
0 O 0 1 1 0
’ 0 O 0 0 1 1
By observation, for eack 2 [K ] we haf\;/e
2 3
1 1 0 0 0 0
% 0 1 1 0 0 0
0O O 1 0 0 0
S(l)
oy =D+drows B: 1 i g
0O O 0 1 0 0
0O O 0 1 1 0
0O O 0 0 1 1

which by observation is incremental. Assuming for simplicity ta¢ is an integer, for eack 2 [K ]
let Sf) be the submatrix de ned by ron 1)(P=<) + 1 throughk(P= ) of S@ | i.e., each user
is allottedP=«< nonoverlapping rows d8®@ . Finally, for eactk 2 [K] let

h i
. . @) ..
By observation eacBS) has rankd, and by construction eacl‘ig) is incremental, and therefore
the conditions of Proposition 2.2 are satis ed.
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Counterexample for incremental suf ciency conditions being exhaustive: Below we demon-
strate a counterexample where the matriis full column rank, yet the conditions in Proposition 2.2
are not met, demonstrating that they are not an exhaustive set of suf ciency conditions.

In this exampled = 2, K =2, andn = 6, with selection matrices given by

13 21 1 0 0 0 O
1y 60 1 1 0 0
S17 (10 20 o 1 1 0 g

i 0 0 0 1 10
@) 1 10 0 o o
S,=(@2 0 0 1 10 O :
29 0 0 0 0 1 1

By observation, one cannot partition these selection matrices according to the conditions in Proposi-
tion 2.2. To see this, we can attempt to partition these selection matrices according to these conditions.
First note that rows (1a) and (2a) are equal, as well as rows (1c) and (2b), which implies that (1a,c) and

(2a,b) must belopg tS{l) andSél) respectively. Otherwise, there would exist at least one repeated

pair in the matrix 2%: fork =1 ork = 2, which would violate condition (b) of Proposition 2.2.

Therefore, S@ must consist of rows (1b), (1d), and (2c). While (1d) is surely incremental with
respect t(S&l) , and (2c) is surely incremental with respec&ﬁ) , (1b) overlaps with both (1a) and

(1c) and therefore cannot possibly be incremental with respé.bﬁo and hence the conditions in
Proposition 2.2 are not met.

Yet, in simulation we nd with normally distributed items that thematrix resulting from the above
selection scheme is in fact full column rank.

C.7 Conjectured suf ciency conditions

We conjecture that a set of conditions similar to that of Proposition 2.2 are suf cient for identi ability
under items sampled according to a distribution that is absolutely continuous with respect to the
Lebesgue measure. We list these conditions below:

Conjectured suf ciency conditions: LetK 1, and supposeg >d 8k 2 [K],mt = D + dK,
andn D + d+1. Suppose that for ea¢h2 [K ], there exists @ n selection matri>6i£l) and
mx d n selection matri>6i£2) such thaSy =[ (s®)T (s@)7 ]T , and that the following are true:

(a) Forallk 2 [K], rank(S") = d

(b) Re ningtheD  n selection matrix§@ asS®@ =[ (s®)  (s?)T 1", foreachk 2 [K],

S’ s full row rank

5@

Intuitively, these conditions replace the permutation condition in Proposition 2.2 with a more general
condition concerning only the rank. In fact, due to Corollary C.4.1, condition (b) in Proposition 2.2
implies the second condition above. These conditions capture the intuition that each user is allocated
d independent measurements to identity their own pseudo-ideal point (condition (a) above), and
then collectively the set of users answers an additibhaldependent measurements to identify the
metric (condition (b) above). As long as the individual measurements do not “overlap” with the
collective measurements (captured by the rank condition in condition (b)), then the collective set of
measurements should be rich enough to identify the metric and all pseudo-ideal points, even if each

individual user has overlapping measurements in lﬁg‘?r selection matrices. Empirically, we nd
that the above conditions appear to be suf cient for identi ability, at least with normally distributed
items.

Furthermore, the above conditions would provide a convenient avenue to study randomly selected
unguantized measurements among multiple users. As we demonstrated in Appendix C.5, we can use
Theorem C.8 to bound the number of measurements needed for a selection matrix to be full-rank.
We can apply these tools to the multiuser case as follows: rst, sample on the pridérandomly
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selected pairs among@ D + d) items to construct a selection mat8¥?) that is rankD with high
probability. Then, using® as a seed matrix in Theorem C.8, sample on the ordeolditional
measurements per user in selection ma‘ﬂ{ﬁ?, so that for each individual user conditions (a-b)
above are satis ed with high probability. The key insight is that if the measureme&®irare

evenly distributed between users, and the number of samples taBéf iand each,((l) is xed

ahead of time (and non-adaptive), then the above sampling process is simply equivalent to sampling
pairs uniformly at random for each individual user. Yet, with high probability they should satisfy the
above conditions, which if are suf cient for identi ability should result in a measurement matrix

that is full column rank.

D Proofs of prediction and generalization results

D.1 Proof of Theorem 3.1
We start by expanding the excess risk between the empirical and true optimizers:
R(M ;fbege) RM fvigi)
= R(W :foegl ) RO Figly) + RO ;Foigle, )
RMM fvidle)+ RM Sfvidle)  RM 5fvigls)
RMM :figly) RMAfogly)+ RM sfvdly) RM fvgle)  (38)
2 sup JR(M fvigly)  RM Fvigl)]

M fvigR.,
i # s
L2 2|og(2=
2E  sup BMifvegl) RMMfvgl,) + oo 199@) (g
M fvicgl., IS

where(38) follows from the fact thal ; f vi g are the empirical risk minimizers, afd9) follows
from the Bounded differences inequality (also known as McDiarmid's Inequality, see [48]) since for
two data pointgp; k; yp) and(p% k% ypo) we have that

Cyp(X T MX G XTMX (X X)) T Vi)
T Ypo(X{oMX o X[oMX jo+(Xio  Xjo)Tvko) 2L

by Lipschitz-ness of and the de nition of in eq. (5). The expectation in eq. (39) is with respect
to the dataseB. Next, using symmetrization, contraction, and introducing Rademacher random

variables", with P(", = 1) = P("p, = 1) = = for all data points irS, we have that (with
expectations taken with respect to bbthyg andS)
" #
E  sup jRM;fvgles) R(M ;fvigicr)j
M ;kagfzl
' #
2L X " T T T
—E sup pYp(Xi MX i X} Mx j +(xi  Xj)" Vi)
JSJ M 3f"k95:1 s
" #
2L X T T T .
= —E sup "o(Xi MXx i Xj MX j +(Xi X)) V) sinceP("pyp = 1) = =
JSJ M ;kagE:]_ s
" * X . : + #
=24 sup " Xixi xjx; 0 i(i_{ziﬁt 0 M v, VK
IS M fviegll, s columnd + k
(40)
Cauchy-Schwarz X x T x T ) )
.Z—L.E sup "o Xixi xjxj 0 f('_{zi} 0 M v, VK
]S] M ;kagl'f=1 s ! . columnd + k 4 .
X xT xT
= Z—L sup M v vk . E "o vec(x.>f, ?(‘XJ)
ISi fvial, S XX 2
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#
2.4 X vectxixT  xixT
S ErKE p VoSkiXi lel) : (41)
S 2

Next we employ Matrix Bernstein to bound

X T T
E W VECXiX{  XjXj) .
P Xj XJ' !
S 2

which is a sum of zero-mean random vector&H* (recall that eacti, 2 f 1;1g with equal
probability). First note that under the assumptionk B 8i, we have

5T Ty 2
VeC(X;()S X'XJXJ ) = kxixiT XjX]-Tk,zz + kx; Xjk%
i j 2
(kxix] ke + kxj X[ Ke)? + (kxika + kxjkz)?
(kx ;K2 + kx; k2)Z + (kx ko + kx; kp)?
4(B* + B?);
and therefore . . 0
vecXiX;  XjXj) 2B B2Z+1=:Cg:
Xi Xj 2
We also have "
£ X veck;xT xjx{) T, vecxix{  xjx{)
s P Xij Xj P Xj Xj
X veckixT  xixT) | veckix] xix[)
= E A I (AN I
s Xi Xj Xi Xj
" 4
=E  (kaix{  xjx{kE + ke xjk3)
s
4(B* + B?)jSj
= Cisj;
and
" 4
E X veck;xT Xjx{) o vecix!  xjx{)
S P Xi Xj P X Xj
' #
- E X vec(xxT xpx[) veckix!  xjx{) T
" #
X veckixT  xixT) veckix] xixI) ' . . .
E L 17 i 12 by convexity ofk k and Jensen's inequality
s Xj Xj Xi Xj
" "
X veckixT  xijxT) veckix! xixT) ' , . .
E L 17 i 12 By the triangle inequality
s X Xj Xi Xj
"x #
£ vecxix{  xjx|
s Xj Xj 2
Ciisi;
and so . "
max E X veckix] xjx{) T veckxT xjx{)
s p X Xj p X Xj ’
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" #)

T
c X veck;xT Xjx]) o oveclix!  xjx{) c2jsj:
P X X p X Xj B '
s
Therefore, by Theorem 6.1.1 of [49]
" #
X T T q

B v VOO Xix)) 2CZiSjlog(d? + d+1) + C?Blog(d“ d+1):

s ' ) 2

Plugging into eq. (41) and then eq. (39), we have with probability greaterlthan,
RO :fcgic) RM ifvidi)

9 —— 2C2 C '
2 2 B 2 B 2
4. £+K 3 S log(d?+ d+1)+ 3S] log(d“+d+1) +

! S

8L2 2log(2=) .
IS '

TakingB = 1, we have the desired result.

D.2 Proof of Theorem 3.3

The proof is identical to that of Theorem 3.1 up until eq. (40), where instead of applying Cauchy-
Schwarz we apply the matrix Hélder's inequality:

+ #
2L X XiX7T  xix®' 0 X 0
ZE  sup np N X% [zl MV vk ]
JSJ M fvi gl s columnd + k 4
2L X Xix?  xix' 0 X 0
“TE  sup ny UK 2 Xy KM v, vk Ik
]S] M fvigls, s | N columnd + k
2L X xixT oxxT o X 0
=2 sup KM v, vk E oy SN (4
]S] M fviegls, s 3 columnd + k
2L X xT xixT 0 O X 0
——E4 " XixXi XX 22y 5:
JSJ p2s columnd + k
hp

In a similar manner to Appendix D.1, we can apply Matrix Bernstein to bdund ¢ "pzék) ,

where for conciseness we have de ned
T T
XiX; XiXi O i X 0
200 = X iy -

columnd + k
First note that
k'pZ {9k k xix]  xjx[k+ kxi  xjk
k xix{ k+ kxjx [ k+ kxik+ kxjk
= kxik3 + kxj k3 + kxikz + kx;kz
2(B%+ B):

where we have used the fact that the operator norm of a vector is simply;therm,
along with the assumption thaix;k; B 8i for a constantB > O (taken to be 1 in

the theorem statement). We next bound the matrix variance of the sumpz (M, de-
ned asv = maxtk ¢ E["pZ{ (8N Tk ¢ E[("pZ ()T 5z Tkg, which is equal to
jSjmaxtk E[Z (2 {)T 1k kE[(Z {)TZ{*'1kg since", 2 f 1;1g and each data point if is
ii.d.

Towards bounding, we have the following technical lemma, proved later in this section:
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LemmaD.l. Fork Unif((K])andl i<j n such that(i;j ) is chosen uniformly at random
from the set ofg unique pairs,

h
z(k>(z‘k))T = ﬁ X(D G)XT+nxX T n2%xx’
P
WhereG = XTX ,D =diag([kx1k?:::;kxk?]), andx = lPxI Furthermore,
E (Z(k))T (k) .2 >§>(nD G)XT LU e )T xe 1l
nn 1) & &k " x x)Tx x7 D kX kE  nkxk? 1

and
4min(d;n) kX k? . 1683

maxtk E[Z{)(Z{) T kE[Z{)TZ{VIkg  4(BZ+1)+ < A

Therefore, we have

H . 2 3
v iS] AB2+1)+ 4min(d;n) kX k + 168

K n K
Noting thatZ iﬁk) isd d+ K, from Theorem 6.1.1 in [49],
" #
c X . xix{  xjx{ 0 i(i_{zii 0
s, columnd + k
. y 4
= E "pZ K
S
p 2
viogd+ K) + L;B)mg(zm K)
s
i . 2 3 2
2iSjlog2d+ K)  4@2+1)+ 2Mn(din) kXK 1687 2B+ B) o+ k)

K n K 3

arld so0, continuing where we left off at the proof gf Theorem 3.1,

E  sup jR(M;fvegls) R(M ;fvigls)i
M fvigl,,
S

2L log(2d + K):

2 i . 2 3 2
2 qu(2q+ K) 4B2+1)+ 4min(d;n) kX k N 165 N 4L (B .+.B)
iSj K n K 3iSj
Combining this with the rst part of the proof of Theorem 3.1 (which, as we mentioned is identical
here), with probability at leadgt

R(¥ ;thkgﬁzl) R(M ;fviges)
2 2]og(2d+ K) 4min(d;n) kX k2 16B3
- 4(B2+1)+ + p— +
iSj ( ) K n K (42)
(S
log(2d + K) +

2L

4L (B2 + B)
3jSj

TakingB = 1, we have the desired result.

8L2 2log(2=) .
iSj '

Proof of Lemma D.1: BreakZ ifjk) into submatrices

Ay = xix] o oxx|
and 0 0
k) ._ i X .
BV = 2l :
columnk
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We proceed by computing the expected products of all submatrix combinations. Throughout, we will
Be suerlng over all} I$tem Balrs To reduBe constant factors to track, we will use the fact that

i1 =i+l Qi = 5 iz1 J@IQ.J = § i8] Qj for matricesQ;; satisfyingQj = Q;i .

Step 1:ComputingE AfAj =E AjAj

Note that the above equality holds by symmetrAgf. De ne Ej; = eje] € ej, and note that
Ajj = XE j X 7. Therefore
X1 X . 1 X T
i=1l j=i+l i6]
_ 1X T T
=5 XE j X "XE j X
“b 1

1 X
=§x@ Ej X TXE ; AXT
i6]
0 1
1 X
=§x@ EjGE;j AXT
i6]
0 1
1 X
= 5X @ kxik’eie] + kxjk’ejef  x{xj(eief +eel)AXT
.
0" 1
1 X+ T T T
= oX @2 1)D X7 x;j(eie] +ejef)A X
i6]

X (nD G)XT:
As Aj does not depend on the random varighle

T 1 XX T
EAjA] = 5 Aj Ay =

—~ XD G)XT':
2 =1 j=i+l n(n 1)

Step 2: ComputingE[A | B (k)]
TR (K _ T r O R
ATB = xix! XX T(_I{z_k}
column
Hence, the product 8 for all columns except thk™. As we sum over ak 2 [K ] to compute the
expectation, the resulting submatrix is rahkith K copies of this same column. We therefore,
compute the expectation of this column rst.

X1 X X1 X

Xix{ o oxpx] (Xi %)= kxik?x; + kxjK2x;  xTxjxi X[ xjxj
i=1 j=i+1 i=1 j=i+l
1 X
=5 kxik2xi + kxjK2x; X xjxi o x{Txjx;
i j6i
X X X
=(n 1)  kxik%x; X7 X Xi
i i jei
X X
=n  kx;k%x; X7 X Xi
X X X

n o kxik®x; XiX{ X
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=n  kxik%x; XiX{ X
i i j
=n  kxik®; n  x] XX
i i
=n kxik?  x[X x;
X
=n Xi X)) Xi X
i
We therefore have
2 X T 3
X1 X 0 n (Xi 7) Xi Xij 0
ATBW = 4 ,
N B -z )
i=l j=i+1 columnk

When we then sum ovér and normalize by=x , and divide by therz‘ unique pairs to nish the
expectation computation, we have

2n X
K n (nh 1)

X

n

E[Ai-JrBiEk)]: K 1 i ' xi Xl =
2

x- X)Tx x1%;
-

where the factor otk simply generates a matrix with copies of this same column.

Step 3: ComputingE[(B (k))T B (k)

T

]
2
(BT B(k)—E(x. Xi  Xj 0]

Hence,
kxi xjk? ifp=q=Kk.

(k)T (k)
[(B™) B loa = 0 otherwise

Since the non-zero entry in this matrix does not depenkl, &j(B (k))T B (k)] is a equal to a constant
times theK -dimensional identity. To compute this constant, rst we evaluate

X1 X X1 X
kX Xjk2= Gi + Gjj 2G;j;
i=1 j=i+1 i=

X
=n Tr(G) X Xj
i j
= nkX k& n%kxk®
The rst equality holds since for a Gram mati& = X T X , we have thakx; x;k? = Gj
2Gj + Gjj . Inthe nal equality, we have used the fact thaf G) = kX k2.
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By summing(B (k))T B, (k) over all users and unique pairs and then dividind<bgnd then ) to
compute the expectanon we have:

X X
k k k k
E[(B( ))TBi( )]_ (B( ))T ( )
2 k=1 i6j
2 K1 . 2
= Xi Xkl
Kn( 1) i=1 j=i+l | o
2n
= _— kX k2 kxk? 1 :
K n (n 1) P K

h
Steps 1-3 establish the second claim regar&ingZ (k))T Zj (") by noting that

E ATA; E[AT B ]

(k) Tz (k)
E (Z ) Z E[(B(k))TA”] E[(B(k))TBi(jk)]

where we have used both the result of Step 2 and its transpose.

Step 4: ComputingE[B (k)(B (k))T]

2 oT 3
B{?(B{)T =10 Xi X O]E(x. X)T4=(xi x)xi x)T:
oT
We compute
X 1 X L 1X X ;
i xp)xi xj)" =3 i X)X xj)
i=1 j=i+l i j6i
X X X
=(n 1) XX, XiX]
i i j6i
X X X
=n XX XiX]
i i j
X X
=nxx T Xi X[
i i
=nxX T n%xx':
Note that this expression does not dependKgrand so
1 XtX 2
EB{B{)T= =+ i X)X x)T= ———— nxX T n%xxT
5 4 i n (n 1)
i=1 j=i+l
h i
Steps 1 and 4 establish the claim regarding? iﬁk) (Z (k))T by noting that
h i
EzMzZM =€e AjA] +EBOBI)T:
To boundkE[Z {(Z {) 1k, note that
h K) 1 (k 2
z”(z”)T =% X nD G+nl 11T XT:

n(n 1)
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We can expand the center term as
(n (kxik?+1) Q=]
Xix; 1 i6]"

From the Gershgorin Circle Theorem we then have

nD G+nl 117 =

X
knD G+nl 11Tk max(n 1)(kx;k?+1)+ jhxis X+ 1]
1 P
J:A X
max[(n 1) (kxik®*+1)+ n  1+kxik kx;jK]
|
i6i
(n 1)B2+1)+ n 1+(n 1)B?
=2(n 1)(B%+1):

We then have

i
2
(k) (> (K)\T 2 T
E z;7(Z;") kakknD G+nl 11Tk
2+
ka K2
n
h ) ki
We take a slightly different approach in bounding (Z ig ))TZS ) First, we decompose
i
E (z{"z{Y as
h [
(KNTo (k) _ 2 A B .
E (Zy7) Z; “nin 1) BT C°
whereA = X(nD G)XT,B = 2 L ¥)Tx x1f, andC = 2
kX k&  nkxk? |k . By repeated applications of the triangle inequality,
A B A O 0 B 0 O 0 O
BT C oo " oo " BTo0o f oc

= kAk+2kB k + kCk:
We bound each of these terms in turn. Noting that X (nD  G)X T and that

2
D G= (nTl)kx.k | ]
Xi X;j i 6]

and so by applying the Gershgorin Circle Theorem as above we have
X
knD Gk max[(n 1)kxik®+  jhi;x;ij]
! i6i
max[(n  1)kx;k?+ kx;k  kx;K]
' j6i
(n 1)B%?+(n 1)B?
=2(n 1)B?
and so
kAk= kX (nD G)X Tk k XKk’knD Gk 2(n 1)B?kX Kk:

Next, we boundB k. First note that for any matrix of the fora} wherez 2 RX,

.z P 1F
z1 = —kzkz(kzkz K)p?

and sokz 1] k = kzkzp K . Applying this result td3 ,
n X

kB k = e (x- X)Tx x-1%
-
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X)Tx-jkx kK,

Finally,
n

kD k K

kX k& nkxk? 1y

kX k& nkxk?

X|sX|>

kX k2

:2 KX K2

kX k2 =

X|=

kX k2

™mG) =11G1,

n
1,7
P35

x> R|s R|>
H

Tr(G)

Let i, i 2 [n] denote the eigenvalues &f, sorted in decreasing orlger. Each 0 sinceG
is positive semide nite by construction. We can then rewTiteG) = i, and &“—HT G ﬂ%

MaXyyk,=1 X GX = 1, and solr(G) +3f"—ﬁTGF}"—ﬁ Tr(G) 0, and so

i
15 1 i
1, T

Pa

.
Tr(G) Géiﬁ =Tr( G) pliﬁ Géiﬁ Tr(G) = kX k&;

where the nal inequality follows sinc& is positive semide nite. Therefor&D k ("= )kX k2.
Combining these bounds, we have
' 2

1)

h i
(KT > (k)
E (Zi') Zj nn 1)

(kAk +2kB k + kCk)

4n?B3 L n

I K K
kX k2

1) n

2(n 1)B2%kX k? + kX k2

2n
K (n
kX k,%

(n 1

sincen = o1 2

K 29
4min(d;n) kX k?
+ +
K n

1683

482 49—? sincekX k2

rank(X )kX k2

Therefore,

maxtk E[Z{(Z{) Ik kE(Z ()T 2 Ik
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4(B2 +1) 4min(d;n) kX k?  168°

2. 2+
max — kX k*; 4B K - 19?
H . 2 3
AB2+1)+ 4min(d;n) kX k . 165;
K n K

completing the proof.

As an, aside, we believe that this analysis can be tightened. Speci cally, we believe that the nal
O(1= K) term can be sharpened and that the maximum above should sdéfekdsn, which
would eliminate the requirement thiét = ( d?) in Corollary 3.3.1.

D.3 Proof of Corollary 3.3.1

To prove the corollary, we will select values for the constants in Theorem 3.3 that hold with high
probability, based on our assumed item, user, and metric distribution. We will derive our result from
the extended version of Theorem 3.3 in eq. (42), which holds with probability atleastfor a
constanB such thakx;k, B foralli 2 [n] and a speci cationob< < 1.
To arrive at a setting fdB , we can rewrite our item vectors &g = pl—a i, where j arei.i.d.N (0;1),
and sokx k3 = Sk k3. Sincek ik3isa chi-squareg random variable witlilegrees of freedom,
from [50] we have that for any> 0, P(k k3 d+2 dt+2t) e !, and therefore by the union
bound we have 0 X 0
P([Tzl[a)ik k3 d+2 dt+2t) Pk ik} d+2 dt+2t) ne '
I n
i2[n]

Settingt = log il for a(?y given0 < ; < 1, we have with probability greater tradn 1 that

maxiznk k3 <d +2 dlogl1 +2log il which impliesmax;, n)kxik3 < 1 +2 %Iogi1 +

% log il To get a more interpretable bound, we noterfor 3thatlog™ > 1 %nd therefore with

probability atleasl 1, maxia(njkxik3 < 5 log . We can therefore s& = 5log -

q__
Towards a setting for as de ned in eq. (7), lez; = pd?LTxi, in which casex] Mx
kzik3. z; is normally distributed witfE[z;] = 0 andCov(z;) = E[ziz]]1= #:LT E[x;x]L
LT 21 L = Ll and therefore; N (0;pk-I,) where we notated the identity &s as

a reminder thaz; 2 R". Reusing notation, if; N (0;1,), we can writez; = r T i and so
kzik3 = pl—Fk ik3. By the same arguments as above, for a given , < 1we have with probability

atleastl > thatmax;, 1k ik3 < 5rlog 12 and thereforenax; » (,1kz; k3 < 5p r log 12 Applying
a similar argument to the user points, letting := p"?LT ux we have for a give® < 3 < 1lthat
with probability at leasL. 3, maxy, k KWk k3 < 5p rlog K—3 We then have:

2k = i, T T Ty, :
max S = max X MX ;i Xi Mx;i+(X;i X))V
i 2[n1;k2[+<]J i) i 2[n1;k2[|<1J ' b PO xg) v

. d .
max_ jkzik3 k zjk3 2(x; Xj)T‘p?LLTUkJ

ij 2[n]k2[K ]
= max jkzik’® k zik3 2(zi z;)"wyj
i;j2[n];k2[K]J 2 ko 20z z) W
max kzik3 + kzi K2 +2j(zi  z;) T wyj
i 2 ike ke + 21 z) W
2maxkzik3+2  max  j(zi  z)) wij
i2[n] ij 2[nTk2[K]
2maxkziki +2  max  kz;  zjkokwiky
i2[n] ij 2[nhk2[K]

2 maxkz; k3 + 4 max kz; ko, maxkwyks:
i2[n] i2[K] K2[K ]
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Taking a union bound over the eventsax; jnkz;k3 5pFIogi2 and maxy (k 1kwi k3
SpFIogﬁ3 along with a failure ofkx;k, B foralli 2 [n], and setting; = , = 3 =:
for convenience, we have with probability at ledst 3 that these failure events do not occur and so

j Il )i 2maxkz; k2 + 4 max kz; k, maxkwk
i2[n] i2[K ] K2[K ]

] 2[n]k2[K]
— K
10prlogE+20 rlognlog—
30pFIog maxfn;K g g;
_ p_ maxfn,K g
and so we can set=30" rlog ———=.

We next bounckX k. For convenience, leg,. = paxi such thate; N (0;l4), andk =
Dei;:::;en] = dX,sothatwe haveX k= dkX k. From [21], we know that for any> O,

pkkk Pr+Pdrn<e ¥

P= p
p

q — _q
Forany giver0< 4 < 1,lett=  2logL in which caseP(kK k d+ 2logt) <
1+

4. Therefore, with probability at leadt 4, kX k = plikf( Kk T+ flogL

f5+ 1+ 2 Iog L ) since from Jensen's inequality, for anynon-negative scalagy;:::;an we
have | m  a. Therefore, with probability at leagt 4, kX k?  3(§+1+ log+).

I
Finally, we select a setting for . Note that by de nition eaclvy lies in the column space o1 ;
hence[M ;vi;:::vk ]is arankr matrix. By norm equivalence, we have that

KM v, vklk  PrM vy Vi Tke
S

£

r(kM k2 + kv k3)
k

S X
rd2+ kvickd)
k

r

r(d2+ K maxkvkk ):

Note thatkvik3 = k 26-LL Tukd = 4CuTLL TLL Tuy = 4 €U LL Tuk = 4 fkwikd.

Recall that with probability at leadt 3, max, x ]kwkkg < 5p r'log % Therefore with probability

atleastl 3, maxczk kvkks < 20dlog &, i.e.,
S

kM v vk K r d2+20dK Iog5 :
3

q
andsowe canset = r(d?+20dK log ).

Taking a union bound over all of the event failures described above andtgking, = 3= 4=
for simplicity, where is the same as as in Theorem 3.3, we have with probability greatef thdn,

R(¥ ;Sfbkgkﬁl) RMM ;fvige)
2 ?log(2d + K)

4min(d;n) kX k2 . 16B3

2L — 4(B2+1) + — +
iSj ( ) K n K (43)
s
4.(B%2+ B) 8L2 2log(2=)
——— log(2d+ K)+ ———MMM~:
gs; 9@ K) iSi
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with the selection of ; B; kX k; and as described above. To arrive at an order of magnitude
statement for this expression, we begin with the term under the rst square root:

#
2 2log(2d+ K) 4min(d;n) kX k? 16B°
_ = _ ——+ p—

Al 4B?+1)+ —
iSj K n K
2 33
2 K i . n 3
_ 2r(d° +20 dK Ic.)g' )log(2 d + K)43 20Iogﬂ+4+ 4min( d;n) 1+ 1+ ilog 1 . 16 5Iogi 5.
iSi K d n dn

If K = ( d®)andn d,then

3

n 4 min(d; n) 1 1 2 1 16 5log” ?
—+4+ — 7 4+ T+ = Z o+

3 20log 4 K atn dnIog 4PK7

3
16 5log™ 2
g 20Iogn+4+% 1+Iog} +—p£7

|

. !
@] Iogn+%+1 + 0 w
|

=0

1 (logn)?
0] Iogn+d+1 + 0O d

h i
O logn + (log n)? +1

=0

=0

ol alr ol

where we have treatedas a constant, and so in total the rst square root term in eq. (43) scales as
OV u 1

U i
O@P r(d+ K log %) log(2d + K)
iSj

i
logn + (log n)? +1 A:

q__
We ignore the second term in eq. (43), since it decays faster tqéﬁ. Plugging in our selection for
, the third term in eq. (43) scales as
v

ﬁ 72002r log™ink e ? g (2=) 0s 21
g g - 0@ r(Iogmgxfn;Kg) A

iSj iSj

where we have treatedas a constant. By slightly loosening each term's scaling and combining
terms, we have

R(M 6f\ykgE:1) RM ;fvige)

4 K #h !
_ O@P r(d+ K log*)log(2d + K)

[
Si (log(maxfn;K g))2 + (log n)z +1 A :

Suppressing log terms, this equals S |
rd + rK
iSj

E Proofs and additional results for recovery guarantees

We can also demonstrate a recovery result in the low-rank setting.
Theorem E.1. Assume the data is gathered as in Theorem 4.1, wiieref v, gk_, satisfy the
constraints in (7), and that (7) is solved with logs With probability at leasf.
I
1 1 X
= e IXTIXT] 2k M KR+ = ko vk
k=1
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s
2 H . 2
L log(2d + K) g+ 4min(d;n) kX k N 16

cz 205 K n P ™ (“44)
s
2L L 2log(2=)
Wlog(2d+ K)+ Cif T (45)

To prove both Theorems 4.1 and E.1, we begin with a helpful lemma that in conjunction with
Theorems 3.1 and 3.3 establishes the recovery upper bounds in Theorems 4.1 and E.1.

Lemma E.2. In the same settings as Theorems 4.1 and E.1, we have tlhat

X
% mn JXT:XT]2 k@ M k§+Ki Kb v K
k=1
1
ac7RMiTviges) R fvigica ):
Proof of Lemma E.2Recall that's (yp; p;M ;v) =  log(f (Yp p(M ;vk))), and we have that
P(yé,k) = 1=1( p(M ;vy)). Furthermore, recall that we have taken a uniform distribution

over pairg and user&. Hence, it is straightforward to show that we may write the excess risk of any
metricM and points vkgE:l as

1
n
K3 i< k=1

whereKL (pkd) = plog(p=g+(1 p)log((1 P=1 d).Dene (M ;fvigs,)2 RE)
suchthal (M ;vi)lpk = p(M ;vi), where we slightly abuse notation to [etlenote the row of
corresponding to pajp. We have the following result (proved at the end of the section):

RM ;fvigk, ) RMM fvege, ) = KLE(C 4 M v kE (5 (M5vi)));

Proposition E.3. LetC; = min .jx; fYx). Then,
2C?

K3

2
M ;fvigeo M fvigka ¢ RMfwigee) RMM fvgis )

Next, de neS 2 f 0; 1g("2) " to be thecompleteselection matrix of all r21 unique pairs of items
such that thé; j ™ row is 1 in thei™ column, 1in thej ™ column, and otherwise. Note tha{ ;)
is linear in both terms. Therefore, we may factor

M M) ?

X
2 J—
M ;fviglo, M fvghe, - = SIX ;X ] Vi v,

F
k=1
Hence, we may lower bound the above as

X 2
s T-x77 (M M)
. SIX ;X '] Vi Vi
X 2
= 2 M M
min S[XT;XT] (Vk Vk )

k=1

_ X
= wn SXT;XTI? Kk (M MK+ kv vk
k=1
_ X
mn SIXT:XT12 KkM M K+ kv v K
k=1

where min (A) denotes the smallest singular value of a matiand the nal inequality follows
from the fact that for symmetrid  d matrixA,

k (A)B=kvec A | A)Z= (2 1i-))Ay)?
joi
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X X
=4 A} + A
> i
X
2 AL+ A}
j>i i
X X
Af + AR+ A
i>j i<j i

KA K2 :

Sincen D + d+ 1, surely the selection matrix of all possible paired compari®rentains

the construction presented in Appendix C.6 which satis es the conditions of Proposition 2.2, and
soS[X T;X T]is a tall matrix that is full column rank if the items are drawn i.i.d. according

to a distribution that is absolutely continuous with respect to the Lebesgue measure, in which case

min SIX T;X 7] >0 To simply this expression even further, we have the following result
(proved at the end of the section):

Proposition E.4. For S 2 R(2) nS'S=nJford == I, 11,17,

Therefore,
S T-xT12 - X 2y Ty T — T.yT12.
min S[X yx]—nmin X J[X ax]_nminJ[x !X]'
Finally, note that,
2nC? 4Cf2.
K 3 Kn "~
The proof follows by rearranging terms. O

Proof of Proposition E.3By Lemma 5.2 of [12], fo(y; z) 2 (0;1), KL (yjjz) 2(y 2z)?. Now,
lety = f(x) andz = f(x9, for a continuously differentiable functioh. Then2(y z)?
2(mina f qa))2(x  x9?2 sincef is monotonic. Applying this to the decomposition of the excess risk
alongside the de nition of( M ;vy) establishes the result. O

Proof of Proposition E.4 Note that forS 2 R(2) " by construction thé&" column corresponds to
itemi and each row maps to a pair (e.g;j )) of the possibleg unique pairs such that exactly
2 elements are non-zero in each row, with & the column of one item in the pair and &l in

the other. Sinc&" gis a Gram matrix, it is suf cient to characterize the inner products between
any two columns oB. First, for thei™, note thai can be paired witim 1 other items uniquely.
Hence, there are exactty 1 non-zero entries in each column all of which drer 1. Hence,

every diagonal entry & 'Sisn 1 Forthe off diagonal entries, consider a piafr j . As each
row corresponds to a unigue pair, the supportsaridj overlap in a single entry corresponding to
the(i;j ) pair. By construction one column had at this entry and the other has d. Hence the

inner product between these two columns and all off diagonal entries & Sare 1 Hence,
S'S=nl 1,17 = nJ. O
F Additional experimental details

In this section we provide additional experimental details and results.

F.1 Datasets

The color preference data was originally collected by [24] and we include a .mat le of the dataset
in the paper supplement along with a full description in the code README document. Before
running our learning algorithms, we centered ghe 37 item matrixX of CIELAB coordinates, and
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normalized the centered coordinates by the magnitude of the largest norm color in CIELAB space
such thamax;, n1kxkz = 1 after centering and normalization.

For both the normally distributed items and color experiments, we performed train and test dataset
splits over multiple simulation runs, and averaged results across each run. For each simulation run,
we blockedthe train/test splitting by user, in that all users were queried equally in both training
and test data. Speci cally, during each run the dataset was randomly shaifthoh each user's
responses, and then a train/test split created. For the normally distributed data, this consisted of 300
training comparisons per user, and 300 test comparisons. For the color dataset, each user provided
37 36 = 1332responses, which was partitioned into a training set of 300 pairs and a test set of
1032 pairs. To vary the number of training pairs per user, for both datasets we trained incrementally
on the 300 pairs per user in a randomly permuted order (while evaluating on the full test set).

For both normally distributed items and color preference data, we repeat 30 independent trials. In
the color preference data, since the dataset is xed ahead of time the only difference between each

trial is the train/test splitting as detailed above. In the normally distributed experiments, we generate
responses aB(yi(;}‘) = 1) =(1+ e xIM xi x{M x+(v)T(xi x;)) 1 for a noise scaling
parameter > 0.

F.2 Implementation and computation

In out experiments, we did not enforce theonstraints required for our theoretical results (i.e., the
constraints in egs. (5) and (7)). This constraint is added to the theory to guard against highly coherent
X vectors. In the simulated instances, this quantity appears to be controlled by the isotropic nature
of both the normally distributed and color datasets, along with the fact that we are constraining the
norms of the latent parameters to be learned.

For all simulated experiments, we leveraged ground-truth knowledlye ofindv, to set the hyper-
parameter constraints. This was done to compare each method under its best possible hyperparameter
tuning — namely, the smallest norm balls that still contained the true solution. Speci cally, we set
hyperparameters for the normally distributed items experiment as follows:

* Frobenius metric: kKM ke k M kg, forallk 2 [K], kvika  2maxqo kM uk
* Nuclear full: K[M ;vq;  ;vklk k[M ; 2M uy; 3 2M uglk

* Nuclear metric: kM k  k Mk ,forallk 2 [K], kvika  2maxqo kM uk

* Nuclear split: kM k  k Mk ,k[vi; ;vklk 2kM [uq;  uglk

* Nuclear full, single: for eachk 2 [K], k[M ;v¢lk k [M ; 2M u,]k .

For the color preferences experiment, we set all hyperparameters under an a priori estimate of

M =1 (due to the gssumed perceptual uniformity of CIELAB space). Speci cally, we constrained
kM ke  k ke = ° 3 (sinced = 3), and constraine#tvy ks 2, since under the heuristic
assumptionthatl = | we havekvgk, = k 2Mu ko = 2kugk / 2max,ikxike = 2, where

in the last inequality we have approximated the distribution of ideal paoiptwith the empirical
item distribution over centered, scaled CIELAB colors (which have maximal norm of 1 as described
above).

To solve these optimizations, we leveraged CVXRMth different solvers. When learning on
normally distributed items, we setx) = log(1 + exp( X)) to be the logistic loss, where> 0is

the same parameter used to generate the response noise. We used the Splitting Conic Solver with
a convergence tolerance setl® 6 to balance between accuracy and computation time. For the
color preference data, we used the hinge I¢g$ = maxf0;1 xg, solved using the CVXOPT

solver with default parameters, which we found performed more stably than SCS. As an additional
safeguard for numerical stability due to the presence of negative eigenvalues near machine precision,
we project all learned metrics back onto the positive semide nite cone after solving with CVXPY. All
additional code was written in Python, and all experiments were computed on three Dell 740 servers
with 36, 3.1 GHz Xeon Gold 6254 CPUs.

®https://www.cvxpy.org/
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When estimating ideal points, from ¥ andty, rather than using the exact pseudo-inverse we

perform a regularized recovery as in [7], sinBe may have recovery errors. Speci cally, for
regularization parameter 0 we estimatayy as

b= 2640 °%+ 1) @ T (46)

We only perform ideal point recovery in the normally distributed item experiments, since no ground-
truth ideal points are available in the real-world color preference data. Since we know a priori
thatu, N (0; 1), we can leverage the interpretation of the recovery estimate in eq. (46) as the
maximum a posteriori estimator under a Gaussian prior oyewrith Gaussian observations in order
toset = d.

F.3 Additional experiments and details

Below we present experimental results in additional simulation settings, as well as supplementary
gures for the data presented in the main paper body. We detail speci ¢ performance metrics below:
in the following, let® = [b;; ;Bx],U =[u;; ;uclV = 2M U ,and(M )Y

denote the pseudoinverse of the ground-truth metric.

 Test accuracyfraction of test data responses predicted correctly fsiyn(bi(.!‘)

g ), where
bl(]k) is computed as in eq. (2) usifig andby as parameter estimates.

kK M ke
kM kg

S . kb (M )YM U ke .
* Relative ideal point errar KM M U ke We compare recovery error against

(M YYM U rather thanU since ifM is low-rank, then the components Of in
the kernel oM  are not recoverable.

« Relative pseudo-ideal point ern:)l“l’f(v$kpkF

» Relative metric error

In Figure 1le, we compute the heatmap of the crowd's metric as the empirical average of the learned
metrics over all independent trials.

We present additional simulation results with normally distributed items in two noise regimes —
“high” noise with = 1 in the logistic model, and “medium” noise with= 4 in the logistic model.

We generate the dataset in the same manner as in Section 5. We present results for the low-rank
case as in the main paper bodly< 10, r = 1) as well as the full-rank casd € r = 10). In the

full-rank case, to generate a ground-truth mekfic we generate d r matrixL whose entries

are sampled independently according to the standard normal distribution, codhpute LL T,

and normalizeM such that it has a Frobenius normdbfOtherwise, if we generatdd as in the
low-rank experimentdyl  would simply become a scaled identity matrix.

Fig. 2 repeats the main results in the paper body, with an additional sub gure depicting recovery
error for pseudo-ideal points. This is a “high” noise, low-rank setting. The remaining gures are:
“high” noise full-rank metric (Fig. 3); “medium” noise low-rank metric (Fig. 4); and “medium” noise
full-rank metric (Fig. 5). In Fig. 6 we analyze the color prediction results from Fig. 1d in the low
query count regime.
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(a) Test accuracy (b) Relative metric error

(c) Relative ideal point error (d) Relative pseudo-ideal point error

Figure 2: Full prediction and recovery results for a high noise setting (L) with a low-rank
metric = 1). Error bars indicate 1 standard error about the sample mean. (a-c) appear in the
main paper body, with (d) added here for completensglear full gives the best performance on
prediction andNuclear split is a close second (sub gure a), re ecting the necessity of modeling the
low-rank nature of th&1 andV . While theNuclear metric method that only places a nuclear
norm constraint oM performs well in terms of relative error for recovering (sub gure b), it
achieves far worse performance for estimatihgandV as shown in sub gures (c) and (d). This

re ects the importance of enforcing thi andV share a column space.
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(a) Test accuracy (b) Relative metric error

(c) Relative ideal point error (d) Relative pseudo-ideal point error

Figure 3: Prediction and recovery results for a high noise setting {) with a full-rank metric

(d = r =10). Error bars indicate 1 standard error about the sample mean. Surprisingly, even in the
full-rank scenarioNuclear full demonstrates the highest prediction performance, even in comparison
to Frobenius metric which is designed for full-rank metrics. That said, the difference is less stark

for estimating botiM  andU .
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(a) Test accuracy (b) Relative metric error

(c) Relative ideal point error (d) Relative pseudo-ideal point error

Figure 4: Prediction and recovery results for a medium noise setting4) with a low-rank metric

(r =1). Error bars indicate 1 standard error about the sample mean. Similar trends as Figure 2
hold except that the differences are less pronounced. Interestingly, for large numbers of samples per
user,Nuclear metric andFrobenius metric appear to achieve better performance on estimating

and therefore achieve better performance for estimatingthough they do not achieve as strong of
performance for estimating , perhaps because these methods do not enforciithand¥ share

a column space.
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Figure 5: Prediction and recovery results for a medium noise setting (3 = 4) with a full-rank metric
(d = r = 10). Error bars indicate +1 standard error about the sample mean. Similar trends as
Figure3|hold in this case.
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Figure 6: Comparison of methods on color preference data in the low query regime, with error bars
representing 2.5% and 97.5% percentiles. The identity metric performs more poorly than the methods
that learn a metric tuned to user judgments. The method that learns a single M for the crowd and
method that learns a M for each individual perform similarly in most of the range of number of
pairs. There is a slight advantage to the method that learns a metric for the crowd when very few

pairs have been given to each user. This stems from the fact that the crowd metric can amortize the
cost of learning the metric over the responses given by all users.
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