A Additional Related Work

Beyond Worst-Case Online Learning [RST11] consider online learning where the adversary is
constrained and build a framework based on minimax analysis and constrained sequential Rademacher
complexity to analyze regret in these scenarios. These techniques have been applied to other
constrained settings [KAH™' 19].

Smoothed Online Learning [GR17] consider smoothed online learning when looking at problems
in online algorithm design. They prove that while optimizing parameterized greedy heuristics for
combinatorial problems in presence of smoothing this problem can be learned with non-trivial
sublinear regret. [CAK17] consider the same problem with an emphasis on the per-step runtime
being logarithmic in 7. [HRS20, HRS22] both study the notion of smoothed analysis with adaptive

adversary and show that statistically the regret is bounded by O(y/T'dlog(1/0)).

Online Learning with Predictable Sequences Another line of work has focused on the future
sequences being predictable given the past instances. [RS13b] incorporate additional information
available in terms of an estimator for future instances. They achieve regret bounds depending on the
path length of these estimators and can beat the worst-case (v/T) if the estimators are accurate.
[HMO7] models predictability as knowing the first coordinate of loss vectors, which is revealed to
the learner before he chooses actions. Some other work model predictability through hints which
are additive estimate of loss vectors [HK10, RS13a, SL14, MY 16]. [DHJ ™17, BCKP20] considers
settings where the learner has access to hints in form of vectors that are weakly correlated with the
future instances and show exponential improvement in the regret in some cases. The literature on
hints represents an active and growing subarea of online learning (see [BCKP20] and references
within).

B Oracle-Efficient Learning with Real-valued Functions

B.1 Coupling Lemma

Lemma B.1 (Coupling, [HRS22]). Let 2, be an adaptive sequence of t o-smooth distributions on
X. Then, there is a coupling 11 such that (a:l, Uy s Z1,K e oo Tty 21y e - o s zt,K) ~ 11 satisfy

a. xi,...,x¢ is distributed according 9.

b. Forevery j <, {2ik}i>j ke[k)] are uniformly and independently distributed on X, condi-
tioned on xy,...,Tj_1.

c. With probability at least 1 — t (1 — J)K, {z1, - o7} C{z k=17 k=1:K -
B.2 Monotonicity of the Regularized Rademacher Complexity

Lemma 4.1 (Restated). Let Z = {z;}icm] € X™ be a set of unlabeled instances and ® : H — R
be a mapping from the set of hypothesis to real values. Recall that the Rademacher complexity for set
Z regularized by ® is defined as

R@,Z)= E sup th(zi)+<1>(h)}
El;mﬂu(ﬂ:l) heH * 5

Then for any dataset z1.,, € X™ and any additional data point x € X, we have

R(D, 21.m) < R(P, 21 U {2}).
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Proof of Lemma 4.1. Using E[sup, X,] > sup, E[X,], we have

m

R(@,ZU{z})= E |[sup Zﬁzh(zz) + €mt1h(z) + (h)

€m+l | heH |
i=

m

= E sup Z €h(2i) + emi1h(z) + @(h)

€1:m €Em+1 heH

i=1
> E |sup Zezh(zz) + E [ems1h(2)] + @(h)
€1:m heH =1 €m+1
= SR((I), Z)a
as desired. O

B.3 Notions for Real-Valued Functions

In this section we introduce the notions that will be useful in analyzing real-valued hypothesis classes,
including pseudo dimension and covering numbers.

Definition B.1 (Pseudo-dimension, [AB99]). For every h € H, let B (z,y) = sgn(h(z) — y) be
the indicator of the region below or on the graph of h. The pseudo-dimension of hypothesis class H
is defined as the VC dimension of the subgraph class By, = {Bj, : h € H}.

We will see in the two following lemmas that pseudo dimension can be used to characterize the
magnitude of covering numbers and Rademacher complexity.

Lemma B.2 (d;, ;1)-Covering Number Bound, [AB99]). The e-covering number of H with respect
to metric dp,, ), denoted by N (e, H, L1(U(X))), is the cardinality of the smallest subset H' of H,
such that for every h € H, there exists h' € H' such that dp, ) (h,h') < €, where dr,, 1) (f,9) =
Eyullf — gl]- If d is the pseudo-dimension of H, then for any € > 0,

€

log N (e, H, Ly (U(X))) € 6<dlog<1)> .

Lemma B.3 (Rademacher Complexity Bound, [Bar06]). The Rademacher complexity of class H for
a set of n elements is upper bounded by O(\/ dnlog n), where d is the pseudo dimension of H.

B.4 Proof of Theorem 3.1

Theorem 3.1 (Restated). For any o-smooth adversary 9, Algorithm 1 has expected regret upper
bounded by O(G+\/Td/c), where O hide factors that are polynomial inlog(T) and log(1/c). Here
G is the Lipschitz constant of the loss and d is the pseudodimension of class H. Furthermore, the
algorithm is oracle-efficient: at every round t, this algorithm uses two oracle calls with histories of

length O(T /o).

Proof. To prove Theorem 3.1 we use the following relaxation:

Rely(H|si) =26 E {m(—LT(.,slit)vv(ﬂ)} +2GB(T — 1)

VO Ry (x)

> eﬁfih(v§f£> —L¥(h,s1:) o | +2GB(T—1), (2
i=t+1:T
k=1:K

E su
V®L.ED | hen
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where K = 100logT /o and 8 = 10T K (1 — o). We will show in Lemma B.4 that the above
relaxation is admissible. Therefore, Proposition 4.1 gives us the following upper bound on the
expected regret:

E[REGRET(T)] < Relr(H|0)+O(VT)=2G up Z egogh(vg),g) +2GBT+O(VT).

E S
VOO |pey ol
1K

i
k

()
The first term (a) is the Rademacher complexity of the hypothesis class H with respect to the
uniform distribution for sample size TK. By Lemma B.3, (a) < O ( dTK log(TK )) For the

second term, we have 3T € o(1) because 8 < TKe K < T %logT/o = o(1/T). Plugging in
K = O (log(T) /o), we have the following bound:

E[REGRET(T')] < O G\/CZT log T'log (Z) C O(G\/dT /o),

where O hide factors that are polynomial in log(T) and log(1/c). O

B.5 Admissibility of the Relaxation

Lemma B.4. The prediction rule 2 = (Q1,---,Qr) given by Algorithm 1 is admissible with
respect to the relaxation defined in Equation (2).

Proof. Using the language of regularized Rademacher complexity, the above relaxation can be written
as
Rely(H|s1) =2G B [9R(=L'(, s10), V(t))] L 2GA(T — 1),

VO Ry (x)

where L* (-, $1.¢) = Zf;% I"(h(x;),y:). When t = T, the relaxation becomes
T
Relr(H|s1.1) = —2GL"(h, s1.7) = — hlg?f{ U(h(xi),ys),
i=1

thus it satisfies the second condition of Definition 4.1. For the first condition, we need to verify

sup E_ sup {A E (15, y)]+Relp(H | 51;t_1u(zt,yt))} <Relp(H | s14-1).  (3)
DD, Tt~Di gy, ey \Je~ Qe

We first upper bound the LHS of Equation (3) by matching the randomness in V() and applying
Jensen’s inequality to the supremum function. For every fixed input z; and hint set V*), we denote
our prediction rule in Equation (1) with Q,(V®)). This gives us

sup K sup {A E_[I(¥, ye)]+Relr(H | Sl:tlu(mtvyt))}
DDy Tt~De g ey (Je~Qt

=sip E sup E l E  [l@ye)] +2G - R(—L (-, 514), VD) | + 2GB(T (4Y)

D€, t~Dt €y v Sy e~ Qe (VD)

<sip E E |sup E [l y)] +2G - R(=L*(-,514), VD) o | +2GB(T — 1)
DtEZDt””tNDtV{t)E‘lu(X) ye €Y | Ge~ Qe (VD)

(&)
In Equation (5), note that Q,(V'(*)) is the same as the transductive prediction rule in [RSS 12, Equation

(25)], with 1740 being the set of unlabeled future instances and s;.;—1 being the historical data with
labels.
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According to [RSS12, Lemma 12], for all input x; and unlabeled sequence 2~ (which plays the role
of 2¢11.7), the decision rule Q;(Z") satisfies

su E (e, +2GE |su exh(x) — L' (h, s1:¢—1 U (¢,
BB iy Fe )] 26 s g;g (@) = Lty s1a- U (@ 10))

< 2GI§: sup Z exh(x) — L' (h, $1:4—1)
hex z€ X U{x:}

Therefore, if we choose the sequence .2 to be V(*), we obtain the following inequality which is
written in the language of regularized Rademacher complexity:

sup B [l u)] +2G - R(=L (-, 514), VD) § <2G - R(=L7 (-, s14-1), VO U {a}).
yeY | Ui~ Qe (VD)

By adding the expectations over V(*) and z; on both sides, we obtain the following upper bound:

)< sup E_ E [2G R(—LF (-, s14-1), VO U {xt})] +2GA(T — 1)
D,€D, Te~Pry () My )

< E
VO Ry(x)

sup E 2G-R(-L'(-, s1:4-1), vy {z})
D, €0, 7e~Di

+2GA(T —t).

According to Lemma B.5, we can replace the x; sampled from the worst-case smooth distribution by
Z sampled independently from the uniform distribution, with the extra cost 3. This gives

< E E [2G A(RD 1), VO U Z) + B)] +2GH(T — 1)
v By z.8u(x)
=2G E [ER(—L’(-, s1-1), V") | +2GB(T — t + 1) (6)
VO Ry (x)
=Relr(H|s1:t-1),
which is precisely the RHS of Equation (3). O

Lemma B.5 (Replacing Supremum by Expectation). For any V®) € XK=t there exists a set of
K variables Z; = {2 i }ke[k], Such that

sup E [m(—Lr(~, s1a-1), VO U {xt})} < E [m(—ﬂ(-, s1a-1), VO U Z)] + 8.
DX e, (X) Tt~DY¥ YRSIED

Proof. To establish the monotonicity property, we need to show that the random instance x; drawn
from a smooth distribution belongs to a set of uniform i.i.d. hints with high probability. This is
where the coupling lemma comes in. For the smooth distribution D; € A, (X) that achieves the
supremum (assume the supremum is achievable), Lemma B.1 shows the existence of a coupling IT on
(@4, 201, , 2,5 ) such that z; is distributed according to D;¥ and Z; = {2 1} ke[ are uniformly
and independently distributed. We thus have

sup E m(—Lr(-,slzt_l),V(t)U{xt})}:E[%(—Lr(-,s1;t_1),v(t)U{xt}). )
theAU(X)ZEtN'Dt II

This joint distribution II has the property that event the E} &ef {z¢ € Z;} happens with high
probability. We now upper bound the expected value by conditioning on E; and E); respectively.

Conditioned on E;, we apply the monotonicity of regularized Rademacher complexity (Lemma 4.1)
recursively and obtain

R(=L* (-, 51:4-1), VO U {4 }) SR(=L (-, 81.0-1), VP U Z,). ¥
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Conditioned on E;, we skirt the monotonicity issue by directly using upper and lower bounds on the
regularized Rademacher complexity. To be more precise, we use Lemma B.6 in Appendix B.6 to
show that

R(—L* (-, s1:0-1), VO U {a)) <TK < TK + (m(fLr(., s1:6-1), VO U Z,) + T)
<R(=L* (-, 51:0-1), VO U Z,) + 2T K. )

Finally, we expand the right hand side of Equation (7) by conditioning on E, and E respectively.
Putting Equations (8) and (9) together, we obtain

(7) = Pr[E,] B R(—=L"(, 81:0-1

VO {xt})’ Et}
+ Pr(E] B | R(=L (-, 5141), VI U {xt})\ Et}

<Pr[Ey] - E R(—L (-, 81:0-1

RACNY Zt)’ Et}

M ~ T

+ Pr[Ey] II_EI R(—L* (-, 51:0-1), VIO U Z4) + QTK‘ Et}

=B [R(-L7(5101), VO U Z)] + PrlBy] - 2TK.

Since IT has uniform marginal distribution on Z;, and that Pr[E,] - 2TK < (1 — o)X . 2T K < 3,
we further obtain

M B [RELCsem), VO UZ)] + 8,
ZeSu(x)

thus completes the proof. O

B.6 Upper and Lower Bounds on the Relaxation

Lemma B.6 (Upper and Lower Bounds on the Relaxation). For allt € [T, all sequence sy.1, and
all instance set Z of size no larger than (T — t)K,

—% <R(-L'(,$14),2) <TK.

Proof. Let I be the number of instances in set Z and let £ = (€1, - - , €7) be the random labels
associated with them. By convexity of the supremum,

I I
R(—L, Z)= E sup Zeih(zi) — L(h, s1:4) > sup E Z eh(z;) — L (h, $1:¢)

eXuy) |her | i her | eBu) | izt

For the upper bound, we notice that V&, h,
I
> eih(zi) = Li(hys14) S T+t < (T —t)K +t < TK.
i=1
So the R(—L*(+, 1), Z) also has an upper bound of T K. O
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B.7 Remark on the Requirement of Fresh Dataset

In order to beat the adaptive adversary, the learner needs to sample fresh random hints in each round.
Otherwise, the adversary can enforce high regret by correlating future labels with the history. More
precisely, we will see that the matching randomness argument in Inequality (4) uses the crucial fact
that V() is a fresh dataset that is uniformly distributed independent of the interactions in the past.
IfvV® is reused, then the adaptive adversary has the power to correlate sq.;—1 with V® such that

V®) is no longer unbiased conditioned on the history. In this case, the algorithm fails to mimic the
randomization in the relaxation, and the matching-randomness argument breaks down.

Another important property of the fresh self-generated hints vft,i is that they are identically distributed

with the real hints z; ;, in the coupling. Nevertheless, the analysis has to unite the fact that the
learner can only access vg’t,is, and the monotonicity property (lemma B.5) is based on z; . This point
is subtle because it is impossible for the self-generated hints to really tell the future (i.e., ensure
Ty € {vt(t,; 1)} ke[K])» since they are not controlled by the coupling II. This issue is taken care of
by Equation (6). We can see that it is sufficient for the uncoupled hints in V*~1) to resemble the
coupled hints Z; at distribution level. This distributional resemblence is not achievable if ¥ (¢~1)
were not independent with the past.

C Oracle-Efficient Online Binary Classification

C.1 Information Theoretic Lemmas

For two probability distributions P and @ over the same domain X, let \*(P,Q) =
> oex P(2)?/Q(z) — 1 be the x*-divergence. The following lemma upper bounds the TV dis-
tance by the y2-divergence; a proof could be found in [Tsy09, Chapter 2].

Lemma C.1 (From TV to x?). The following relations hold:

TV(P,Q) < \/; log(1 + x2(Q, P)) < \/X2(C§P)

The following statement is the well-known Ingster’s x? method, and we refer to the excellent book
[IS03] for a general treatment.

Lemma C.2 (Ingster’s x2 method). For a mixture distribution Eg..[Qg] and a generic distribution
P, the following identity holds:

¢(Elor) - g | B (Fadt)| -

where ¢ is an independent copy of .

C.2 Proof of Theorem 3.2

Theorem 3.2 (Restated). In the setting of binary classification with o-smoothed adversaries, Algo-

rithm 2 has regret that is at most O (min {\/dTU*l/Q, VT (d|X])1/2 }) . Furthermore, Algorithm 2

is a proper learning oracle-efficient algorithm: at every round t, this algorithm uses a single ERM
oracle call on a history that is of length t + O(T /\/o) with high probabiliry.

In the remainder of this section, we present a proof of the regret upper bound 6(\/ dTo=1/2) in
Theorem 3.2 when o > d/|X|. The proof of the other case o < d/|X| is slightly different and will
be presented in Appendix C.6.

To prove the upper bound, we will use the relaxation framework for analyzing the stability of FTPL.
Our proof establishes the connection between the relaxation and FTPL frameworks, which we believe
will be useful for the design of online algorithms more generally.
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Writing s = (z,y) and L(h, s) = l(h(z),y) = —yh(z)/2, the relaxation is defined as

N+ ¢
Relp(H | si)= E |sup | — L3 = 3" Lihs,) | | +0(T—1),  (10)
ROTD hen i=1 =1

1 Lo /dlogT+ N8B d
77_\/na no 4T2logT no |’

with an absolute constant ¢ > 0 given in Lemma C.5 later, and R) = (N®) {5}, \ ) is the fresh
randomness generated at the beginning of time ¢, which is independent of {s;},; generated by
the adversary. The relaxation here is similar to Equation (2), where the key difference is a different
generation process for the hint set and an additional term 7(T" — t) to account for the stability.

where

Let Q; be the distribution of the learner’s action h; € H in Algorithm 2, then the relaxation in
Equation (10) is admissible with respect to Algorithm 2 if the following two conditions hold:

sup E sup| E [L(hst)] + Relp(H | Sl:t)] <Relp(H | s1:4-1), Vs1_1(11)
DA, (X)Tt~De yy [he~Qe

RelT(’H | SlzT) 2 — }%275 L(h,sl;T). (12)

According to proposition 4.1, if both Inequalities (11) and (12) hold, the expected regret of Algo-
rithm 2 will satisfy

N
E[REGRET(T)] < Rely(H | §) + O(VT) = Efsup | - ST L(n,3Y) | | 49T +OWT)
D [ heH im1

(i)0< E [ dN(n] +77T+\/T) (i)O(Vd?+nT+ﬁ)7

N

and Theorem 3.2 follows from the choices n = T'/+/o and n = O(y/d/no). In the above inequality,
step (a) follows from random labels and the upper bound O(v/nd) on the Rademacher complexity of
‘H over n points, and step (b) is due to Jensen’s inequality and E[N (1)} =n.

Now it remains to verify Inequalities (11) and (12). It is not hard to verify Inequality (12): this follows
from the fact that for any random variable A, E[sup, X] > sup, E[X,] and Eg[L(h, ;)] = 0. The
key technical difficulty is in the proof of Inequality (11). To overcome this challenge, we will show
that the stability of learner’s distribution Q; implies the admissibility of the relaxation, where the
stability is measured via

Stability stLEDt(ht@Qt[L(ht’st)] htHiEQtH[L(htHySt)D-
Note that here s; ~ D; denotes both the instance and its label and D,’s marginal over X is o-smooth.

The following lemma formalizes the discussion in Section 4.2 and shows that a small TV distance
and modified generalization error suffice to ensure the stability of the algorithm, which in turn implies
the admissibility of the relaxation. This result could be of independent interest. The proof can be
found in Appendix C.3.

Lemma C.3 (TV + Generalization = Stability = Admissibility). Let Q; denote learner’s distribution
over H in Algorithm 2 at round t, D; be adversary’s distribution at time t (given the history

S1,°+ ,8t—1), St ~ Dy be the realized adversarial instance at time t, and s be an independent copy
sy ~ Dy. It holds that

E ( E _[L(hy,st)] + Relr(H | sl;t)) —Relp(H | s1:4-1)

s¢~Dy \ he~Qy

© se~Dy (thQt[ ( ¢ St)] ht+1~Qt+1[ ( i+l Stﬂ) N

<TV(Q:, E [Qi1]) + E [L(het1, 8)) — L(hesr, 50)] =1
s¢~Dy 54,8y ~Dy; R+

Modified Generalization Error
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Lemma C.3 shows that, in order to prove the admissibility of the relaxation in Equation (10), it
remains to upper bound the TV distance and the generalization error, respectively.

Our next lemma provides an upper bound on the TV distance between Q; and the mixture distribution
EstNDt [Qt+1}~
Lemma C.4 (Upper Bound of TV Distance). Let QF be the distribution over h; at time t. We have

1
sup TV(Q:;, E [Q < —
D:EAL(S) (Q tNDt[ t+1]) Vo

The key ingredient in the proof of Lemma C.4 is the Poissonization, which ensures the independence
of the number of +1 (or —1) labels across instances, and enables us to write down the mixture
distribution of inputs to the ERM oracle in a compact form. The proof of Lemma C.4 is presented in
Appendix C.4.

The following lemma upper bounds the modified generalization error for any smooth distribution
D;. The proof of this lemma is based on the discussions in Section 4.4, and we formally present it in
Appendix C.5.

Lemma C.5 (Upper Bound of Generalization Error). Under the notations of Lemma C.3, it holds for
an absolute constant ¢ > 0 (independent of (n,d, T, o)) that

dlogT no
E L(h Y — L(h < 4 /8,
Dt:‘Alf(X) {st,sf£~’Dt;R(t+1)[ (hit1,8%) ( t+178t)]} <cy/ —t 172 og T +e

Now the claimed result of Theorem 3.2 when o > d/|X| follows from Lemma C.3, Lemma C.4, and
Lemma C.5.

C.3 Proof of Lemma C.3

To prove this lemma, we first introduce some notations. For t € [T] U {0}, let r* € Z?* be the
| X |-dimensional random vector with rt(z) defined to be the difference between the number of +1
and —1 labels in the self-generated samples and the history up to time ¢ on instance x. Formally,

N+
)= 3 BT AE =0+ Z yr e = ).
i=1
Let P! be the distribution of 7. Also recall that R() = (N, {Si}ie N ) is the fresh randomness

generated at the beginning of time ¢.

Using the definitions of 7, P* and R, the following chain of inequalities holds for any fixed s;:
EQ [L(ht, St)] + RelT(’H, ‘ 81;75)

hi~Qy

NEFD t
(a) 1y S+ : _
2 B [Honr sl = B S Ko H) + 3 Hopt), )| (T )

= 7)]éEll[L(opt(rt_l), st)] — 7153 [L(opt(r!), s¢)] + n(T —t)

NG
), 50+D)
_ R(En Z (opt(r )+ ZL opt(r

N(t+1) t—1
_ _ b, 304D

= htNQt[L(ht’St)] hHliEQm[L(htH’st)] +n(T —t) +R(]tE+1) sup | = Z L(h ;L(h, s7)
(b) N® " t—1
2 E [L(hi,s)]— E_ [Lhyr1, )] +0(T —t)+ E - " L(h,3") L(h, s;)

ht~Qt[ (he, 5¢)] ht+1~Qt+1[ (e, s¢)] +n( ) R 2161713 ; ; S
= E [L(hi,s)]— B [L(hsr, )] — 0+ Relp(H | s1:0-1),

ht~Qt[ (R, s¢)] ht+1~Qt+1[ (htt1,81)] —n r(H | s1:0-1)
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where (a) uses the definition of opt(r?), and (b) is due to the fact that R+ s an independent copy
of R® conditioned on {5+ }+<¢. This implies the first inequality of Lemma C.3.

For the second inequality, we further take the expectation with respect to s; ~ D, and note that Q;
and Relp(H | s1:.—1) are independent of s;, while Q;;1 depends on s;:

E (h E [L(h¢,s:)] + Relr(H | sl;t)) —Relr(H | 51:4-1)

tNQt
< E E [L(htse)]— E E L(hys1,s:)] —
T s¢~Dy htNQt[ ( t t)] s¢~Dy ht+1~Qt+1[ ( t+1 t)] n
< E E [L(hy,s))]— E E L(hiy1, .
T s¢~Dy ht,NQt,[ ( K t)} st,5,~Dy ht+1NQt+1[ ( t+1 t)]
E E L(hit1,s,)] — E E L(hys1, _
+5t,S£NDt ht+1NQt,+1[ (hes1, 5t)] si~Dy ht+1~Qt+1[ (hev1,80)] =
() , )
sy~Dy htNQt[ ( K t)] s,~Dy ht+1N]E5t~Dt[Qt+1}[ ( t+1 t)]
+ E E L(hiy1,8)] — E E L(his1,5:)] —
50,8}~ Dy ht+1NQt+1[ (hit1,5)] i, ht+1NQt+l[ (htg1,88)] — 1
(d) /
< TV(Qy, sﬁEDt[Qt“]) + Shshgmm) [L(his1,8}) = L(hesr, 50)] — 1,

where (c) follows from the independence of hy ~ Q; and (s¢, s}), and (d) is due to | Ex..p[f(X)] —
Exolf(X)]| < TV(P, Q) for every measurable function f with || f]|cc < 1.

C.4 Upper Bounding TV Distance: Proof of Lemma C.4

Using the notations in lemma C.3, since h; in Algorithm 2 only depends on the vector =1, the
ERM objective could be written as a quantity depending only on r*~! and h € H. We write
hy = opty;(r'~') in the sequel, and then opty (') ~ Q; as r'~' ~ P!~!. Therefore, the
data-processing inequality shows that

TV(Qta ]ED [QtJrl])STV(,Ptil? E [Pt])v

St~ Lt s¢~Dy

and is suffices to upper bound the TV distance TV(P!~1 E, p, [P]).

Let us first create a better understanding of the structures of the distributions P*~! and P*. Without
loss of generality we assume that A is discrete (the case of continuous X can be dealt by analyzing
the appropriate Poisson point process). Let ni(z),n_(x) be the numbers of +1 and —1 labels,
respectively, given instance x in the self-generated samples:

N
=Y 1@ =aGi=+1) and n(2) = 3 1E = 2.5 = 1),
i=1 i—1

As each Z; is uniformly distributed on X" and y; ~ U({%1}), by the subsampling property of the
Poisson distribution, the 2|.X’| random variables {ny (x)},cx are i.i.d. distributed as Poi(n/2|X]).
This independence implied by the Poisson distribution plays a key role in the analysis. Moreover,
70(x) = ny(z) — n_(x), so P is determined by the joint distribution of {n4 (z)},cx-

As we move to general ¢, note that the only contribution of the historic data {s, },«; to both P!~}
and P! is a common translation independent of PY. Since the TV distance is translation invariant, it
suffices to upper bound TV (P Ey, [PY]). Let n).(z) = ne(x) + 1(z1 = z,y; = +1), it holds that
r'(z) = n} (z) —nl (z). Consequently, let P and @ be the probability distributions of {n+ (z)}scx
and {nl(z)}sex, respectlvely, the data-processing inequality implies that TV(PY, E,, [P1]) <
TV(P, Q).

As discussed above, the distribution P is a product Poisson distribution:

P({ne()}) = [ ] B(Poi(n/21X]) =n,(x)).

zeX ye{t}
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As for the distribution @), it could be obtained from P in the following way: the smooth adversary
draws z* ~ D, independent of {n4 (z)}.cx ~ P, for some o-smooth distribution D € A, (X). He
then chooses a label y* = y(z*) € {£1} as a function of z*, and sets

nzl!(x*)(x*) =Ny () + 1, and n;(m) =ny(z), V(z,y)# (¥, y(z")).

Consequently, given a o-smooth distribution D and a labeling function y : X — {4} used by the
adversary, the distribution @ is a mixture distribution @ = E . px [Q+], with

Qo+ ({n+(x)}) = P(Poi(n/2|X]) = nyme)(z*) — 1) x H P(Poi(n/2|X]) = ny(x)).

(@,y)# (x> y(z*))

To upper bound the TV distance between a mixture distribution ) and a base distribution P, we will
rely on the smoothness properties of D, in particular, that the probability of collision between two
independent draws x7, x5 ~ D is small. To formally address this, we make use of two technical
lemmas, first to upperbound the TV distance in terms of the x2 distance, and second to use the
Ingster’s method for bounding the x? distance between a mixture distribution and a base distribution.
See Lemma C.1 and Lemma C.2 in the Appendix C.1 for more details. Let z}, 5 be an arbitrary pair
of instance. Using the closed-form expressions of distributions P and @)+, it holds that

Qa; ({n+(2)})Qu; (s (2)}) _ 2 X0y (1) 2|X[n0y () (23)
P({ns(z)})? n n '

Using the fact that {n (z)},cx are i.i.d. distributed as Poi(n/2|X|) under P, we have

Qu ({n+(2)})Quy ({nx()}) | 20x| I
{w(ITE)}w( P({ny(x)})? ) =1+——1(z] = z3).

Now using the aforementioned lemmas (Lemma C.1 and Lemma C.2), we have

(P Q) \/ 2(Q P) \/XQ(EI*ND Qw* \/|X| JL17JL2ND 1($’1( _ xg)]

WS pp @ A5
Z Z UIXI wm’

where (a) follows from the definition of a o-smooth distribution. This completes the proof.

C.5 Upper Bounding Generalization Error: Proof of Lemma C.5

In the proof of Lemma C.5, we shall need the following property of smooth distributions which is
a slightly strengthened version of the coupling lemma in Lemma B.1. The proof of lemma C.6 is
presented in Appendix C.7.

Lemma C.6. Let X1, -, X, ~ Q and P be another distribution with a bounded likelihood ratio:
dP/dQ < 1/o. Then using external randomness R, there exists an index I = I(Xy,--- , X, R) €
[m] and a success event E = E(X1,- -+, Xy, R) such that Pr[E°| < (1 — o)™, and

(X1 [ (B, X\1)) ~ P.

Fix any realization of the Poissonized sample size N ~ Poi(n). Choose m = 40~ 'logT in
Lemma C.6, and without loss of generality assume that NV is an integral multiple of m. Since for any
o-smooth Dy, it holds that

Dy(s) _ Dy(x) Dy(y | x) < 2

UX x {£1})(s) — UX)(2) UETH()
the premise of Lemma C.6 holds with parameter o/2 for P = D;, Q = U(X x {£1}). Consequently,

dividing the self-generated samples 51, - - - , Sy into N/m groups each of size m, and running the
procedure in Lemma C.6, we arrive at N//m independent events E1, - - - , E/p,, €ach with probability
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atleast1 — (1 —o/2)™" > 1— T—2. Moreover, conditioned on each E;, we can pick an element
uj € {SG—1)m+1,""" > 5jm} such that

(uj | (Ej, {5G-1ym+1, 5 SimI\{us})) ~ Dy
For notational simplicity we denote the set of unpicked samples {5(; _1)m+1," " Sjm } \{%; } by v;.
As aresult, thanks to the mutual independence of different groups and s; ~ D, conditioned on s1.4—1
(note that we draw fresh randomness at every round), for £ £ N jic[N/m] Ej we have

i
(u,  uN/ms St) | (B, S14-1,01, 7+, Un/m) ~ Dy

Consequently, for each j € [N/m] we have
[L(his1,5e) | E]

s¢~Dy, R(t+1)

- E [L(opt(gl,--~ VSN, S1:t—1,5t)s St) | E}

8$¢~Dy,81, 8N

- E ( E [L(opt(slit—lavaula"' 7uN/ma3t)7St) ‘ (E, Sl:t—lav):|>
v,81:6—1|E \ St,U15 0 UN/m
(a)
E ( E [L(Opt(Sl:t—l;U,Ul,"' U1y Sty Uy 1y 5 UN/msy Uj)s Usj) | (E,Sl:t—l,v)}>
v,s1:¢—1|E \ St,U1, UN/m

= E ( E [L(opt(s1:¢—1,v,u1,- - 7UN/m73t)an> | (E,S1:t1»v)]>
v,81:6—1|E \ St,U1," UN/m

= StNDtH::R(Hl)[L(htJrhuj) | E]v

where (a) follows from the conditional iid (and thus exchangeable) property of (u1,--- ,u N/m> St)

after the conditioning, and (b) is due to the invariance of the ERM output after any permutation of the

inputs. On the other hand, if s}, u}, - ,u)y /1, are independent copies of s; ~ Dy, by independence
it is clear that

L(hs1,s)) | E] = E Lheor,u) | E], Vi€ [N/m).
st,s,QNDt,RUH)[ (hit1,s:) | Bl st,s;~Dt,R(t+1>[ (i1 g) | E] j € [N/m]
Consequently, using the shorthand ug = s, u, = s}, we have

E [L(hit1,87) = L(hiy1,50) | E]

s¢,8,~Dy, R+

N/m
1 /
" T Lo | 2 (Bt 1) = Llhuan 1) K
1 N/m
< — E sup L(h,u’) — L(h,u;
N/m“F 1 UO;"';uN/m7u£)7"‘7u/1\]/”LNDt heH JZ:(:)( ( J) ( ]))

2 R [ 4
< E E su eih(u)| <coy| ——m,
- N/m +1 U0, s UN )/ ~Dt €1 EN/m he?I-)L JZ::O J ( j) =0 N/m +1

where the last inequality is due to the classical O(y/d/n) upper bound on the Rademacher complexity,
and ¢y > 0 in an absolute constant. Note that the union bound gives

the law of total expectation gives
[L(hit1,87) — L(het1, 50)]

St,séNDt’R(t+1)

) [ 4 N
< S“S;NE,R(HU[L(htHa32) = L(hey1,s¢) | E] + Pr[E] < ¢ Nm+1 T
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Finally, plugging the choice of m = 40~ log T, taking the expectation of N ~ Poi(n), and using
Pr[N > n/2] > 1 — e~ "/% in the above inequality completes the proof of Lemma C.5.

C.6 Proof of Theorem 3.2 for Small Domain

In this section we complete the proof of the O(1/T'(d|X'|)!/2) upper bound in Theorem 3.2 when

o < d/|X| (and thus n = T'y/|X|/d). The proof is still through the same relaxation in Equation (10),
though we will choose a different parameter 7 and prove a slightly modified version of Lemma C.3:

Lemma C.7 (Expected TV = Admissibility). Let Q; denote learner’s distribution over H in Algo-

rithm 2 at round t, and s; ~ Dy be the conditional distribution of s, given the history s1,- -+ ,S¢_1.
It holds that

LB < E [L(ht,st)] + Relp(H | Sl:t)) —Relr(H | s1:4-1) < [TV(Q¢, Qit1)] — 1

E
hi~Qy st~Dy

Proof of Lemma C.7. The analysis is similar to the proof of Lemma C.3. In fact, an intermediate step
of Lemma C.3 gives

EQ [L(ht,st)] =+ RelT(H ‘ Sl:t) — RelT(H | Sl;tfl) § N

E
[ad 1~ Qt hig1~Qir1
Now using |Exp[f(X)] — Ex~q[f(X)]| < TV(P,Q) for every measurable function f with
[ fllo < 1, the RHS is further upper bounded by TV(Qy, Q;+1) — 7. The proof of Lemma C.7 is
completed by taking the expectation over s; ~ D;. O

Note that in Lemma C.7, the expectation is outside the TV distance and no smaller than the TV
distance when the mixture distribution is inside the expectation compared with Lemma C.3. We can
simply upper bound this expected TV distance, with the worst case choice of s; and apply the data
processing inequality, i.e.,

E [TV(Qt, QtJrl)} S sup TV(Pt_l, Pt>

s¢~Dy

Using the similar independence property of Poissonization in Appendix C.4, the target TV distance is
at most TV (P, @), where P ~ Poi(n/2|X]), and @ is a right-translation of P by one. Consequently,

XQ(va) 1 X 2 |X‘
NP =y =3 XIEP[(M”% - /=,

so the choice of n = /|X|/n and Lemma C.7 again makes the relaxation in Equation (10) admissible,
and we complete the proof of Theorem 3.2.

C.7 Proof of Lemma C.6

The proof is essentially similar to [BDGR22, Lemma 12], and we include it here for completeness.
For each i € [m], compute the value p; = O’% (X;), which lies in [0, 1] due to the likelihood ratio

upper bound. Now we draw an independent Bernoulli random variable Y; ~ Bern(p; ), and define the
random index [ and success event E' as follows:

B2 Um (Y =1},

I £ auniformly random element of {i € [m] : V; = 1}.

Note that Y7, - - - , Y}, are mutually independent, and for each i € [m)],
dP
Pt = 1= B ol = B [oG0 (0] =0
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we conclude that Pr[E] = 1 — (1 — o)™. For the second statement, we denote by r; the external
randomness used in drawing Y; ~ Bern(p;), and by r the external randomness used in the definition
of I. Then for any measurable set A C X,

PI‘[X[ €A | E,X\I]

= Y PrX; € A|E X\, ] =i,r,r]-Pr[l =i,r,r | B, X\
’i,T\i,T‘

= > PrX; € A|E, X\, I =i, r]-Pr[l =i,ry,r | B, X\/]
T\ 4,7

= Z PI‘[X, €A | }/7 = 17X\i7r\ivr] PI'[I - i,T\i,T | E7X\I]
5,7\4,T

ST PX, €AY, = 1] Pr[l = iorr | B X
T\ 4T

D ST P(A) Pl =i | B X
4,7\4,T

= P(A)’

where (a) is due to the event { £/, I = 4, X\;,7\;,7} is the same as {Y; = 1, X\;,m;,7} as long as
the former event {E, I = i, X \is T\ r} is non-empty (note that empty events do not contribute to
the sum), (b) follows from the mutual independence of (X, r;, Y;)Z-e[m] and r, (¢) is due to

Pr[X; € AY; = 1] 1

dP
P € A|Yi=1] = —p o= = B (X € Ao o (X0)| = P(A).

The above identity shows that the conditional distribution of X conditioned on (£, X\ ;) is always
P, as desired.

D Unknown Smoothness Parameters

Suppose we have upper and lower bounds 0, and op,i, on the exact value of o, i.e., opin < 0 <
Omax- In this section, we introduce a meta algorithm that uses a geometric doubling approach to
incorporate knowledge of oy,,x and oy, into the algorithms introduced in Section 3.

We start by constructing 10g(0max/0min) €xperts, where each expert 4 runs a local version of our
algorithm (can be either Algorithm 1 for the real-valued case or Algorithm 2 for the binary case) with
parameter o; = 2% . grin. We then run Hedge on these experts. Note that the parameter ¢* of the best
expert satisfies § < o« < 0, so the expected regret of this expert matches the expected regret of the
same algorithm running on true o up to a constant factor. Therefore, the expected regret of this meta
algorithm is comparable to the bound in Theorem 3.1 and 3.2, with an additive term of order at most

O <\/ T loglog(omax/ amin)). The number of oracle calls also blows up only by log(cmax/min)

per round. This could potentially be improved using a more aggressive step size for the Hedge meta
algorithm.

E Proof of Lower Bounds (Theorem E.1 and Theorem 5.1)

Theorem E.1 (Limitations of Algorithms). For any choice of the parameter n in Algorithm 2
(or Algorithm 1), there exists a o-smoothed online learning instance such that Algorithm 2 (or

Algorithm 1) suffers from at least Q(min{T,VdTo=1/2,\/T(d|X|)/2}) expected regret.

E.1 Proof of Theorem E.1
This section proves the regret lower bounds for Algorithm 2 and Algorithm 1 stated in Theorem E.1.

We split the analysis into two subsections, and in each subsection we prove a large regret both when
the sample size parameter n is large and small.
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E.1.1 Lower Bound Analysis for Algorithm 2

We shall only prove the regret lower bound Q(vVdT'c—1/2) under the assumption o >
max{d/|X|, (d/T)?}, for a smaller o only makes the worst-case regret larger, and the other lower
bounds follow from this case by taking ¢ = d/|X| and o = (d/T')?, respectively. We split the
analysis into two cases depending on the choice of parameter n.

Case I: Large n. When n is large, or more specifically, when n > T'/+/a, consider the behavior of
Algorithm 2 on the following instance. Consider any domain X’ where | X| is an integral multiple
of d, and.partition X = U?Zlé\.’j into d sets { X} jc[q) With an equal size. Consider the following
hypothesis class:

H={h:X — {£1} | hisaconstant on X;, Vi € [d]}.

Clearly H has VC dimension d. The adversary chooses a hypothesis h* € H uniformly at random,
and sets x; to be uniformly distributed on X'. As for the label y;, the adversary sets y; = h* (). This
adversary is 1-smooth, and the best expert in H incurs a zero loss under this realizable setting. We
claim that for each of the first min{7’, cv/nd} time steps, for an absolute constant ¢ > 0 sufficiently
small, Algorithm 2 makes a mistake with (1) probability. Summing over these steps, the expected

regret of Algorithm 2 is then Q(min{7, cv/nd}), which gives Theorem E.1 by our assumption
n>T/\o.
To prove this claim, we need the following lemma.

Lemma E.2 (Minimum Error on Hallucinated Samples). For N ~ Poi(n) hallucinated samples
(x1,91), -, (@N,yN), if n > d, it holds that

N
P Ll eX) > /o =01), Ve ld.
;y \/; j

Proof. For j € [d],letnj ;,n; _ denote the number of hallucinate samples (z;, y;) with z; € X; and
y; = *£1, respectively. By the Poisson subsampling property, {n; + } je[q are mutually independent
Poi(n/(2d)) random variables. By definition of #, we have

N
nj 4+ —Nj— = Zyl : 1(.1‘1' S Xj).
i=1

Consequently, the quantity of interest is n;  — n; _. Asn/d > 1, by the Poisson tail property, both

events nj > n/(2d)++/n/d/2 and nj _ < n/(2d) — /n/d/2 happen with (1) probability, and
their independence gives the claimed result. O

Since (d/T)? < o < 1, we have T' > d and thus n > T'/\/& > d, the premise of Lemma E.2 holds.
Consequently, at each time step ¢ < min{T, cv/'nd} with z; € X;, with (1) probability there are at
least y/n/d net positive labels in the hallucinated samples, while the learner has only observed at

most acy/n/d labels in the history with probability at least 1 — 1/c, by Markov’s inequality. By
choosing constants ¢ > 0 small and o > 0 large, the perturbed leader will predict +1 depending only
on the hallucination, and this prediction is independent of the choice of h* and thus incurs an error

with probability 1/2. This proves the claim that before time min{7T’, cv/nd}, there is always (1)
probability of error.

Case II: Small n. Now we turn to the scenario where n < T'/\/o. Consider the following learning
instance: choose Xy C X with |Xy| = o|X| > d, the adversary always chooses x; ~ U(Xp), which
is o-smooth. Assuming that |X| is an integral multiple of d, we partition Xy = U;l:l)(j into d
subsets with equal size. Condition on each X;, consider an alternating label sequence:

(e 21 € )iy = (+1, =1, 41,1, -+).
The hypothesis class H consists of 2¢ functions:

H ={h:X — {£1} | hisaconstanton X;,Vj € [d], and h(z) =1,V € X\Ap}.
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Clearly H has VC dimension d, and the best hypothesis in # incurs a cumulative loss 7'/2.

Now we examine the performance of Algorithm 2. Let r; be the difference between the number of
+1 and —1 labels in the hallucinated samples with feature in &;, similar to the proof of Lemma E.2
we have r; = n; 1 — n; _ for independent Poisson random variables n; ,n; — ~ Poi(no/2d).
Suppose that ties are broken by always predicting —1 when calling the ERM oracle, we observe that
Algorithm 2 always makes a mistake when x € X; and r; = 0 — this is the same counterexample
where Follow-The-Leader (FTL) makes a mistake at every step. Moreover, when r; # 0, Algorithm 2
makes 7'/2 mistakes, same as the best expert in 4. Consequently, the expected regret of Algorithm 2
is at least T - P(r; = 0), where

Prj=0= E [IP’ <Bin(N, o) = )] - E [Q ((lseVen)>
N~Poi(no/d) 2 2 N~Poi(no/d) N +1

(a) Q P n poi(no/d) (I is even) () O 1 — 0 mind1, d
Vno/d+1 Vno/d+1 no

In the above display, (a) follows from the conditional Jensen’s inequality, and (b) is due to

i A2k A -2
P nr~poi(n) (4V is even) = Z e —e M. ete” >
k=0

(2k)! 2 2
This leads to the claimed regret lower bound in Theorem E.1.

E.1.2 Lower Bound Analysis for Algorithm 1

Similar to the lower bound analysis for Algorithm 2, we also split into the cases where n is large
and n is small, respectively. Recall that for Algorithm 1, the parameter n is the number of random
draws from the uniform distribution for each future time. Our current version of Algorithm 1 sets the
parameter to be n = K = O(logT/0o).

Case I: Large n. We first focus on the case where n. > 1/,/c. Consider the same construction of
X, H and the adversary in Case I of Section E.1.1.

The regret analysis is essentially the same as Section E.1.1. For every ¢t < T/2, the learner in
Algorithm 1 essentially generates (T' — t)n > T/(4+/c) uniformly random samples (with replace-
ment) in X. A similar analysis to Lemma E.2 shows that for each j € [d], with (1) probability
there are 2(1/T"/(do'/?)) more +1 labels than —1 labels within X; in the hallucinated samples.
Consequently, for ¢ < min{7/2, Q((dT)/?c=1/%)}, two calls of the ERM oracle in Algorithm 1
will return the same hypothesis, and the learner’s prediction is always +1. Similar to Section E.1.1,
these time steps lead to an Q(min{T, (dT)'/?c~/*}) regret.

Case II: Small n. Next we turn to the case where n < 1/4/0.

Consider the same construction as Case II in Appendix E.1.1. For the performance of Algorithm 1,
let r; be the difference between the number of +1 and —1 labels in the hallucinated samples with
input in X;. One can check that if r; # 0, the learner makes half of the mistakes along the alternating
sequence; if r; = 0, the fraction of mistakes becomes 3/4 (Algorithm 1 cyclically predicts a wrong
label and makes a random guess). Consequently, the expected regret of Algorithm 1 is lower bounded
by Q(T - P(r; = 0)). To compute the probability P(r; = 0), note that r; = 2M — N, with
N ~ Bin(n(T — t),o/d) being the number of observations in X in the hallucinated data, and
M | N ~ Bin(N, 1/2). Using a similar argument to Section E.1.1, this probability is lower bounded

by Q(min{1, \/d/(no)}), as desired.
E.2 Proof of Theorem 5.1
Theorem 5.1 (Restated). For 1/o > d, any proper algorithm which only has access to the ERM

oracle and achieves a regret o(min{T, \/T(d/c)'/2}) for any o-smoothed online learning problem
must have an w(y/d/o) total running time.
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We make the following remarks.

1. First, although the lower bound of the regret and running time in Theorem 5.1 does not
match the counterparts of Algorithm 2 in Theorem 3.2, the upper and lower bounds share
the same © (o~ '/*) dependence on o. This suggests that the improvement from O (o ~1/2)
to ©(o~1/4) thanks to Poissonization is not superfluous and might be fundamental. We
also conjecture that for all efficient algorithms with runtime poly(T’, d, 1/c), the ©(c—1/4)
dependence is the best one can hope for in the regret of such algorithms, as opposed to the
©(4/log(1/0)) dependence in the statistical regret.

2. Second, Theorem 5.1 shows a poly(d, 1/0) computational lower bound to achieve the statis-
tical regret O(1/Tdlog(1/o)), while the e-net argument in [HRS22] requires a poly (o)
computational time. One may wonder whether this exponential dependence on d is in fact

unavoidable, and this is a missing feature not covered in [HK16]. This motivates the open
question in Section 5:

Open Question. For d/o >> T? in the smoothed setting, does any algorithm achiev-
ing o(T) regret require Q(poly(T,2¢%,1/0)) computational time given access to the ERM
oracle?

The proof of Theorem 5.1 uses a similar idea to [HK16]. There are two lower bound arguments
in [HK16]: one reduces the problem to the Aldous’ problem, and the other is based on an explicit
construction of the hard instance. Although both arguments could work for our problem, we adopt
the latter which corresponds to Theorem 25 of [HK 16]. In the sequel, we will always take the domain
size |X| = 1/0 so that the smooth adversary becomes the usual adaptive adversary. In the next
subsections, we first prove the theorem for the simpler case d = 1, and then generalize our argument
for any VC dimension d.

E.2.1 Thecased = 1.

We first show how the argument in [HK 16] proves the claimed w(+/|X|) computational lower bound
when T = /|X| = \/1/0. Assuming that N £ ,/|X| is an integer, we partition the domain X’
into disjoint subsets X7, - - - , X'n, each of size N. For each x € X', we associate two independent
Rademacher variables (x) and £*(x), and they are mutually independent across different z € X
For each i € [N], the adversary chooses x} ~ U(X;), and sets the hypothesis class H = {hy }zex
with
ha(a') = s*(:ln’) ifz = txf,x’ =7, andi > j,
e(z’)  otherwise.

Ateach time t € [N], the adversary sets z; = z}, and y; = hyy (7:) = €*(27). Under this setting,
[HK16] proved the following lower bound.

Theorem E.3 (Theorem 25 of [HK16], restated). Given access to the ERM oracle, any proper
algorithm achieving an expected regret at most N /4 requires Q(N) = Q(+/|X|) running time.

Here by running time, we assume that each oracle call takes unit time, and maintaining each element in
the input {(x;, y;) }:e 7 to the oracle also takes unit time. We also sketch the proof idea of Theorem E.3
for completeness: the crucial observation is that, when the learner feeds the input {(x;, y;) }ics to the
ERM oracle, the oracle can always return some h € {hg, bz, -+, hz; }, where hy is any hypothesis
in H\{hzs, -, hay }, and j € [N]is the largest index such that 25 € {z;}ics. See Lemma 27 of
[HK16] for a proof. Therefore, the label y; = e*(z}) at time ¢ will look random to the learner unless
the learner has seen a function hz; for some s > t. By the above observation, this occurs only if
the learner has set one (or more) of {z } s> as the input to the ERM oracle, but this requires one to
find a random element in a size-N set and thus take (V) time (note that a proper algorithm only
observes {7, - ,x}_,} at time t). Consequently, with o(N) running time, the learner suffers from
an Q(V) loss with high probability, while the best expert incurs zero loss - giving the (V) regret.

Since the restriction of 7 on any two elements {x, 2’} with < 2’ could only be one of the three
possibilities: {(e(z),e(z)), (e*(z),e(z")), (*(x),e*(«"))}, the VC dimension of H is 1. Therefore,
Theorem E.3 gives a valid proof of Theorem 5.1 whend = 1and T' = /1/0. For T < 4/1/0, the
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above construction still gives the Q(T") regret lower bound given o(+/|X|) computational time. For

general T > \/1/0, we make the following modification to the adversary: partition the time horizon
[T] into N intervals T4, - - - , Ty, each of length T'/N. For each i € [N] and ¢t € T;, the adversary
sets 2y = x}, and

+ 0,

hgx (z¢)  with probability
Yt = 5

—hys, (z¢)  with probability

NN

Consequently, the best expert h,+ incurs an expected cumulative loss (1 /2—48)T. Meanwhile, as long

as the learner cannot distinguish the distributions Bern(1/2 + §)®(*/N) and Bern(1/2 — §)®(T/N),
she is not able to estimate *(x7) based on labels {y; }+cr, in the i-th interval. This condition is

fulfilled when § =< /N/T. In addition, a similar argument for Theorem E.3 shows that with an
o(N) computational time, the learner cannot predict future =¥ either. Therefore, any proper learner

with o(N) = o(1/|X]|) computational time must incur a regret Q(6T") = Q(+/T|X|*/2), which is
precisely the statement of Theorem 5.1 for d = 1.

E.2.2 General d.

In this section we lift the hypothesis construction for d = 1 to general d. Since 1/0 > d, we assume
that 1/(od) is an integer. Partition X = U?:1Xj each of size | X'|/d, we apply the hypothesis class
‘H in the previous section to each A;, and set the entire hypothesis class as

Hd: {h: (hlv"' ahd) GHd:hl)(j :hj7v] € [d]}

Clearly the VC dimension of H is d. The adversary is constructed as follows: partition [T7] into d
sub-intervals T3, - - - , Ty, each of size T'/d. For the i-th sub-interval, we run the subroutine in the

previous section independently on X;. Now suppose that the total runtime is o(1/d|X|), then for at

least half of the sub-intervals, the runtime during each such interval is o(1/|X'|/d). By the lower
bound for d = 1, the expected regret during each such sub-interval is

T T [|lx]\Y? T XN\ 2
Q | min T d(|d> = Q | min T T(|d3|>

Summing over at least d/2 such independent sub-problems, the total regret lower bound is then
Q(min{T,\/T(d|X])!/2}), establishing the claim of Theorem 5.1.

F Statistical Upper Bound for Real-valued Labels

In this section, we present a statistical upper bound achieved by a computationally inefficient
algorithm. The 2 be the algorithm that runs Hedge on a finite subset ' on H, where H' is a e-cover
of H with respect to the uniform distribution ¢/ (X’). The regret upper bound of this algorithm is
bounded as follows.

Theorem F.1 (Statistical Upper Bound). For any o-smooth adversary 9., the algorithm 2 described
above has regret upper bound

~ T T
E[REGRET(T, Z,,2)] € O Tdlog (d) + Gdlog (d)
g g

Proof. Let H' be the smallest e-cover of H with respect to the uniform distribution, i.e., for any
h € H, there exists a proxy &’ € H’ such that E, (v [|h(z) — B/ (z)|] < e. By lemma B.2, the
size of H can be upper bounded in terms of the pseudo dimension d:

€

log(|H'|) =log N(e, H, L1(U(X))) <O <dlog(1>> .
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Based on the net H’, we also define function class G as follows.
G = {gnw(x) =|h(z) = h'(z)| : h € H,h' € Hisits proxy.}

Letting L(h, s1.7) = Zt 1 U(h(x¢),y¢) for all h € H, we now consider the following regret
decomposition:

M=

E[REGRET(T)] =E (T, yt) — hig?f{L(h, S1.7)

t=1

[M]=

=E
h'eH’

LY, ye) — h/igi/L(hl731:T) +E{ inf L(K',s1.7) — }jgiL(hwslzT)]

~
Il
-

Note that the first term is precisely the regret of Hedge on the cover H’. It is thus bounded by

T
1
E Zl@tayt) — inf L(W,s11)| <O (\/T10g|’H’|) €O | /Tdlog( -
o hEH! €

As for the second term, we reformulate it in terms of class G:

T
[h,lnf L(NW,s1.17) — 1nf L(h, sy T)} E |sup inf IR (z¢),y¢) — L(h(zy), yr)
=1

heHh’EH’ —
g ¢ ET:G\h( )= hz)l| =G E Z (13)
sup in x¢) — h(x sup » g(z) |,
her WEH +— ' ' 7 | 9ed -1 2

where (a) is because the loss function [ has Lipschitz constant G. Analogous to [HRS22, Claim 3.4],
we apply the coupling argument in Lemma B.1 to replace the adaptive sequence xS by z; ;s that are
sampled independently from the uniform distribution. Thus we obtain

T

]E Sung:ct <T?(1-0)K gZZngk

9€9 =1 9€9 =1 i=1

The expected supremum can be further bounded in terms of the magnitude of G (i.e., €) as well as the
pseudo dimension of the original hypothesis class /. Using the bound in Lemma F.2, and together
with Equation (13), we obtain

~ 1 1
E[REGRET(T)] < O Tdlog () +G | T*1 - 0)® + TKe + A /TKedlog()
€ €

In order to satisfy the condition on n in lemma F.2 and to make the failure probability of the coupling

argument sufficiently small, we take a = 10log(T), K = 2, ¢ = © <T10g( 77 log (TIZ%T(T)))

o’

With this choice of parameters, we have T%(1 — 0)® = o(1) and

E[REGRET(T)] <O | {|Tdlog (1> ro| o@D, \/Tlogm 6d10g<1>
€ g €

g

<0 Tdlog r + Gdlog T ,
do do

as desired. O
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Lemma F.2 (Concentration for the expected value of supremum). When n > ) (% log(%)), we
have

n

1
E sup E g(zi)| <O | ne+ y[ned log(>
T U(X) | 9€9 €

Proof. We will use the bound on expected values of suprema of empirical processes in [GKO06,
Theorem 3.1]. To apply their result, the first step is to establish a bound on the Lo (P)-covering
number of class G. Let P,, = % >, 6z, be the empirical distribution based on independent samples
1, ,Tyn. A similar argument to [BKP97, Lemma 2] gives us

N(e,G, Ly(Pa)) < N(5.H. La(Po)),
Thus we obtain

log NV (€,G, La(Py)) < 210gN(%,”H,L2(Pn)) < 210gM(§,H,L2(Pn)) <0 (dlog(i)) ,

where M denotes the packing number and the last inequality is due to [Bar06, Theorem 3.1].
Therefore, for the function H(z) = O(dlog z), we can guarantee that for any € > 1,

IOgN(E, g7 LQ(Pn)) < H(1/€)7

€

satisfying the condition of [GK06, Theorem 3.1]. Therefore, when n > §) (H(l/ E)) =

Q (% log(%)), [GKO06] gives us

E supz (9(z¢) —Elg(z¢)])| <O ( neH(l/e)) =0 nedlog(i)

Finally, since Ey, g(z) < € for any g € G, we obtain

n 1
E sung(xt) <O | ne+ nedlog() ,
€

9€9 =1

and the proof is complete. O
G Proof of the Admissible Relaxation Framework

Proposition 4.1 (Restated). In the smoothed online learning setting, let 2 = (Q1,--- , Qr) be an
algorithm that is admissible with respect to relaxations Relr(H), then the following bound on the
expected regret holds regardless of the strategies 9, of the adversary:

E[REGRET(T, 2, 7,)] < Relr(H | 0) + O(VT).

Proof of proposition 4.1. To prove this lemma we break the expected regret into two parts:

T T
E[R )= E E m —inf L : E m — E [(7
[REGRET(T')] 2 ;@Ngt[l(yt’yt)] s (h, s1.1) +@7Q ;l(ytayt) @Ngt[l(yt,yt)]
For the first part, we use an inductive argument to show that
T T
E E [i(z, — inf Uh(xy), < Relr(H | D). 14
By | 2058 1 w) = jnf, 3 (hw. ) | < Retz(] ) (14)
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According to the definition of admissibility, we have

T T
E (7, — inf U(h
B, 12 B 1w R UICHNRT
t=1 t=1
L <Relr (H|s1:7) by 2nd condition of admissibility
T—1
<E |E 1T, +IE[IEZA, +Relr(H | s1r)| | 17—
<K 2 AtNQt[ (@, yr)] B ZAJTNQT[ (yr,yr)] r(H | str)||s1:r—1
<Rely (H|s1:7—1) by Ist condition of admissibility
_Tfl
< E |E (%, + Relr(H | s1.7—1)| s1:7—
S 5% 2 AtNQt[(yt’yt)] T( \ 1:T 1) 1:T—1
(71
= E i + Relr(H | s1.7— ,
oo | 2 AtNQt[(ymyt)] r(H | s1:7-1)

where the last step uses the tower property of conditional expectations.

Repeat this process for (7' — 1) times and note that Rel (7 | 0) is a constant that does not dependent
on 2 proves Equation (14).

Since the second part is the expected sum of a martingale difference sequence, we apply the Azuma-
Hoeffding inequality and obtain

T
> 2t2
E UGeye) — E (UG, < exp | == | dt € O(VT). 15
B | X160 - B, i) < [ xp< T) VD). )
Combining Equation (14) and Equation (15) completes the proof. O

H Transductive Learning with K" Hints

H.1 Model

In the traditional transductive setting, the adversary releases the sequence of unlabeled instances
{24}, to the learner before the game starts. We generalize this setting and introduce a K -hint
version of transductive learning. In this setting, the exact sequence of instances is replaced with a
sequence of K hints per time step such that the set of hints at each time step includes the instance at
that time step. More formally, before the interaction starts, the adversary releases 7" sets (multisets)
of size K to the learner. We denote these sets by {Z; = {211, -+ , 2tk } }1—1. On releasing these
sets, the adversary promises to always pick D, supported only on the elements of Z;. The regret
of a learner with prediction rules 2 on the adaptive sequence 2 = (D1, - - - , Dr) following above
restrictions is defined as:

T T
E[REGRET(T, 7, 2)] = E_ > UG w) - jnf > (), y1)
t=1

’ t=1

H.2 Efficient Algorithm for Transductive Online Learning with X Hints
We will show an oracle-efficient regret upper bound of O(v/dT K) by constructing an oracle-efficient

algorithm based on the random playout technique. We consider the optimization oracle defined in
Definition 2.3 with the loss functions specified by I* (7, y) = %l(@, y) and [°(g,y) = 1{y # y} — 3.
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s W N =

10
11

Similar to Algorithm 1, at each time step ¢, our algorithm applies the offline optimization oracle
to two input sequences: One where the real history s1.;_; is mixed with two copies’ of randomly
labeled set of all hints corresponding to future time steps and the current instance is labled +1, and
another, where the current instance is labeled —1.

More specifically, with EW = {ﬁgf;)c}i:t-i-l:T,k:l:K denoting the set of random labels and S =
(Zs41.7,EW) denoting the set of hints labeled by £(*), we consider

7 =OPT (su,l; SO USH U {(a, —1)}) — OPT (sm,l; SO USD U (2, +1)}) . (16)

See Algorithm 3 for a formal description of the algorithm.

Algorithm 3: Oracle-Efficient Online Transductive Learning with K Hints
Input: T, K, {Z:}{_,

fort < 1toT do
Receive x;. Assert that x; € Z;
fori=t+1,--- T, k=1,--- , K do
‘ Draw new e% ~U{-1,+1}).
end
S {GER D G ADY // To coples of each tuple
k=1:K
S5 {(wr.y) Vi
D % i OPTH,Z(St(l)US§2)U{(“,+1)});OPTHJ(St(l)ust@)u{(wh_l)})'
With probability p;, predict 3y = —1; otherwise predict j; = +1
Receive y;, suffer loss [(Jz, vz ).
end

Theorem H.1 (Regret Bound for Efficient K-Hint Transductive Learning). In the setting of transduc-

tive learning with K-hints, Algorithm 3 achieve expected regret bound of O(v/dT K). The algorithm
can be implemented using two calls to the optimization oracle per round.

The proof of Theorem H.1 follows a similar approach to that in [RSS12] and uses the admissible
relaxation framework. This proof is also very similar to the proof of Theorem 3.1 for the case of
smoothed adversaries. We include the proof of this Theorem for completeness.

Specifically, we will show that the algorithm is admissible with respect to the following relaxation:

t

Relr (M | sie) = E sup 26 Y eh(ain) = Y Uh(a) ) | t=0,--- T
i=t+1:T =1
k=1:K

Using the language of regularized Rademacher complexity introduced in Section 4.3, the relaxation
at the end of time step ¢ can be written as the Rademacher complexity for the union of future hints,
regularized by the past total loss. That is,

Relr(H | s1:¢) = 2G - R(—L" (-, s1:¢), Ze41:7), 17

where L' (h, s1:¢) = 51 I(h(2;),yi) = 55 sy UR(2;), i) for h € H.

To use the relaxation framework and Proposition 4.1, it suffices to establish two claims: 1) the
relaxation in Equation (17) is admissible in the K -hint setting, 2) the value of this relaxation at the
beginning of the game is not too large.

For the second claim, we notice that Relr(# | 0) is equal to the unregularized Rademacher com-
plexity for the dataset that includes all the hints. Since there are at most 7'K hints, the Rademacher

>We use two copies to scale the loss appropriately.
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complexity is at most 9] (VAT K) according to Lemma B.3. That’s where we get the extra v/K in the
bounds compared to the standard transductive setting.

The first claim is the more technically interesting one. For admissibility, here we will focus on
proving the following bound

sup sup { [ (G, y )|+ RELE, Ziyrn)} < sup R(Ly_y, Zeprr Vi) SR(Ly_y, Zer),
Tt EZ1Yt €Y Y~ Qi T €Ly

(a)
(18)

where L} (h) abbreviates for L*(h, $1.¢).

Let us consider the L.H.S of the above inequality and note that for any fixed z, the term (a) captures
the standard transductive learning setting with Z;, ;.7 being the set of unlabeled instances for the
future. In this case, the convexity of loss function [" together with the min-max theorem can be used to
show that the learner’s strategy Q;, which makes the two values inside the supremum over ) equalize
as y; takes value —1 and +1, is indeed the optimal strategy. At a high level, this technique which is
also used by [RSS12], gives rise to the algorithm in Equation (16) and proves the first inequality in
inequality (18). We refer the readers to [RSS12, Lemma 12] for more details about the proof.

The second transition in Inequality (18) can be established using the fact that regularized Rademacher
complexity is monotone in the dataset, as shown in Lemma 4.1. Therefore, we have proved that
the relaxation given by Equation (17) is admissible, and the final regret upper bound follows from
Proposition 4.1.
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