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Abstract

In sparse linear bandits, a learning agent sequentially selects an action and receive
reward feedback, and the reward function depends linearly on a few coordinates of
the covariates of the actions. This has applications in many real-world sequential
decision making problems. In this paper, we propose a simple and computationally
efficient sparse linear estimation method called POPART that enjoys a tighter ¢;
recovery guarantee compared to Lasso (Tibshirani, 1996) in many problems. Our
bound naturally motivates an experimental design criterion that is convex and
thus computationally efficient to solve. Based on our novel estimator and design
criterion, we derive sparse linear bandit algorithms that enjoy improved regret
upper bounds upon the state of the art (Hao et al., 2020), especially w.r.t. the
geometry of the given action set. Finally, we prove a matching lower bound for
sparse linear bandits in the data-poor regime, which closes the gap between upper
and lower bounds in prior work.

1 Introduction

In many modern science and engineering applications, high-dimensional data naturally emerges,
where the number of features significantly outnumber the number of samples. In gene microarray
analysis for cancer prediction [30], for example, tens of thousands of genes expression data are
measured per patient, far exceeding the number of patients. Such practical settings motivate the study
of high-dimensional statistics, where certain structures of the data are exploited to make statistical
inference possible. One representative example is sparse linear models [19], where we assume that a
linear regression task’s underlying predictor depends only on a small subset of the input features.

On the other hand, online learning with bandit feedback, due to its practicality in many applications
such as online news recommendations [25]] or clinical trials [26} 41]], has attracted a surge of research
interests. Of particular interest is linear bandits, where in n rounds, the learner repeatedly takes
an action A; (e.g., some feature representation of a product or a medicine) from a set of available
actions A c R? and receives a reward r; = (0%, A¢) + ny as feedback where 7; € R is an independent
zero-mean, o-sub-Gaussian noise. Sparsity structure is abundant in linear bandit applications: for
example, customers’ interests on a product depend only on a number of its key specs; the effectiveness
of a medicine only depends on a number of key medicinal properties, which means that the unknown
parameter 0 sparse; i.e., it has a small number of nonzero entries.

Early studies [2, 8, [24] on sparse linear bandits have revealed that leveraging sparsity assumptions
yields bandit algorithms with lower regret than those provided by full-dimensional linear bandit
algorithms [3} 4} [11} [1]]. However, most existing studies either rely on a particular arm set (e.g., a
norm ball), which is unrealistic in many applications, or use computationally intractable algorithms.
If we consider an arbitrary arm set, however, the optimal worst-case regret is ©(v/sdn) where s
is the sparsity level of 6%, which means that as long as n = O(sd), there exists an instance for
which the algorithm suffers a linear regret [23]. This is in stark contrast to supervised learning
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REGRET BOUND DATA-POOR ASSUMPTIONS

HAO ET AL. [18] O(s*3C23n2/%) v A spaNs R?
HAO ET AL. [I8] Q(s'?k “2s n?/3) v A spaNs R?
ALGORITHM(OURS) O(s*P HPn?%) v A spaNs R?
THEOREM 3| (OURS) Q(s*3k723n2/3) v A sPANS R?
HAO ET AL. [[I8] O(y/C;L,sm) X A sPANS R?, MIN. SIGNAL
ALGORITHM(OURS) O(y/sn) X A sPANS R%, MIN. SIGNAL

Table 1: Regret bounds of our work and the prior art where s, d, n are the sparsity level, the feature
dimension, and the number of rounds, respectively. The quantities C;,, and H 2 are the constants that
captures the geometry of the action set (see Eq @ and (9)), and k is a parameter for a specific family
of arm sets that satisfies k™° = O(C, H?).In general, H2 <C_} <(C.2 (Proposuon

mln) - min = Ymin

where it is possible to enjoy nontrivial prediction error bounds for n = o(d) [16]]. This motivates a
natural research question: Can we develop computationally efficient sparse linear bandit algorithms
that allow a generic arm set yet enjoy nonvacuous bounds in the data-poor regime by exploiting
problem-dependent characteristics?

The seminal work of Hao et al. [18] provides a positive answer to this question. They propose
algorithms that enjoy nonvacuous regret bounds with an arbitrary arm set in the data poor regime

using Lasso. Specifically, they have obtained a regret bound of O(Cpin~>/®s%/1n?/3) where Cpip is an
arm-set-dependent quantity. However, their work still left a few open problems. First, their regret

upper bound does not match with their lower bound Q(Cin™/35/3n%/3). Second, it is not clear if
Cmin 1s the right problem-dependent constant that captures the geometry of the arm set.

In this paper, we make significant progress in high-dimensional linear regression and sparse linear
bandits, which resolves or partly answers the aforementioned open problems.

First (Section[3), we propose a novel and computationally efficient estimator called POPART (POPu-
lation covariance regression with hARd Thresholding) that enjoys a tighter #; norm recovery bound
than the de facto standard sparse linear regression method Lasso in many problems. Motivated by the
£1 norm recovery bound of POPART, we develop a computationally-tractable design of experiment
objective for finding the sampling distribution that minimize the error bound of POPART, which is
useful in settings where we have control on the sampling distribution (such as compressed sensing).
Our design of experiments results in an ¢; norm error bound that depends on the measurement set de-
pendent quantity denoted by H? (see Eq. (§) for precise definition) that is provably better than Conin ™+
that appears in the £; norm error bound used in Hao et al. [18]], thus leading to an improved planning
method for sparse linear bandits. Second (Section[d), Using POPART, we design new algorithms for
the sparse linear bandit problem, and improve the regret upper bound of prior work [18]; see Table/[T]
for the summary. Third (Section 3], We prove a matching lower bound in data-poor regime, showing
that the regret rate obtained by our algorithm is optimal. The key insight in our lower bound is a
novel application of the algorithmic symmetrization technique [34]. Unlike the conjecture of Hao
et al. [18, Remark 4.5], the improvable part was not the algorithm but the lower bound for sparsity s.

We empirically verify our theoretical findings in Section [6] where POPART shows a favorable per-
formance over Lasso. Finally, we conclude our paper with future research enabled by POPART in
Section[7] For space constraint, we discuss related work in Appendix [A]but closely related studies
are discussed in depth throughout the paper.

2 Problem Definition and Preliminaries

Sparse linear bandits. We study the s J)arse linear bandit learning setting, where the learner is given
access to an action space A c {a € R”: |al|e < 1}, and repeatedly interacts with the environment
as follows: at eachround ¢ = 1, ..., n, the learner chooses some action A; € A, and receives reward
feedback ry = (6%, Ay)+n;, where 9 - € R? is the underlying reward predictor, and 7; is an independent
zero-mean o-subgaussian noise. We assume that 0 is s-sparse; that is, it has at most s nonzero
entries. The goal of the learner is to minimize its pseudo-regret defined as

Reg(n) = nmax (0%, a) Z (6%, Ay).



Experimental design for linear regression. In the experimental design for linear regression problem,
one has a pool of unlabeled examples X', and some underlying predictor 8* to be learned. Querying
the label of z, i.e. conducting experiment z, reveals a random label y = (6, z:) + n associated with it,
where 7) is a zero mean noise random variable. The goal is to accurately estimate §*, while using as
few queries x as possible.

Definition 1. (Population covariance matrix Q) Let P(X’) be the space of probability measures
over X with the Borel o-algebra, and define the population covariance matrix for the distribution
e P(X) as follows:

Q)= [ aa"du(a) (1)

Classical approaches for experimental design focus on finding a distribution p such that its induced
population covariance matrix () (1) has properties amenable for building a low-error estimator, such
as D-, A-, G-optimality [14].

Compatibility condition for Lasso. For a positive definite matrix ¥ € R%“ and a sparsity level
se[d]:={1,...,d}, we define its compatibility constant $3(32, s) as follows:
svT¥v

$3(%,s) ==  min min —
0 SefdliSl=s vilvsli<3lv-sl [vs]?’

@

where vg € R? denotes the vector that agrees with v in coordinates in S and 0 everywhere else and
v_g € R? denotes v — vg.

Notation. Let ¢; be the i-th canonical basis vector. We define [x] = {1,2,...,z}. Let supp(6) be
the set of coordinate indices ¢ where 0; = 0. We use a < b to denote that there exists an absolute
constant ¢ such that a < cb.

3 Improved Linear Regression and Experimental Design for Sparse Models

In this section, we discuss our novel sparse linear estimator POPART for the setting where the
population covariance matrix is known and show its strong theoretical properties. We then present a
variation of POPART called WARM-POPART that amends a potential weakness of POPART, followed
by our novel experimental design for POPART and discuss its merit over prior art.

POPART (POPulation covariance regression with hARd Thresholding). Unlike typical estimators
for the statistical learning setup, our main estimator POPART described in Algorithm [1] takes the
population covariance matrix denoted by () as input. We summarize our assumption for POPART.

Assumption 1. (Assumptions on the input of POPART) There exists x4 such that the input data points

{(X;,Yy) 7, satisfy that X, "“* yand Q = Q(ut) := Ex.,[XX"]. Furthermore, Y; = (6%, X;) +n,

with 7, being zero-mean o-subgaussian noise. Also, Ry > maxge4 |(a, 0 — 6o)|-

Algorithm 1 POPART (POPulation covariance regression with hARd Thresholding)

1: Input: Samples {(X;,Y;)}™,, the population covariance matrix @ € R%?, pilot estimator
6y € R, an upper bound R of maxe4 |(a, 0" — )|, failure rate 6.

2: Qutput: estimator 6
3:fort=1,...,n do
4: 9,5 :QilXt(th—<Xt700>)+9()
5: end for
~ ~ 2d
6: Vi € [d], 0] = Catoni({fy; = (B, e:) Y1, i, £5) where ;= S S
n(RE+o)(Q )1+ 51007 )

~

0 < clip, (0") = [0 1.(|0%] > X\;)]%, where ); is defined in Proposition
8: return 0

POPART consists of several stages. In the first stage, for each (X;,Y;) pair, we create a one-

sample estimator 0, (step . The estimator, 6;, can be viewed as a generalization of doubly-robust
estimator [10, [12] for linear models. Specifically, it is the sum of two parts: one is the pilot estimator



0o that is a hyperparameter of POPART; the other is Q( u)‘lX +(Y: = (X4, 6p)), an unbiased estimator
of the difference 0* — 0y. Thus, it is not hard to see that 0, is an unbiased estimator of 0*. As we
will see in Theorem | the variance of 6, is smaller when 6, is closer to 6%, showmg the advantage
of allowing a pilot estimator 0y as input. If no good pilot estimator is avallable a priori, one can set
0o = 0.

From the discussion above, it is natural to take an average of 9} Indeed, When n is large, the population
covariance matrix Q(7) is close to empirical covariance matrix Q=1 Zt 1 X X/, which makes
9ava Zt 1 0, close to the ordinary least squares estimator 90Ls Q ( Y1 X+Y:). However,

for techmcal reasons, the concentration property of Havg is hard to establish. This motivates POPART’s
second stage (step @) where, for each coordinate ¢ € [d], we employ Catoni’s estimator [27]] (see
Appendix for arecap) to obtain an intermediate estimate for each 6, namely 6.

To use Catoni’s estimator, we need to have an upper bound of the variance of 6 for its «; parameter.
A direct calculation yields that, for all i € [d] and ¢ € [n],

Var(Bi) < (maax (0° = 60,0)” + 0 ) max(@() )i

where 0,; = (ét, e;). This implies that (R% + 02) max;(Q(u) 1) is an upper bound of Var(ém-). By
the standard concentration inequality of Catoni’s estimator (see Lemmal/l]), we obtain the following
estimation error guarantee for 6;; the proof can be found in Appendix Hereafter, all proofs are
deferred to appendix unless noted otherwise.

Proposition 1. Suppose Assumptionholds. In POPART, fori € [d],if n > 2In ¢ 2d , the following
inequality holds with probability 1 - J:

2 2
|9£_9;|<\/4(R+0)(Q(u) o2
n

A

Proposition [1| shows that, for each coordinate 7, (6] — \;, 0} + A;) forms a confidence interval for
0r. Therefore, if 0 ¢ (0 — \;, 0, + \;), we can infer that 0 # 0, i.e., ¢ € supp(6*). Based on
the observation above, POPART’s last stage (step [7)) performs a hard-thresholding for each of the
coordinates of #’, using the threshold ); for coordinate 7. Thanks to the thresholding step, with

high probability, 6s support is contained in that of §*, which means that all coordinates 7 outside
the support of §* (typically the vast majority of the coordinates when s < d) satisfy 6; = 6] =0
Meanwhile, for coordinate ¢’s in supp(6*), the estimated value 6; is not too far from 6.

The following theorem states POPART’s estimation error bound in terms of its output 0’8 loo, lo,
and /; errors, respectively. We remark that replacing hard thresholding in the last stage with soft
thresholding enjoys similar guarantees.

Theorem 1. Take Assurnption Let H?(Q) := max;e[4)(Q™")si- Then, POPART has the following
guarantees with probability at least 1 — ¢:

(i) Vi e [d], |6; - 07] < 20/ TELTNQUI s 10 20 o 1 e |, < 91/ ATLIIQGD) 150 20
(i) supp(d) c supp(6*) so |6 - 6*||o < s,
(ifi) 0 - 07|y < 25,/ 2ETQU) 10 20

Interestingly, POPART has no false positive for identifying the sparsity pattern and enjoys an {, error
bound, which is not available from Lasso, to our knowledge. Unfortunately, a direct comparison with
Lasso is nontrivial since the largest compatibility constant (b%(f], s) is defined as the solution of the
optimization problem (2)), let alone the fact that ¢8(ﬁ3, s) is a function of the empirical covariance
matrix. While we leave further investigation as future work, our experiment results in Section [6]
suggest that there might be a case where POPART makes a meaningful improvement over Lasso.

2
Proof of Theorem[l] Let A := max; \; = \/w log 2¢ From Proposition [1{and the
union bound, one can check that

[0" = 0" o <A 3)



with probability 1 — §. Therefore, the coordinates in supp(6*)¢ will be thresholded out because of
0" = 6" | s < A. Therefore, (ii) holds and for all ¢ € supp(6*)°, |6; — 67| = 0.

By definition, § = clip, (), we can say that ||§ — 6’|, < A. Plus, by Eq. , [0" - 0% < A\. By the
triangle inequality, |0* — 6] o < 2. Therefore, (i) holds.
Lastly, (iii) can be argued as follows:

6-6%1i= > 10:-671< > 0+ > 2x<2s\ O
i€[d] iesupp(0*)° iesupp(6*)

WARM-POPART: Improved guarantee by warmup. One drawback of the POPART estimator is
that its estimation error scales with \/R3 + o2, which can be very large when Ry is large. One may
attempt to use the fact that POPART allows a pilot estimator 6 to address this issue since Ry gets
smaller as 6 is closer to 8*. However, it is a priori unclear how to obtain a 6, close to 8* as 6 is the
unknown parameter that we wanted to estimate in the first place.

To get around this “chicken and egg” problem, we propose to introduce a warmup stage, which we
call WARM-POPART (Algorithm[2). WARM-POPART consists of two stages. For the first warmup
stage, the algorithm runs POPART with the zero vector as the pilot estimator and with the first half of
the samples to obtain a coarse estimator denoted by 6o which guarantees that for large enough ny,
|16 — % |1 < 0. In the second stage, using 6 as the pilot estimator, it runs POPART on the remaining
half of the samples.

Algorithm 2 WARM-POPART

1: Input: Samples {(X;,Y;)}7°,, the population covariance matrix ) € R**?, an upper bound
Rpnax of maxgeq [(6%, a)|, number of samples ng, failure rate .

2: Qutput: 0, an estimate of 0*

3: Run POPART({(X;, Yi)}gff/zj, Q,0,6, Ryay) to obtain 6, a coarse estimate of §* for the next
step.

4: Run POPART({ (X}, Y;)};L"lno/zH17 Q, 00,0, 0) to obtain 6, an estimate of 6*.

The following corollary states the estimation error bound of the output estimator 0. Compared with
POPART’s {; recovery guarantee, WARM-POPART’s ¢; recovery guarantee (Equation (d))) has no
dependence on R, .y; its dependence on R, only appears in the lower bound requirement for ng.

Corollary 1. Take Assumptionwithout the condition on Ry. Assume that Ryax > maxge4 |(a, 0%,

and ng > 3282(R?"a"+:22)H2(Q(“)) log %d. Then, WARM-POPART has, with probability at least 1 — 24,
R H? In 2¢
|9_9*|158$U\l %. 4)
No

Remark 1. In Algorithm[2] we choose POPART as our coarse estimator, but we can freely change
the coarse estimation step (step[3) to other principled estimation methods (such as Lasso) without
affecting the main estimation error bound (@); the only change will be the lower bound requirement
of ng to another problem-dependent constant.

Remark 2. WARM-POPART requires the knowledge of Ry,ax, an upper bound of maxge 4 [(6*, a)l;
this requirement can be relaxed by changing the last argument of the coarse estimation step (step [3)

from Ry, to some function f(ng) such that f(ng) = w(1) and f(ng) = o(\/n0) (say, ong); with
this change, a result analogous to Corollary T|can be proved with a different lower bound requirement
of ng.

A novel and efficient experimental design for sparse linear estimation. In the experimental
design setting where the learner has freedom to design the underlying sampling distribution , the
1 error bound of POPART and WARM-POPART naturally motivates a design criterion. Specifically,
we can choose ;i that minimizes H?(Q(y)), which gives the lowest estimation error guarantee. We
denote the optimal value of H%(Q(u)) by

Hf = min max -1 ii . 5
min ie[d](Q(u) ) ®)



The minimization of H2(Q(y)) is a convex optimization problem, which admits efficient methods
for finding the solution. Intuitively, H? captures the geometry of the action set A.

To compare with previous studies that design a sampling distribution for Lasso, we first review the
standard ¢, error bound of Lasso.

Theorem 2. (Buhlmann and van de Geer [6, Theorem 6.1]) With probability at least 1 — 26, the
¢1-estimation error of the optimal Lasso solution ) .5, [6, Eq. (2.2)] with A = \/2log(2d/§)/n

satisfies
s — 0° 1 < so [2log(2d/6)
IO no

where ¢0(ﬁ3, 5)? is the compatibility constant with respect to the empirical covariance matrix S =
L 371 Xi X[ and the sparsity s in Eq. (2).

Ideally, for Lasso, experiment design which minimizes the compatibility constant will guarantee the
best estimation error bound within a fixed number of samples n. However, naively, the computation
of the compatibility constant is intractable since Eq. is a combinatorial optimization problem
which is usually difficult to compute. One simple approach taken by Hao et al. [18] is to use the

following computationally tractable surrogate of gf)%(i), s):
Ciin = max Apmin(Q(u 6
POA) (Q(n)) (6)

where A\pin(A) denotes the minimum eigenvalue of a matrix A. With the choice of sampling

distribution p = argmaxApin(Q(1)), and n > Q(S‘poéy#w)), with high probability, ¢3(3,s) >
1P (A) min

Cmin/2 holds [33| Theorem 1.8], and one can replace (bo(i?, ) to Cpin/2 in Theorem [2| to get the
following corollary:

Corollary 2. With probability at least 1 — exp(—cn) — 26 for some universal constant ¢, the £;-
estimation error of the optimal Lasso solution 8 ,, satisfies

) < 2 2log(2d/s
HeLasso -6 Hl < SO'\/T/)7 (7)
Cmin n

The following proposition shows that our estimator has a better error bound compared to the surrogate
experimental design for Lasso of Hao et al. [18].

Proposition 2. We have H2 < C-! < dH?. Furthermore, there exist arm sets for which either of the

min =

inequalities is tight up to a constant factor.

Therefore, our new estimator has ¢; error guarantees at least a factor Cr_nlir/f better than that provided
by [18], as follows: when we choose the p as the solution of the Eq. (5)), then

(RHS of @) s soH.\/ In(2d/0) < 50 Comin 1/ In(2d/%) < 50Cmin "\ / In(2d/%) < (RHS of ([))
n n n

In addition, we also prove that there exists a case where our estimator has an d/s-order better error
bound compared to the traditional lasso bound in Theorem [2] although this is not in terms of the

compatibility constant of the empirical covariance matrix .
Proposition 3. There exists an action set .4 and an absolute constant C; > 0 such that
S 1

For the detailed proof about Proposition 2] and Proposition 3] see Section [D]in Appendix.



4 Improved Sparse Linear Bandits using WARM-POPART

We now apply our new WARM-POPART sparse estimation algorithm to design new sparse linear
bandit algorithms. Following prior work [[18]], we adopt the classical Explore-then-Commit (ETC)
framework for algorithm design, and use POPART with experimental design to perform exploration.
As we will see, the tighter ¢, estimation error bound of our POPART-based estimators helps us obtain
an improved regret bound.

Algorithm 3 Explore then commit with WARM-POPART

1: Input: time horizon n, action set .4, warm-up exploration length n, failure rate 0, reward
threshold parameter R,.x, an upper bound of maxge 4 [(6*, a)|.

2: Solve the optimization problem in Eq. (3) and denote the solution as y.

3: fort=1,...,n9do

4:  Independently pull the arm A; according to p, and receives the reward r;

5: end for A

6: Run WARM-POPART({ A}, {7+ } 1%, Q(1t+), 0, Rmax ) to obtain 6, an estimate of 6*.
7: fort=ng+1,...,ndo

8:  Take action A; = arg max, 4 (0, a), receive reward ry = (0%, A,) + 1,

9: end for

Sparse linear bandit with WARM-POPART. Our first new algorithm, Explore then Commit with
WARM-POPART (Algorithm [3), proceeds as follows. For the exploration stage, which consists of the
first no rounds, it solves the optimization problem (3)) to find .., the optimal sampling distribution
for POPART and samples from it to collect a dataset for the estimation of §*. Then, we use this
dataset to compute the WARM-POPART estimator 0. Finally, in the commit stage, which consists of
the remaining n — ng rounds, we take the greedy action with respect to 6. We prove the following
regret guarantee of Algorithm 3}

2)3/2Hfs2

Theorem 3. If Algorithmhas input time horizon n > 16v/2 R"‘a"(R“"““‘;U

set A c [-1,+1]%, and exploration length ng = 4(s202H?n?log 2 R;2 )3, Ay = 40/ Z—f log 2¢,
then with probability at least 1 — 28, Reg(n) < 8R¥§X(3202H3n2 log %)%.

log %‘i, action

Proof. From Corollary Hé—@* |1 < 2sA; with probability at least 1—24. Therefore, with probability
1-26,

A a2 2d
Reg(n) < Rmaxno + (n—n0)[0 = 0%||1 € Rmaxno + 2511 = Rmaxno + 8snoy [ —= log 5
ng
and optimizing the right hand side with respect to ng leads to the desired upper bound. O

Compared with Hao et al. [18]s regret bound O((Rimaxs20%Conin 2n2) Y 3, Algorithm s regret
bound O((Rumaxs>0?H2n?)'73) is at most O((Rumaxs>02Comin - n%)/3), which is at least a factor

Cmm% smaller. As we will see in Section , we show that the regret upper bound provided by
Theorem [3]is unimprovable in general, answering an open question of [18].

Improved upper bound with minimum signal condition. Our second new algorithm, Algorithm 4]
similarly uses WARM-POPART under an additional minimum signal condition.

Assumption 2 (Minimum signal). There exists a known lower bound m > 0 such that
MiNjequpp(o+) |07 | > m.

At a high level, Algorithm [4]uses the first ny rounds for identifying the support of 6*; the £, recovery
guarantee of WARM-POPART makes it suitable for this task. Under the minimal signal condition and
a large enough no, it is guaranteed that 6y’s support equals exactly the support of 6*. After identifying
the support of 8*, Algorithm [4] treats this as a s-dimensional linear bandit problem by discarding

"This is implicit in [I8]] — they assume that ¢ = 1 and do not keep track of the dependence on o.



the remaining d — s coordinates of the arm covariates, and perform phase elimination algorithm [23|
Section 22.1] therein. The following theorem provides a regret upper bound of Algorithm 4]

Algorithm 4 Restricted phase elimination with WARM-POPART

1: Input: time horizon n, finite action set .4, minimum signal m, failure rate ¢, reward threshold
parameter Ryax, an upper bound of maxge 4 |(0%, a)|

2: Solve the optimization problem in Eq [3and denote the solutions as ) and ., respectively.
3 Let np = max( 28042 25602 H* log Qd 3257 (Rn;;w YH? log
4: fort=1,...,n9 do
5: Independently pull the arm A; according to y., and receives the reward r;
6: end for
7: 6, = WARM- POPART({A¢}iLy, {Ri }ie1, Q. 0, Rimax)
8: Identify the support S = supp(6s)
9:fort=ns+1,...,ndo
10:  Invoke phased elimination algorithm for linear bandits on S
11: end for

8 2772 5.2
Theorem 4. If Algorithm (4| has input time horizon n > max(2 o He Zs (R":j;‘w LA )log

action set A c [~1,1]%, upper bound of the reward Ry, then W1th probability at least 1 — 26, the
following regret upper bound of the Algorithmd]holds: for universal constant C' > 0,

9852 12 5.2( p2 2
Reg(n)<max(7H*l 20 25*(Riax + 0" lo g )+Cm/sn10g(|A|n)

P o2

For sufficiently large n, the second term dominates, and we obtain an O(\/sn) regret upper bound.
Theorem [] provides two major improvements compared to Hao et al. [18, Algorithm 2]. First,
when m is moderately small (so that the first subterm in the first term dominates), it shortens the

length of the exploration phase ng by a factor of s - h";;‘ . Second, compared with the regret bound

O(\/ Amax(2,5 AiA]/n2) /sn) provided by [18]], our main regret term O(+/sn) is more interpretable

min

and can be much lower.

5 Matching lower bound

We show the following theorem that establishes the optimality of Algorithm [3] This solves the open
problem of Hao et al. [18, Remark 4.5] on the optimal order of regret in terms of sparsity and action
set geometry in sparse linear bandits.

Theorem 5. For any algorithm, any s, d, s that satisfies d > max(n'/3s*3,™4/3 (s + 1)?) and

n > 8ks?, there exists a linear bandit environment an action set A and a s-sparse 6 € R?, such that
Cl <k2 Rypax <2,0=1,and

min =

Reg, > Q(k 2/3s*3n?3) .

We give an overview of our lower bound proof techniques, and defer the details to Appendix [F}

Change of measure technique. Generally, researchers prove the lower bound by comparing two
instances based on the information theory inequalities, such as Pinsker’s inequality, or Bregtanolle-
Huber inequality. In this proof, we also use two instances 6 and ¢, but we use the change of measure
technique, to help lower bound the probability of events more freely. Specifically, for any event A,

Pg(A) = Eg[14] = Eg |:]1A ﬁ pe(7‘t|at)] 2 Eyr [ﬂAexp (— i(At,G— 0')2)] . 8)

t=1 Pef(Tt|at) t=1

Symmetrization. We utilize the algorithmic symmetrization technique of Simchowitz et al. [34]],
Stoltz et al. [37], which makes it suffice to focus on proving lower bounds against symmetric
algorithms.



Definition 2 (Symmetric Algorithm). An algorithm Alg is symmetric if for any permutation 7 €
Sym(d), 0 e R, {a;}1, € A",

Pe,Alg(A1 =ay, Ay = a'n) = Pw(@),Alg(Al = 77(&1)7 Ay = 7T(an))
where for vector v, 7(v) € R? denotes its permuted version that moves v; to the 7 (i)-th position.
This approach can help us to exploit the symmetry of 6’ to lower bound the right hand side of (8);

below, 11 := {77' (6 =¢ } is the set of permutations that keep 6’ invariant, and A is an event
invariant under I1I:

@_m'ZEo,[nAexp( Z (771 (Ay),0 - 0))]21E9, 14 exp ZIHI So(rH (A, 0 - 9))

mell mell

which helps us use combinatorial tools over the actions for the lower bound proof.

6 Experimental results

We evaluate the empirical performance of POPART and our proposed experimental design, along
with its impact on sparse linear bandits. One can check our code from here: https://github. com/
jajajang/sparse.

Case 1 Case 2
H_*=19.49, 1/Cmin=1569.21 H_*=6.98, 1/Cmin=86.14
20 —— PopART 08 —— PopART
< Cmin-Lasso g Cmin-Lasso
o
% 15 H2-Lasso E 06 H2-Lasso
= =
E=] 5]
= 10 = o4
E E
@ s =
i @ 02
= =
0o Y —— .
0.0
2000 4000 8000 8000 10000 2000 4000 6000 8000 10000
Time Time
H_*=19 49, 1/Cmin=1569 21 H_*=6.92, 1/Cmin=00.70
300000
—— PopART 50001 —— PopART
o 0000 Cmin-Lasso = Cmin-Lasso
e @ 000
g 200000 g
o e
3000
g 150000 g
= =)
iy ©
= 100000 = 2000
5 E
O o000 3 100
e 0
e 5 o . = _20 = o *® 40 o 2000 4000 6000 8000 10000
Time Horizon (x10%) Time Horizon

Figure 1: Experiment results on ¢; estimation error cumulative regret.

For sparse linear regression and experimental design, we compare our algorithm POPART with
u being the solution of (3)) with two baselines. The first baseline denoted by Ciyin-Lasso is the
method proposed by Hao et al. [18] that uses Lasso with sampling distribution p defined by (]§[)
The second baseline is H?-Lasso, uses Lasso with sampling distribution ;z defined by (§), which is
meant to observe if Lasso can perform better with our experimental design and to see how POPART is
compared with Lasso as an estimator since they are given the same data. Of course, this experimental
design is favored towards POPART as we have optimized the design for it, so our intention is to
observe if there ever exists a case where POPART works better than Lasso.

For sparse linear bandits, we run a variant of our Algorithm [3|that uses WARM-POPART in place of
POPART for simplicity. As a baseline, we use ESTC [18]]. For both methods, we use the exploration
length prescribed by theory. We consider two cases:


https://github.com/jajajang/sparse
https://github.com/jajajang/sparse

* Case 1: Hard instance where F/2 << C.} . We use the action set constructed in Appendix
where H? and Cy,;,, shows a gap of ©(d). We choose d = 10, s =2, 0 = 0.1.
¢ Case 2. General unit vectors. In this case, we choose d = 30, s = 2, o0 = 0.1 and the action set

A consists of |A| = 3d = 90 uniformly random vectors on the unit sphere.

We run each method 30 times and report the average and standard deviation of the ¢; estimation error
and the cumulative regret in Figure|T]

Observation. As we expected from the theoretical analysis, our estimator and bandit algorithm
outperform the baselines. In terms of the ¢; error, for both cases, we see that POPART converges
much faster than Cp,-Lasso for large enough n. Interestingly, H2-Lasso also improves by just using
the design computed for POPART in case 1. At the same time, H2-Lasso is inferior than POPART
even if they are given the same data points. While the design was optimized for POPART and POPART
has the benefit of using the population covariance, which is unfair, it is still interesting to observe
a significant gap between POPART and Lasso. For sparse linear bandit experiments, while ESTC
requires exploration time almost the total length of the time horizon, ours requires a significantly
shorter exploration phase in both cases and thus suffers much lower regret.

7 Conclusion

We have proposed a novel estimator POPART and experimental design for high-dimensional linear
regression. POPART has not only enabled accurate estimation with computational efficiency but also
led to improved sparse linear bandit algorithms. Furthermore, we have closed the gap between the
lower and upper regret bound on an important family of instances in the data-poor regime.

Our work opens up numerous future directions. For POPART, we speculate that (Q()™!);; is the
statistical limit for testing whether 6 = 0 or not — it would be a valuable investigation to prove
or disprove this. We believe this will also help investigate whether the dependence on H? in our
regret upper bound is unimprovable (note our matching lower bound is only for a particular family of
instances). Furthermore, it would be interesting to investigate whether we can use POPART without
relying on the population covariance; e.g., use estimated covariance from an extra set of unlabeled
data or find ways to use the empirical covariance directly. For sparse linear bandits, it would be
interesting to develop an algorithm that achieves the data-poor regime optimal regret and data-rich
regime optimal regret \/ sdn simultaneously. Furthermore, it would be interesting to extend our result
to changing arm set, which poses a great challenge in planning.
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A Related work

Sparse linear bandits. The sparse linear bandit problem is a natural extension of sparse linear
regression to the bandit setup where the goal is to enjoy low regret in the high-dimensional setting by
levering the sparsity of the unknown parameter 8. The first study we are aware of is Abbasi-Yadkori

et al. [2] that achieves a O(/sdn) regret bound with a computationally intractable method, which is
later shown to be optimal by Lattimore and Szepesvari [23| Section 24] yet is not computationally
efficient. Since then, several approaches have been proposed. A large body of literature either assumes
that the arm set is restricted to a continuous set (e.g., a norm ball) [8}24] or that the set of available
arms at every round is drawn in a time-varying manner, and playing arms greedily still induces a ‘nice’
arm distribution such as satisfying compatibility or restricted eigenvalue conditions [5 22} |35} 29].
These assumptions allow them to leverage existing theoretical guarantees of Lasso. In contrast,
we follow Hao et al. [[18] and consider arm sets that are fixed throughout the bandit game without
making further assumptions about the arm set. While this setup is interesting in its own for not having
restrictive assumptions, it is also an important stepping stone towards efficient bandit algorithms for
the more generic yet challenging setup of changing arm sets without any distributional assumptions.
Our work is a direct improvement over Hao et al. [18], in that we close the gap between upper and
lower bounds on the optimal worst-case regret; we refer to Table[I] for a detailed comparison.

Sparse linear regression. Natural attempts for solving sparse linear bandits are to turn to existing
results from sparse linear regression. While best subset selection (BSS) is a straightforward approach
of trying all the possible sparsity patterns that achieves good guarantees, its computational complexity
is prohibitive [[16]. As a computationally efficient alternative, Lasso is arguably the most popular
approach for sparse linear regression for its simplicity and effectiveness [39]]. However, Lasso has an
inferior #; norm error bound than BSS, perhaps due to its bias [40]. Rather than turning to existing
results from sparse linear regression, we propose a novel estimator, POPART, by leveraging the fact
that the setup allows us to design the sampling distribution, which allows a better £; norm error bound
than Lasso except for the dependence on the range of the mean response variable.
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Experimental design. In the linear bandit field, researchers often use experimental design to get the
best estimator within the limited budget [36} 138, [7, [15| 28]]. Especially, there were a few attempts
using the population covariance based estimator instead of the traditional empirical covariance matrix
[28. 138]]. However, our study is the first approach that designs the experiment for minimizing the
variance of each coordinate of the estimator uniformly, to the best of our knowledge.

For experimental design for sparse linear regression, Ravi et al. [31] propose heuristic approaches
that ensures the design distribution satisfy incoherence conditions and restricted isometry property
(RIP). Eftekhari et al. [[13] study the design of c-optimal experiments in sparse regression models,
where the goal is to estimate (c, §*) with low error for some ¢ € R?; our experimental design task
can be seen as simultaneously estimating (c, 8*) for all ¢ = eq,...,eq. Huang et al. [20] propose
algorithms for optimal experimental design, tailored to minimizing the asymptotic variance of the
debiased Lasso estimator [21]]. In contrast, our results are based on finite-sample analyses.

In the theoretical computer science literature, a line of work on sketching also provides provably
compressed sensing and sparse recovery algorithms [See|l7, for an overview]; however, they mostly
focus on using measurements (covariates) that are in {0, 1}d and {-1, l}d, as opposed to general
measurement sets in R?.

Regression with the population covariance matrix. There are a few studies that consider regression
with the population covariance matrix: Camilleri et al. [7] devise the novel scheme for the experimen-
tal design for the kernel bandits and obtain a new estimator called RIPS that leverages the population
covariance matrix and robust mean estimator like POPART. Mason et al. [28] solve the level set
estimation problem using RIPS. Tao et al. [38] also employ a similar estimator, but they do not use
robust mean estimators and result in a weaker form of error bound involving additional lower order
terms. The main difference of our work from all these papers is that they do not address sparse linear
models. In particular, they do not perform thresholding nor provide /., or [ recovery guarantees for
the sparse parameter.

B Catoni’s Estimator

Definition 3 (Catoni’s estimator [9]). For the i.i.d random variables Z,---, Z,,, Catoni’s mean
estimator Catoni({Z;}}-,,d, o) with error rate § and the weight parameter « is defined as the unique
value y which satisfies

iwa(zn ) =0

where () := sign(z) log(1 + || + 22/2).

Lemma 1 (Catoni’s estimator guarantee [9]). For the i.i.d random variable Xi,---, X,, with
mean pu, let i be their Catoni’s estimator with error rate § with the weight parameter o :=

\J 2log § . Then with probability at least 1 — 24, the following inequality holds:

log 1
nVar( X7 ) (1+ —28 s

n-2log %

2Var(X1)log 3

L= | <
= p n—log ]

C Proofs for POPART and WARM-POPART

C.1 Proof for Proposition T]

Proof. To lighten the notation, in this proof, we write Q = Q (1), and let (6, A, 7) denote random
vectors distributed identically to (51, A1,m1). First, observe that E [5] = 0*. We now use the law of

total variance to decompose the covariance matrix of 6, by first conditioning on X:

E[(6-0°)(0-0)| =E[(B[0| X]-0")(E[0| X]-0*)]+E[(0-E[0| X])(0-E[0| X))
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For the first term,
E[(B[7] X]~0")(EL0] X]-0%)"] = E[(EF] X]~00) (B[ | X] ~60)7] = (6 = 00) (0" ~ 00)"
<E[(B[§| X] - 00)(E[0 | X]-60)"]
=E[Q7' X (XT (0" - 60))’ X" Q"]
ng [Q'XX"Q '] =RQ!
For the second term,

E[(6-E[0| X])(0-E[0] X])T| - E[Q'XXTQ '] = ?Q"".

Combining the above two bounds, we have Var(f) = E [(é - 0*)(0 - 0* )T] < (R3+0%)Q". There-
fore, we can bound Var(6;) as follows:

Var(8;) = E[(e] (0 -6"))*] < (Rg +*)(QVai
By the theoretical guarantee of the Catoni’s estimator (Lemma [I] in the Appendix), the desired

inequality holds. O

C.2 Full version of Corollary 1) and its proof

Corollary 3. If WARM-POPART receives inputs { X;, Y; } ', drawn from p1, Q (1), failure probability
2 2 2 2
32s (Rxxlax+a2 YH=(Q(1)) 10g 25d’ then all

o

J, and R,ax such that Ry,.x > maxgeq [(a,07)|, and ng >
the following items hold with probability at least 1 — 24:

(@) 6 -6" |0 <80 H(Q)
(i) supp(f) c supp(6*) so |0 - 6*[o < s
(i) 6 -0*]1 <8s0H(Q) L% 2

Proof. Since ng is sufﬁcnently large, from the Theorem.w1th Ry = Riax We can say that |§p—0% |1 <
o. Applying Theorem|[I]again with Ry = o we can get all (i), (i), (iii) directly. O

D Proof of Proposition 2| and Proposition 3|

First, we will prove H2 < C.} < dH?. We will deal with equality in the next subsection.

min =

Proof. For any positive definite matrix @ ¢ R,
HQ(Q) maX(Q )u = mzi«l)](e Q €; < Héafi UTQ U= Amax (Q(7)” 1) < tl’(Q(?T)_l) < dH2(Q)
©))

Now, let the solution of the Eq. (5) and Eq. (6) as px and puc, respectively. Then, by the rightmost
inequality of (9) we have

1 _
c < Mnaa (Q(1mr) 1)§dHf
and by the leftmost inequality of the (9) we have
H? < H*(Q(pe)) < o

Therefore, the inequality part of the Proposition 2] holds. O

D.1 The case of when the equality in Eq. (9]holds

consider A = {e;|i = 1,-+-,d}; it can be seen that H2 = C_} =d.

For an example of H2 = C} min

min?
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We now present an example where Cpin = O(dH?2).

Consider A = {a1,...,aq}, where
1
“ _\/361
_ 1
a; =e1 + 7\/361'.

and we will calculate H2(Q(7)) and Apmin (Q (7)) for the optimal sampling distributions 7 to achieve
H? and Cypyiy, respectively.

D.1.1 Prove that the optimal 7 satisfies 7(a2) = 7(a3) = -+ = 7(aq)

We will first show that for both objectives H?(Q()) and Ay, (Q(7)), there exists an optimal
sampling distribution 7 such that w(as) = w(a3z) = - = 7(aq).

Denote by a := w(a1 ). Fix a. For notational convenience, let w(a;) := b; and b = (b, b3, -+, bg) €
R?"!. Then the covariance matrix Q(7) (abbreviated as @) has the following form:

%_}_sz by eee b
b

I

2

Vd

= Vd
Q :d éDiag(b) (10)

by

Vd
After some calculation, one can get the determinant
a(Hflz bz)
det(Q) = T2

and the cofactor

( ddl ) . ifi=1
(§+00) (i) ifi=2,d

%

and therefore

d
_ ifi=1
(@ ii= (o) 2
(d+b)d/(ab) ifi=2-,d
When a is a fixed parameter, (Q7!);; = & + 3 4 and therefore the arg max;(Q~ )” = arg min b;.
Under the constraint Zi=2 b; =1 - a, the optlmal solution is reached when by = b3 = --- = by.

For the C,,;, case, we will utilize symmetry of Apin(Q(7)). Note that A, (Q) is a concave
function w.r.t ). Suppose that the (b5, b5, -+, b};) = arg, max )\mm(Q(b)) Then from the symmetry,
for any cyclic permutation P, all (b;pi@), b;m(3), . ,bP7(d)) =1,--,d -1 are also the maximum.
Therefore, by the Jensen’s inequality,

14 , , l-a 1-a 1-a
C'min: Z)\mm(a bP1(2)7bP1(3)7 bPi(d))S)\min(a7d—17d—1 d 1) C'mzn
Therefore, we can conclude by = b3 = --- = by = 1s indeed an optimal choice when a is fixed.
From now on, consider only the strategy 7 that satlsﬁes m(az) =7w(az) = -+ = w(aq) for this section,

andleta = 7(ay) and b = w(az). Then a + (d — 1)b = 1. Now the covariance matrix induced by 7 is
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of the following form:

a b b
E+(c£—1)b 57
Q= vd b (11)
; atd-1
Vi

D.1.2 Calculating H?

One can calculate det(Q) = %(%)d‘l (using again the cofactor method) and the cofactor

o - (by*t ifi=1
T +b)(2)? otherwise
and therefore
() = (%) ifi=1
" (& +b)d?/(ab) otherwise

(Q71);; is always larger than (Q 1)1, and by taking derivatives, the b that minimizes the (Q™1)25 is

ﬁ -1= m , and the corresponding (Q1)as = d(\/8+ Vid-1)? = ©(d?). In this

case, a =d —+/d(d-1) (close to 1/2).

D.1.3 Calculating C,,;,,

The eigenspectrum of @ is

[L+ m] " \/[% N (d2—2d+2)b]2 — 4b74($,1)b2

A Ag = d d 5 d
b
)\3:)\4:--~:)\ng
1+(d%-2d+2)b 1+(d2-2d+2)b)2—-4b+4(d—1)b2?
Therefore, /\nlm :max(%,%( +( #2)b+/( If(d_l); )b)*—4b+4(d-1) ).
Note that for the optimal 7, a > 0; otherwise Q(7) is not invertible. Therefore, b = ﬁ <
1

—=. Hence, one can check that \/(1+ (d?-2d+2)b)2-4b+4(d-1)b> > 1, so i

d ¢ 1+(d*=2d+2)b++/(1+(d2-2d+2)b)2-4b+4(d—1)b2
%( 1-(d-1)b

). Now we investigate arg miny, ﬁ.

Recall that a + (d - 1)b =1, b < 1/(d - 1). Thus, —4b + 4(d - 1)b* < 0. Therefore, the big square

root term is smaller than (1 + (d? — 2d + 2)b), which means if we let f(b) = %, then

f(b) < <2f(b)

1
)\mzn(b) B
It remains to calculate miny, f(b). A few derivative calculations show that b* = argmin; f(b) =

St = ©(d72) and min, £(b) = ©(d?).

1
D.1.4 Lower bound of 22(Q(),5)

It is difficult to directly calculate the compatibility constant of (), but we can bound it using the
diagonal entries of Q(7). Note that

T T
sU U
o sTQu

v = Smin(Qii)

11 min 5 = S
Sc[d] veCs H’Usnl ve{e }d 1 ie[d]
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1
and therefore >
¢72 = mingerq) sQii

We will use the notation in[D.1.1]

Denote by a := (a1 ). For notational convenience, let 7(a;) := b; and b = (bo, bs, -+, bg) € R
Then the covariance matrix Q(7) (abbreviated as @) has the following form:

b b

o

S

(12)

D
[
...é‘g—

L Diag(b)

o
Sk

From the basic constraint a + Y%, b; = 1, Mingerg) Qii = Minje(a... 4y % = O(d—g). Therefore

# = (d?/s). This means even for the best case of the compatibility constant cannot beat the

recovery bound of POPART in this action set.

E Proofs for Sparse Linear Bandits

E.1 Proof of Theorem [d

Proof. From the (i) in Corollary when ng = 2560~ H

R 2d m
0-0"]o <8 *1
100" < o\/ g =

Therefore, with probability at least 1 — 24, for any index i € supp(6*)©, 6; = 0, and for any index
j € supp(6*), 07| = 5 > 0. Thus, supp(6*) = supp(¢) with probability at least 1 - 25. After
that, we use the following result about the restricted phase retrieval [23]:

209 e Jog & . with probability at least 1 - 29,

)C

Theorem 6. (Lattimore and Szepesvdri [23]], Theorem 22.1) The n-steps regret of phase elimination

algorithm satisfies
Reg, < Cov/ndlog(|.Aln)

for an appropriately chosen universal constant C' > 0.

F Proof of Lower Bound

In this section, we prove Theorem 5] We start with a restatement of it.

Theorem 7. (Restatement of the Theorem[5) For any algorithm, any s, d, » that satisfies s > 80, x €
(0,1),d > max(n'/3s*3,74/3 (5 + 1)?), n > 8ks?, there exists a linear bandit environment with an
action set A and a s-sparse 6 € RY, such that Cpnin (A) ™' < k72, Riax <2, 0 = 1, and

Reg,, > (k2323023 .

In the lower bound instance that establishes Theorem we will prove that 272 > C;} > HZ (see
Section [F.2.7), and conclude that our O( H2/®s2/312/3) regret upper bound of Algorithm [3]has a
matching lower bound and conclude that the algorithm and the lower bound are both optimal in this
setting.

For convenience, throughout the rest of this section, we prove the following slight variant of Theo-
rem|7] where the dimensonality is d + 1 as opposed to d, and the sparsity is 2s + 1 as opposed to s;
note that the changes of these parameters do not affect the orders of the regret bounds in terms of
them.

Theorem 8. For any algorithm, any s, d, « that satisfies s > 40 and is a multiple of 4, < € (0,1),d >
max(n'/3s*3k74/3 (5 +1)2), n > 8rs?, there exists a linear bandit environment an action set A
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and a (2s + 1)-sparse 6 € R, such that Cppin (A) 7! € 2672, Ripax < 2, 0 = 1, and
Reg, > Q(k2/3s*3n?3) .

Construction Following the standard minimax lower bound and hypothesis testing terminology, we
will often refer to an underlying reward predictor 6 € R%*! as a hypothesis. Let

0, - {9 e R0, € {—c,0, ¢} for i € [d], Oaar = ~1, [0]0 = 5 + 1},

where e = k72357 1/3n71/3_ We will use ©, and O, as our hypothesis space throughout the proof.

We construct a low-regret action set Z and an informative action set H as follows:

- {:c e Rz, € {~1,0,1} for j € [d], || = 25, 2as1 = o}

d
H= {x e R™z; € {~k,r} for j e [d],] Y xjl < wV2dIn2d, x40 = 1}
=1

j
where x € (0, 1) is a constant. The action set is the union A =Z U H.

The linear bandit environment parameterized by # € R%*! is defined as: given action taken A, its
reward r; = (6, A¢) + n¢, where 1, ~ N(0,1) is an independently drawn standard Gaussian noise.
Note that by construction, 7; is o-subgaussian with o = 1.

Notations In this section, we will use A = (41,-+, 4,,) € A" as the random variable about the history
of actions. For a € A", let T(H;a) = Y1, 1(a; € H), which represents the total number of pulls of
arms in H in the learning process. For the brevity of the notation, we will write the random variable
T(H;A) as T(H). Let Sub, = {S c [d]||S| = «}, the set of subsets of [d] which has x elements.
In subsequent proofs, given a bandit algorithm Alg and an bandit environment ¢, we use Py aj; and
Eg alg to denote probability and expectation under the probability space induced by the interaction
history between them. For any set of indices S € 2[%*!] let Sym(S ) be the symmetric group of the

set S, and let IIg = {a eSym([d+1]):0(j) =jforall je[d+ 1]\5} be the set of permutations
which permutes only the indices in S, and let Il = T4 o110}

Structure of the section Here is the high-level idea of the proof structure.

* Reduction using symmetrization (Section[F.T)) : First, we will prove that the regret lower bound
of the symmetric sparse linear bandit algorithms (see Definition[7) is also the lower bound of
the general sparse linear bandit algorithms (Lemma[5). Keen readers would note that our action
set construction is symmetric except for (d + 1)-th coordinate, and this is for exploiting the
symmetry. By focus on proving lower bounds for symmetric algorithms, we can exploit the
favorable combinatorial properties of our action spaces to establish tighter lower bounds.

* Count the number of mistakes (Section [F.2.T): Next, we will prove the core proposition of the
lower bound proof, Proposition[d] This proposition can be summarized as, ‘the learning agent
has to pull sufficiently large number of arms in H (informative actions with high regret) to
make less mistakes’, where ‘mistakes’ refers to coordinates in the support of  that has not been
‘hit’ sufficiently by the agent via pulling the low-regret arms Z (See Equation for a formal
definition). This implies an inherent tension between pulling informative, high regret arms H
and pulling low regret arms Z, which eventually leads to the desired lower bound in Theorem 5]

* Lower bound on symmetric algorithms (Section : Now it remains to show the proof
of Proposition 4] Here, to improve the Q(s/n? 3) regret lower bound proved by Hao et al.
[L8] to Q(sQ/ 3p2l 3), we deviate from their usage of Bretagnolle-Huber inequality, and take a
novel combination of various techniques such as change of measure technique, combinatorial
calculation by utilizing symmetry (Claim [T).

F.1 Algorithmic symmetrization: reducing lower bounds for general algorithms to symmetric
algorithms

In this section, we show how a proof of a lower bound for generic algorithms can be reduced to that

of permutation-symmetric (abbrev. symmetric) (augmented) algorithms (Definition [7)), specifically
Lemma5] To introduce symmetric algorithms, let us first define some useful terminology.
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Definition 4. (Augmented bandit algorithm; Augmentation of an algorithm).

1. Define an augmented bandit algorithm as: at time ¢, choose action A; based on its historical
observations (As,r,)._]; finally it outputs S c [d], such that |S| = £, and for all i € S,

>

n n d
{]e[d]Z‘Am“(At EI)SZ|At,z‘I(At EI)} 5,
t=1 t=1

in other words, all elements in S are among the top % most frequently chosen coordinates
(including ties) when restricted to arm pull history on Z.
2. Given a bandit algorithm Alg, define its augmentation Alg as: at time step ¢, use Alg to output A,
based on all historical observations (A, r)%}; finally, output Sc [d] as its top g coordinates
i € [d], with the largest value of Y}, |At7j| I(A; € ), breaking ties in dictionary order. In other
words, the elements in S are the top % most frequently chosen coordinates when restricted to
arm pull history on Z.
Definition 5 (Frequent coordinate set). Let U(a) = {U € Subys|Vi € U, X1 |ay|1(a; € Z) 2
gd/Q)-maX{Z?:1 lat;| L(ar € ) }?ﬂ} where k-max S for a set S € R is the k-th largest member of

With this notation, for any augmented bandit algorithm, its output Seld (A). As aresult, we will
mainly focus on (a,U) € A" xSub,/, such that U € U(a), but for the lemmas we keep the generality
and consider any U c [d].

Remark 3. From the above definitions, it can be readily seen that Alg’s augmentation, Avlg, is a valid
augmented bandit algorithm.

Remark 4. Avlg outputs S by breaking ties in dictionary order. While this breaks symmetry by
favoring coordinates with lower indices, as we will see in our reduction proof (proof of Lemma[3), we

do not require Alg to be symmetric (we will define symmetry momentarily in Definition ; instead,
we will work on a symmetrized version of Alg (Definition

Definition 6 (Permutaion over sets of coordinates, and vectors in Rd“). Given a permutation
o € IIl;dZ

* For a subset of coordinates .S c [d], define o(S) c [d] as o(5) := {a(i) 1l € S}.

* For vector v € R™!, define 0(v) = (V,-1(1),- - -, Vp-1(as1)) = Pov € R™! as the permuted
version of v using o, where Py = (€,(1), - - -, €5 (d)s €o(ar1)) € RETD* (@) is the permutation
matrixE] induced by o and e; denotes j-th standard basis. Note that for every ¢ € [d + 1],
o(ei) = eq(i-

* For sequence of actions a = (ay,...,a,) € A", define o(a) = (c(a1),...,0(ay)) as its
permuted version using o.

We will frequently apply the above vector permutation operation in our subsequent proofs, where the
vector v € R are often taken as actions A, or hypotheses (underlying reward predictors) 6.

Now we are ready to define symmetric augmented bandit algorithms, a special class of bandit
algorithms we will focus on.

Definition 7 (Symmetric augmented bandit algorithm). An augmented bandit algorithm AlgS is said
to be symmetric, if for any o € Ily.4 and any a = (a1, ...,a,) € A" and U c [d],

Pyags(A=a,S=U) =P zz(A=0(a),5=0(U)).
Note that the above permutation symmetry notion is slightly different from Simchowitz et al. [34]]

— here we only consider permutations in II.4, i.e., over the first d coordinates (out of all d + 1
coordinates), whereas Simchowitz et al. [34] consider permutations over all coordinates (arms).

For symmetric augmented bandit algorithms, we have the following elementary property.

2 .
Here we use o’s row representation.
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Lemma 2. For every symmetric augmented bandit algorithm AlgS, any o € I1;.4 and any function
f:A”xQ[d] - R,
Ey aigs | F(A:9)] = E, o) aigs [ £ (A),07(9))]

Definition 8 (Permutation-invariant action space). An action space A is said to be permutation-
invariant, if for any 7 € Il;.4,

m(A) = {7r(a) ta€ A} = A.
By our construction in the beginning of Section [F} our action space A = Z U is permutation
invariant.

Definition 9 (Permuted algorithm). For an augmented bandit algorithm Alg on a permutation-
invariant action space A, and a permutation 7 € II;.4, define its m-permuted version Algr as: first

permute the [d] coordinates using 7, and run AE with the permuted coordinates. Formally, at every
time step ¢:

« Alg outputs some action A/, € A, and Algr accordingly outputs action 4, = 7' (A}) € A
* Receives reward r; = (6, Ay) +n = (w(0), m(Ap)) +me = (7(0), A7) + 1y
« Alg outputs S, and Algr outputs S = 71 (5").

The following lemma follows straightforwardly from the definition of Algm:
Lemma3. « Foranya = (ai,...,a,)€ A" and U c [d],
Py ag(A=a,S=0U)= P, o) .a5(A = 7(a), S=x(U)).

« For any function f : A" x 204 &> R,
Ey A [f(A, S)] =E, (o) 5 [f(fl(A),w*l(ﬁ))] .

Definition 10. For an augmented bandit algorithm ATg on a permutation-invariant action space A,
define its symmetrized version AlgP as: first, choosing 7 uniformly at random from II;.4, then, run
Alg7 on the bandit environment for n rounds.

Lemma 4. We have the following:
1 1
L Py xgp () = ity ] Zrettia Po aigm () and By xgp[] = ) Trerr,., Eomign[]-

2. AlgP is a symmetric augmented bandit algorithm.

The definition below formalizes the (pseudo-)regret notion under a specific hypothesis, which provides
useful clarifications when using the averaging hammer to argue regret lower bounds.

Definition 11. Define
Reg(n,0) =n-max(,a) - > (6, Ay)
aeA =1
as the pseudo-regret of a sequence of actions (A )}, under hypothesis 6.

The main result of this section is the following lemma that reduces proving lower bounds for general
algorithms to proving lower bounds for symmetric augmented algorithms.

Lemma 5. If for all symmetric augmented bandit algorithms AlgS, there exists some 0 € ©4 U Oa,
such that E, AlS [Reg(n, 9)] > R, then, for all bandit algorithms Alg, there exists some 6’ € O, UOq,

such that Egr ag [Reg(n, 9’)] >R.

In light of this lemma, in Section [F2] we focus on showing regret lower bounds on symmetric
augmented bandit algorithms under hypotheses in O, U O4;.
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F.1.1 Deferred Proofs
Proof of Lemmal[Z] For any f: A" x 2[4 - R,

Ey aigs [f(A, S')] = > [ ]]P’Q’/@,(A =a,5=U)f(a,U) (definition of expectation)
(a,U)eAnx2ld
= > P, 0).ams(A=0(a), S=0(U))f(a,V) (symmetry)

(@,U)eAnx2ld]

= > Papam(c (A =a,07(9) =U)f(a,U) (algebra)
(a,U)eAnx20d]

=E, o) A [f(a_l (A),o7! (3))] (definition of expectation)
O

Proof of Lemma[3] For the first item, denote by A" = (A1,..., A)); forany a = (a1,...,a,) € A"
and U c [d],

P&A—IE(A -a,S= U)= Pe,ﬂg;(ﬂ_l(A,) =a, W_l(sw) =U) (definition of A")
= ]P)e,m‘g?(A, =7(a),S =7(U)) (algebra)
= Pﬂ(e),ﬂrg(A =7(a), S = ©(U)) (switching to Alg’s perspective)

The second item is the direct consequence of the first item by the following calculation.

Ey gz [f(A, S)] = > y Py ag=(A =a, S =U)f(a,U) (definition of expectation)
(a,U)eA™x2

= > Prgyag(A=m(a),S=n(U))f(a,U) (the first item)
(a,U)eAnx2ld]

=Er(0), [f(w_1 (A), 7! (S))] . (definition of expectation)

O

Proof of Lemmad} The first item follows from the definition of AlgP.

For the second item, for any permutation o € I1;.4 and action history a € A",

A 1 R
Pyagp(A=a,5=0U)= Tl Y. Pyag(A=a,5=U) (the first item)
el mellyq
1 A
" gl 2. Promg(A=m(a),S=m(U)) (Lemmal[3)
‘al welly.q
1 ~
- m Z Pma(e),ATg(A:WOU(a),S:Woa(U)) (*)
@l mwellyq
1 ~
B m 2 PU@),KIEF(A:U(a)vS:U(U)) (Lemma[3)
‘al wellyq
=P,y p(A =0(a).5 =0(0)), (the first item)
where in step (*), we use the observation that for any o € IT.4, {m oo : 7w € II1.4} = IT}.4. O

Proof of Lemmald] Given any bandit algorithm Alg, denote by AlgP as the symmetrized version
of its augmentation (Definitions (4| and . Since AlgP is a symmetric augmented algorithm, by
assumption, we have, there exists some 0 € O, U O,

R< ]EG:A—@s[Reg(’n, 9)]
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1

= Z EQ);E;[Reg(n, 0)] (Lemmaf)
Ml .,
1 n
=—— > Eyzgln max (0,a) = > (6, Ay)] (Definition [TT))
|H1:d| mellq.q t=1
1 n
== 2 E o mln max (6, a) Z (0,771 (AD)] (Lemmal[3)
|H1:d| melly.q t=1
1 n
= Z Eﬁ(o) Alg[n max (m(0),a Z (m(0), As)]
|H1?d| melly.q t=1
(a, w‘l(b)) =(m(a),b), and A’s permutation invariance)
1
- > E. o) ag[Reg(n, m(0))] (Definition [T T))
|H1!d| mellyq ’
1 __
= e Y. Ex(o).ag[Reg(n,7(6))] (Alg and Alg take the same action sequence)
Lid| rellq.y

By the pigeonhole principle, there exists 7 € II;.q which satisfies E gy aig[Reg(n, 7(6))] > R, and
this 7(0) € O4 U Oq; is the desired ¢ in Lemma O

F.2 Lower bound against symmetric algorithms

F.2.1 Count the number of mistake

From now on, by Lemma [5] we will focus on proving regret lower bound for any symmetric
augmented algorithm AlgS (Deﬁmtlon' For the brevity of notation, we omit the AlgS notations
from P and E. For each history of action A € A", we define the My (S ), the number of false negative
mistakes respect to 6 as follows:

Mp(8) = [supp(6)~5| (13)
Let s be multiple of 4. For £ = i, we like to show the following claim.
Proposition 4. If Py(My(S) > s/4) < & for all § € O, U Oy, then 30’ € O such that Ey[T(H)] >
Azz)

Given the above proposition, we are now ready to prove Theorem 8]

Proof of Theorem[8] Let a* = argmaxge4(0,a). If we note that };"; [A;|1(A, € Z) <

forall j ¢ S (if not, it contradicts Z?zl Yo | Ay 1(Ar e T) < 2s(n-T(H)))and a* = (O+eq.1)/e €
T, we can lower bound the regret as follows:

4s(n-T(H))
d

n d
Reg, = 2(9 a* = Ag) = D[ 0i(a) = Aj) +Oasi(afy = (Ar)as1)]
t=1 t=1 j=1
n d
= 2.[200i(a) - Ayj) + 1(A; e H)] (0441 =1 and Va € H, agy1 = +1)
t=1 i=1

<
3

[6 Z (a;—Atj)‘F]l(AtEH)]
L jesupp(0)\{d+1}
(Vg € [d] ~ supp(@), 6, = 0 and for all j € supp(6) \ {d + 1}, 0; = +e)

Z Z (1—At])+T(H) (a* = (0+6d+1)/6)
i1 jesupp(e)\(d+1)

2 3 Y (L Ay L(Ar € T)] - Ay L(A; € H)]) + T(H)

t=1 jeMy(S)

t

@)
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2 Y Y (1 Ay 1A e D)) + T(H) (1 - exlMa(S)])
t=1 jeMg(S)

e Y S (1-|Ay1(A eT))) (k| My(S)] < 2ers < 1)
jeMo(S) =1

\%

n

se Y [n- ) |Ayl1(4 €T)]

jeMg(S) t=1
4sn n s(n—
2e 2 (n-=r) (S Ay 1(4; € T) < g0,
jeMg(8)
>€f(n_437”)
T4 d

and therefore 1(My(S) > $)Reg, > €2 (n - 42). Therefore, we can lower bound the regret further
as follows: If there exists a § € ©, U Oy, that satisfies Pg(My(S) > s/4) > &, then

Eo[Reg, ] 2 Es[1(My(S) 2 ) Reg,]
> fi(n - 45777/)6 = Q(esnf)

On the other hand, if Pg(Mg(S) > s/4) < € for all § € ©4 U Oy, then by Proposition 30’ such
that Eg [T(H)] > Q). Combining with the fact that for every 6 € ©, U Og,, maxaez (6, a) -
maxgey (0,a) > se — (kse — 1) > Q(1), we can finally lower bound the regret as

]EQ' [Regn] 2 (1 + (1 - H)GS) EQ/[T(H)] > Q(é

. By construction, € = x2/3571/371/3  we get the desired regret lower bound Q(x~2/3s%/3n2/3)
result for both cases. O

F.2.2  Proof of Proposition 4

Let’s assume that Y6 € O, U Oq,, Py(My(S) > s/4) < &. Define
9, = (67"'76707"'a07_1) € es

—
S

0= (Ea"'7€ 07”'707_1) € 625
2

0=0-0.
. The following two lemmas show the main advantage why we set #” and 6 in this way.

Lemma 6. Let ¢ € R, 7 e II, By, Es € Suby/o be the elements which satisfies 7(¢) = ¢ and
m(E1) = Ey. For any symmetric algorithm AlgS, we have that

PAIgS,QB(S = Fq, T(H) < T) = ngs,(b(g = Fs, T(H) < T)
Proof. To see this, note that:
IP)A|gs_’¢(S' = El,T('H) < 7') :EAIgS,cb [1 (5’ = El, Z ]l(At € H) < T)]
t=1
:EAIgS,‘n’(zﬁ) l]]. (ﬂ'_l(g) = E17 Z ]].(W_l(At) € H) < ’T)]
t=1
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~Engs.rio)| 1 (5 = (). T4 <7)|

= Enigs.s [11 (8= B2 () < 7)]
0

Let Qp, := {S € Subgp|Mp(S) = m} and Q;, = {S € Subgo|Mp/(S) = m} be the set of size d/2
sets which has exactly m mistakes with 6 and 6, respectively.

Lemma 7. For our 0, for each F1, F € Q%S,l, there exists 7 € {my o ma|my € Iy.05, T2 € Iogi1:4}
which satisfies 7(FE;) = E,. Similarly, for each E7, E € Q’% ._» there exists 7 € {m; o ma|m; €
Iy, 7o € Ig41.4} Which satisfies 7(E;) = Fs.

Proof. Since |E1n[1:2s]|=|F2n[1:2s]|and |E; n[2s+1:d]|=|F2n[2s+1:d]], there exists
7 € {m oma|m € Uy.as,m2 € Tagi1.4; Which satisfies 7(E;) = Fs. Similar proof holds also for
Bl B}, O

Then,

S

=

Po(M(3) > /4, T(H) <7) > 3 Po(My () = Zs _LT(H) <7)

~
I
(e}

Letl e {1,...,s/4}, andlet R, = Q3,,n Q" _ . Forace R? and 7 € R, and ¢ € {6,0'}, let
4

pe(rla) = \/%7 exp (—% be the probability density function of the reward r when the action

a is given under hypothesis ¢. Now pick one element I € R;. Then,

Py(M - %s CLT(H) <7) (14)
=Py(S€Qy, 1, T(H) <7) (15)
=1Qa,|Po(S = E,T(H) <7) (Lemmal@|and 7)
- |Q|]Z;|_l|[[1>9(,§’eRl7T(H) <7) (Lemmal6]and [7)
!
Q3 A = po(ri Ar)
= TR Eg [1(S € R, T(H)<T) g m] (change of measure)
|Q§s—l| A n p&’(rt|At)
- g (1(S € Ry, T(H) < -y o 2T 16
gy P TU(S € B, T(H) <m)exp(= 0 In e oS (16)

Here, we will use the following Claim[T|to bound this empirical KL divergence to the fixed constant.
Claim 1.

& & pe'(Tt|At)
Eg [1(Se R, T(H)<7)exp(— ) In———=
PSR ST el )

> Py (S € R, T(H) < 7)exp(-KL(p,8,7)) - PR

where KL(p,8,7) = $e*(1+ p)(% + TTsKT) + %ln%

Now, decide p and 0 later and continuing from the previous inequality with K L(p,d,7) = %62( 1+

p)(—45;” + TTsK?T) + %hl %,
Qs . )
(16) > | |§ | d (Pg,(s € R, T(H) <7)exp(~-KL(p,6,7)) —5“;) (Claim|[)
l
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Qs,- A Qs,-
el by 0 ($) - £ <1700 < Py exp(-K (g7 - i
Q) 1 il
(Lemma[6|and [7)
Qs . Q%] ..
Vel 0 (8) = S L7 () < ) exp(-K L. Il
Q% | 4 |2
|Q%S*l‘ ~ S 1+1
> W (PGI(MQI(S) = Z - Z,T(H) < 7') exp(—KL(p, 5,7’)) - 80 p) (Lemma
s
4
For the last inequality, we used the following lemma.
Qs _
Lemma 8. Ford > (s+1)% s>5,and [ €[$], we have | Iéllll <s.

In short,
Po(M(3) = §S _LT(H)<7) > ||Qf4‘l|| (IP@,(MQ,(S‘) =2 -1, T(H) < 7) exp(-K L(p,6,7)) - 35“%) .
E
|623g [‘
LetY = mlnle, |Q’ T Then,
Po(My(S) = s LT(H)<T)>Y (IPQ/(MQI(S) =51 T(H) < 1) exp(=K L(p,6,7)) - 55“%) .

Summing up both sides for [ € [{],

€33 By(M = %s—LT(H) <)

$2
(IP’gr(M < Z -1,T(H) <7)exp(-KL(p,d,7)) - §1+;)
>Y (]P)Q'(M < Z -1)- IE9’[7;(7-1)])exp( KL(p,6,7)) - —(5“7
(IP’(A B)>P(A ) - P(B); Markov’s ineq.)
> Y(l —£- EQIH;(H)])eXp( KL(p,5,7)) - 51**
=Y (1-26) exp(-K L(p, 6, Epr [T (H)]/ﬁ))— 5“’ (set 7 = Eo [T(H)]/6)
Y
> 5 exp(=K L(p, 0, B [T(H)]/€)) - 5”’ (setting € < })
Setting § = (S§5Y )p%, p = 3 and rearranging the last equation with sufficiently large s we get:
£ 1 Y  4ns?
Eg[T(H)] 2 o (462 IHQ - ) (Lemmal9)

~4/3 44/3,,1/3 -2/34-1/3,,1/3

We are talking about the data-poor regime where d > & . Sosetting € = Kk
and using the following Lemmalgl leads the conclusion that the order of Eq/ [T'(H)] > Q( ﬁ)

Lemma 9. InY = ()(s), and for sufficiently large s, In % Y < 21n

F.2.3 Proof of the Claim[1]

This claim consists of two parts - prove the relationship between empirical KL and the true KL
divergence, and the KL divergence calculation part. We will prove the first inequality as follows.
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Lemma 10. For p > 0, let

t=1 pe( t| ay t=1

a por(r]at) 1
By g(p) = (3T >1st Yy In(=———=<)2(1+p) Z KL(peor (-lat), po(las)) + *111(5 ))

Then, Py (Bg,g(p)) < 0.

Proof. Let Jy := ln(p"'(r‘la’)) Now let Hy; = exp(p(Xh_y Js — (1+ p) Egr o_1[Js]as]) with Hg = 1.

po(relaz)
Now we will prove that for all p > 0 the { H, t}t:O is a non-negative super-martingale.

E9’,t71[Ht] = EO’,tfl[eXp(p(Zzl Js = (1+p) EO’,sfl[JSMSD)]

= Hy 1 Eg y1[exp(pJy — (p+ p°) Eor e-1[Ji]ac])]

Now the proof boils down to check the case when Eg ;1 [exp(p(J; — (1 + p) E¢oq[Ji]ae])] < 1.
Fortunately, we can explicitly calculate J;. Let us = (6, a¢) and i = (6, a¢). Then

g2 72— ) = (u)? + i
b 2
KL(po (-las), po(-lat))

I _ 2
= KLVt 1), N 1) = S

Ee',t—l[Jt|at]

where KL(pg (|at), po(-lat)) = M . Now by the 1-subgaussianity of r; — p,

Eor 1-1[ exp(p(J; = (1 + p) Egr 4-1[Jt|ar]) | = Egr -1 [ Eor eo1[exp(p(J; = (1 + p) Egr 41 [ Jelae]) ae]]
=2r (pe = i) = (up)® + (pe = py)*

) ey
_2142(/% - M;; - (//ﬂ,f) Tl )exp(—p(l i P) (,ut _2,u1,5) )]

2
i) a] exp(=p(1+p

=Eg -1 [ Egr,-1[exp(p

P2 (e — py)?
2

<Egr -1 [exp( )exp(p
=1

The last inequality holds because of the 1-subgaussian property of the n,. Therefore, Eg/ ;_1[H;] <

H;_4, and therefore { H. t}zlo is a supermartingale. Finally, using Ville’s maximal inequality on H;
we can achieve the desired probability inequality.

By the above Lemma(I0] one can induce the following relationship.

|Q s— l| Do (relat)
16) = — = —Eg[1(S e R, T(H) < 7)ex In———=
(IS) IR or[1( 1, T(H) <7)exp(- ; o (relar)
|Q§s—l| ~ 1 n 1 1
= - Eo | 1 SER,T'H ST,—|B ’ exp(——(1+ A7 _,ln,
G B [1(8 € B T(0 < 7,2 () exp(=5 (1 p) 32 (A ) = In )]
(Lemma [10)
|Q35 l|

“ELE (1 (SeRhT(msr,ﬁBe,gf(m)exp(—;(np) §<At,é>2)]e><p<—;ln§>

X)

Now the main part of the proof is bounding (X).

(X) =Eq []1 (S € R, T(H) <7,-Bo o (p)) exp (—;(1 +p) Z (At»9~>2)]
>Egr [1 (5‘ eR;, T(H) < 7') exp (—;(1 +p) i (At70~>2):| -6
t=1
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Define IT = {771 omy:my € Sym([1:5s]),m2 € Sym([s+1: d])} Importantly, for any 7 € I, w(6') =
6.
We focus on the first term in the above expression:

Eg- l]l (S'ERZ,T(’H)ST)exp(—;(ler zn: Ay, 0) )]

t=1

~ n 1 n
2. oy (0_1(5) € Rl)']l SN I(o7 (A eH) <1 ]exp|-=(1+)p) Z LAy, 9
|H| oell t=1 2 t=1
(Lemmal2)
B (|H| Z ]l( 1(5) ERl)eXP(_(1+p) Z (A, 9) ) ]l(ZI(At eH) ST)
oell t=1
17)
Now for any realization of A, S, namely, a = (a1, .. .,a,) € A", u c [d], we examine the quantity
ZIL( 1(u)eRl)eXp - 1+p Z ay),0 2
|H| oell t=1
Claim 2. For any set u such that |u| = %, and any ay,...,ay,
Z]l( (u) € R;) exp —7(1+p Yo ay), 9
|H| oell t=1

1 4s®
>1 (u € Q%s—l) . |Q|fgl| ‘ -exp (—2(1 +p)( sdn + 778H2T(H;a))62)
%s—l

Proof. 1f u ¢ Q, _,, then for any permutation o € IL, it must be the case that ot (u) ¢ Q’ and
4

s=1’

therefore, 0! (u) ¢ R;. In this case, both sides are equal to zero and the claim is trivially true

Otherwise, u € Qlls-l' Define jegar,. = {a ell: o (u)e Rl}. Using this notation, the left hand
4

side can be equivalently written as:

5E en(aen o)

o€llicgal,u

He at,u 1 1 n
Z‘ Z|I€I|l’ | > exp(—2(1+p Z “ay),0) )

‘Hlegal,u| oellicgal,u

>m|H|l' exp (—;u v p)<4‘9;” +TTsRAT(H; a))e2) (Lemma[T2)
Q|Rl|l| exp (‘i“ e 77%27(%;@)&) (LemmalTT)
’ O

We defer Lemma|[I2]and Lemma([IT|to Section[F.2.4] Proof of Claim[I]basically ends after combining
Lemma and the above claim. However, for the clear description how this was used in the main
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proof, we now continue Equation (17)), which, using the above claim, is at least

(|H| 21:11( —1(S)eRz)exp(—;(1+p)é “1(4,),0) )) (ZI(AteH)<7-)

Eq

>Ey (s Q..

R 45
|Q|, 4 ] exp(—;(lw)( :

»J:-\H

)]l(i](AteH)sT)

ny 778%327)62)

) i |R| ' 1 4s3n
By |1(5€ @), o TGO <7 )] o exp(—2<1+p><

+ 778&27)62)

=Ey :]1 (,é’ eR,T(H) < 7'):| - exp (_;(1 +p)(483n

Therefore, in conclusion,
Q2 . 1 4
(16) > |]4% |l Eg []l (S eR;, T(H) < 7')] - exp (—2(1 +p)( S
1

and now one can keep proceed from (16).

+ 77SH2T)€2)

s 11
"y T7sk*T)e? — = In ) - 51+f1’)
p 6

F.2.4 Deferred proof for ClaimI]
-’

Lemma 11. For any u € Q;
4

Wiegatul _|Ril
1@,

Proof. 1t suffices to prove [Iiegar,u[|Q's ;| = [Ri||II|. To see this, first note that for any 4 € Q1,_;,
4
|Hlegal,ﬂ| = |Hlegal,u|' NeXt, note,

(LHS) = Z |Hlegal,1}|
ueQ’;

g5l

= Y YN Ie(@)eR)

ueQ’) . oell
s~

=, ). I(o(a)em)

oell uEQ’

= IR

oell
= (RHS).

s=1

Lemma 12. Assume s < \/d and d > 16. For any a € A" and u € U(a) with u € Q’

s=1°

1 7] 4s°
o > (o7 (ar),0)? s( "L TTsk?T (H;a))62
|Hlegal(lvu)| t oelljegai(l,u) d

Proof. Let us first focus on ¢ : a; € Z where 7 is the reward arm set.

- S (o ()0

|Hlegal (1, u)| tiazel aeHleqa,(l w)

|Hlegnl(l u)| Z 5€ Z z |ato-105)

t:arel Jj=s+1 Uenlegal(lwu)

30



d
2 o
Moo Y Y (e () =)

tiay€l j=s+loelljcgai(l,u) h=s+1

2 1.
|aen] - 1(o7'(j)=h
J ;rl t élhzs;rl [Miegar(Lw)] egal(l w) o€l gar (I,u) ( )
Let us compute ¥ gerr,, ., (1,u) 1 (o71(j) = h).
WLOG, let us consider the following specific u: v = {1,... s +1,3 Ss+1,. ..,%3 + k} where

k= % — (25 +1). Define Seg; = [1: 5], Segy = [s+1: 2s], and Segs = [2s + 1 : d]. Note that u
has exactly s — (s/4-1) = %s + [ members in Seg,, so a legal permutation o~! should choose s/2
coordinates from the remaining members of u (there are k of them) and choose s/2 coordinates from
{s+1,....3s} u{3s+k+1,...,d} then put those two into Seg,.

Therefore, we need to consider the following two cases:

* h € Seg,: Permutations that take one correct coordinate and puts it into a correct coordinate
(correct = Seg,). Thus, we need to multiply the following two:

— the segment 1: s!
— the segment 2: ( 1)(d 5 k)(s DI(d - 2s)!

* h e Seg,: take one correct coordmate and puts it into an incorrect coordinate.
— the segment 1: s!
— the segment 2: ( )(d o k)(s— !(d - 2s)!
2
kY(d-s—k
Note that [ITjegqi (1, u)| = s!- (%)( s )sl(d-2s).
For the first case,
k=1 (d-s—k
8!( (TR (s-Dd-28)!
‘Hlegal(lyu” 2k‘

For the second case, we get m. Plugging in the definition of &k, we get that

2 =17\ _
N IR ORD

j=s+1t:areT h=s+1 egat (Lu)

<5 555 B ol o

j=s+1t:areZ h=s+1
25 en 45 en d
d 2s ~ d

For the second part,
1 ~
> (o7 (a),0)

|Hlegal (lv u)| t:ar€H oelljegar (I u)

2.2 2s

K
- Z Z Z |at<f*1(j)|2 + Z Ato-1(a)Ato=1(b)

|Hl€gal(l7 u)| tiayeM oelljegar (l,u) \ j=s+1 a,beSeg,:a+b

=€ | s> T (Hia)+ 3. 1

t:areH a,beSeg,:a+b |Hl€gal(l7u)| el e gar (Lu)

= (%3)

A1 (a)atzfl (b)
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To compute (Z4), let us define the following where the first two are false positives w.r.t. supp(6’)
and the last two are true negatives w.r.t. supp(6’):

C, = {ieS'\[s]|A; =k}
C-={ieS\[s]|A} = -r}

M, ={ie[s+1:d]\S|A}; =K}
M_={ie[s+1:d\S"|A}; =k} .

Let ¢y, c_,my,m_ be |C4],|C_|,| M|, |M_]|, respectively. Note that ¢, + c_ = g -3s-1=kand

m++m,:g—is+l:d—s—k.Then,

* When Atﬂ-—l(a)Atﬂ-—l(b) = K2
— Common part COM = (s - 2)!(d - 2s)!s!
- Atﬂ.—l(a) € CJr,Atﬂ.—l(b) € C+ Cy X (CJr - 1) (

k-

5-

- Apri(a) € My, Ay vy € Myt my x (my — 1) x
k-

5-

X

- Atﬂ— 1(a) € M_,Atﬂ. 1(b) eM_m_ x (m_ —1) ( )(d i 2)COM
2

= Air1(a) € Ok, Agr1(p) € M, and opposite: 2 x ¢, x my x (2_11)((1 5 h)com

= Apr1(a) € C-, Ayr1(p) € M_ and opposite: 2 x c_ x m_ x (g:ll)(d ;j 1)COI\/I
* When Ay 10y Apr-1(p) = -k

= Air-1(a) € C4, Agr1 3y € C- and opposite: 2 x ¢, x c_ x (’; é)(d’;k)COM

= Apr-i(a) € My, Apr1(p) € M_ and opposite: 2 x m, x m_ x (g)(dE:I;Q)COM

— Apr-1(a) € Cr, A1) € M- and opposite: 2 x ¢, x m_ x (g_i)(d‘g__’;‘l)COM

= Agn-1(a) € My, Ayr1(py € C- and opposite: 2 x m x c_ x (g:ll)(d_g‘_’;_l)COM

To evaluate (Z}), note that
coOM 1
Mhiegar (L)l () (dzig’“)s(s -1)

Assuming d > s? and s > 4, we have that k A (d — s — k) > -2 PN This also implies that s > 2, k > 2,
and d - s — k > 2. Note that
(k:—2)(d—s—k:) com  3(5-1)

s _9 Myegar(lw)| 5(5-1)k(k-1)

2

2
(k)(d—s—k—2). coMm 5(3-1)
5 52 Megar(l,w)]  s(s—1)(d- s—k)(d—s—k—l)
s k—l) coMm 5.8

51 Miegar(l,w)]  s(s—1)-k(d-s—k)

Then,
, S(5-1) (er(es =) +c(c—1) =2c,c. me(my —1) +m_(m_—1) - 2mam._
(Zz)ﬁfizg(; 1 ( k(k-1) * (d-s-k)(d-s-k-1) )
+ 2 23 (2 (c+—c_)(m+—m_))
s(s—-1) k(d-s-k)

Hn(—l)((a—c_)z (m. —m-)? )
T os(s=1) \ k(k-1) (d-s-k)(d-s-k-1)

32



2% (e —c)(mye —m-)
+““25(3—1)(2' k(d-s— k) ) (Crre-20me=m-20)
2 33 (cr —c2)? (my —m_)? (cx —c-)(ms —m-)
Sns(i—Zl)(k(k—l)+(d—s—k)(d—s—k—1)+2' (d-5—k) )
2 %% .(c+—c+m+—m)2 2 %% ((C+_0)2 (m+—m,)2 )
s(s-1) k d-s-k s(s=1)\ k2(k-1) (d-s-k)?(d-s-k-1)
= (Z3,1) = (Z3,2)
(:GD = & * 76D

For (Z3,). letw = W Note [2w| < \/2d1n(2d) + s. Then,

ec,te_=kmy+m_=d-s-k

e Ccotmy = d55+w,c,+m,:ﬂ—w.

2
. c+:%+w—m+andc_:78—w—m_

Thus, ¢, — c- = 2w — (m4 —m_). So,

ci—c. omy-m_  2w-(my-m_) my-m_
k d-s—k k d-s—k
1 d-s-2k
:k(2’u)—(d_s_k)(m+_m))
1 20— s
=—[2w- -m_
(20 G- m)
e memme) o |28 L s— k)
k d-s—k| ™k d—s—k
1 12y/In(2d)
<o (V2din(2d) +5+5) < = k> L= \/2d1n(2d) > 5)

Thus, using s > 2 and d > Ind,

55 44m@d) _ , 72

Z/ — 2
( 2’1) " s(s-1) d? d

o 1 8 4k
<RI === —
2 d d
Thus, (Z3) < 76;2.
Altogether,
1 - 7\ 2
e (07" (ar),0)
IWegar (1, )| tareM aeHlegl(l,u)
2
<é- (SKZT(H; a)+T (H;a) -s(s—1)- 762)
<T7*sk*T (H;a)
where the last inequality is by (s — 1) < d. O
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F.2.5 Proof of Lemmal9l

Proof. We will use the following Stirling’s approximation for calculating the scale of Y.
Lemma 13. (Stirling’s approximation [32]) For = > 1,

z\* 1 z\* 1
2rx | — ] eTn <xl <2 | — ) e
e e

. To be more specific, there exists an absolute constant sy = 10 such that for all x > s,

z!

——¢(1,1.01)
\V2rx ( 2 )m

From this lemma, we can derive the following estimation of the combination. For z,y > sq,
(") 1 1.01

)

1,1, 1 xz+yxx+y E(1()12’ 1
V(G + ) )5y :

Now by definition, |Q4| = ( d-2s )(2;), and |Q;| = ( d-s )(Z) For sufficiently large s > 4sg and

d d
4-2s+a g-s+b

d > s we have the following approximation

(d—Qs )> 1 y i( 1 N 1 ) d-2s
§-fs+l) 710127\ 2m d-3sa0 42517\ - 25

1 271
-2+l d_55
1 1 1 1 Ts+1 ! is+1 \* !
= X 7(d +d )2d72s 1 d4 1+d4
1.012 \27T 23541 2-35-1 d-35+1 4551
%—is#—l %—%s—l
( d-s )<101 1( 1 1 ) d-s d-s
< x _4=s
g_ls+i 1 \27r d_ls+] 4-35-1"\d-1s+1 d-35-1
1.01 1 1 1 Lgeg \ET Lgpp P
. 1oy s+
= X (73 t3a 3 )21 d41 1+d43
1 \27T §—Zs+l §_ZS—Z §_ZS+Z 5_18_1

From the Taylor’s expansion, one can achieve the following inequality.

Lemma 14. For all y > 2 and 2 > 32,

(1;73) c (6_2, 1)

Proof.
Y y y 1 y?
(1- ;)L = exp (xln(l - ;)) > exp (x(—;)) exp —@ <o
(Taylor theorem with remainder)
> exp(-y)e 2 (e*>1-a,and 22 >y >2)
Similarly,
(1- g)‘” = exp (mln(l - g)) <exp (ar x (_Q)) <exp(-y) (Ina<a-1)
x x x
O
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Therefore,

o~

(d d—325 ) 1 — e _2 y i( . ; i . ; )Qd—Qse—is—leisH
5—3s+l/ 101 2r S -ys+l  §-7s-
(d dl—S ) < 1.01 y i( . 11 n d i )2d—se—is—leis+l
3-astl 1 oy -gstl g5l

Q5. (3%0)
‘Q, L| > C27° minges)a] 7o

and thus Y = minge[,/4]

constant.

From the formula (,",) = (}) x n=k "one can check that minge[s 8 C'(2x (8)° )as

k) (o) <g;>
where the last one is from Lemmaagain and C' = 10% X \/g is another universal constant. In

short,
Y >CxC'x27%(2x (2)5)%8 >CxC' x (1.3)is

where the last inequality is from 2 x (%)5 = 20.97-- > 1.3 x 2% Therefore, we can conclude that
InY =Q(s).

O

F.2.6 Proof of Lemma

=)0 )
TNyt l\gs -l
. . d-2s
From the combinatorial formula, ( 1 +l) a=0 ( d_Lg._
2 4°

)(;) Now we will analyze the size of
f(a):= (4 d-2s )(a) for each a. Flrst note that for any = € N, (2
2

7%s+l—a
d-2s

Lgil—
gstl-a

I) is increasing fory € {0, 1, x},

and decreasing for y € {x,x + 1,---,2z}. Therefore, (i ) is an increasing function in a <
2

%s -l and (2) is also an increasing function in a < 3. Therefore, f(a) is increasing function for
a € {0,--,s/2}. By the similar logic, f(a) is a decreasing function for a € {2s - [, s}. Now the
region we have to take care is 5 < a < s —{. In this case,

( d-2s )/( d—2s )_ d-ls+l-a
d_Llgil-a-1)\4d-Lts41-0q _Q—gs—l+a+1

271 21 2
d-2s+1
d

7
3 ZS l+a+1

d-2s+1
<-1+ 5 ¥ (I<isanda>%)

=-1+

<1+ —5—= (d>s?+25-2)

and




therefore
f(a+1)£s+2 s _1
f(a) s s+2

which means f(a) is a nonincreasing function with respect to a € {3, s}, and therefore

max,e[s] (g-éﬁsl—a)((j) = (%‘f_;:ﬂ)(g). Plus, by the similar calculation from above and using

the condition s > 5, we can show that f(0) < 2 f(1) < 2f(%) and f(s) < 1 f(s-1) <2 (%) which
means f(5) > f(0) + f(s). Therefore, |Q’%3_l\ = f(0) + f(s) + ZZ;% (a) <sf(35) = s|R

F.2.7 Scale of x> with respect to C\,;,,

Last thing we have to deal with is connecting 2 to Cpy;, and H?2.

Lemma 15. Cpin(H) >

K
2

Proof. By the maximality of Cpin(H), Cmin(H) = Amin(Q(Unif(#H))). If we prove that
Amin (Q(Unif(H))) > % then the proof is done.

> 5,
Let’s define H,4 as

Ha = {a e {-r,K}?

d
Sa
=1

< m/?dln(Qd)}

It is the set of first d coordinate vectors of H.
We can express Q(Unif(?)) in terms of Q(Unif(H4)) as follows

Q(Unif(H)) = [Q(Un([)fT(Hd)) ?]

Therefore, the proof boils down to calculate Q(Unif(H4)). We can connect this matrix to
Q(Unif({~#,x}%)) by the following method

Q(Unif({-x,x}")) = Q(Unif (Ha)) x P aunif(3.) (A € Ha)
+ Q(Unif ({=r, k}N\Ha)) x P aunif({-r.mya) (A € Ha)

Now, since Rademacher is 1 sub-Gaussian random variable, Y1 ; a; is x\/d sub-Gaussian random
variable when a ~ Unif ({-, x}). Therefore,

d
1
P aunif({-r.xy) (A € Ha) = Pacunie(-r.nyt) (| Y Ail 2 £1/2dIn(2d)) < %
i=1
The last inequality is by the traditional Chernoff method [23]. Therefore, we can rewrite
Q(Unif(Hq)) as
Q(Unif(Ha)) = Pa-unif({-r,nye) (A € Ha)Q(Unif (Ha))
> Q(Unif ({-r,x}")) = Q(Unif ({=r, K} \Ha)) P a-unis({-n.nye) (A ¢ Ha)

> QUNIT({~5, 1)) = QUUAIF({-r, 1) \Ha)) o

Therefore, (Existing results about this positive definite matrix analysis)

1

Amin(Q(UNIf(Ha))) 2 Amin(Q(UNIf ({1, £}7)) = Q(Unif ({=r, 5} "\Ha)) )

> A (QUURE ([, 5}))) ~ A (U ({5} \Ha)) )

Since every element in { -, x} has £3-norm \/dx,
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1

)\IIIaX U 'f BRA) ! - ! [{~#, 5 }\H|
(Q(Unif({-k,k}\Ha)) s ¥ ae{_ﬁ%d\ﬂd |{—/€,/{}d\7'ld|aa !

1
= max 7(aT1})2
veSd-1 ae{—n,zm:}d\ﬂd |{—/€, Ii}d\Hd|
2
< max dr dr?

veSd ae{-r,k}N\Hq |{_I€7 K}d\Hd| B
and by simple symmetry one can calculate Apyin (Q(Unif ({~#,x}9))) = k2. Therefore,

1_/12

Amin (Q(Unif(Hg))) > k% — dr? 50”3

G Experiment details

e Case 1 - {1 estimation error experiment
- 6 =-ey +e;,1€{2,-,d} chosen uniformly random before the start of the experiment.
Dimension d = 10, sparsity s = 2
Action set A = {eg + %eiﬁ =2 d}u {%61}
T = 1000, 2000, ---, 10000
-0=0.1
Repetition: 30 times for each exploration time.

* Case 1 - bandit experiment
- 0 =e +e;,i€{2,-,d} chosen uniformly random before the start of the experiment.
Dimension d = 10, sparsity s = 2
Action set A = {e; + ﬁeiﬁ =2,-,d}u {ﬁﬁ}
T = 400000
-0=0.1
Repetition: 30 times
¢ Case 2 - /1 estimation error experiment
- 0 =¢; +ej,1,j € [d] chosen uniformly random before the start of the experiment.
— Dimension d = 30, sparsity s = 2
— Action set A: 90 Uniform random vectors over S*~! before the start of the round, where
§91 = {v e RY o]z = 1)
- T =1000, 2000, ---,10000
-0=0.1
— Repetition: 30 times for each exploration time.
» Case 2 - bandit experiment
- 0 =¢; +ej,1,j € [d] chosen uniformly random before the start of the experiment.
— Dimension d = 30, sparsity s = 2
Action set A: 90 Uniform random vectors over S?~! before the start of the round.
T =10000
-0=0.1
Repetition: 30 times for each exploration time.
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