7 Scalability in the Number of Players and Actions

As opposed to a single agent with K arms, the number of action profiles is K which explodes for
a large-scale network. Successive elimination (or UCB), even with no noise, requires the agents to
go over all KN possible action profiles. This search does not affect the computational complexity,
which is O (v,,Dg + Sg) for agent n that computes D parallel consensus steps and goes over a
list of Sk action profiles. However, this exhaustive search does affect the scalability of the algorithm
since it factors the QoS regret. Intuitively, we would need E > K™ to find the optimal action profile
even with no noise, which creates delays where agents have to wait for their average reward to go
above their \,,. Next, we discuss two mechanisms that improve the scalability of our algorithm.

7.1 Stability yields scalability

Fortunately, the dynamic nature of our problem inherently improves scalability. During a normal
operation of a stable system, only a small portion of agents have R, > 0. All other agents with
R¢ = 0do not care about their reward during epoch e. This fact dramatically shrinks the set of action
profiles that can be optimal. For example, when a,, represents the “demand” of agent n, agents with
RS = 0 will trivially play a,, = 0 in the action profile that maximizes Zf:;l by, RS iy, (a). Hence,
the mean performance of the algorithm is considerably better when the QoS vector is deep inside the
interior of the capacity region. This is often the case with the advertised QoS in applications since
the infrastructure, and therefore the capacity, is typically designed for peak demand.

This is also the case in our numerical simulations of Section 5, which we used in our implementation.
In the channel access game, if agent n has RS, = 0, then the optimal action profile a; for this epoch
has to satisfy a7 , = 0. If A is a safe margin away from the boundary of the capacity region C (G),
then most agents will have R = 0 most of the time. Therefore, the effective number of action
profiles is reduced to K{"1%>0} " In the multitasking robots game, if agent n has R? = 0, then
the optimal action profile a; has to satisfy a? ,,, # n for all m. If A is a safe margin away from the
boundary of C (G), then most agents will have R% = 0 most of the time. Therefore, the effective

number of action profiles is reduced to [{n | RS > 0}|N, given that the agents in {n | R¢ > 0}
broadcast their indices at the beginning of the epoch.

7.2 Restricting the search to a limited random subset of action profiles

Inspired by [33], to improve scalability, our agents confine their search to a random subset Sg of
action profiles they distributedly pick. Hence, their performance depends on the best action profile
in Sg. In Section 4, we bound the probability that Sg does not include an A g-optimal action
profile for some Ag > 0 (not needed by the algorithm). For this reason, our £ bound in (5) uses

m* & min | A* (a)], which is the minimal number of A g-optimal solutions of Zg,l Qi (@),
acA -

over all « in the N-dimensional simplex AY. This m* is a worst-case bound for |AZ| in (12),

and statistically most simplex vectors & € A¥ are not common. In large-scale systems, |A¥| is

typically large. If most QoS regrets are zero then the effective dimension of the problem shrinks,

making |.A%| large. If on the other hand almost all QoS regrets are non-zero, then «,, = O (%) for

most n and ZnNzl Qi fin, (@) 18 TObust to changes in ., for a few values of n, so |.A%| is again large.
Furthermore, symmetry in the problem leads to large m*. As a simple example, with /V identical
resources as the actions all permutations are optimal and m* > N!.

For finite 7', we can choose F to optimize the tradeoff between € g (capacity region) and (2 + eg) E
(delay). A large F makes € i small and therefore enlarges the approximated capacity region C. ., (G),
but increases the expected QoS regret, which amounts to the time an agent has to wait to get its “fair
share”. A small E minimizes this delay, but shrinks C.,, (G). Given some statistical knowledge
about the game, we can minimize € z which improves both capacity and delay. This can be done by
estimating a lower bound on m* and using it to pick the smallest Sy such that g is small enough
(see (5)). This does not require knowing the reward functions, since large NV can give concentration
results on the sum of weighted rewards. An example is knowing the distribution of the random
locations of the agents without knowing the locations themselves. Nevertheless, our main result in
Theorem 2 does not require any knowledge of the game and holds for all E (that can be a function
of T).
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8 Proof of Lemma 1

By definition

L(t+1)—L(t)=

N t 2
Z by, max {O, ()\nt - Z T (T)+ A — 1 (E+ 1)) }
n=1 T=1
N t 2 N
— ) by max {07 ()\nt - (7)> } 23 biaBa. (14)
n=1 T=1 n=1

If \pt — 23:1 Tn (T) + A — 1 (t+1) > 0and A\t — 23:1 7y (7) > 0 then

By= =10 (t+ 1) +2 Ny — 1 (E+ 1)) (Ant > ra (T))
T=1

2

+ ()\nt > m) —~ (Ant > (7)> =

T=1
t +
O =7 4+ 1)+ 2N — 70 (t+ 1)) ()\nt =Y (T)> . (15)
T=1
If \,t — 23:1 T (T) + A — 1 (t+1) <0and A\t — 23:1 rn (1) < 0 then
B,=0<(An—1n(t+1)°=0n—rn(t+ 1)+

t +
2(An — 1 (E+1)) </\nt > ra (ﬂ) (16)

+
since </\nt - 23:1 Tn (7')) = 0 in this case.

I At — 30 70 (T) + Ap — 70 (t4+1) > 0and Ayt — 320 7, (7) < 0 then

t
0< At =Y 1 () F An =1 (E+1) S Ay — 1 (E+ 1)
T=1
— By < (A= (t+1))2 =

. +
A — 1 (t+ 1))2 +2N\y =1 (t41)) ()\nt — Zrn (T)) (17)

+
since (/\nt —3t T (T)) = 0 in this case.

I Ayt — 30 70 (T) + Ap — 70 (t4+1) < 0and Ayt — S0 _ 7, (7) > 0 then

T=1

0< (Ant-f—)\n—Zrn(T)—rn(t—i-l)) =
+

t 2 t
()\nt S (7')) + A= (1)) +2(A =1 (E+1)) (Ant - " (T)> (18)
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and so

— ()\nt — zt:rn (T)) <

t +
O =70 E+ 1) 42Ny — 7 (E+ 1)) <)\nt - (T)> . (19)
T=1

We conclude that in any case, for all n,

" +
T=1
Hence we can bound the drift in the Lyapunov function as follows
Lt+1)—L(t) <

N , N
ZbLn(x\n n(t+1)) +22b1n n—Tn (t+1)) (Ant_ZTn(T)> <
n=1 -

(a)
t +

N + t
1+2 Z b1 nAn (/\nt — Z Tn (T)) -2 Z by nrp (t+1) ()\nt — Z T (7')> =
n=1

=1

1+22b1n)\R —QZblnrnt—l—l)R ) @

n=1 n=1

where (a) uses that 0 < 7, (a) < 1,0 <\, <1land Zﬁle b1 =1

9 Proof of Lemma 2

Let Appax = max)\,. Forall T, <t < T, + E — 1 we have
n

N
max Z: b ntin (@) RS, = max >

N
Z b1, nitn (a) (Rn (1) + Ry, — Ry (1))
n=1

>
(a

N N
max Z b1 ntin (@) Ry, (1) — max [Z b1 ntin (@) (R (t) — RS,) )

Zblnun (t+1)) ZblnAE>Zb1nun (t+1) Ry (t) — AmaxE (22)

where in (a) we used that p, (@) < 1 and that for all n, R, (t) — RS < A\, (t —T.) < A\, E.
Summing over all ¢ we obtain

S

-1 N T—-1 N
> bunn (al ) RO = ZZ Lt (@ (4 1) Ry () = Amax BT, (23)

t n=1 t=0 n

Il
o

10 Proof of Lemma 3
At turn ¢ during epoch e, each agent knows the value of 22;1 by nRE Ty (@ (t —2Dg)), which
serves as the effective reward of the team, thinking of the action profiles as the arms of a single-

agent multi-armed bandit problem. Define 7, = {T.,...,T. + E — 1}. We define the expected
effective reward of action profile a as

Z bl n ,Ufn . (24)
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Let 'imax = Yooy by o RS, which bounds SN b, ,, RS r,, (a (t)) for all t in epoch e. With a slight
abuse of notation, we use v< (t) to denote the number of visits to action profile a during epoch e, and
up to turn t. We also define the estimated expected reward of action profile a at turnt > T, + 2D g
as

—9Dp— N .
) >t Na(rin=a) Xn braRira (a (7 + 1)

Mt (a) = 'US, (t _ QDE) (25)

Let Ap = E~2 log E. Then the set of approximately optimal action profiles can also be written as
A: ={alpla) = p(al) — rmaxAp} . (26)

Define the regret of approximating a by

Te+E—1 N
Rg2 Y > biaR (un (@) —ra(a(t+1))) 27)
t=T. n=1

and note that this is not the QoS regret.

10.1 Taking a random subset of action profiles

Define the good event A¢ that happens when the subset Sg of Sg = [Splog E] action profiles
that the agents pick includes an approximately optimal action profile @ € A%. Note that Ag is
randomized at the beginning of epoch e and depends on the QoS regret values { R } that are given
by F.. Then

« |\ [Solog 1 So log B log ( 1—12¢] So| Az ]
P(g|]-"e)(:)<1_|;?]ev|) _ [Sotos BT 1 KN)SE_ ol4; o8

where (a) follows since the action profiles in the subset are chosen independently and uniformly at
random, so each has a probability of |;?§,| to be approximately optimal. In the trivial case where
Sg = E < [Splog E, the bound on P (A%, | F.) vanishes exponentially in E instead. In the other
trivial case where Sg = KV, Sg is non-random and includes all action profiles, so P (A4S, | F.) =
0.

10.2 Regret of successive elimination with fixed delay

Algorithm 1 is a distributed algorithm in which all agents effectively run together a single-agent
successive elimination on a random subset of action profiles as the set of arms, with a deterministic
delay of 2Dp turns at epoch e. Next, we follow the proof of Theorem 2 in [29], with ¢ = 1,
with slight modifications. We note that the analysis in [29] holds for general stochastic delays,
while there are only fixed delays in our case. We want to bound the regret of A g-optimal action
profiles (i.e., arms) separately. The effective maximal reward of our successive elimination depends
on the QoS regrets and is not bounded by a constant over epochs. Hence, using a bound of the
form ij:l b1,n Ry, is crucial to our analysis since it can be bounded by 22;1 b1,n Ry (t), up to an

N

approximation error, as we do in the proof of Theorem 2. However, since > ",

between epochs, the agents need to communicate to obtain it.

b1,n R changes

Define the confidence interval of action profile a as

2r2 logE
Pa (t) = \/max {vs (t —2Dp), 1 29)

and define the clean event as

Ae = {|fu (@) = p(a)| < pa (1), Va € Sp, Vt € Te} . (30)
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Let A, £ p(a?) — p(a), and let R, be the accumulated regret from all the turns where agents
played a. We have

E{Rg | Ag, Fe} <
(1 =P (Ac)) rmaxE + P (Ac) Z E{Rq | Ac, Ac, Fe}
acSE
WmaxE S+ Y. E{Ra|Ac A, F}+ Y. E{Ra|Ay,Ac F} <
a€(AX)°NSg acAZNSE (®)

2rmax B SE 4+ Y E{Au (Te+E—1) | Ac, Ag, Fo} + rmaxApE  (31)
ac(A)°NSE

<
(a)

where (a) follows from Hoeffding’s inequality on 1 — P (A.) (see [22], Page 158) along with a union
bound on the S action profiles. Inequality (b) follows by definition of A?.

Let ng, (t) be the number of times action profile a was played during epoch e and between turn
t — 2Dg and turn ¢ (not including ¢). Then at turn ¢, if action profile @ was visited v& (¢) times,
we only know v¢ (t) — n& (t) reward values due to the delay. Under the clean event A, an optimal
action profile a} is never eliminated. In the following, let ¢t < T + E — 1 be the last turn where a
non-optimal action profile a was not eliminated. Then for this ¢

@)+ 2pa 0) 2 e (@) + pa () 2 a7) ~ pac (1) 2 p(@D) ~2pac (1) B2

where (a) uses that under the clean event, i (a) > [i; (a) — pq (t) and (b) uses that action profile a
was not eliminated. Inequality (c) uses that under the clean event y (a}) < fi; (a}) + pa: (1)

Hence
Ag = p(al) —p(a) <2 (pa (1) + pa; (1) =
2 2
9 27;max log £ I 2r2 log B <
max {v§ (t — 2Dg), 1} max {vg* (t—QDE),l} (a)

2r2 JogE 2r2 L logE
4 — 4 (33)
max {v¢ (t —2Dg) — 1,1} @) max {vg (t) — 1 —ng (t),1}
where (a) uses that vS. (t — 2Dg) > vS (t —2Dpg) — 1 since we are going over all the non-

eliminated action profiles in a round-robin manner, and (b) uses that v¢, (t — 2Dg) = v (t)—n& (t).

Therefore, (33) yields that for every non-optimal action profile a
32r2 log B

UZ(TE—i-E—l)—nZ(TE—‘y-E—l)—lS A2

(34)

Plugging in (34) in (31), we obtain
E{RE | Ag, Fe} <
272 logE
W E S5+ Y (Aai“"maxog

e + AL (S (Tp+E—1) + 1)) + rmaxApE <
ac(A*)°NSg a

(@)

S 32log E
Tmax (2E+SE °8 +2DE+SE+AEE> S
E AE (b)

N
(33 (So + 1) log EVE + 2DE) S bR (39

n=1
where (a) uses Ay > rpaAp for all @ € (A7), and also that A, < rpax and then that
ZGG(AZ)CQSE nt (Tg + E — 1) < 2Dg which follows since we played exactly 2D g action pro-
files between turn Ty + E — 1 — 2Dg and turn T + E — 1, and in the worst case they are all
in (A?)°. Inequality (b) uses that rpy.x = 22[21 by RS, 2%3 + Sgp < VESE for E > 3 and

Sgp < SplogE + 1.
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10.3 Concluding the proof

We can now conclude by bounding the expected regret R as follows
T.+E-1 N
{ IR e>rn<a<t+1>>>fe} -
E{RE | Ag, Fe} P (Ac | Feo) + E{Rp | AG, Fe} P(AG | Fe) (S)

)Zbln (36)

where in (a) we used that E{Rp | A%, Fe} < {Z 1R } E, the bound in (28), and (35).

(33 (So 4+ 1)log EVE 4+ 2Dp + foi

11 Proof of Theorem 2

Throughout the proof, we use Er to denote the epoch length, to emphasize that it can depend on 7.
We want to bound the total drift of the Lyapunov function, E {L (T') — L (0)}. Define the filtration

Ft)y=0c{ar),{za(M)}ren | T<t}). 37
Hence R,, (t) is F (t)-measurable for all n and ¢. Let

Sp min__|A* ()
DaeANI |

33 (SO + 1) log Er
= 2
EEr %ET + Er

where mig |A* (a)] is the minimal number of action profiles that approximately maximize
ac

D __eeaN
L KN (38)

25:1 Qlin, (@), taken over all cv in the N-dimensional simplex (see (4)).

Recall that

peAKN n

S\ Er) = max min (Zp — Ay — EET) . (39)

11.1 Proof Sketch

Lemma 3 shows that Algorithm 1 incurs an error of eg E Zf:/:l b1, IRy, for some e that vanishes
with E. However, an error of egF ZnN:1 b1 RS depends on the QoS regrets R, (t). Hence,
we bound eg E SN by o RE with e S0 by (1= Ap) B2 + 2 EUSN by ey R (8),
which follows since in the worst case R, is lagging behind R,, () by (1 — Ap) E for all ¢ in epoch

e. Summing all the errors, we get the bound in (7) on ZtT;Ol Zn 101.E{R, (t)}. For A €
C., (G), this bound implies that all agents have an O (1) empirical average expected QoS regret,

€E
over t = 1,...,T. We then prove that if X\ € C., (G), then E{R,, (t)} = O (/Ert) for all ¢
and n, by arguing that if E{R,, (¢)} is too large for any ¢ and n, it would violate the bound on

;T:_Ol En 101 E{R, (t)} since E{R,, (t — )} for the recent turns is also large. Finally, by

taking E'r to be increasing sublinearly with T, the latter bound implies that for large enough 7', we

have for all A € C'(G) both % Z 'E{R, ()} = O (Ep)forallnand E{R, (t)} = O (VtET)
for all ¢ and n.

11.2 Lower bound on the weighted sum of rewards of a max-weight matching

Let Amins Amax be the minimal and maximal values of A, respectively. If (A1,...,An) € CEET (G)
then § (A, Er) > 0, and by definition there exists a policy that assigns a probablllty function p (a)
to all action profiles a € A such that for all n:

E? {un (@)} = A + 6 (X, E7) + €E7. (40)
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However, the max-weight matching a* (¢ + 1) = arg max 25:1 b1 n Ry (t) pin, (@) minimizes the

a
drift among all policies, even if they take into account R,, (t). Hence

N
Zbln n (O E{pn (@ (t+1)) [ F ()} =Y binRn () EP {1 (@) | F (1)} o

n=1
N
Zbln n (8 EP {1, (a Z (A + 0N BEr) +em,) binRn () (41)
where (a) follows since p is independent of the past actions (and the QoS regrets).

11.3 Additive error of replacing R, (¢) by ReW

The QoS regret of agent n at turn ¢ cannot be too far from its QoS regret at the beginning of epoch
e=ce(t):
t
Ry (t) 2 Ry, = Y (ra(a(r)) = Aa) = By, — (1= \o) Br, (42)
=T,

so by summing over all turns in epoch e, we obtain

T.4+Er—1
> biaRa(t) > binBrRE — b, (1- ) B (43)
t=T.
which yields
Te+Er—1
binReep, Br <bin (1= A)ep, B+ > bincp, R (t). (44)
t=T,
Since 0 < 7, (a (t)) < 1, we get from (42) that
T—-1 N
> B (a(t+1) (R (t) - R ) | >
DI ( )}
T—-1 N
—Br Y Y bia(1=A)E{r, (a@(t+1)} > — (1= Auin) BrT. (45)
t=0 n=1

11.4 Bounding the sum of QoS regrets

We can now bound from below the expected weighted reward as follows:
N
> binEA{R (8 (a(t + 1)} =

ZN: (bl,nE {Ri(t)rn (a (t + 1))} + bl,nE {Tn (CL (t + 1)) (Rn (t) - sz(t)> }) 2>

t=0 n=1 (a)

(

ey

N
Zbln]E{R }>

n

Il
—

e =1

(%]~

b1nE R () n (@ (£ 4+ 1)}~ (1 + Amax — Amin) ErT—e 5, E Z > biaE{R;}
e=1 n=1

(46)

M= I
i
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where (a) uses (45) and Lemma 3 with the tower rule on E { | Fet) } We also used the definition
of e, in (38), along with the fact that | A%| > mig | A* (a)] for all e. Inequality (b) uses Lemma 2.
ac

Next, by taking the expectation on Lemma 1 we obtain

E{L(T)~L(0)} = S E{L(t+1) —L(1)} <

T-1 N T-1 N

27 +2% % AbiaB{Ru ()} =2 > biaE{Rn (t)7a (a(t+1))} 5
TN P

2T 423 > AbinE{Ry ()} 2> > by nE{Ry (t) i (a” (t+ 1))}
t=0 n=1 t=0 n=1

+2(1 4 Amax — Amin) ErT + 2Ere g, Z Zbl 2E{RS} <
e=1 n=1
T—-1 N

2T —2(6 (N Er) +ep,) Y Y binE{R, (t

t=0 n=1

[#] w

+2(1+ Amax — Amin) ErT + 2Erep, Z by E{RS} <

e=1 n=1
T—-1 N
27— 25 (A, E7) Y > b1 nE{ Ry ()} +2 (1 + Amax — Amin) BrT +2 (1 = Amin) BrTep,
t=0 n=1

47)
where (a) uses (46), (b) uses (41) and (c) uses (44).
Next, (47) implies

T—-1 N

SNEr) > Y biaE{R (t

t=0 n=1

2T + 2 (1 + Amax — Amin) BErT +2(1 — A\pin) € ErT +E{L(0) — L(T)} <
(a)

2T + 2 (1 + >\max - )\min) ETT + 2 (1 - Amin) €ETETT (48)
where (a) uses that L (0) =0 and L (T) > 0.
We conclude that if (A1, ..., An) € Ccp (G) then

T—-1 N

1 + ((1 + )\max - >\min) + EET (1 - /\min)) ET
; Z:: 1LE{R, (1)} < SO L] S 9)

11.5 Sublinear Expected QoS Regret

Fort < Er we have E{R,, (t)} < Ant < A/ Ert for all n. Now, assume that for some ¢ > Er
and some n we have that E {R,, (t)} > M for some M > 0. Then, using that R,, (t)— R,, (t — 1) <
An, we know that

E{R,(t—1)}=E{R, ()} +E{R, (t—1)—R, ()} > M — X\, (50)
and iterating over (50) for ¢ — 7 times we get that for 7 > ¢ — {%J
E{R, (1)} = M — (t —7) An. (5D
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Therefore,

gE{Rn(T)}> EtL:MJE{Rn(T)bMQKJH)Ang{:oJT
M(U\iJ +1) o ] Qf{J ) (Hﬂ +1> (M—/\; Hﬂ) . é\ii )

We know that if (A1, ..., An) € Cep (G), then 0 (A, E7) > 0 and, by (48), there exists a constant
By > 0 such that

t t N
bin Y E{R, (1)} <> Y b1mE{Ry (1)} < BoErt (53)
7=0

T7=0m=1

where we used that 0 < by, < 1 for all m, which only depends on the communication matrix
W and Dg. We also used that & . decreases with T, and hence § (A, E7) increases with T'. Thus,

S(E,TJ;T) =0 (Ert).

Hence, (52) implies that for any M such that % > b’f“; Ert, the assumption that E {R,, (¢t)} > M
contradicts (53). Thus, we must have '

M2 By 2\, By
— < —Frt —= M < ;| ———FErt. 54
2~ b T < b T (54)
Therefore, E{R,, (t)} < B1v/Ert for some constant By > 0, and so for all 7" and every n,
E{R, (1)} | Er
Sk R R 5 J e 55
T =2\ (55)
which, if —ETT — 0as T — oo, implies that
. E{R, (I}
1 _— = U.
Alm 0 (56)

If Er = E instead (i.e., the epoch size is constant with respect to T), and (A1, ..., Ax) € Ccp (G),
then by taking the limit of (53) for ¢ = T — 1 and summing over n, we conclude that

[ TN N B
lim sup— E . :
171}1_>5c>1ipT ; nz::l {R, ()} < HZ::I b < oo (57)
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12 Time-Varying Stochastic Communication Graph

In this section, we extend our results to the case of a time-varying communication graph. In practice,
agent mobility, obstacles, and link failures all induce a time-varying communication graph that hin-
ders the coordination between the agents, so proving QoS regret guarantees for this case is important
to establish the robustness of our distributed algorithm.

This scenario requires slight modifications to our algorithm, as detailed in Algorithm 2. Obviously,
Algorithm 2 can be used in the special case of a fixed communication graph as well. However, for a
fixed communication graph, the tuning of Algorithm 1 results in better performance overall.

Instead of a fixed communication graph, we assume the following:

Definition 5. We consider a sequence of graphs G (t) = (N, E (¢)) where the set of edges F ()
is stochastic and i.i.d. over time, and G (¢) takes values in {G1,..., G} for some M > 0. We
assume that U£1 G, is connected, where the union is over the sets of edges. The communication
matrix at turn ¢ is W (¢) = W, if G (¢t) = G, such that w; ,, ,,, > 0 if and only if G ,, ,, = 1 and
Z%ﬂ Wi n.m = 1 for all n. We also assume that the sequence G (t) is independent of the sequence
zn (t) = rn (a (t) — un (a(t)) for all n.

Extending our result to this case of time-varying stochastic graphs involves several interesting tech-
nical issues. First, with a stochastic communication graph, the coefficients in our weighted sum
of rewards are no longer constant. We define b ,, (¢) as the n-th element in the first row of
HZ;?szEH W (7). Since W (t) is i.i.d., we also use the notation E {b1,} = E{b1, (t)} to
emphasize that E {b1 ,, (¢)} is fixed with time. While G (¢) is i.i.d. and therefore memoryless, our
weighted sum of rewards ZnN:1 bin (t+2Dg) R, (t) ry (a (t + 1)) is no longer memoryless. This
follows since by 4, (¢) and by ,, (t — 1) both dependon G (¢t — Dg —1),...,G (t —2Dg + 1). Asa
result, bounding the error probability of the clean event, where all the estimated rewards are within
their confidence intervals, requires special attention. We use the fact that b, ,, () is independent of
b1,n (t — Dg) to obtain an alternative error bound, that requires a larger confidence interval.

To obtain a bound on the maximal effective reward 22;1 bin (t+2Dg) Ry, (t) ry (a(t + 1)) of
the successive elimination step, agents in Algorithm 2 propagate the maximal initial QoS regret R,
they received from others, for the first Dy turns of every epoch. Agents append the symbol ’-1’ to
R¢ to distinguish these messages from the consensus averaging messages.

With our time-varying communication graph model, G (¢) does not have to be connected and may
even be disconnected for every ¢t. This fact complicates the communication step of Algorithm 2,
which can now fail for three different reasons, as we detail next.

Remark 1. For the communication step of Algorithm 2 to be successful, the following conditions
have to hold:

1. E{bi, ()} > ko > 0 for all n, for a constant x, that is independent of E. Without this,
our expected QoS regret bound does not include the QoS regrets of all agents.

2. The messages from agent 1 will reach all other agents in no more than D g turns with high
probability. Without this, agents do not agree on their effective rewards and do not compute
the same estimated expectations, LCB or UCB for the “arms”.

3. RZ = an for all n, m. At the beginning of epoch e, agents agree on the value of 7,,x =
max R, that they all need to compute their confidence radius.

To bound the regret in learning an approximately optimal weighted sum of rewards, we have to
prove that E {by ,, (¢)} > 0 for all n and to bound the probability of the two failure events above.

The analysis suggests that we now have to pick Dg = [Sl log2 E], as opposed to the constant
Dg = d(G) that is sufficient for a fixed communication graph. This makes the communication

overhead of Algorithm 2 O (log2 E) per agent per turn. This increased communication overhead
reflects the fact that with a time-varying graph that does not have to be connected every turn, in the
worst case more attempts and turns are needed to deliver the same amount of information.

Finally, we need to redefine the Lyapunov function, which now has time-varying coefficients.
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Definition 6. Define the matrix B () = Hi;?i Dppt1 W (7). and denote its (i,j) element by
b;,; (t). Define the following Lyapunov function such that L (0) = 0 and for all ¢ > 1

N
L(t) £ bin(t+2Dg)RE (). (58)

n=1

We prove the following result, generalizing Theorem 2.

Theorem 3. Let G be a multiplayer multi-armed bandit game, played for T turns. Let X € C (G).
Let the agents run Algorithm 2 with epochs of length E, a random subset of action profiles of size
Sg < [Splog E] for some Sy > 0 and a delay of D = {Sl log? E—| for some S1 > 0 such that

Dpg > N. Assume that G (t) is an i.i.d. sequence taking values in {G1, . .., Gy} such that Ui\il G;
is connected. Assume that there is a communication matrix W; corresponding to G; for every i (see
Definition 5). Define the set of approximately optimal action profiles

N N o)
A" (a) = {a | Z Qi (@) > max Z Qnpiy (a') —log Fy/ ;} (59)
n=1 n=1

and

.1 V281 (645 +1)log? E N 1488 log® E
Bk VE E
So_min [A™ ()]

+ El—Slﬂo log E + EW] (60)
Sor some constants kg, k1 > 0 that depend on the distribution of W (t). Define

0 (A, E) = max min (Zp (@) pn (@) = A\, — 5E> . (61)

pEAKN n

If X\ € Cc, (G) then the QoS regrets (Definition 2) satisfy

1 S 14 (2+ p2) Amax Br
72 2 B E{R. (0} < —— 50 (62)

t=0 n=1

where B {-} is over the rewards, the communication graphs, and the random subsets, and E {b; ,,} >
ko > 0 for all n, for a constant kg that is independent of E.

Therefore, for any X € C., (G), Algorithm 2 achieves O (1) empirical average expected QoS regret
foralln i.e., lim sup: 31:_01 SN E{R, (t)} < oo (strong stability) and E {R,, (t)} = O (V1)

n=1
T—o0
for all n,t. Furthermore, if we pick Ep such that Er — oo and ETT — 0asT — oo, then

for any X € C(G), Algorithm 2 achieves - Zz:ol ZN:1 E{R, (t)} = O(Er) for all n and
E{R, (t)} = O (VErt) for all n,t (mean rate stability).
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Algorithm 2 Dynamic Multiplayer Bandit QoS Learning (time-varying communication graph)

Initialization: Let e,l = 0. Let W (¢) be a sequence of communication matrices that follows
Definition 5. Let S = min { [Solog E1, K™, E} and Dp = (Sl log? EW for some Sy, S1 > 0.
Input: )\, > 0 and agent index n

For each e > 0, each agent n runs:

1. Compute R{ = max {0, At =St (a (T))} > QoS regret for epoch e

,a®, uniformly and independently over {0, ..., K — 1}. Store
their indices in the ordered set B = {1, ..., Sg}, where B (I) is the [-th element.

3. Setw; = ji; =0 foralli =1,...,Sg and Ryayn = RE.

4. For E turns (fromt =T, tot =T, + FE — 1):

(a) Play a,, (t) = a2" and receive reward r,, (a(t)). > action step

2. Randomize actions a’, ..., a "

(b)) If T, <t <T.,+ Dg — 1 then receive (Rmax’m, —1) from all neighbors m € N,

set Rmax,n = mz}\)fq Rmax,m and broadcast (Rmax,n, —1). > T'mae iNitialization
me

(c) Set0Y =r, (a(t)) RS and 69, = 0 for all m # n.

(d) Broadcast {(67, 7)}?50_1 to neighbors and receive { (67, T)}f)fo_l from neighbors.
(e) Setf7 ! = 2221 Wn,m (t) 07, V7 =0,...,Dg — 1. > D parallel consenus steps
(f) If you know 07 for D < 7 < 2D g — 1 then broadcast (67, 7). > reaching agreement
(g) If youreceive (07, 7) for Dp <7 <2Dp — 1thenset S(t —7) = 67.

(h) Let k = B (I — 2Dg) and update vy, < vg + 1.

2R2 Dglog E

(i) Compute the confidence radius pi = W and

) 1\ . S(t-2D . )
,uk<—<1—)uk+(E) s Le=pk—pr » Uk =fu+pk
Vi Vk

(§) If I = |B| then delete from B all ¢ such that U; < maéch, and set [ = 0. > elimination
J€

(k) update ! + 1 + 1.
5. Updatee <~ e+ 1
End

12.1 Proof of Theorem 3

In the following, we explain how to modify the proofs of Lemma 3 and Theorem 2 for stochastic
time-varying communication graphs. Note that Lemma 1 still holds with by ,, (t + 2Dg) replacing
b1, and Lemma 2 holds with E {b; ,, (¢)} replacing by ,.

12.1.1 Communication failure events

Define 7. = [T.,T. + F — 1]. The two communication failure events detailed in Remark 1 are

avoided if a message from agent 1 reaches all other agents in no more than Dg turns, and if agent

1 receives a message from all other agents in no more than D turns. For the learning in the epoch

to succeed, we have to avoid a communication failure of one of the two types for almost £ times

- once for the initialization of rpn.x = maxRy, and E — 2D times for the first £ — 2D, turns
n

for which the agents are able to obtain 25:1 bin (t+2Dg) Ry, (t) ry (@ (t + 1)) before the end
of the epoch. We define S¢ as the communication success event for epoch e, where none of these
communication failures occurred.

Let W; be the communication matrix associated with GG; (see Definition 5). Since Uf\il G; is con-
nected and each G; has self-loops, it means that Uf\il G has a path of length NV between any two of
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the N nodes. Hence, there exists a sequence of length N3 such that H;\Zl W, ;) has only positive
elements, where p (j) € {1,..., M} is the type of the j-th graph in the sequence. Starting from
turn ¢, there is some probability pc > 0 that the next N3 graphs are Woys -« Wpwsy. We denote

this event by ¥ (¢). Int — 2D + 1 < 7 < t — Dg, we have at least L%J independent attempts to
generate this sequence. Hence for some shift 1 <[y < N

28] .
P ( ﬂ /48 (7-)> <P ﬂ we (]NS + lO) < (1 _ pc)tisJ < E—SIHU log E (63)
7=t—2Dg+1 7=0

where ko > 0 is a constant that depends on the distribution of W (¢).

Hence if ¥ () occurred for some t — 2Dg + 1 < 7 < t — Dp then thanks to positive diagonal of
W (), Hi;?—Ez D41 W (7) has only positive elements. This implies that a message from agent 1
will reach all other agents in this period of time, and messages from all other agents will reach agent
1 in this period of time. We can therefore obtain from the union bound that

t—Dpg
1-P (Sc) < EItHE%’X]P < n V/5e (7‘)) < El—Sikolog B (64)
€le \r=t—2Dp+1

12.1.2 E {b1, ()} is bounded from below by a positive constant
Let U = E{W (t)}, which is fixed in time since W (¢) is i.i.d.. We have

t—Dp t—Dpg
E{ 11 W(T)}Z I EWw@m=v"" (65)
T=t—2Dg+1 T=t—2Dg+1

Since U = E {W (t)} is a weight matrix of the connected graph Uf\il G, then U has only positive
elements for some integer 0 < g9 < N < Dpg (the diameter of this graph). Since U is stochastic,
so is UPE~4% and hence the minimal element of UP® = UPE~-9[% is at least as large as the
minimal element of U%. Therefore, we conclude that for some positive constant x; that depends on
the distribution of W (t):

t—Dg
I w (T)] > min U5 £ k1 > 0. (66)
T=t—2Dp+1 in I

E{bi,(t)}=E

12.1.3 Clean event for stochastic “arms” with memory

Define the filtration

Fo=o({a®) {za (O} yen |t < T.}) (67)
so RS = R,, (T, — 1) is F.-measurable. We define the effective reward at turn ¢ by
N
r(a(t)) =Y bin(t+2Dg —1)Riry (a(t)). (68)
n=1

Then, given a (t) = a, the expectation of 7 (a) with respect to both by ,, (t + 2Dg — 1) and r,, (@)
is

N N
p(a) =E {Z bin(t+2Dg — 1) R, (a) | ]-'e} = > RGE by (t+2Dg — 1)} i (a)

n=1
(69)
where (a) uses that z, (t) = 7, (a(t)) — un (a(t)) is independent of by ,, (¢t +2Dg — 1), and
both are independent of F. since by ,, (t +2Dg — 1) only depends on G (t + Dg —1),...,G (¢).

n=1
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Hence, given that a (t) = a, p(a (t)) and E {b1 , ()} are fixed in time since W (¢) is i.i.d. and

bin(t) = [Hi;?i ppi1 W (7')} " We can now redefine the approximate max-weight action
profile for epoch e as:
N
a’ = argmax Z E{b1,n (t)} RS pn (@) . (70)
@ n=1

Let rmax = maxR¢ and note that r (a () < rmax for all t € T.. As explained above, if the

communication succeeded (i.e., S¢ occurred) in epoch e, then all agents know 7. For shorthand,
denote the number of visits to action profile @ up to time t —2D g by V = v (t — 2Dg), and denote
the corresponding turns by ¢1, . . . , ty. The sequence of stochastic rewards r (a (1)), ...,7 (a (tv))
is not independent, since adjacent rewards depend on the same random communication graphs.
While the visit turns 1, . . ., ty are random, in the worst case they are consecutive. Hence, we divide
this sequence into Dg groups: the first starts from 7 = 1 and proceeds with jumps of Dg turns,
the second starts from 7 = 2 and proceeds with jumps of Dg turns and so on for¢ = 1,..., Dp.
We also denote the number of visits to a in group ¢ by V;, and note that either V; = DLE or

Vi = { J + 1, such that Z 1 Vi = V. Then, each such subsequence is i.i.d. and we can apply
Hoeffding’s inequality on the subsequences separately regardless of the values of ¢1,...,ty.

Therefore we have for every a that

1
Pll=
(7

.
Y r(a(m) - pla)

vzi a(jDp + i) — p(@)| > pa (t)

<
1 j=0 (a)

Dg
DpmaxP ( 3 r(@(iDe+ 1) - (@) = pult) | <
j=0 (b)

2021 V;(t—aoE)J
Pe < 2DgE~? (71)

2Dpe max
(c)
where (a) is the union bound, since for
Dp Vi—1
D) r(a(iDe+1) >V (u(a)+ pa (1)) (72)

=1 7=0

at least one of the D inner sums needs to be at least V; (pq (t) + 1 (a)), with the same argument

on
Dp V;—1

SN ra(@(GDe + ) <V (u(a) — pa(t))- (73)
=1 5=0
Inequality (b) is then Hoeffding’s inequality for i.i.d. bounded random variables, and (c) uses

— 2 D log
Pa (t) - max{vg (¢ EQDE) 1}

12.1.4 Regret of learning an approximately optimal action profile

Define the regret of approximating a by

T.+E—-1 N
Rp2 > > bin(t+2Dg) R (pn (a2) — mn (a(t +1))). (74)
t=T, n=1

Repeating the argument in (33) on the new confidence interval yields
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22, Dplog E
A _ * _ <4 max
a=p(a;) —p(a) < \/max{vg(TE+E1)1nZ<TE+E1)71}
32r2 DplogE
:>UZ(TE+E—1)—”Z(TE+E—1)_1SrdeA—ong' (75)

For A} as defined in (26) but for the new ry,,x, we now obtain

E{RE | Sc ﬁAg,}—e} <
(a)

32r2  DplogE

2DESETmax + T’maXAEE + Z < XAa,
ac(A;)°NSE
82D log I
Ag

+Aa(n3(TE+E1)+1)> <
(b

Tmax <SE +2DE(1+SE)+SE+AEE) <

©
((6450 +1)log? E\/25,F + 14505, log® E) maxRS  (76)

where (a) uses (71) along with the union bound over the Sg actions profiles and E turns. In-
equality (b) uses Ay > Aprya for all @ € (A%)°, and also that A, < 7hyax and then that
ZGG(A;)CQSE né (T'g + E — 1) < 2Dg which follows since we played exactly 2Dy action pro-
files between turn Ty + E — 1 — 2Dg and turn T + E — 1, and in the worst case they are all
in (A?)°. Inequality (c) uses that ., = mngfI, Ap = log E\/% , Sg < 2Sylog E and
Dp < 28, log” E.

We conclude that

T.+E—-1 N

E{Rg | F.} =E { Z Z bin (t+2Dg) Ry, (1tn (@) — 1 (@ (t+1))) | fe} =
t=T., n=1

E{Rg | ScNAg, Fe}P(ScNAg | Fe) + E{Rp | S& U AL, F} P (S& U AL | Fo) <

(a)

((6450 + 1)log® E\/2S1E + 145, log® E) maxR;,+

So|Af]

(EQ_S“‘“U g 4 BITTkN ) maxRy, = raepBmaxRy  (77)
n n

where in (a) we used that E{Rg | S& U A%, Fe} < EmaxR¢, the error bounds in (28) and (64),
and (76). In equality (b) we used the definition of 7 in (60).

12.1.5 Lyapunov Analysis

We repeat the proof of Theorem 2, with by ,, (t + 2Dg) replacing b1,n, and detail the necessary
modifications. Let Apin, Amax be the minimal and maximal values of A, respectively. As before,
the QoS regret of agent n at turn ¢ cannot be too far from its QoS regret at the beginning of epoch
e=ce(t):

Ry (t) = Ry, = Y (ru(a(r)) = Aa) 2 B;, = (1= \o) Er, (78)

so by summing over all turns in epoch e and all agents, we obtain
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Te+Er—1 N

> Y E{bia(t+2Dp)} Ra(t) >

T.+Er—1 N T.+Epr—1 N
> Y E{bhin(t+2Dp)}RS—Er Y > E{bia (t+2Dg)}(1-Ay) (z)
t=T. n=1 t=T. n=1 @

HlETmr?XRf,, = (1 = Amin) EJQ“ (79

SN E{bi ()} RS

where (a) uses that e = > gy for the constant 1 = minE {b1 ,, (¢)} > 0.
P n n

We can now bound from below the expected weighted reward as follows:

T—1 N
>N E{bin (t+2Dg) Ry (t)rn (@ (t+1))} =
t=0 n=1 -
> ;]E {bl,n (t+2Dg)r, (a(t+1)) (Rfj )+ R, (t) — R >) } z
T—1 N
S E {bu (t+205)  E{ R Op, (aZy) |
t=0 n=1

| ]

— (1= Amin) ErT — w16, Er S E {masz} >

n b

S

Il

—
—
=

e
T—-1 N

S E{bin (t+2Dg)}E{R, () pn (@™ (£ + 1))}

t=0 n=1
|7 ]

— (14 Amax = Awin) BrT = sazp, By 3 E{maxRs ) (80)

e=1

where (a) uses (78) and (77) with the tower rule on E { | Fee) }, SO

E{E {bin (t+2D5) RO pn (al)) | Fon } } =

E{bin (t+2Dp) E{ RSO p, (a2)) }. 8D

In (), we also used the definition of € g,. in (60), along with the fact that |A}| > mig |A* ()| for
1S

all e. Inequality (b) uses Lemma 2 with E {b, ,, (¢ + 2Dg)} replacing b ,.
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Therefore, by using Lemma 1 with by ,, (¢ + 2Dg) replacing b; , we obtain

T-1

E{L(T)-L(0)} = ZE{L(HI)*L(t)}(S)
t=0 @

T—-1 N
2 -2 E{bin (t+2Dp)} E{R, (1) pn (a” (t + 1))}
t=0 n=1
T—1 N
+23 Y AE{Ry (t) b1y (t+2Dp)}

t=0 n=1

1

+2(1+ Amax — Amin) ErT + 201655, B E {maxR }
®)

ﬁ
St

n

e=1
T—1 N
2T —2(5 (N, Br) +ep,) Y > E{Ry ()} E{b1n (t+2Dp)}
t=0 n=1

| 7]

+ 2 (1 + )\max - )\min) ETT + 2/4/15ET ET E {maXRfl} S

S

e=1 " (©)
T—-1 N
2T — 25 (A, Br) Y Y E{Ry ()} E{b1n (t +2Dk)}
t=0 n=1

+2 (1 + )\max - )‘min) ETT + 25ET (1 — )\min) ETT (82)
where (a) uses Lemma 1 and (80). Inequality (b) uses thatif A € C. . (G), then

N

Y E{bin (t+2Dp)} Ry () E{pn (™ (¢ + 1) | F(8)} =

n=1

N
Y E{bin (t +2Dp)} Ry () EP {1 (@)} =

n=1
N
D E{bin (t+2Dp)} Ro (1) M + 6 (N, Er) +5,)  (83)
n=1
and also that
E{R, (t)b1,n (t+2Dg)} =E{R, ()} E{b1, (t +2Dg)} (84)

since R,, (t) and by ,, (t + 2Dg) are independent: R,, (t) is F (t)-measurable, while b ,, (¢t +2Dp)
dependson G (t + Dg),...,G (t + 1) that were generated after the action profile a (¢) was played.
Finally, inequality (c) in (82) uses (79).

Since L (0) = 0 and L (T') > 0, we conclude from (82) that

T—-1 N

SN Er) > Y E{R, ()} E {b1n (t +2Dg)} <

t=0 n=1
2T + 2 (1 + Amax — Amin) BrT + 2ep, (1 — Apin) E7T (85)

s0if (A1,..., AN) € Cepp (G) then
— 1+ (2+ep,)Er
E {b; .} E{R, s 86
T;; (L E{R, (0} < =555 (86)

and the rest of the proof follows like that of Theorem 2 since we showed that E {b; ,,} > 1 > 0 for
all n, and Zﬁf:l b1, (t) = 1 with probability 1.
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