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Abstract

Actor-critic (AC) algorithms, empowered by neural networks, have had signifi-
cant empirical success in recent years. However, most of the existing theoretical
support for AC algorithms focuses on the case of linear function approximations,
or linearized neural networks, where the feature representation is fixed through-
out training. Such a limitation fails to capture the key aspect of representation
learning in neural AC, which is pivotal in practical problems. In this work, we
take a mean-field perspective on the evolution and convergence of feature-based
neural AC. Specifically, we consider a version of AC where the actor and critic are
represented by overparameterized two-layer neural networks and are updated with
two-timescale learning rates. The critic is updated by temporal-difference (TD)
learning with a larger stepsize while the actor is updated via proximal policy opti-
mization (PPO) with a smaller stepsize. In the continuous-time and infinite-width
limiting regime, when the timescales are properly separated, we prove that neural
AC finds the globally optimal policy at a sublinear rate. Additionally, we prove that
the feature representation induced by the critic network is allowed to evolve within
a neighborhood of the initial one.

1 Introduction

In reinforcement learning (RL) [56], an agent aims to learn the optimal policy that maximizes the
expected total reward by interacting with the environment. Policy-based RL algorithms achieve such a
goal by directly optimizing the expected total reward as a function of the policy, which often involves
two components: policy evaluation and policy improvement. Specifically, policy evaluation refers
to estimating the value function of the current policy, which characterizes the performance of the
current policy and reveals the updating direction for finding a better policy, which is known as policy
improvement. Algorithms with these two ingredients are also called actor-critic (AC) methods [36],
where the actor and the critic refer to the policy and its corresponding value function, respectively.
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Recently, in RL applications with large state spaces, actor-critic empowered by expressive function
approximators such as neural networks have achieved striking empirical successes [3, 4, 9, 20, 51,
52, 60]. These successes benefit from the data-dependent representations learned by neural networks.
Unfortunately, however, the theoretical understanding of this data-dependent benefit is very limited.
The classical theory of AC focuses on the case of linear function approximation, where the actor
and critic are represented using linear functions with the feature mapping fixed throughout learning
[10, 11, 36]. Meanwhile, a few recent works establish convergence and optimality of AC with
overparameterized neural networks [26, 39, 61], where the neural network training is captured by
the Neural Tangent Kernel (NTK) [30]. Specifically, with properly designed parameter initialization
and stepsizes, and sufficiently large network widths, the neural networks employed by both actor and
critic can be assumed to be well approximated by linear functions of a random feature determined
by initial parameters. In other words, concerning representation learning, the features induced by
these algorithms are by assumption infinitesimally close to the initial featural representation, which is
data-independent.

In this work, we make initial steps towards understanding how representation learning comes into
play in neural AC. Specifically, we address the following questions:

Going beyond the NTK regime, does neural AC provably find the globally optimal policy? How does
the feature representation associated with the neural network evolve along with neural AC?

We focus on a version of AC where the critic performs temporal-difference (TD) learning [55] for
policy evaluation and the actor improves its policy via proximal policy optimization (PPO) [49],
which corresponds to a Kullback-Leibler (KL) divergence regularized optimization problem, with
the critic providing the update direction. Moreover, we utilize two-timescale updates where both
the actor and critic are updated at each iteration but with the critic having a much larger stepsize. In
other words, the critic is updated at a faster timescale. Meanwhile, we represent the critic explicitly
as a two-layer overparameterized neural network and parameterize the actor implicitly via the critic
and PPO updates. To examine convergence, we study the evolution of the actor and critic in the
continuous-time limiting regime with the network width going to infinity. In such a regime, the actor
update is closely connected to replicator dynamics [12, 28, 50] and the critic update is captured by a
semigradient flow in the Wasserstein space [59]. Moreover, the semigradient flow runs at a faster
timescale according to the two-timescale mechanism.

It turns out that the separation of timescales plays an important role in the convergence analysis. In
particular, in the continuous-time limit, it enables us to first separately analyze the evolution of actor
and critic and then combine these results to get final theoretical guarantees. Specifically, focusing
solely on the actor, we prove that the time-averaged suboptimality of the actor converges sublinearly
to zero up to the time-averaged policy evaluation error associated with critic updates. Moreover,
for the critic, under proper regularity conditions, we connect the Bellman error to the Wasserstein
distance and show that the time-averaged policy evaluation error also converges sublinearly to
zero. Therefore, we show that neural AC provably achieves global optimality at a sublinear rate.
Furthermore, regarding representation learning, we show that the critic induces a data-dependent
feature representation within an O(1/«) neighborhood of the initial representation in terms of the
Wasserstein distance, where « is a sufficiently large scaling parameter.

The key to our technical analysis reposes on three ingredients: (i) infinite-dimensional variational
inequalities with a one-point monotonicity [27], (ii) a mean-field perspective on neural networks
[19, 41, 42, 53, 54], and (iii) the two-timescale stochastic approximation [13, 37]. In particular, in
the infinite-width limit, the neural network and its induced feature representation are identified with
a distribution over the parameter space. The mean-field perspective enables us to characterize the
evolution of such a distribution within the Wasserstein space via a partial differential equation (PDE)
[5, 6, 58, 59]. For policy evaluation, such a PDE is given by the semigradient flow induced by TD
learning. We characterize the error of policy evaluation by showing that mean-field Bellman error
satisfies a version of one-point monotonicity tailored to the Wasserstein space. Moreover, our actor
analysis utilizes the geometry of policy optimization, which shows that the expected total reward,



as a function of the policy, also enjoys the property of one-point monotonicity in the policy space.
Finally, the actor and critic errors are connected via two-timescale stochastic approximation. To the
best of our knowledge, this is the first time that convergence and global optimality guarantees have
been obtained for neural AC.

Related Work. AC with linear function approximation has been studied extensively in the literature.
In particular, using a two-timescale stochastic approximation via ordinary differential equations,
[10, 11, 36] establish asymptotic convergence guarantees in the continuous-time limiting regime.
More recently, using more sophisticated optimization techniques, various works [29, 35, 64-66] have
established discrete-time convergence guarantees that show that linear AC converges sublinearly
to either a stationary point or the globally optimal policy. Furthermore, when overparameterized
neural networks are employed, [26, 39, 61] prove that neural AC converges to the global optimum at
a sublinear rate. In these works, the initial value of the network parameters and the learning rates are
chosen such that both actor and critic updates are captured by the NTK. In other words, when the
network width is sufficiently large, such a version of neural AC is well approximated by its linear
counterpart via the neural tangent feature. In comparison, we establish a mean-field analysis that
has a different scaling than the NTK regime. We also establish finite-time convergence to global
optimality, and more importantly, the feature representation induced by the critic is data-dependent
and allowed to evolve within a much larger neighborhood around the initial one.

Furthermore, our work is also related to the recent line of research on understanding stochastic
gradient descent (SGD) for supervised learning problems involving an overparameterized two-layer
neural network under the mean-field regime. See, e.g., [16, 19, 21, 22, 31, 40-42, 53, 54, 63] and the
references therein. In the continuous-time and infinite-width limit, these works show that SGD for
neural network training is captured by a Wasserstein gradient flow [5, 6, 59] of an energy function
that corresponds to the objective function in supervised learning. In contrast, our analysis combines
such a mean-field analysis with TD learning and two-timescale stochastic approximation, which are
tailored specifically to AC. Moreover, our critic is updated via TD learning, which is a semigradient
algorithm and there is no objective functional making TD learning a gradient-based algorithm. Thus,
in the mean-field regime, our critic is given by a Wasserstein semigradient flow, which also differs
from these existing works.

Additionally, our work is closely related to [1, 69], who provide mean-field analyses for neural
TD-learning and Q-learning [62]. In comparison, we focus on AC, which is a two-timescale policy
optimization algorithm. Finally, [2] studies softmax policy gradient with neural network policies in
the mean-field regime, where policy gradient is cast as a Wasserstein gradient flow with respect to the
expected total reward. The algorithm assumes that the critic directly gets the desired value function
and thus the algorithm is single-timescale. Moreover, the convergence guarantee in [2] is asymptotic.
In comparison, our AC is two-timescale and we establish non-asymptotic sublinear convergence
guarantees to global optimality.

Notation. We denote by &2(X) the set of probability measures over the measurable space X'. Given
acurve p : R — X, we denote by p, = 0;p; | ,_, its derivative with respect to the time. For an
operator F' : X — X and a measure y € & (X), we denote by Fypu = p10 F~1 the push forward of u
through F'. We denote by x?(p || ;1) the chi-squared divergence between probability measures p and i,
which is defined as x?(p || #) = [ (p/p— 1)?dp. Given two probability measures p and p, we denote
the Kullback-Leibler divergence or the relative entropy from  to p by KL(p || 1) = [log(p/p)dp.
For vy, v, i € P(X), we define the H~' (1) weighted homogeneous Sobolev norm as ||, —
vall -1y = sp {1 (o2 = v2) [l g1y < 1} We denote by [[£(@) .0 = ([ |/ (@)} ()
the £,-norm with respect to probability measure ;.. We denote by @ the semidirect product, i.e.,
@ K = K(y|z)pu(z) for p € £(X) and transition kernel K : X — Z?(Y). For a function
[+ X = R, wedenote by Lip(f) = sup, yex 2y |f(2) = f(y)|/]lx —yl| its Lipschitz constant. We
denote a normal distribution on R? by N/ (y, ), where 1 is the mean value and ¥ is the covariance
matrix.



2 Background

In this section, we first introduce the policy optimization problem and the actor-critic method. We
then present the definition of the Wasserstein space.

2.1 Policy Optimization and Actor-Critic

We consider a Markov decision process (MDP) given by (S, A, v, P,r, D), where S C R% is the
state, A C R% is the action space, vy € (0,1) is the discount factor, P : S x A — H(S) is the
transition kernel, 7 : S x A — Ry is the reward function, and Dy € Z(S) is the initial state
distribution. Without loss of generality, we assume that S x A C R% and ||(s,a)||2 < 1, where
d = dy + d2. We remark that as long as the state-action space is bounded, we can normalize the
space to be within the unit sphere. Given a policy 7 : § x A — Z(S), at the mth step, the agent
takes an action a,, at state s,, according to 7(- | s,,,) and observes a reward r,,, = 1 (S, Gy, ). The
environment then transits to the next state s,,41 according to the transition kernel P(-| Sy, G, ).
Note that the policy 7 induces Markov chains on both S and S x A. Considering the Markov chain
on S, we denote the induced Markov transition kernel by P™ : § — Z2(S), which is defined as
P7(s'|s) = [, P(s'| s,a)mw(da]s). Likewise, we denote the Markov transition kernel on S x A
by P™: S x A — 97’(5 x A), which is defined as P™(s',d’ | s,a) = w(a’ | s')P(s' | s,a). Let D
be a probability measure on S x A. We then define the visitation measure induced by policy 7 and
starting from D as

&5 (d(s,a)) = (1—"7)- Z Y™ P(($m, am) € d(s,a) | (so, ao) ~ D), 2.1

m>0

where (s, @) is the trajectory generated by starting from (so, ao) ~ ~ D and following policy
thereafter. If D = D ® m holds, we then denote such a visitation measure by 5 % . Furthermore, we
denote by £(ds) = [, & 1 €(ds, da) the marginal distribution of visitation measure & with respect to

S. In particular, when (sg,ag) ~ D ® 7 holds in (2.1), it follows that 57’5 = &} ® m. In policy
optimization, we aim to maximize the expected total rewards J () defined as follows,

—E”[Z A (Simy Q) | S ~ DO},

m>0
where we denote by E™ the expectation with respect to a,, ~ 7(- | $m) and Spmi1 ~ P(+ | S, @)
for m > 0. We define the action value function Q™ : S x A — R and the state value function
V7™ :S8 — R as follows,

Q7 (s,a) E’T[ny sm,am)|50:s,a0:a}, V”(s):<Q“(s,-),7r(-\s)>A, (2.2)
m>0

where we denote by (-, -) 4 the inner product on the action space A. Correspondingly, the advantage

function A™ : S x A — R is defined as

Aﬂ-(87 Cl) = Qﬂ-(sa Cl) - Vﬂ-(s)
It is known that the action value function Q™ is the unique global minimizer to the following
mean-squared Bellman error (MSBE),

]' / !
MSBE(Qs ) = 5E(, 1) - [ (Q(5:0) = 7(5,0) = VE(y s pr(. .0 [Q- )] 23)

where 7 is a weighting distribution depending on policy 7 and is with full support, i.e., supp@”) =

S x A. Therefore, the policy optimization problem can be written as the following bilevel optimization

problem,

max J(7) = Egup, [(Q”( Y, 7 (- |s)>A}, subject to Q™ = argmin MSBE(Q; 7).  (2.4)
Q

e

The inner problem in (2.4) is known as a policy evaluation subproblem, while the outer problem is
the policy improvement subproblem. One of the most popular way to solve the policy optimization
problem is actor-critic (AC) methods [56], where the job of the critic is to evaluate current policy and
then the actor updates its policy according to the critic’s evaluation.



2.2 Wasserstein Space

Let © C RP be a Polish space. We denote by &25(0) C £2(O) the set of probability measures with
finite second moments. Then, the Wasserstein-2 (W5) distance between u, v € H5(0O) is defined as
follows,

1/2

Wa(u, v) = inf{]E[HX ~Y|?] ‘ law(X) = p, law(Y) = y},

where the infimum is taken over the random variables X and Y on © and we denote by law(X) the
distribution of a random variable X. We call M = (%5(©), W5) the Wasserstein (1W2) space, which
is an infinite-dimensional manifold [59]. See §A.1 for more details.

3 Algorithm

Two-timescale Actor-critic. We consider a two-timescale Actor-critic (AC) algorithm [34, 45] for
the policy optimization problem in (2.4). For policy evaluation, we parameter the critic ) with a
neural network and update the parameter via temporal-difference (TD) learning [55]. For policy
improvement, we update the actor policy 7w via proximal policy optimization (PPO) [49]. Our
algorithm is two-timescale since both the actor and critic are updated at each iteration with different
stepsizes. Specifically, we parameterize the critic () by the following neural network with width M
and parameter = (1), ... 9M)) ¢ RPXM

M
Qa(s,a) = %Z sa@ 3.1

Here o(s,a;0) : S x A x RP — R is the activation function and o > 0 is the scaling parameter.
Such a structure also appears in [17, 18, 41]. In a descrete-time finite-width (DF) scenario, at the kth
iteration, the critic and actor are updated as follows,

DF-TD: 6}, =0} - %(Q@k(sk, ar) — (s ax) — 1Qg, (s a})) Voo(s,a:0)),  (3.2)
DF-PPO: 74 i(-|5) = argmax{<Q§k(s, Dom(-18)) = KL(w(- | 9) | Fx(- | 9)) } (3.3)

where (sk, ax) ~ &7+ and (8}, ap,) ~ ~ P (.| s, ax). Here 7, is the policy for the actor at the kth
iteration, ®7* is the corresponding weighting distribution, € and &’ are the stepsizes for the DF-PPO
update and the DF-TD update, respectively. In (3.2), the scaling of o' arises since our update falls
into the lazy-training regime [18]. In the sequel, we denote by n = &/« the relative TD timescale.
Note that in a double-loop AC algorithm, the critic can usually be solved with high precision. In
the two-timescale AC however, even with the KL-divergence term in (3.3) which regularizes the
policy update and helps to improve the local estimation quality of the TD update, the critic @ o, for

updating the actor’s policy 7, can still be far from the true action value function Q7*. Since the
policy evaluation problem is not fully solved at each iteration, the two-timescale AC can be more
efficient in computation while more challenging to establish a theoretical guarantee.

Mean-field (MF) Limit. To analyze the convergence of the two-timescale AC with neural networks,
we employ the analysis that studies the mean-field limit regime [41, 42]. Here, by saying the mean-
field limit, we refer to the infinite-width limit, i.e., M — oo for the neural network width M in
(3.1), and the continuous-time limit, i.., ¢ = ke where € — 0 for the stepsize in (3.2) and (3.3). For
6 = {9 )}M independently sampled from a distribution p, we can write the infinite-width limit of
(3.1) as

Q(s,a;p) = a/a(s,a;@)p(d@). (3.4)

In the sequel, we denote by py the distribution of 5,(:) for the infinite-width limit of the neural network
at the kth iteration. We further let p, and 74 be the continuous-time limits of py and 7, respectively.



As studied in [69], the mean-field limit of the DF-TD update in (3.2) is
MFE-TD: 0O,p; = —0 div(pt - g(-; pr, 7rt)), (3.5)

where 7 is the relative TD timescale and
9(0;p,m) = —EZ, { [Q(s,a;p) —r(s,a) —v-Q(s',d';p)] - & 'Vgo(s, a; 9)} (3.6)

is a vector field. Here ET _ is taken with respect to (s, a) ~ ® and (s',a’) ~ P™(-| s, a). It remains
to characterize the mean-field limit of the DF-PPO update in (3.3). By solving the maximization
problem in (3.3), the infinite-width limit of DF-PPO update can be written in closed form as

~

et {log [Frsa(al 5)] —log [F(al )] | = Q(s, 03 5k) — Zi(s),

where Z,(s) is the normalizing factor such that [ 7k(da]s) = 1forany s € S. By letting t = ke
and ¢ — 0, we have 0, logm, = Q; — Z;, which can be further written as 0,7y = 7 - (Qr — Zt).

Here we have Q;(a, s) = Q(a, s; p;) and Z; is the continuous-time limit of Zj. Furthermore, noting
that 9, [ m;(da|s) = 0, the mean-field limit of the DF-PPO update in (3.3) is

d
MEF-PPO: FT Ag, where Ai(s,a) = Q¢(s,a) — /Qt(s, a)m(dal s). 3.7

The two updates (3.5) and (3.7) correspond to the mean-field limits of (3.2) and (3.3), respectively,
and together serve as the mean-field limit of the two-timescale AC. In particular, we remark that the
MF-TD update in (3.5) for the critic is captured by a semigradient flow in the Wasserstein space [59]
while the MF-PPO update in (3.7) for the actor resembles the replicator dynamics [12, 28, 50]. Note
that such a framework is applicable to continuous state and action space. In this paper, we aim to
provide a theoretical analysis of the mean-field limit of the two-timescale AC.

4 Main Result

In this section, we first establish the convergence of the MF-PPO update in §4.1. Then, with additional
assumptions, we establish the optimality and convergence of the mean-field two-timescale AC in
§4.2.

4.1 Convergence of Mean-field PPO

For the MF-PPO update in (3.7), we establish the following theorem on its global optimality and
convergence rate.

Theorem 4.1 (Convergence of MF-PPO). Let 7* = argmax,. J(m) be the optimal policy and 7y be
the initial policy. Then, it holds that

—/ 7rt))dt< £—|—4/@ —/ 1Qe — Q™ ||, 5w, dt, 4.1

policy evaluation error

where 5’” € P(S x A) is an evaluation distribution for the policy evaluation error and ¢ =
E,ez [KL (7| s) [ mo (| s))] is the expected KL-divergence between 7* and 7y. Furthermore,
0

letting (E”t = %qgo + %(ﬁo ® ¢, where qgo € P(8 x A) is a base distribution and ¢9 = | A 50(-, da
the concentrability coefficient  is then given by

81’50
%o

Proof. See §B.1 for a detailed proof. O

/41 ‘
oo



The concentrability coefficient commonly appears in the reinforcement learning literature [7, 23, 24,
38, 39, 43, 48, 57, 61]. In contrast to a more standard concentrability coefficient form, note that « is
irrelevant to the update of the algorithm. To show the convergence of the MF-PPO, our condition
here is much weaker since we only need a given base distribution ¢g such that x < oo.

Theorem 4.1 shows that the MF-PPO converges to the globally optimal policy at a rate of O(T~1) up
to the policy evaluation error. Such a theorem implies the global optimality and convergence of a
double-loop AC algorithm, where the critic Q); is solved to high precision and the policy evaluation
error is sufficiently small. In the sequel, we consider a more challenging setting, where the critic Q¢
is updated simultaneously along with the update of the actor’s policy ;.

4.2 Global Optimality and Convergence of Two-timescale AC

In what follows, we aim to characterize the upper bound of the policy evaluation error when the
critic and the actor are updated simultaneously. Specifically, the actor is updated via MF-PPO in
(3.7) and the critic Q; = Q(+; p;) is updated via the MF-TD in (3.5). For the smooth function ¢ in
the parameterization of the Q function in (3.4), we consider it to be the following two-layer neural
network,

o(s,a;8) = Bg - B(b) - E(MT(S, a, 1)), 4.2)

where o : R — R is the activation function, § = (b, w) is the parameter, and 8 : R — (—1,1) is
an odd and invertible function with scaling hyper-parameter Bg > 0. It then holds that D = d + 2,
where d and D are the dimensions of (s, a) and 6, respectively. It is worth noting that the function
class of [ o(s,a;0)p(d0) for p € P5(RP) is the same as

/ﬁ o(w'(s,a,1))v(df,dw) ‘ v € P5((—Bg, Bg) x Rd+1)}, (4.3)

which captures a vast function class because of the universal function approximation theorem [8, 47].
We remark that we introduce the rescaling function S in (4.2) to avoid the study of the space of
probability measures over (—Bg, Bg) x R4*1 in (4.3), which has boundary and thus lacks the
regularity in the study of optimal transport. Furthermore, note that we introduce a hyper-parameter
« > 1 in the Q function in (3.4). Thus, we are using « - F to represent F, which causes an “over-
representation” when o > 1. Such over-representation appears to be essential for our analysis. For a
brief peek, we remark that «v actually controls the gap in the average total reward over time when the
relative time-scale 7 is properly selected according to Theorem 4.6. Furthermore, such an influence
is imposed through Lemma 4.4, which shows that the Wasserstein distance between pg and p, is
upper bounded by O(1/«). In what follows, we consider the initialization of the TD update to be
po = N (0, Ip), which implies that Q(s, a; py) = 0. We next impose the following assumption on
the two-layer neural network o.

Assumption 4.2 (Regularity of the Neural Network). For the two-layer neural network ¢ defined in
(4.2), we assume that the following properties hold.

(i) The rescaling function 5 : R — (—1,1) is odd, L¢ g-Lipschitz continuous, L; z-smooth,
and invertible. Meanwhile, the inverse 3! is locally Lipschitz continuous. In particular, we
assume that 31 is £-Lipschitz continuous in [—2/3,2/3].

(ii) The activation function ¢ : R — R is odd, Bz-bounded, L z-Lipschitz continuous, and
Ly z-smooth.

We remark that Assumption 4.2 is not restrictive and can be satisfied by a large family of neural
networks, e.g., 5(z) = tanh(z) and 8(b) = tanh(b). Noting that ||(s,a)|l2 < 1, Assumption
4.2 implies that the function o (s, a; #) in (4.2) is odd with respect to w and b and is also bounded,
Lipschitz continuous, and smooth in the parameter domain, that is,

Voo (s,a;0)] < By, [Vgeo(s,a;0)| < Bs. 4.4)

We then impose the following assumption on the MDP.



Assumption 4.3 (Regularity of the MDP). For the MDP (S, A, v, P, r, Dy), we assume the following
properties hold.

(i) The reward function r and the transition kernel P admit the following representations with
respect to the activation function &,

r(s,a) = B, - /5((8,@, D) Tw)p(dw), 4.5)
P(s'|s,a) = /5((s,a, I)Tw)cp(s’)d}(s’; dw), (4.6)

where p and 1) (s’; -) are probability measures in 22, (R?*1) for any s’ € S, B, is a positive
scaling parameter, and ¢(s’) : S — R is a nonnegative function.

(ii) The reward function r satisfies that (s, a) > 0 forany (s,a) € S x.A. For the representation
of r in (4.5) and the representation of the transition kernel P in (4.6), we assume that

Xl puo) < Muy  X3(W(s:) || puo) < My, Vs €S,
/@(S)ds < Ml,ga, /Q@(S)st < MQ;W’

where p,, o is the marginal distribution of py with respect to w, i.€., py,0 = f po(db, ), X2

is the chi-squared divergence, and M,,, M., M, ,, M> , are absolute constants.

(iii) We assume that there exists an absolute constant G such that
||1/1(3a ) - 1/’(3,3 )HH_l(M) < ga ||7/’(8, ) - 'LLHH_l(u,) < g7
||¢(5,) _MHH*l(w(s/,)) < ga Hw(&) _w(sl;')HH—l(w(su;,)) < g7 VS,S/,SH GS,

where |[-[| -1 ) is the weighted homogeneous Sobolev norm.

We remark that by assuming 1) to be a probability measure and that ¢(s’) > 0 in (4.6), the represen-
tation of the transition kernel does not lose generality. Specifically, the function class of (4.6) is the
same as

P = { /5((s,a, 1) Tw)(s"s dw) | 4(s's -) is a signed measure for any s" € S}.

See §C.1 for a detailed proof. Assumption 4.3 generalizes the linear MDP in [14, 32, 67, 68]. In
contrast, our representation of the reward function and the transition kernel benefits from the universal
function approximation theorem and is thus not as restrictive as the original linear MDP assumption.
Note that the infinite-width neural network has a two-layer structure by (4.2). We establish the
following lemma on the regularity of the representation of the action value function Q™ by such a
neural network.

Lemma 4.4 (Regularity of Representation of Q™). Suppose that Assumptions 4.2 and 4.3 hold. For
any policy 7, there exists a probability measure p, € P5(RP) for the representation of Q™ with the
following properties.

(i) For function Q(s, a; p,) defined by (3.4) with p = p, and the action value function Q™ (s, a)
defined by (2.2), we have Q(s, a; pr) = Q™ (s,a) for any (s,a) € S x A.

(i) By letting Bz > 2(B, +v(1 — v) !B, M ) for the neural network defined in (4.2) and
po ~ N(0,Ip) for the initial distribution, we have Wy(p., po) < D for any policy 7,
where we define Wa(+,-) = aWs (-, -) as the scaled W5 metric. Here constant D depends on

the discount factor v and the absolute constants Lg g, L1 g, g, By, M,,, My, My ,, M> .
defined in Assumptions 4.2 and 4.3.

Proof. See §B.2 for a detailed proof. O



Property (i) of Lemma 4.4 shows that the action value function Q™ can be parameterized with the
infinite-width two-layer neural network Q(-; pr) in (3.4). Note that a larger B captures a larger
function class in (4.3). Without loss of generality, we consider that Bg > 2(B,+~(1—~) !B, M ,)
holds in the sequel. Hence, by Property (ii), it holds that Wg(pﬂ, po) < O(1) for any policy 7. In
particular, it holds by Property (i) of Lemma 4.4 that ||Q; — Q™ ||2}$M =|Q(; pt) — Q(; pa,) ||27$”
and we have the following theorem to characterize such an error with regard to the W5 space.
Theorem 4.5 (Upper Bound of Policy Evaluation Error). Suppose that Assumptions 4.2 and 4.3 hold
and po ~ N(0, Ip) is the initial distribution. We specify the weighting distribution ®™* in MF-TD
(3.5) as O™t = & Z;;Ffrt’ where ¢™ € P (S x A) is the evaluation distribution for the policy evaluation
error in Theorem 4.1. Then, it holds that

2 <_£’V\[722(pt7pm)

1 =)@ = Q™3 57, < T o + Ay, 4.7

where
A, =202 BBy - Wa(py, po)Wa(pt, pr,)
+a 'By- (431 max {Wa(pr,, p0)s Wa(pt, po) } + BT)W2(pta pr)>.

Here B; and B, are defined in (4.4) of Assumption 4.2, 7 is the relative TD timescale, « is the
scaling parameter of the neural network, and Wy = oW is the scaled W5 metric. Moreover, constant

B depends on the dicount factor v, the scaling parameter Bg in (4.2), and the absolute constants
lg, By, M ,,G defined in Assumptions 4.2 and 4.3.

Proof. See §B.3 for a detailed proof. O

Here we give a nonrigorous discussion on how to upper bound A; in (4.7). If W, (pt, po) < O(1)
holds for any ¢ € [0, T], by Wo (pr,» P0) < O(1) in Lemma 4.4 and the triangle inequality of W5
distance [59], it follows that Wa(p¢, pr,) < O(1) and A, < O(a'/2p~! + a~1). Taking a time
average of integration on both sides of (4.7), the policy evaluation error - f0T||Qt — Q™ [|y g dt is
then upper bounded by O(n~ T~ 4 o'/?p~! + a~!). Inspired by such a fact, we introduce the
following restarting mechanism to ensure WQ( Pty o) < O(1).

Restarting Mechanism. Let WO = A\D be a threshold, where D is the upper bound for Wg (P P0)
by Lemma 4.4, A > 3 is a constant scaling parameter for the restarting threshold, p; is the distribution
of the parameters in the neural network at time ¢, and py is the initial distribution. Whenever we detect
that Wg (pt, po) reaches WO in the update, we pause and reset p; to pg by resampling the parameters
from pg. Then, we reset the critic with the newly sampled parameters while keeping the actor’s policy
7 unchanged and continue the update.

The restarting mechanism guarantees WQ (pt, po) < AD by restricting the distribution p; of the
parameters to be close to pg. Moreover, by letting A > 3, we ensure that p,, is realizable by p;
since Wg (pr,,p0) < D < AD, which means that the neural network is capable of capturing the
representation of the action value function Q™. We remark that by letting WO = O(1), we allow p;
to deviate from pg up to Wa(ps, po) < O(a™!) in the restarting mechanism. In contrast, the NTK
regime [15] which corresponds to letting ov = +/M in (3.1) only allows p; to deviate from pg by the
chi-squared divergence x2(p; || po) < O(M~1) = o(1). That is, the NTK regime fails to induce a
feature representation significantly different from the initial one. Before moving on, we summarize
the construction of the weighting distribution ®™* in Theorem 4.1 and 4.5 as follows,

~ ~ ~ 1~ 1 -
g G ghtghen, = [ o), (48)
A

where 50 is the base distribution. Now we have the following theorem that characterizes the global
optimality and convergence of the two-timescale AC with restarting mechanism.



Theorem 4.6 (Global Optimality and Convergence Rate of Two-timescale AC with Restarting
Mechanism). Suppose that (4.8) and Assumptions 4.2 and 4.3 hold. With the restarting mechanism,
it holds that

l /T(J(’]T*) _ J(ﬂ't))dt < £ _,_4,{\/@151 + 041/277*152 + ﬂ 4.9)
T Jo I 2T(1~ )
(a) ®)
where we have
CZESNS"* |:KL(7T*(|S)H7T-O(|S))i|’ K= ‘ %Z 3
o ¢O 00
g - (1+ )\)2DQBQ(4B:[)\D + B,) - 2BB1 (1 + )\)DQ
1 — 1_ ﬁ ) 2 = 1 _ ﬁ .

Here B,, B; and By are defined in Assumption 4.2 and 4.3, D is the upper bound for Wg (P, po) in
Lemma 4.4, B depends on the discount factor v and the absolute constants defined in Assumption
4.2 and 4.3, and X is the scaling parameter for the restarting threshold. Besides, it holds for the total
restarting number N that

N <=2 (e 'S +al/28,)2TD2(1 — /) + 1).
Proof. See §B.4 for a detailed proof. O

Note that for a given MDP with starting distribution Dy, the expected KL-divergence ( and the
concentrability coefficient x are both independent of the two-timescale update. We remark that our
condition for (4.9) to be bounded is not restrictive. Specifically, we only need a given 7y and ¢ such
that the KL-divergence ( < oo and the concentrability coefficient x < oo, which is weaker than the
concentrability coefficient used in [7, 23, 24, 38, 39, 43, 48, 57, 61].

The first term (a) on the right-hand side of (4.9) diminishes as 7' — co. The second term (b)
corresponds to the policy evaluation error. We give an example to demonstrate the convergence
of the two-time AC. We let the scaling parameter A = 3 for the restarting threshold. By letting
n = o*2, itholds that (b) = O(a~'/?) as @ — oo. Thus, we have that + fOT (J(7*) = J(m))dt
descends at a rate of O(T~! + O(a~'/2) + O(a=3/4T~1/2)). Note that n = o/ shows that the
critic has a larger relative TD timescale in (3.5). As for the total number of restartings [V, it holds
that N < O(al/ T ) as @ — oo, which induces a tradeoff, i.e., a larger « guarantees a smaller gap in

T fOT (J(*) — J(m))dt but yields in more restartings and a larger relative TD timescale.
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A Supplement to the Background

In this section, we present some backgrounds on Wasserstein space and replicator dynamics.

A.1 Wasserstein Space

Let © C RP be a Polish space. We denote by 925(0) C 2(O) the set of probability measures with
finite second moments. Then, the Wasserstein-2 (1Wz) distance between p, v € P2(0) is defined as
follows,

Wa(u, v) = inf{E[HX —y|2) ‘ law(X) = p,law(Y) = y}, (A.1)

where the infimum is taken over the random variables X and Y on © and we denote by law(X) the
distribution of a random variable X. We call M = (£2,(0), W) the Wasserstein space, which is an
infinite-dimensional manifold [59]. In particular, we define the tangent vector at ;. € M as p for
the corresponding curve p : [0, 1] — H?5(©) with py = u. Under certain regularity conditions, the
continuity equation 9;p; = — div(p;v;) corresponds to a vector field v : [0,1] x © — R, which
endows the infinite-dimensional manifold &7, (©) with a weak Riemannian structure in the following
sense [59]. Given any tangent vectors u and u at ;n € M and the corresponding vector fields v, v,
which satisfy u + div(pw) = 0 and @ + div(pv) = 0, respectively, we define the inner product of u
and u as follows,

(w, ), w, = /v ~vdp = (v,0),, (A2)

which yields a Riemannian metric. Such a Riemannian metric further induces a norm |||, w, =
(u, u)i/ > , for any tangent vector u € T}, M atany 1 € M, which allows us to write the Wasserstein-2

distance defined in (A.1) as follows,

1 1/2
Wa(p,v) = inf{ (/ ||pt||§t,wz dt)
0

Here p, denotes O;p; | ,_, for any s € [0,1]. In particular, the infimum in (A.3) is attained by
the geodesic p : [0,1] — S?5(©) connecting u,v € M. Moreover, the geodesics on M are
constant-speed, that is,

P:[Oyl]%M7P0:M>P1:V}~ (A3)

||/~).tHﬁt’W2 = WQ(H’ V)7 vt € [07 1] (A4)

In Wasserstein space M, a curve p : [0, 1] — P(0O) is defined to be absolutely continous if there
exists m € L*(a,b), i.e., fab |m(t)|dt < oo, such that

t
Wa(ps, pt) < / m(r)dr, Va<s<t<b.
S

Such an absolutely continuous curve p; allows us to define the metric derivative in M as follows,
W2 (ps 5 Pt )

|Pelw, = lim s 1] (A.5)
By [6], the metric derivative |p¢ |y, is connected to the norm of the tangent vector by
|pt|W2 = Hp'tHPt,Wz' (A6)

Furthermore, we introduce the Wasserstein-1 distance, which is defined as
Wi (p', pn?) = inf{E[IlX 4l ‘laW(X) = ptlaw(Y) = uQ}

for any put, u? € Z2(RP) with finite first moments. The Wasserstein-1 distance has the following
dual representation [6],

Wi (', p?) = sup{/f(a?)d(u1 — u?)(x)

continuous f : R? — R, Lip(f) < 1}. (A7)
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A.2 Replicator Dynamics

The replicator dynamics originally arises in the study of evolutionary game theory [50]. For a function
f, the replicator dynamics is given by the differential equation

d
E;Et(a) = x(a)[f(a,z) — P(x)],

where ¢(z) = [ x(a)f(a,z). As for the PPO update in (3.7), for a fixed s, let z(a) = m(a| s) and
fla,z) = Q7 (s,a), we see that (3.7) corresponds to a replicator dynamics if Q); = Q™. Note that
in the simultaneous update of both the critic and actor, we do not have access to the true action value
function Q™. Thus, we use the estimator (); calculated by the critic step to guide the update of the
actor in the PPO update, which takes the form of a replicator dynamics in the continuous-time limit.

B Proofs of Main Results

In this section, we give detailed proof of the theorems and present a detailed statement of Lemma 4.4.

B.1 Proof of Theorem 4.1
Proof. Following from the performance difference lemma [33], we have
J(r) = J(m) = (1= 7) 7" Eggpe [(A™(5,), 7 (-] 8) = m(-]9)).a],
where 5;52 is the visitation measure induced by 7* from Dy and A™ is the advantage function. Note

that the continuous PPO dynamics in (3.7) can be equivalently written as 0; log m; = A;. Thus, we
have

(1= (J(x) = J(m)) = By [<%10gwt(- [8) + A" (5,7) = Au(s, ), (| 8) = m(-|)),,]
= B [(Sloam19), 7 19) = ml19) 4]
FE e [(@7(5) = Qo) m (L9~ w1 9), ] @D

For the first term on the right-hand side of (B.1), it holds that,

(Slogm(-|5),7(15) ~m(-|5)

_ <%logm(~ |5),7* (-] 5)) , — <%log7rt(' | 8),me(-5)) 4 (B.2)
- _%KL(”*('\S) [ 7e(-|9)),

where the last equality holds by noting that (0; log 7:(- | ), m¢(- | s)) , = 9 [, mt(da|s) = 0. For
the second term on the right-hand side of (B.1), by the Cauchy-Schwartz inequality, we have

&
Byt [(Q(5:) = Qs ) C19)).a] = By [ (@7(510) = @il ) (als) =

~ Tt (.T)
Y
<52, e = Qg ®3)
Ex
Eoveg {<Qm (8:7) = Qul(s, "), me(- |8)>A} =E) jm [(Q”‘(s, )~ Quls. Ymal 5)57;:’((3}
571-; & Ty -
S ‘ D(ET 27$w, . ||Q - Qt“z@ww (B4)
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Plugging (B.2), (B.3), and (B.4) into (B.1), we have

T*) = () < — < Baege [KLEC1s) Imal-19))]

gﬂ-* gﬂ* ® Tt -
+ (‘ Dol ‘D& ) Q= Q g BS)
o Hl2,gme ot llg,gme
By further letting 5’” = %50 + %Qﬁo ® my, it holds for the concentrability coefficient (ZZS _in
2,¢™t
(B.3) that
{7750 H 257’0 2‘ 51750 (B.6)
o™ 2, gme 2,67t ®o lloo
By further letting ¢ (s) = [ A gzbo (s,da), it holds for the concentrability coefficient fgm ~
2,67t
in (B.4) that
: J E 55, da) 5y
Er 2((/’71' ols,da iy
‘ O, O H Do <2 "’0("” < 2’ Do (B.7)
o lagm 2.3 bo(s) ¢0 oo

Plugging (B.6) and (B.7) into (B.5) and taking integration on both sides of (B.5), we have

1 T, 1 . 4k [T .
7, () =m0 < ZB g [KLG G ol )] + 5 - [ 1@ = @7l gyt
where kK = Hggo / 50 HOO Thus, we complete the proof of Theorem 4.1. O

B.2 Detailed Statement of Lemma 4.4

We give a detailed version of Lemma 4.4 as follows.

Lemma B.1 (Regularity of Representation of Q™). Suppose that Assumptions 4.2 and 4.3 hold. For
any policy 7, there exists a probability measure p, € P5(RP) for the representation of Q™ with the
following properties.

(i) For function Q(s, a; p,) defined by (3.4) with p = p,. and the action value function Q™ (s, a)
defined by (2.2), we have Q(s, a; pr) = Q7 (s,a) for any (s,a) € S x A.

(i) For g defined in (3.6), we have g(+; p.) = 0 for any policy .

(iii) By letting Bg > 2(B, + (1 — ’y)_lBTMl,g,) for the neural network defined in (4.2) and
po ~ N(0,1Ip) for the initial distribution, we have Wa(px, py) < D for any policy 7,
where we define W (-, ) = aW(-,-) as the scaled W5 metric. Here constant D depends on
the discount factor - and the absolute constants Lo g, L1, g, By, M,,, My, My o, Mo ,
defined in Assumptions 4.2 and 4.3.

Ny

(iv) For any two policies 71 and 79, it holds that,
Wo(pry,pr,) < 07 2B - supEy gz | [m (-] 5) = ma(- 1)),
sE

where 3 depends on the dicount factor -, the scaling parameter Bpg in (4.2), and the absolute
constants lg, B, M ., G defined in Assumptions 4.2 and 4.3.

Proof. See §C.2 for a detailed proof. O
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B.3 Proof of Theorem 4.5

Proof. For notation simplicity, we let z = (s,a). By Property (i) of Lemma B.1, it holds that
|Q: — Q™ ||2 g = =|Q:— Q(; pﬂ)|| 2 , where Q: = Q(-; p+). Thus it prompts us to study the W5
distance between pt and pr,. By the first variation formula in Lemma E.2, it holds that

d W3 (pt, pr.)

dt 9 = 7<pt7 a?>ﬁt7W2 - <pﬂtvﬂ?>pnt,w2' (B.8)

~[0,1] . . . >10,1] ~
Here ag Vis the geodesic connecting p; and p,,, and Bt[ is its time-inverse, i.e., ﬁt =a;°

Besides, we denote by a§ = 9,4 and Ef = 05 Ets the derivation of geodesics &} and Bt with
respect to s, respectively. We denote by v, the corresponding vector field at o, which satisfies
0505 = —div(ajvs). For the first term of (B.8), it holds that

<pt?a?>l)1,W2 = < ( ptaﬂ-t) IU0>Pt
— . / Oulg(1 5,70 02) gydds — - (g pr i), 00)
1
=n~/ <8sg(-;&f,m),vs>asds+n~/ /g(e;&f,m)-as(vs&f)(e)deds,
0 t 0

(B.9)

where the first equality follows from (A.2) and the third equation follows from g(-; pr,, ) = 0 by
Property (ii) of Lemma B.1. For the first term on the right-hand side of (B.9), we have

n- /1<8ég( ay, ), vé> ds
= [ [(BR o (@an - Q' a) Vol 0] (0ap)® Yavas
=a !y / /<ngﬂ't (z;a5) — - Q(x';&’f))o(m;@)},div(vs&f)(9)>d9ds, (B.10)

where the first equality holds by defintion of g in (3.6) and the last equality follows from Stokes’

formula. Note that we have div(vsaj) = —dsa; by the definition of vector field v,. Thus, it holds
for (B.10) that

n-/1<asg< 1), 0 s

= [ <E;;;t Qi) ~ - QUe'saE))a(ai6)] .37(6) Yadis
——a. /0 BT [0.(Q:a7) — 7 - Q@) 0.Q(r: )| s, (B.11)

Pt

where the last equality follows from the definition of @ in (3.4). We let f (ZND) =
(E,. g [(0:Q(z; a5))?]) '/2 \ith respect to a specific s and . Recall that for the weighting distri-

bution &)“f, we set d™ = gg;t Hence, for the integrand of (B.11), we have
— B2 [0,(Q@ia) — v Q'3 7)) 0 QL )]

— S [ 0.0a)0.00 )P | 0)E7, (a)de'ds

f<$”t>2+v-\/ / (ascz(x;af)fég;(dz)'\// (0:Qa's 7)) P (da’ | )€X:, (da),
(B.12)
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where the equality follows from the definition of Egﬂ in (3.6) and the inequality folllows from the
Cauchy- Schwarz inequality We define 77 : (S x A) —» P(S x A) as a mapping operator such
that 7"D(z') = [ D(x 2’|dx). We rewrite (B.12) as
- Eg;t [as Qs at> Qa0 a)] < —f (G 4y - F(F) - ST ™).
(B.13)

By the definition of 7™ and the definition of visitation measure in (2.1), it holds that g'f‘

AET = (1= 7)d™. Hence, we have f(57)2 = 4 f*(T™§™) = (1 - 7)E;., [(9.Q(x; at))ﬁ
and it holds for (B.13) that

- - - £@™) . .
_ )2 YL F(TTERT) = — — _ . Te)2 A2 f2( T
O YA @) JTH6T) = = e (f(@™)? =22 f2(T™ ™))
F(&™)? — 7(f(<5’”)2 - (1 =)Eg., [(Q(x;&f))QD
< —
= 1+~
< —(1-A) Bz, (0.0 )’ (B.14)

where the first inequality holds by noting that f ( DRV ¢’”) and the last inequality holds

by noting that f(¢™)% > (1 — y)E e [(0:Q(x; 6 ))2] Combining (B.11), (B.13), and (B.14)
together, it holds for the first term of (B.9) that
1

7 /()1<839(-;&57Wt)7vs>&§ds < —a (1 —7) / Eg., [(3 Q(;ay7)) }ds

0
< —a?n(l —\A) - [|Qx; pr,) — Q(a; pt)H;q:ﬂt, (B.15)

where the last inequality holds by the Cauchy-Schwarz inequality. For the second term of (B.9), we
have

1 1
- /0 /g(@; ag,m) - 0s(vsag ) (0)dfds = 7 - /0 /<Vg(t9; ai,m), a5 (0) - vs(0) ® v5(0)>d0ds

1
Sn-/ sngng;&f,m)llF-Wz(puﬂm)st
0
=11 sup|[Vg(6; 37, m)llp - Walpr, pr,)°, (B.16)

where the first euality holds by Eulerian representation of geodesic in Lemma E.3 that 9, (v - &f) =

—div(a$ - vs ® vs) and Stokes’s fomula. Here, we denote by ® the outer product between two

vectors. The inequlity of (B.16) follows from [|vs(6) ® vs(0)||r = ||vs()||* and the property of
a;.ws = Walpe, pr,)-

For the Second term on the right-hand side of (B.8), we denote by u; the corresponding vector field
at pr, such that Oy pr, = —div(pr,us). Then, it holds that

_<p7ru5to>p«t,W2 = <Utﬂ)1>p,rt < ”pm”pwt’Wz “Walpts pr,) = |pr, W - Walprs pr,),  (B.17)
where the first equality follows from (A.2), the inequality follows from the Cauchy-Schwarz inequality
and the facts that |lu¢||,,, = [|px, |5, W, by (A.2) and that ||v1|,,, = Wa(pt, pr,) by (A.4). The
last equality of (B.17) holds by (A.6). Plugging the definition of metric derivative |p¢ |y, in (A.5)
into (B.17), we have

Wa(prm,s pm+At)

—{/ 30 < | .
<p7rt’/8t >P7rt7W2 = Al}tr—I}O ‘At‘ W2(ptap7rt)
/ !
< o 1/2 ”HWHM('\S)—M('W) ]
<a B- Alirilof‘égEs ~E AL ) Wa(pt, pr,)
=a " 2B. supEs, £t “|At Ime(-|8") || } - Walpt, pr,), (B.18)
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where the second inequality follows from Property (iv) of Lemma B.1 and the equality follows from
the MF-PPO update in (3.7). For the approximation of the advantage function A;, it holds that

s [0 = sup Qg — [ Qesaymaa| )
zESXA zESXA
<2 sup |Q(w;p)l- (B.19)
rESXA

Plugging (B.19) into (B.18), we have

~{pres B, < 072 sup [ Ay(e)| - sup Byreze [ 1), |- Walors )

reX
<2a7'21. sug ’Q(x;pt)‘ -Wal(pt, pr,)- (B.20)
x€E

where the last inequality follows from ||7(-| s")||[1 = 1. By first plugging (B.15) and (B.16) into
(B.9), and then plugging (B.9) and (B.20) into (B.8), we have

i VV22 (pt7 pTrt )
dt 2

— Tt 2 .S
< —a (=) - [|Q = Q™ ||y 5, + - sglpHVg(&at,m)HF - Wa(pe, pr)?
+207 1?8 sup |Q(; po)| - Walpy, pr, )- (B.21)
xTE
Plugging Lemma D.1 into (B.21), we have

d W2 s My -
AW erom) o o2 3)- Q- @

dt 2
+na” !By - (2aB, sup Wa(@i, po) + By) - Wa(pt, pr)?
s€[0,1
+2a'/2BB1 - Wa(pe, po) Wt pr,)- (B.22)
Note that ¢ is the geodesic connecting p; and p,. By Lemma D.2, we have
s W2(az, po) < 2max {Wa(px,, po), Wa(pis po) }- (B.23)
s€[0,1

Plugging (B.23) into (B.22), it follows that

d W2(pi, pr,
dtQ(g;p) <—(1-v7)-|jQ - QmH;gw, + 201 2BBy - Walpr, po)Wa(pi, pry )

+a'By- (431 max {WQ(,OW” P0); Wz(ﬂt, po)} + BT)WQ(ptv pr)?,

Where Wg = a~1W, is the scaled Wy metric. Thus, we complete the proof of Theorem 4.5. O

B.4 Proof of Theorem 4.6

Proof. We remark that the restarting mechanism produces discontinuity in p; while 7; remains
continuous. Let Ty, T4, - - - , Tiv denote the restarting points in [0, T), where Ty = 0 and N is the total
restarting number in [0, 7). Let 7, and T, denote the moments just before and after the restarting
occurrlng at T,,, respectively. According to the restartlng mechanism, we have W2 (pt, po) < )\D
WQ(pT ,po) = AD and pr+ = po- Recall that we set o = 5”’ By (4.7) of Theorem 4.5
holds that

d W2 (pta pﬂ't)

1=y -l —Q™2 - Fre S + 20 Y2BBIAD - Wa(py, pr,)

S dt 2n
+ o 'By - (4BIAD + B,)Wal(pe, pr)?. (B.24)
. . (14+))2D? B2(4B1AD+B,) _ 2BBiA(1+M)D? _ 1
For simplicity, we let S; —/ , 89 = s 13 =)

Q) = [|Q: — Q™|l, zr,. and W(t) = Wg(pt,pm). By sum of the integrals of (B.24) on
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[T()7T1}, s [TNfl,TN] and [TN,T} we have

047151 -~ al/? 7152’\'
P st [ (G )

¢ (N fTeng Ty
— T77<nz;) /Tn &W(t) dt—l—/ &W( ) dt), (B.25)

Note that we have W (t) = Wa(pr, pr,) < Wa(pi, po) + Wa(pr,, po) < (14 A)D by the triangle
inequality of W, distance, the resarting mechanism and Property (iii) of Lemma B.1. It thus holds
for (B.25) that

1T 1 [t
T/ Q*(t)dt < T/ (o718 + al/2y~18y)dt
0 0

£
Tn

N—-1

(Z(W?( T) = WHED) + (WD) - WA(TL)) ). (829

Note that we have W (T, ,) > Wz(po”%—+ ) — Walpospr ) > A—=1D > D >
n+1 Tn+1

W(po, P L) = W(Tn+ ) by the triangle inequality of W5 distance, the resarting mechanism and
Property (iii) of Lemma B.1. It thus holds for (B.26) that

1T 2 1 1/2, —1 n~'D?
= t)dt <a S Sy . B.27
T/OQ() Sa S +at 2+2T(1—\ﬁ) (B.27)
By setting 57” = %(Eo + %d)o ® m; and plugging (B.27) into (4.1) of Theorem 4.1, we have
4K
1 [ e - swas 4% [ aw
¢ 1 /
< = 44kt = 2
< T R\l 7 ; Q3(t)dt
¢ n—1D2
< =4+4 -1 1/2p-1 _— B.28
7T+ Ry & Sl+a n 52+2T(1_ﬁ)7 ( )

where k = Hggo /&)Hm is the concentrability coefficient and ¢ = Eqg_. [KL(7* (- | s) || mo(- | 5))]
is the KL-divergence between 7* and my. Here the second inequality follows from the Cauchy-
Schwarz inequality. Therefore, we complete the proof of (4.9) in Theorem 4.6. In what follows,
we aim to upper bound the total restarting number /N. Recall that we have W(T;r ) < D and
W(Tn_ +1) = (A = 1)D according to the restarting mechanism. Thus, it holds for (B.26) that

17 o
f/ Q*(t)dt < a™ 'Sy +a'PyThS, — Ti(N(A —2)D* - D?).
0 n

Since Q2(t) > 0, it follows that

D2
A—2
= (A =2)""((a7"nS1 +a'/?8)2TD (1 - \/7) + 1),

N < ((Oz_151 + a2l 8y)2T (1 — Vyn+ DQ) -

which upper bounds the total restarting number N. Hence, we complete the proof of Theorem
4.6. O

C Proofs of Supporting Lemmas

In this section, we give detailed proof of supporting lemmas.
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C.1 Generality of Transition Kernel Representation
Recall that we have the following representation of the transition kernel in Assumption 4.3,
P(s'|s,a) = /5((5, a, 1)Tw)go(s’)w(s’; w)dw, (C.1
where ¢(s’) > 0 and 1;(3; -) € P (w). Such a representation has the same function class as
P(s' | s,a) = /5((3, a,1)Tw)y(s'; w)dw, (C2)

where 1 is a finite signed measure.

Proof. For simplicity, let P and P denote the function class represented by (C.1) and (C.2),
respectively. Note that for any transition kernel P(s’|s,a) represented by (C.1), by letting
U(s';w) = o(s')(s';w), such a transition kernel P(s |s,a) can be equivalently represented
by 15(3' | s,a) in (C.2). Thus, it holds that P C P. Therefore, we only need to prove P Cc P,
which is equivalent to proving that for any P(s’ | s,a) € P given by (C.2), the signed measure v
can be non-negative. If that is the case, by letting ¢(s') = [ (J+(s’; w) + (s —w))dw and
P(s'sw) = p(s") 7L (J_A'_(S/; w) 41 (s'; —w)), we can have (C.2) equivalently represented by (C.1).
Note that there always exist non-negative functions 7:[;4_ and QZ_ such that {Dv = @L_ — '[/;_. Since o is
an odd function, it holds that

P(s' | s,a) = /5(wT;v)1Z(s’;w)dw

= /E(wa)QZJr(s';w)dw—i—/5(—wa)w,(s’;w)dw

= /E(w—rm)(ler(s'; w) + (s —w))dw.
Thus, by letting ¢(s") = fQL(s’;w) + Y- (s'; —w))dw and P(s";w) = @(s') " (P (s';0) +
Y_(s';—w)), it holds that P(s'|s,a) = [o(w'z)p(s)(s';dw) = P(s'|s,a), where ¢ €

2P (W) and ¢ > 0. Hence, any ﬁ(s’ |s,a) € P can be equivalently represented by (C.1) and it
follows that P C P. Thus, (C.1) has the same function class as (C.2) and we complete the proof. [

C.2 Proof of Detailed Version of Lemma 4.4

In this section, we prove a more detailed version of Lemma 4.4, i.e., Lemma B.1.

Proof. We begin by a sketch of the proof of Lemma B.1. We first construct functions Z, and
vy (w). With the use of mollifiers, we prove that there exists function p (b) satisfying (C.6) and then
formulate a construction of p,(#), which gives way to obtain p,. For the proof of Property (iii),
using the technique of Talagrand’s inequality and the chi-squared divergence, we establish a constant
upper bound for W (px, po). For the proof of Property (iv), by exploiting the inequality between
W5, distance and the weighted homogeneous Sobolev norm, we upper bound Wa(px, , pr,) Up to
O(a™1/?),

Proof of Property (i) of Lemma B.1. We give a proof of Property (i) by a construction of p,.. For
notational simplicity, we let x = (s, a, 1). By definitions of the action value function Q™ and the
state value function V™ in (2.2), we have

Q" (s,a) =r(s,a) + - /P(s' |s,a)V7™(s")ds
= /5( T:(;){Br cp(w) 4y - /gp(s/)w(s’; w)V”(s’)ds’}dw

= /Z,r o(w 'z, (w)dw, (C3)
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where

va(w) = 24+ (Bw) 47+ [ ol (s sV (5)d), 4

Zp=DB,+7- /cp(s’)V”(s')ds" (C.5)

Here, the second equality in (C.3) holds by (i) of Assumption 4.3. We construct p; by pr = Vx X Py,
ie., pr(w,b) = vy (w)pr(b), where p,(b) is defined to be a probability measure in &5 (R) such that

/ Bg - B(b)px(db) = Z,. (C.6)

We remark that such a p, exists and we will provide a construction later. Since we have V™ > 0,
@ >0, and ¢y > 0 by Assumption 4.3, it turns out that v/ is a probability density function according
to (C.4), which further suggests that p, € Z5(RP). Plugging (C.6) into (C.3), it holds that

Qnm:/%mmmwma

where the equality holds by noting that o (x; ) Bg - B(b) - o(w'x) in (4.2) and that p, = v X py.
Furthermore, by letting pr = pr + (1 — a~1)(po — pﬂ), we have

Q™ (x) = a/a(x; 0)(pr — (1 —a 1)po)dd = oz/a(a:; 0)prdf = Q(x; pr),

where the second equality holds by noting that o is odd with respect to w and b and that py ~ N (0, Ip)
is an even function. Thus, we finish the construction of p, and also complete the proof of Property (i)
in Lemma B.1.

A Construction for p, (b). Recall that we have p, defined in (C.6). Here, we provide a construction
for p, which has some properties that will facilitate our analysis. Ideally, we want p, to have global
support and concentrate to its mean, which motivates us to consider p, to be Gaussian distribution
with high variance. Recall that we assume that 3~ is ¢g-Lipschitz continuous on [—2/3,2/3] in
Assumption 4.2. Let ¢(b) be the probability density function of the standard Gaussian distribution,i.e.,
q ~ N(0,1). Then, q.(b — z) = e 1 - q((b — 2)/e) is the probability density function such that
qe ~ N (z, €%). We define function f3, as follows,

=/ﬁ@%w—a%=un%xa, €7

where * denotes the convolution. Note that {g. }.~o can be viewed as a class of mollifiers [25]. In

particular, let
T 1 T 1
- 7-7,1}, C.8
n{\/; 6Lo.s \/; 20511 5 €8

where Lo g and L; g characterize the Lipschitz continuity and smoothness of 3 respectively and
B~ is £5-Lipschitz continuous in [—2/3,2/3] by Assumption 4.2. For the approximation error of
mollifier 3., it holds that

| — Be(z | = ‘/ )qs(z —2)d2
gaw'/v—ww4z—zmz
2
—Ina-E-x]Z
0,5 " € 71"

where the last inequality follows from [ |2|q.(2)dz = €-+/2/7. Similarly, we have |3(2) — Be(2)| <
Ly - €-+/2/m. By definition of € in (C.8), it further holds that

sup |5 )’ <1/6, (C.9)
beB—1([-2/3,2/3])
- 1
sup |B(6) = Be(b)] < 5 (C.10)
bep—1([-2/3,2/3]) B
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Note that 3(b) is a monotonic function with |3(b)| > 1/£ in 3~ ([—2/3,2/3]) by Assumption 4.2.
With regard to (C.10), it follows that 3¢(b) is also monotonic in 3~ *([—2/3,2/3]) and that

1Be(b)| = 1B(b)] — |B(b) — Be(b)| = 22[3 Vb e B1([~2/3,2/3)). (C.11)
Furthermore, by (C.9) and the continuity of 3¢ in 371([~2/3,2/3]), we have
[=1/2,1/2] € B(B~"([-2/3,2/3])). (C.12)

The monotonicity of S¢(b), (C.11), and (C.12) together show that 57 ! exists and is 2{g-Lipschitz
continuous in [—1/2, 1/2]. Moreover, since (3 is an odd function, it holds by (C.7) that 3 is also an
odd function with 8¢(0) = 0. Hence, it holds that 8= ([~1/2,1/2]) C [~£g, {5]. Furthermore, by
(C.5), it holds that

Z7'r = Br +7- /Qp(sl)vﬂ(s/)dsl

SBT+7-<1—7>-1-Br-/so<s'>ds’
§ Br + PY(]- - 7)7IBTM1,¢7

where the first inequality follows from the fact that V™ (s) < (1 —~)~' - sup,,7(s,a) and
the last inequality follows from Assumption 4.3 that [ ¢(s')ds’ < M;,. By setting Bz >
2(B, + v(1 — v)"'B,M, ), it holds that |Z,/Bg| < 1/2, which indicates that 3; '(Z./Bg)
exists and allows p(b) = qe(b — B='(Z./Bjg)) to be the probability density function such that
pr(b) ~ N (B='(Z/Bp),€). For the mean value 3z ' (Z,/Bg), recalling that 5z *([~1/2,1/2]) C
[—£3, £3], it thus holds that

|8 (Zx/Bg)| < L5. (C.13)

Following from (C.7), we have

/ B(b)px (b)db = / Bb)ae(b— B (Zs/Ba))db = Be(8="(Zs/Bs)) = Zs/Bs.

Hence, our construction of p, here is in line with the definition of p, in (C.6). In the sequel, we
consider pr(b) = ge(b— B ' (Z»/Bg)) to hold all along.

Proof of Property (ii) of Lemma B.1. Here we show that g(-; 7, p,) = 0 is a direct result of
Q7 (x) = Q(x; pr) in Property (i). Note that
Q" (x) —r(z) — 'VEx'Nﬁﬂ(-u)Qﬂ(x/) =0 (C.14)

holds by the definition of the action value function Q™ in (2.2) for any z € S x A. Since we have
Q™ (x) = Q(x; pr) proved, by plugging (C.14) into the definition of g in (3.6), where Q(-; p,) is
substituted for Q™, it follows that g(z; 7, p) = 0. Thus, we complete the proof of Property (ii) of
Lemma B.1.

Proof of Property (iii) of Lemma B.1.

In what follows, we aim to upper bound W2 (p., po). We summerize our aforementioned constructions
as follows,

Zp=DB,+7- /gp(s’)V“(s')ds’,

() = 2 (Boptw) - [ ols)ols5)V7(s)as ). c.15)
pr(b) = qe(b— B (Zx/Bpg)), (C.16)

Pr(0) = pr(b)vg(w), (C.17)

pr =P+ (1 —a"")(po = pr)- (C.18)
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Plugging (C.16) into the definition of Chi-squared divergence, we have

1 2
;_é}.exp{wﬂ/BﬁD}_L €.19)

2 — g2

€

XQ(pﬂ' ||P0b) = /pgrdb— 1=
’ £0,b

Note that we have € = min{\/w/Q - (6Log) ", \/m/2 - (205L1 )71, 1} by (C.8) and
]ﬁgl(Zﬂ/B/g)’ < {3 by (C.13). Hence, we have x?(px || po.») upper bounded. As for v in (C.15),
we have

el o) = (BTZ;lu + [V z el s | po,w)

< 3<X2(BTZ;1,U H PO,w) + X2(/Vﬂ(8,)Z;190(8/)¢(8/§ -)dS/ H pO,w) + 1)7
(C.20)

where the inequality holds by Property (iii) of Lemma D.3. For the first term on the right-hand side
of (C.20), we have

X(BrZy 'l pow) = BEZ 2P (1 || po,w) + (1 — BpZ )2

< xX*(wllpow) +1
<M, +1, (C.21)

where the equality holds by Property (i) of Lemma D.3, the first inequality holds by noting that
|B,Z '] < 1 and the last inequality follows from x? (|| po,w) < M,, by Assumption 4.3. Hence,
the first term on the right-hand side of (C.20) is upper bounded. As for the second term, by Property
(iv) of Lemma D.3, we have

X ( / V() Z (s )p(s's ) ds’ H po,w)

2
< [z 6 s [l s + ([ Ve)z: etsas - 1)
< (1 —7) My - My + (1 —7)"°M7 , +1, (C.22)

where the last inequality holds by noting that |[V™| < (1 — )~ 'B,, Z, > B,, ||S|| < 1, and that
X2 (¥(s's+) | pow) < My by Assumption 4.3. Hence, it holds that the second term of (C.20) is
also upper bounded. Plugging (C.21) and (C.22) into (C.20), we can establish the upper bound for
XQ(V,r || po,w). Furthermore, by Property (ii) of Lemma D.3 and noting that g, = pr X v, we have
X2(px || po) upper bounded as well, that is,

_ 1~
(pr po) < 5%,

where D depends on absolute constants occurring in (C.19), (C.21), and (C.22), ie.,
lg,Lop, L1 g, By, M1, My 4, M, My in Assumptions 4.2 and 4.3. Since pg ~ N(0,1Ip), it
holds for any p, that,

3 Walpeo)? < Ko ) < [ (2= 1) 22 po(a0) = [ (22 =1) i)

- / ((1 — o po(0) + o™ px(0)
po(0)

2 —2 2 a? o,
1) p0(d6) = a2 (px || po) < 5D,

(C.23)

where the first inequality follows from Talagrand’s inequality in Lemma E.4. Plugging Wg = all,
into (C.23), we complete the proof of Property (iii) of Lemma B.1.

Proof of Property (iv) of Lemma B.1.
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Upper Bounding W5 (p,, pr, ). Following the property of W5 distance with respect to Gaussian

distribution, we have Wa(px,,pr,) = |B:'(Zr,/Bg) — Bz ' (Zx,/Bgs)|. Recall that we have

|Z/Bgs| < 1/2 and that 3z * is 2¢5-Lipschitz continuous on [—1/2,1/2]. It then holds that
WPy, Pra) = |Bz ' (Zry/Bg) — Bz (Zry | Bp)| < 20p - | Zx, — Zn,|/ Bs. (C.24)

Meanwhile, we have
2oy = Zul - [0l V7S = Vs

<v. / o(s')ds’ - sup| V™ (') — V72 (s)]
s’e€S

<y My, - sup|VTH(s') — V()] (C.25)
s'eS

where the last inequality holds by (ii) of Assumption 4.3. Plugging (C.25) into (C.24), it holds for
W2 (p7r1 y Py ) that

25 -y M, - supS,GSW’”(s’) - V”2(5’)|

Wa(pry s pry) < 5 (C.26)
B
Upper Bounding W5 (v, , vy, ). By definition of v in (C.15), we have
BT(Zﬂz —Zr ) l ’ (Vm Vﬂz) ’
Vg = —— ;e - ds’. C.27
Vr, =V 70 7. u+7/<p(8)¢(8 ) 7. 7. (€27
For V™ /Z. — V7™ /Z.  itholds that
Vv V2 T T2 |Z7T — Zﬂ' | -1 -1 T T2
7~ 7| < ety stz 2 v
< (B'A =)y My, + B sup [VT(s) = V()] (C.28)
s'es
where the last inequality holds by noting that
Z7'r2 - Z7l'1 < M 372 T / To /
————| <vM1,,B, * sup |V (sY-V (s)| (C.29)
Z7r1 ZTI'Q s'eS

Here the inequality in (C.29) holds by (C.25) and the fact that Z, > B,. For Wa(vy,, vy, ), by
Lemma E.5, it holds that

WQ(Vﬂ'mVﬂz) < 2”1/‘"1 - V‘mHH—l(un)' (C.30)

Recall that we have v, defined in (C.15) that
a(w) = 24+ (Bow) 47+ [ ol (s i)V (),

Z7T = Br + - /w(s/)vﬂ-(sl)dsl

where Z 1 (B, + v [¢(s)V™(s')ds') = 1, B,Z;' > 0, and vp(s")V™(s')Z; 1 > 0, which
indicate that v, is in the convex hull of 1 and ¢ (s’; -). Hence, by Property (i) of Lemma D.4, it holds
that

2ve, — 1/,(2||H_1(Vn) < 2max { sup||vr, — Vol =15y 1Vm — Vﬁ2||H_1(N)}. (C31)

Furthermore, following from (C.27) and Z;* (B, + v - [ ¢(s")V™(s')ds") = 1, by Property (ii) of
Lemma D4, it holds for 2[|vr, — vz, || -1, that

2HVTF1 _VTF2||H*1(/L) < maX{S}égHﬂ_w(sl;')”H*I(ﬂ)v sup H’(/)(SI;-)—’Q/J(s//;,)||H71(IL)}

(s',8")ESXS
. <‘ BT(ZTrQ — Zm)

+ / (’)‘Vm -
5 _
Zn Zo, R A

ds’> . (C.32)
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Plugging (iii) of Assumption 4.3, (C.28), and (C.29) into (C.32), we have
2Wim, = vasllig 2 G (Y16 BT Mg (B N1 =)y My + B )

. Ssllé}; (VT(s') = VT2 (s). (C.33)
By simply substituting ||| 51 (s for [[-llg-1(, in both (C.32) and (C.33), it also holds for
2[vry = Vo |l -1y (s that

2Wim, = vaslligspey £G- (YM1 6B +9Mig (B (1 =)y My, + B )
. éS/lépS (VT (s") = V()] (C.34)

Combining (C.30), (C.31), (C.33), and (C.34), we have

Walvmy vm) <G - (Mo By 4y My (BT (1= 7) 90, + B )
sup [VT(s') = V(). (C.35)
s'eS

Upper Bounding W5 (o, , pr, ). Note that we have g, = v, X pr in (C.17). By Lemma D.5, we
have

Walpry:ra) < \[WEm, v2s) + Wi pr, psy) < B sup [V7H () = V()] (C36)

where B’ depends on the discount factor  and absolute constants {g, Bg, B;, M ,, G in Assumption
4.2 and 4.3 according to (C.26) and (C.35). By performance difference lemma [33], we have

V7 () = Vo2(8)] = (1= )7 B [(A72 (5, )i |6) = ma(: | 8)), 4]

=(1-y""

By en [(Q (5 1m15) = mal- 1) ]

<(1- 7)_2 By Eyem |:H7T1( | s") — ma(-] s/)HJ (C.37)

Here the inequality follows from |Q™ (s,a)| < (1—v)~!- B,. Welet B = B'B,.(1 — ) 2. Plugging
(C.37) into (C.36), we have

Wa(pr,, rs) < B-supEqrgmn | [ma (1) = w1, |
se€
Recall that we have p; = pr + (1 — a~1)(pg — px) in (C.18). Then, by Lemma D.6, it holds that
Wo(pry:pm2) < @ EWalpey pmy) < 078 -sup By [[|ma (-] ) = ma- |5,
se

which completes the proof of Lemma B.1. O

D Technical Results

In this section, we state and prove some technical results used in the proof of main theorems and
lemmas.

Lemma D.1. Under Assumptions 4.3 and 4.2, it holds for any p € £5(RP) that

sung(w;p)\ < a- By -Walp, po), (D.1)
T€

sup [|Vog(0; p)|| < ™" Ba - (20 By Wa(p, po) + Br). (D.2)
(SN
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Proof. Following from Assumptions 4.3 and 4.2, we have that ||Vyo (z;0)|| < B forany x € X
and 6 € RP, which implies that Lip(o(z;-)/B1) < 1 for any z € X. Note that Q(z; po) = 0 for
any z € X. Thus, by (A.7) and the inequality between W distance and W, distance [58], we have
for any p € P5(RP) and 2 € X that

Qip)| = | [ owi0) dlp = )] <@ B1- Wilo ) < - By Walp.pw). - D)

which completes the proof of (D.1) in Lemma D.1. Following from the definition of g in (3.6), we
have for any x € X and p € Z5(RP) that

V09065 p) | < 0™ Ep ||Q(w ) =7 — 7+ Qa5 )| - [ VEgor(w:0)]
<a ' By (2a- By Walp po) + By).

Here the last inequality follows from (D.3) and the fact that || V2,0 (z; 0)||r < Bs forany z € X and
p € P5(RP), which follows from Assumptions 4.3 and 4.2. Thus, we complete the proof of Lemma

D.1. O
Lemma D.2. For pg, p;, pr, € P2(RP) and the geodesic o connecting p; and p,,, we have
Sl[lplwz(af,ﬂo) < 2max{Wz(pr,, po), Wa(pt, po)}- (D4)
s€[0,1

Proof. We give a proof by contradiction. Note that o is the geodesic connecting p,, and p;. Assume
there exists ¢ such that

Sl[lp]Wz(a;ipo) > 2max{Wa(px,, po), Wa(pt, po)}-
s€l0,1

Then, according to the triangle inequality of W5 metric [59], we have

Wa(pe, af) = [Walag, po) — Walpe; po)| > [2Wa(pt, po) — Wa(pt, po)| = Wa(pt, po),
and Wa(pr,, ) > Wa(px,, po) for the same sake, which conflicts with the definition of geodesic
that WQ(pt7 O‘f) + WQ(O[ZS? pﬂ't) = WQ(pt7 pm,) < W2(pt7 PO) + W2(p71't ) PO) Hence, such ¢ does
not exist and (D.4) holds. Thus we complete the proof of Lemma D.2. O
Lemma D.3. The Chi-squared divergence has the following properties.
(i) For any probability measure g € £(0), function f : © — R, and o € R, we have
Xafllg)=a®x2(fllg) + (1 —a)

(ii) For any probability measures g; € &(©1) and g2 € & (02), functions f; : ©; — R and
fo: ©2 — R, we have

X2(f1 X fallg1 % g2) = Xz(fl lg1) 'X2(f2 | g2) + X2(f1 llg1) + Xz(fZ | g2),

where f1 X fo is the product of f; and fo, and g1 X g2 is the product measure of g; and go,
i.e., (fl X fg)(el X 92) = f1 (91)f2 (92) and (91 X gg)(gl X 02) =01 (01)g2 (02), respectively.

(iii) For any probability measure g € &?(©), functions f1 : © — R and f5 : © — R, we have
XA+ follg) <303 (Fillg) +x*(fallg) +1).

(iv) For any probability measure g € 4(0), function f : X x © — Rand o : X — R, we have
¢( [ @iz |g) < [atepas [ oo+ ( [ alz)de-1)
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Proof. Proof of Property (i) of Lemma D.3. By definition of the Chi-squared divergence, we have

Crlo= [ (2 -1) 4

= / <a(£ — 1) +a— 1>2dg
=a®*(flg) + (= 1%

Thus, we complete the proof of Property (i) of Lemma D.3.

Proof of Property (ii) of Lemma D.3. Let ]?1 = f1/¢g1 — 1 and fz = f2/g2 — 1. It then holds that

Clix fallor <o) = [ (222 1) a0 x 00 = [ x Bt ot FoPdton x g0)

By further noting that ffldg1 = 0, f]?gdgz = 0, ffl?dgl = 2(fi|lg1), and fngdgg _
X2(f2 1| g2), we have

X*(f1 X f2llg1 % g2)
— [(Rx B P2+ 4200 x Fo+ 2070 % Fi +21 x F)lon % 02
= XA llgy) - X* (21l g2) + X2 (fr L 91) + X (f2 || g2)-
Thus, we complete the proof of Property (ii) of Lemma D.3.

Proof of Property (iii) of Lemma D.3. Let fl = fi/g1 — land fg = fa/g2 — 1. It then holds that
fit+ f 2 T 7
e+ hlo= [ (P2 1) = [+ frvia
By further noting that [ f2dg; = x2(f1 || g1) and [ f2dgs = x2(f2 || g2), we have

i+ fallg) < 3/(<ﬁ>2+<ﬁ>2+1)dg

=30C(f1ll9) + X (f21l9) + 1),

where the inequality follows from the Cauchy-Schwarz inequality. Thus, we complete the proof of
Property (iii) of Lemma D.3.

Proof of Property (iv) of Lemma D.3. Let f(z, ) = f(z,-)/g(-) — 1. It then holds that

¢( [a@i ) g) = [ ( [a@iwodw) oo+ ( [atas-1)
S/(/a(:c)de~/f(x,9)2dm)g(d9)—|— (/a(w)dx—l)2
~ [a@par [ 9+ ( [a@ds 1)

where the first equality holds by noting that [ f(am -Jdg = 0 and the inequality follows from the
Cauchy-Schwarz inequality. Thus, we complete the proof of Property (iv) of Lemma D.3. O

Lemma D.4. For weighted homogeneous Sobolev norm defined by
[ — V2||H—1(u) = sup {|<f, v = V2>|“|f”1i11(#) < 1}~

we have the following properties.

(i) For a group of probability measures p, : X — P2(0) and vq,v9 € P2(0O), if p is in the
convex hull of y,, i.e., there exists o, > 0 such that both fozxdz =land pu = fozxuxdx
hold, it then holds that

= vall i < suplln = vall s, )-
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(ii) Assume that we have measures u € H5(0©) and v, : X — P5(0). Let 1,52 : X — Rbe
two functions on X such that [ 31 (z)dz = [ B2(:)dz. Then, by letting v = [ 1,61 (x)dx
and vy = [ 1v,02(x)dx, we have

1
V1 — Vol - <= sup Vgt — Vgt || 7~ -/B ) — Ba(x)|dz.
|| 1 2||H () (x’,x”)eXxXH HH ) ! 1( ) 2( )‘

Proof. Proof of Property (i) of Lemma D.4. By definition of the weighted homogeneous Sobolev
norm, we have

1 — VZHH—l(M) = S‘;P{Kf, vy — V2>|‘ / IV fPagdpgdr < 1}

= sup {’<f,l/1—V2>’

/ IV F2dpte < A, Ve / aApda = 1} (D.5)

FAe>0
< sup infsup{’(fm, vy — uﬂ“ / |Vfgc|2du$ < )\w}, (D.6)
f/\gsozgsdle7 T fe
Ae>0

where the first equality holds by noting that pn = [ v, pudz. To illustrate the last equality, we denote
by .# and .%, the allowed function class for f in (D.5) and f, in (D.6) to choose from, respectively.
Note that we have . C .%, for any z, which is because the constraints for each f, in (D.6) are
relaxation of the constraints for f in (D.5). And so, the supremum taken over .# is no larger than the
supremum over .%,, for any z. Therefore, the supremum over .7 is no larger than the the smallest
supremum over .%,.. Thus, (D.6) holds. Furthermore, we have

lvr = voll g1y < sup  inf sup{|(fm,1/1 — ) V foPdpe < )\m} (D.7)

[ Apazde=1, T fo

Ao >0
= sup  inf {\/)\zHVl — y2||H,1(#T)} (D.8)
S Agagdr=1, © ’
Ao >0
< sup inf {\/)\m} -sup|lv1 — VQHH*(M)’
[ Apazde=1, * z
Ao >0

where the first equality holds by noting that (D.8) is a rescaling of (D.7) with respect to A\, in the
constraints of (D.7). Here, we let

Y= sup inf{\/g}_
[ Apazdr=1, x
Az 20

Then, it holds that y < 1. Otherwise, there must exists A, such that f Azazdzr = 1 and that A, > 1
holds for any « € X, which contradicts with our conditions that f azdx = 1 and o, > 0. Therefore,
it further holds that

1 = vallg-10y < v -supllvr = vall o,y < supllvr — vallg-iq,,)-
Thus, we complete the proof of Property (i) of Lemma D.4.

Proof of Property (ii) of Lemma D.4. Let o« = 1 — 3. Then, we have [ a(z)dz = 0. Let

a™ = max{0,a} and = = —min{0, a}. Then, we have a™ — o~ = a = ; — 3 and that
at +a” = l|a|l = |B1 — B2]. Since fa = 0, it holds that [ o™ (z)dz = fa z)dz = A, where
A > 0. We further let A\(z, 2') = A~ a™ (x)a~ (a’). Then, it holds that o™ ( f)\ x,x')dz’ and

that o~ (2’) = [ A(z, z")dx. Therefore, we have

vy — Vol g— = at —a” dexH _ = H/ Mz, 2') (vy — vy )dada’
I =l = [ | (@ —arwate]| =] M=)

H1(n)
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By defintion of the weighted homogeneous Sobolev norm, it further holds that

Mz, ') (vy — vy )deda’
I, N2 iz

= Sgp{‘</ Mz, 2') (ve — Vm/)dxdx’,f>‘ ' /\W\Q < 1}. (D.9)

We assume the supremum in (D.9) is reached at f*. Then, we have f |V f*|?dp < 1 and that

H/ M, 2") (vy — vy )dxda’ = ‘</A(x,x’)(uw — vy )dada’, f*)
XXX M)

< sup |<1/:,c - yx«,f*>| ~/)\(x,x')dxdz’

(z,2")EX XX
1
<5 s vl [ 18- Balda
(z,z")EX XX
where the last inequality holds by noting that [ \(z,2")dzds’ = A=1/2 [|aldz =1/2- [ |61

Ba2|dx. Thus, we complete the proof of Property (ii) of Lemma D. 4
Lemma D.5. For probability measures v, vo € P5(01) and p1,pa € HP5(02), it holds that

W3 (1 X p1,va X p2) < W3 (v1, 1) + W5 (p1, p2).
Proof. By the property of optimal transport [6], there exists mapping 7, and T}, such that

211, 13) / 16 — T, (61)]|4 (d6,),

2(p1, p2) / 161 — T, (61) 11 (d61),

and that (T, )31 = v and (T},)¢p1 = p2. Note that we have (T, x T),)y(v1 X p1) = v X py. Thus,
by definition of W5 distance, it holds that

W3 (v1 X p1,vs X pa) < /H(01302) - (Tu(al)an(%))||2V1(d91)271(d92)

= / (||91 - Tu(gl)HQ + H92 - Tp(92)HQ)V1(d91)P1(d92)
= W22(V13 VQ) + W22(p17p2)
Thus, we complete the proof of Lemma D.5. O

Lemma D.6. For probability density function p, p1, pa € P2(0),letpy = a tp; + (1 —a p
and po = o 1py + (1 — a~1)p. Then, We have

Wa(p1, ) < a2 Wa(py, pa)-

Proof. Recall the definition of Wasserstain-2 distance that

1/2
Wa(p1, p2) = inf /le — y[l*dy(z, y)) ;
vel“(pl p2)

where I'(p1, p2) is the set of all couplings of p; and po. We assume that the infimum is reached by
7 (2, y) € D(p1, p2), e

1/2
Walpr,pa) = ( [llo = vl ) "
We denote by v/(x, y) the distribution such that

v (z,y) =a Y (z,y) + (1 —a Hp(x)d(z — y),
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where 0(z, y) is dirac delta function and it holds that v/(z,y) € I'(p1, p2). Hence, it follows that

o 5 1/2
W@, 7 < [l =~ ylPdy'(e.w)
2, 1, % -1 1/2
= ([le = sl (@™ @) + (1= @ Hp()s(o — ) d(a))
= o 2Wy(p1, p2).
Thus, we complete the proof of Lemma D.6. O

E Auxiliary Lemmas

We use the definition of absolutely continuous curves in &, (]RD ) in [6].

Definition E.1 (Absolutely Continuous Curve). Let 3 : [a,b] — P5(RP) be a curve. Then, we say
[ is an absolutely continuous curve if there exists a square-integrable function f : [a,b] — R such
that

t
Wa (B ) < / f(r)dr
foranya < s <t <hb.

Then, we have the following first variation formula.

Lemma E.2 (First Variation Formula, Theorem 8.4.7 in [6]). Given v € WQ(RD ) and an absolutely
continuous curve i : [0,7] — P2(RP), let B : [0,1] — P2(RP) be the geodesic connecting 11,
and v. It holds that
i W (H’t? V)Q
dt 2
where fi; = Oy jut, BO = 0405 | ,_g» and the inner product is defined in (A.2).

= _<,u/ta BO>,U¢,W2;

Lemma E.3 (Eulerian Representation of Geodesics, Proposition 5.38 in [58]). Let 8 : [0,1] —
P5(RP) be a geodesic and v be the corresponding vector field such that 9;3; = — div(B; - v;). It
holds that

d .
E(ﬂt cop) = —div(Be - v @ ),

where ® is the outer product between two vectors.

Lemma E.4 (Talagrand’s Inequality, Corollary 2.1 in [44]). Let v be N (0, x - Ip). It holds for any
p € P (RP) that

Wa(u,v)* < 2Dk (1| v) /5.
Lemma E.5 (Theorem 1 in [46]). Let u, v be two probability measures in &2 (6). Then, it holds that

Wa(p,v) < 2[p = vl -1

F Conclusions and Limitations

In this work, we study the time envolution of a two-timescale AC represented by a two-layer
neural network in the mean-field limit. Specifically, the actor updates its policy via proximal
policy optimization, which is closely related to the replicator dynamics, while the critic updates by
temporal-difference learning, which is captured by a semigradient flow in the Wasserstein space.
By introducing a restarting mechanism, we establish the convergence and optimality of AC with
two-layer overparameterized neural network. However, the study has potential limitations. In this
work we only study the continuous-time limiting regime, which is an ideal setting with infinitesimal
learning rates, and establish finite-time convergence and optimality guarantees. Finite-time results for
the more realistic discrete-time setting is left for future research.
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