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Abstract

Federated Learning (FL) has been gaining significant traction across different ML
tasks, ranging from vision to keyboard predictions. In large-scale deployments,
client heterogeneity is a fact and constitutes a primary problem for fairness, training
performance and accuracy. Although significant efforts have been made into
tackling statistical data heterogeneity, the diversity in the processing capabilities
and network bandwidth of clients, termed as system heterogeneity, has remained
largely unexplored. Current solutions either disregard a large portion of available
devices or set a uniform limit on the model’s capacity, restricted by the least capable
participants. In this work, we introduce Ordered Dropout, a mechanism that
achieves an ordered, nested representation of knowledge in deep neural networks
(DNNs) and enables the extraction of lower footprint submodels without the need of
retraining. We further show that for linear maps our Ordered Dropout is equivalent
to SVD. We employ this technique, along with a self-distillation methodology, in
the realm of FL in a framework called FjORD. FjORD alleviates the problem of
client system heterogeneity by tailoring the model width to the client’s capabilities.
Extensive evaluation on both CNNs and RNNs across diverse modalities shows
that FjORD consistently leads to significant performance gains over state-of-the-art
baselines, while maintaining its nested structure.

1 Introduction
Over the past few years, advances in deep learning have revolutionised the way we interact with every-
day devices. Much of this success relies on the availability of large-scale training infrastructures and
the collection of vast amounts of training data. However, users and providers are becoming increas-
ingly aware of the privacy implications of this ever-increasing data collection, leading to the creation
of various privacy-preserving initiatives by service providers [3] and government regulators [10].

Federated Learning (FL) [46] is a relatively new subfield of machine learning (ML) that allows
the training of models without the data leaving the users’ devices; instead, FL allows users to
collaboratively train a model by moving the computation to them. At each round, participating
devices download the latest model and compute an updated model using their local data. These locally
trained models are then sent from the participating devices back to a central server where updates are
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Figure 1: FjORD employs OD to tailor
the amount of computation to the capa-
bilities of each participating device.

Figure 2: Ordered vs. Random Dropout. In this example,
the left-most features are used by more devices during
training, creating a natural ordering to the importance of
these features.

aggregated for next round's global model. Until now, a lot of research effort has been invested with the
sole goal of maximising the accuracy of the global model [46, 42, 39, 31, 63], while complementary
mechanisms have been proposed to ensure privacy and robustness [6, 14, 47, 48, 27, 4].

A key challenge of deploying FL in the wild is the vastheterogeneity of devices[38], ranging from
low-end IoT to �agship mobile devices. Despite this fact, the widely accepted norm in FL is that
the local models have to share thesamearchitecture as the global model. Under this assumption,
developers typically opt to either drop low-tier devices from training, hence introducing training
bias due to unseen data [30], or limit the global model's size to accommodate the slowest clients,
leading to degraded accuracy due to the restricted model capacity [8]. In addition to these limitations,
variability in sample sizes, computation load and data transmission speeds further contribute to a
very unbalanced training environment. Finally, the resulting model might not be as ef�cient as
models speci�cally tailored to the capabilities of each device tier to meet the minimum processing-
performance requirements [34].

In this work, we introduce FjORD (Fig. 1), a novel adaptive training framework that enables hetero-
geneous devices to participate in FL by dynamically adapting model size – and thus computation,
memory and data exchange sizes – to the available client resources. To this end, we introduce Ordered
Dropout (OD), a mechanism for run-timeordered (importance-based) pruning, which enables us
to extract and train submodels in a nested manner. As such, OD enablesall devices to participate
in the FL process independently of their capabilities by training a submodel of the original DNN,
while still contributing knowledge to the global model. Alongside OD, we propose aself-distillation
method from the maximal supported submodel on a device to enhance the feature extraction of
smaller submodels. Finally, our framework has the additional bene�t of producing models that can be
dynamically scaled during inference, based on the hardware and load constraints of the device.

Our evaluation shows that FjORD enables signi�cant accuracy bene�ts over the baselines across
diverse datasets and networks, while allowing for the extraction ofsubmodelsof varying FLOPs and
sizeswithoutthe need forretraining.

2 Motivation
Despite the progress on the accuracy front, the unique deployment challenges of FL still set a limit to
the attainable performance. FL is typically deployed on either siloed setups, such as among hospitals,
or on mobile devices in the wild [7]. In this work, we focus on the latter setting. Hence, while
cloud-based distributed training uses powerful high-end clients [19], in FL these are commonly
substituted by resource-constrained and heterogeneous embedded devices.

In this respect, FL deployment is currently hindered by the vastheterogeneityof client hardware [66,
28, 7]. On the one hand, different mobile hardware leads to signi�cantly varying processing speed [1],
in turn leading to longer waits upon aggregation of updates (i.e. stragglers). At the same time, devices
of mid and low tiers might not even be able to support larger models,e.g.the model does not �t
in memory or processing is slow, and, thus, are either excluded or dropped upon timeouts from
the training process, together with their unique data. More interestingly, the resource allocation to
participating devices may also re�ect on demographic and socio-economic information of owners,
that makes the exclusion of such clients unfair [30] in terms of participation. Analogous to the
device load and heterogeneity, a similar trend can be traced in the downstream (model) and upstream
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(updates) network communication in FL, which can be an additional substantial bottleneck for the
training procedure [55].

3 Ordered Dropout
In this paper, we �rstly introduce the tools that act as enablers for heterogeneous federated training.
Concretely, we have devised a mechanism of importance-based pruning for the easy extraction
of subnetworks from the original, specially trained model, each with a different computational
and memory footprint. We name this techniqueOrdered Dropout (OD), as it orders knowledge
representation innested submodelsof the original network.

More speci�cally, our technique starts by sampling a value (denoted byp) from a distribution of
candidate values. Each of these values corresponds to a speci�c submodel, which in turn gets
translated to a speci�c computational and memory footprint (see Table 1b). Such sampled values
and associations are depicted in Fig. 2. Contrary to conventional dropout (RD), our technique drops
adjacent components of the model instead of random neurons, which translates to computational
bene�ts3 in today's linear algebra libraries and higher accuracy as shown later.

3.1 Ordered Dropout Mechanics

The proposed OD method is parametrised with respect to: i) the value of the dropout ratep 2 (0; 1]
per layer, ii) the set of candidate valuesP, such thatp 2 P and iii) the sampling method ofp over the
set of candidate values, such thatp � DP , whereDP is the distribution overP.

A primary hyperparameter of OD is the dropout ratep which de�nes how much of each layer is to be
included, with the rest of the units dropped in a structured and ordered manner. The value ofp is
selected by sampling from the dropout distributionDP which is represented by a set of discrete values
P = f s1; s2; : : : ; sjPj g such that0<s 1<: : : <s jPj � 1 and probabilitiesP(p = si ) > 0; 8i 2 [jPj ]

such that
P jPj

i =1 P(p = si ) = 1 . For instance, a uniform distribution overP is denoted byp � U P

(i.e.D = U). In our experiments we use uniform distribution over the setP = f i=kgk
i =1 , which we

refer to asUk (or uniform-k). The discrete nature of the distribution stems from the innately discrete
number of neurons or �lters to be selected. The selection of setP is discussed in the next subsection.

The dropout ratep can be constant across all layers or con�gured individually per layerl , leading
to pl � D l

P . As such an approach opens the search space dramatically, we refer the reader to NAS
techniques [69] and continue with the samep value across network layers for simplicity, without
hurting the generality of our approach.

Given ap value, a prunedp-subnetwork can be directly obtained as follows. For each4 layerl with
width5 K l , the submodel for a givenp has all neurons/�lters with indexf 0; 1; : : : ; dp � K l e � 1g
included andfdp � K l e; : : : ; K l � 1g pruned. Moreover, the unnecessary connections between
pruned neurons/�lters are also removed6. We denote a prunedp-subnetworkFp with its weightsw p,
whereF andw are the original network and weights, respectively. Importantly, contrary to existing
pruning techniques [18, 35, 49], a p-subnetwork from OD can be directly obtained post-training
without the need to �ne-tune, thus eliminating the requirement to access any labelled data.

3.2 Training OD Formulation

We propose two ways to train an OD-enabled network: i)plain OD and ii) knowledge distillation OD
training (OD w/ KD). In the �rst approach, in each step we �rst samplep � DP ; then we perform
the forward and backward pass using thep-reduced networkFp; �nally we update the submodel's
weights using the selected optimiser. Since sampling ap-reduced network provides us signi�cant
computational savings on average, we can exploit this reduction to further boost accuracy. Therefore,
in the second approach we exploit the nested structure of OD,i.e. p1 < p 2 =) Fp1 � Fp2 and
allow for the bigger capacity supermodel to teach the sampledp-reduced network at each iteration

3OD, through its nested pruning scheme that requires neither additional data structures for bookkeeping nor
complex and costly data layout transformations, can capitalise directly over the existing and highly optimised
dense matrix multiplication libraries.

4Note thatp affects the number of output channels/neurons and thus the number of input channels/neurons of
the next layer. Furthermore, OD is not applied on the input and last layer to maintain the same dimensionality.

5i.e. neurons for fully-connected layers (linear and recurrent) and �lters for convolutional layers. RNN cells
can be seen as a set of linear feedforward layers with activation and composition functions.

6For BatchNorm, we maintain a separate set of statistics for every dropout ratep. This has only a marginal
effect on the number of parameters and can be used in a privacy-preserving manner [41].
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(a) ResNet18 - CIFAR10 (b) CNN - EMNIST (c) RNN - Shakespeare
Figure 3: Full non-federated datasets. OD-Ordered Dropout withDP = U5, SM-single independent
models, KD-knowledge distillation.

via knowledge distillation (teacherpmax > p , pmax = max P). In particular, in each iteration, the loss
function consists of two components as follows:

L d (SMp ; SMpmax; y label) = (1 � � )CE(max( SMp ); y label) + � KL(SMp ; SMpmax; T )
whereSMp is thesoftmaxoutput of the sampledp-submodel,y label is the ground-truth label,CE is
the cross-entropy function,KL is the KL divergence,T is the distillation temperature [21] and� is
the relative weight of the two components. We observed in our experiments always backpropagating
also the teacher network further boosts performance. Furthermore, the best performing values for
distillation were� = T = 1 , thus smaller models exactly mimic the teacher output. This means that
new knowledge propagates in submodels by proxy,i.e. by backpropagating on the teacher, leading to
the following loss function:

L d (SMp ; SMpmax; y label) = KL(SMp ; SMpmax; T ) + CE(max( SMpmax); y label)

3.3 Ordered Dropout exactly recovers SVD
We further show that our new OD formulation can recover the Singular Value Decomposition (SVD)
in the case where there exists a linear mapping from features to responses. We formalise this claim in
the following theorem.
Theorem 1. Let F : Rn ! Rm be a NN with two fully-connected linear layers with no activation or
biases andK = min f m; ng hidden neurons. Moreover, let dataX come from a uniform distribution
on then-dimensional unit ball andA be anm � n full rank matrix withK distinct singular values. If
responsey is linked to dataX via a linear map:x ! Ax and distributionDP is such that for every
b 2 [K ] there existsp 2 P for whichb = dp � K e, then for the optimal solution of

min
F

Ex �X Ep� D P kFp(x) � yk2

it holdsFp(x) = Abx, whereAb is the bestb-rank approximation ofA andb = dp � K e.

Theorem 1 shows that our OD formulation exhibits not only intuitively, but also theoretically ordered
importance representation. Proof of this claim is deferred to the Appendix.
3.4 Model-Device Association
Computational and Memory Implications. The primary objective of OD is to alleviate the exces-
sivecomputationalandmemorydemands of the training and inference deployments. When a layer
is shrunk through OD, there is no need to perform the forward and backward passes or gradient
updates on the pruned units. As a result, OD offers gains both in terms of FLOP count and model size.
In particular, for every fully-connected and convolutional layer, the number of FLOPs and weight
parameters is reduced byK 1 �K 2=dp�K 1 e�dp�K 2 e � 1=p2 , whereK 1 andK 2 correspond to the number
of input and output neurons/channels, respectively. Accordingly, the bias terms are reduced by a
factor ofK 2=dp�K 2 e � 1=p. The normalisation, activation and pooling layers are compressed in terms
of FLOPs and parameters similarly to the biases in fully-connected and convolutional layers. This
is also evident in Table 1b. Finally, smaller model size also leads to reduced memory footprint for
gradients and the optimiser's state vectors such as momentum. However, how are these submodels
related to devices in the wild and how is this getting modelled?

Ordered Dropout Rates Space.Our primary objective with OD is to tackledevice heterogeneity.
Inherently, each device has certain capabilities and can run a speci�c number of model operations
within a given time budget. Since eachp value de�nes a submodel of a given width, we can indirectly
associate api

max value with thei -th device capabilities, such as memory, processing throughput or
energy budget. As such, each participating client is given at most thepi

max-submodel it can handle.

Devices in the wild, however, can have dramatically different capabilities; a fact further exacerbated
by the co-existence of previous-generation devices. Modelling discretely each device becomes quickly
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