A Theoretical Results

A.1 Gaussian Case

Recall that for X ~ N (ux,0%),

1log(c% /D), 0< D <o%,

and in the first case the function is attained by some p <X with marginal X~ N (ux,0% — D)[T7].

Theorem 1. For X ~ N (ux,0%), the rate-distortion-perception function under squared error

distortion and squared W3 distance is achieved by some X jointly Gaussian with X and is given by
o% (ox—VP)?

0% (ox —V/Pyp—(TXHIX VIED ),

R(D,P) = if VP < ox — /0% — D],
2
max {3 log %X, 0} if VP> ox —+/|ok — D|.

1log

We will first need a Lemma from estimation theory. Let X be a random variable with E[X | =ng,
Var(X) = U?{ and Cov(X, X) = 6. Let X¢ be a random variable jointly Gaussian with X with the
same first and second order statistics as X

Lemma 1. Given /i, U?&’ and 6, we have that
E[(X — E[X|X¢])?] > E[(X — E[X|X])?].

The proof of this result can be found in a standard estimation theory reference, e.g. Chapter 3, page
134 of the 6.432 notes by Willsky & Wornell [38].

Proof of Theorem 1. We shall show that there is no loss of optimality in assuming that X is jointly

Gaussian with X. It is clear that E[(X — X)2] = E[(X — X¢)?], as the first and second order
statistics are all given. Note that by expanding out W5 (px ,p ), one can see that the optimal coupling

is identified only through the cross-term between X and X since every coupling of px and p ¢
induces a Gaussian coupling of px and p %o with the same covariance, it follows that
Wi(px,pg) > Wg(PX,PXG)~ (16)
Finally, we have
I(X; X)=h(X) - h(X|X)

> h(X) = h(X — E[X|X])

(a)

> h(X) -

(b)
> h(X) —

log(2meE[(X — E[X|X])?])

N~ N =

log(2meE[(X — E[X|X5])?]) (17)
= h(X) - h(X ~ E[X|Xc]))

© .
= h(X) — h(X|Xc)
= I(Xa XG);
where (a) is because the Gaussian distribution maximizes differential entropy for a given variance, (b)
follows from Lemma 1 and (c) is because the estimation error is independent of X . Thus, it suffices
to solve the problem
R(D,P) = min I(X;Xg)
PXalx (18)
st. E[(X —Xg)’) <D, Wi(px,pg,) <P
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Note that we can write

E[(X — X¢)?] = (ux — pg)* + ok + 0% — 26, (19)
and we have from standard results (e.g. minimizing (19), or more generally [8]) that
W3 (px.px,) = (hx — pg)?* + (ox —0g). (20)
Finally, recall that the mutual information between the two Gaussian distributions is given by
2 2
. 1 0% 0%
I(X; X¢) = = log ——5—=—, 1)
2 % O’?{ — 62

so there is no loss of optimality in assuming ¢ = px and 6 > 0. Now we consider when each
constraint is active. Suppose that P was active and D was inactive. Then

D>o% +o% —20
=0% + (ox — VP)? —20.

Hence, we can decrease 6 to reduce the mutual information until either D is active or the rate is zero.

(22)

If D is active, then the perception constraint is satisfied automatically when (o c— 0 X)2 < P,
or VP > ox — +/ |o% — D| (here we have used the solution to R(D) from (15)). When VP <
ox —+/|0% — D|, both P and D are active, and consequently we have 0?{ = (o0x — vP)? and

2 2
0 = M. Noting that the other case is simply the solution to R(D), this concludes the

proof. O

Alternatively, we may express the minimum achievable distortion in terms of P and R as
D(P,R) = 0% + (ox —VP)? —20x(ox — VP)WV1 —272R, P < (0x — /0% — 0%272R)2,
B = o202, P> (ox — /0% —oBa 7).
For any fixed R, as P increases from 0 to (0x — /0% — 0%27 %1%, D(P, R) decreases from
20% — 20% V1 — 2728 10 0% 272%; further increasing P does not affect D(P, R) anymore.
Moreover, the proof of Theorem 1 can be modified to handle to the case d(px,py) = KL(px,px ),
where KL(px,pg) = [pg(z)log zﬁgi)
(g, 0?2), KL (px,py) is minimized when p ; is a Gaussian distribution. We have that

dz is the KL-divergence between px and py. Given

2 2

0% — 0% 1 o2
KL(px,pg,) = );T + 5 log —-,
X

2 2
W3 (px.px,) = (ox —0%)”
When o¢ < oy, both functions are monotonically decreasing in o ¢. This implies that the rate-

distortion-perception functions under KL(px, -) and W2 (px, -) also share a one-to-one correspon-
dence in P.

A.2  Achievability of Universal Representations

Before moving on to the achievability of universal representations, we first discuss the functional
representations lemmas which play an integral part in the proof. The functional representation
lemma states that for jointly distributed random variables X and Y, there exists a random variable U
independent of X, and function ¢ such that Y = ¢(X, U). Here, U is not necessarily unique. The
strong functional representation lemma [19] states further that there exists a U which is informative
of Y in the sense that

HY|U) < I(X:Y) +log(I(X:Y) + 1) + 4.

Note that X and Y may be continuous random variables, and the entropy is still well-defined as long
as Y|U = w is discrete for each u. The construction given in [19] satisfies this property.

15



Theorem 2.
(a) R*(0) < R(©) +log(R(©) + 1) + 5.
(b) R*(©) > R(©).

Proof of Theorem 2. (a)Let Z be jointly distributed with X such that for any (D, P) € ©, there exists
Px, p|z satisfying E[A(X, Xp p)] < D and d(px,px, ,) < P. Itfollows by the strong functional
representation lemma that there exist a random variable V', independent of X, and a deterministic
function ¢ such that Z = ¢(X,V) and H(¢(X,V)|V) < I(X;Z) +log(I(X;Z) + 1) + 4. So
with V' available at both the encoder and the decoder, we can use a class of prefix-free binary codes
indexed by V' with the expected codeword length no greater than I(X; Z) +log(I(X;Z)+1)+5to
lossless represent Z. Now it suffices for the decoder to simulate p Xp.plz: Specifically, it follows by

the functional representation lemma that there exists a random variable Vp p, independent of (X,V),
and a deterministic function ¢)p_p such that Xp p = ¢p p(Z, Vp, p). Note that V and Vp p can be
extracted from random seed U.

(b) For any random variable U, encoding function fy; : X — Cy, and decoding functions gy, p.p :
Cu — X, (D,P) € © satisfying E[A(X, Xp p)] < D and d(px, px,, ) < P.we have

El(fu(X))] = H(fu(X)IU)
= I(X; fu(X)|U)
= I(X§fU(X)>U)

where the last inequality follows by defining ( fi/(X),U) as Z, which satisfies the conditions in the
definition of R(O). O

Theorem 3. Let X ~ N (pux,0%) be a scalar Gaussian source and assume MSE and W3 (-, -) losses.
Let © be any non-empty set of (D, P) pairs. Then

A(©) =0. (23)
Moreover, for any representation Z jointly Gaussian with X such that
I(X;Z)= sup R(D,P), (24)
(D,P)e®
we have

Proof of Theorem 3. Let R = sup(p pyee R(D, P). It is clear that © C Q(R). The distortion-
perception tradeoff with respect to R, i.e., the lower boundary of 2(R), is given by

D=0%+4 (o0x —VP)? —20x(0x —VP)\V/1-272E P c0,(ox — /0% — 0%272R)?].

Every point in 2(R) is dominated in a component-wise manner by some (D, P) on this tradeoff.
Let Z be jointly Gaussian with X such that I[(X;Z) = R. Note that I(X;Z) = R implies

p%, = 1 —272R where pxz = W. For any (D, P) on the tradeoff, define
\/F

Xp.p = sign(pxz) PN (Z—pz)+px, wheresign(px z) = Lif pxz > Oandsign(pxz) = —1
otherwise. One may verify by direct substitution that

Wipx,px, ) = (0x 0%, )* = P,
E(X — Xp.p)®] = ok + U?;»D‘P —20x(0x — VP)|pxzl
=0% + (ox — \/]3)2 —20x(ox — \/ﬁ)m
=D.
This shows that Q(pz|x) = Q(R), which further implies A(©) = 0. O
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Proposition 1 (Equivalence of zero rate penalty and full distortion-perception region). Suppose the
following regularity conditions hold:

1) sup(p pyeqr) R(D, P) = R,
2) the infimum in the definition of R(2(R')) is attainable.

Then the equality A(Q(R’)) = 0 holds if and only if there exists some representation Z with
I(X;Z) = R such that Q(pz|x) = QI (X; Z)).

Proof of Proposition 1. If there exists some representation Z with I(X;Z) = R’ such that
Qpzix) = QU(X;Z)), then R(Q(R')) < R'. Now under condition 1), we must have
A(QUR')) < 0, which implies A(Q(R’)) = 0 as A(Q(R’)) must be nonnegative.

Under condition 2), there exists some representation Z with I(X;Z) = R(Q(R’)) such that
Qpzix) 2 QR'). If A(Q(R')) = 0, then R(QUR')) = supp, pyeqa(r) (D, P), which together
with condition 1) yields R(€2(R')) = R. Note that I(X; Z) = R’ implies Q(pzx) € Q(R'), and
consequently we must have Q(pz|x) = Q(R'). O

Theorem 4. Assume MSE loss and any perception measure d(-, ). Let Z be any arbitrary represen-
tation of X. Then

Qpzix) € {(D,P) : D > E[|X - X% + inf Wi(px,px)} C cl(Q(pz|x));
px:d(px,pg)<P
where X = E[X|Z] is the reconstruction minimizing squared error distortion with X under the
representation Z and cl(-) denotes set closure. In particular, the two extreme points (D(a), P@) =
(E[|X — X|?],d(px,pg)) and (D®), P®)) = (E[||X — X||?] + W3 (pg,px),0) are contained in
cl(Q(pz|x))-

Proof of Theorem 4. For any (D, P) € Q(pyzx), there exists some Xp.p jointly distributed

with (X, Z) such that X + Z )A(DJ: form a Markov chain, E[A(X, )A(DJD)H < D, and
d(px,px, ,) < P. Note that

[
=E[|X — X|*] + E[| X — Xp,p|’]
> B[|X - X|*]+ W5 (px.px, )
> E[|lX — X|*] + inf W3 (s px).

px:d(px,px)<P
Therefore, we have Q(pzx) € {(D,P) : D > E[|| X — X2 + nf, apx.pe)<P Wilps,px)}-
On the other hand, given
(D', P") € {(D,P): D >E[|IX - X|*] + inf _ Wipg.pz)}

px:d(px,px)<P
for any ¢ > 0, we can find some py, such that d(px,pg,) < P’ and D' + € > E[|X — X||?)] +
W3(ps.py)- Let X’ be jointly distributed with (X, Z) such that X < Z <+ X’ form a Markov

chain and E[[| X — X'||2] < W} (pg,pg/)+e Itis possible to find such X’ by the Markov condition.
Note that

E[| X — X'|I”] = E[| X — X|I*] + E[| X — X"|]*]
<E[IX - X[]*] + Wi(pg,pg/) + €
< D' + 2e.

Therefore, we have

{(D,P): D>E[|X - X|*] + inf W3 (pg,pg)} € cl(Qpzx))-
px:d(px,pg)<P
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Choosing p; = py and py = px shows respectively that (D@, P(9)) and (D®), P") are
contained in {(D, P) : D > E[|| X — X||?] + inf, apy.pe)<p Wipz.pg)} O

Quantitative results for the additive and multiplicative gaps. Since P; = 0 (i.e., p b p. = PX),
3,13
it follows that

D3 = E[|X = Xp,.p,|I*] = 20% — 2E[(X — pix)" (X1 2y — p1x)]. (26)
Note that I(X;E[X|Xp,p]) < I(X;Xp,p,) = R(Di,00), which implies E[|X —
~ 2
E[X|Xp,,p,]||I?] > Di. Letc = 275522 We have
pe

Dy <E[|X — E[X|Xp,,p]l%]
<E[|IX — px — o(Xp,.p, — px)|]
= (1+ ok — 2cE[(X — ux)" (Xpy,py — pix)]
@ 402 Dy — D2
- 403(

D3 > 2(7%( —20')(\/0'%( — Dy,

which together with the fact that D(®) < 2D, implies

D(b) —D3 < 2D1 —20"%( +2UX\/U§( —Dl,

D® - D,

D3 0% —ox\/o% — D1

)

where (a) is due to (26). So

It is easy to verify that

1 D1 ~0 Or o2
50'3(22D1—2J§(+20X\/0'§(—D1 RS XO,

Dy

2 2
ox —ox\/ox — D1

A similar argument can be used to bound the gap between (D1, P;) and the upper-left extreme point
(D@, P()) of blue curve. Note that

S
Qe
><

1.

2>

~ " 4 2 D *D2
D = E[|X - E[X|Xp,p)l? < =223,
’ do%
which together with the fact that D > %D;g implies
- 1 D?
D@ _ D < -Dy— 23
1> 2 3 40_§(7
D(a) Dy
Dy — 20'3(
Finally, this implies
1 1 D2 D=0 or 202
Vi Eh 1o e S A 27)
X
D2 Ds=x202
29>9_ =3 VLT (28)
20%

We have previously dealt with the one-shot setting. Now we consider the case where we jointly
encode an i.i.d. sequence X" where each symbol has marginal distribution px. Here we assume that
d(-,-) is convex in its second argument.
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Definition 4. Let O be an arbitrary set of (D, P) pairs. A O-universal representation of asymptotic
rate R is said to exist if we can find a sequence of random variables U(™), encoding functions

I(ﬁl) . X" — €™ and decoding functions gr(]”()n)’D’P : ngl) — X", (D, P) € 0, satistying
1« N
- > E[A(X(i), Xp,p(i))] < D, (29)
i=1
I -
d|px, ;%,p(i) <P (30)
such that
. 1 n n
lim sup ~E[¢(f70), (X™)] < R,
n—oo N
where XB,P = 9$L>7D7p(fé?21> (X™)). The minimum of such R with respect to © is denoted as

R(>)(0).

Theorem 5. R(™)(0) = R(O).

Remark 1. The same conclusion holds if constraint (29) is replaced with

E[A(X(i),Xp,p(i)] <D, i=1,---,n, 31)
and/or constraint (30) is replaced with
d(pX’pXD,p(i)) <P i=1--,n. (32)
Note that (31) and (32) are more restrictive than (29) and (30), respectively, as
G = (29),

1 n
3= > dpx.px, ) < P = (0.
i=1
Moreover, it is easy to verify that under constraints (31) and (32), Theorem 5 holds without the
convexity assumption on d(-, -).

Proof of Theorem 5. Let Z be jointly distributed with X such that for any (D, P) € ©, there exists
PXp oz satisfying E[A(X, Xp p)] < D and d(px,p;gD P) < P. Construct

Pzn|xn £ HPZ(i)lX(i)
i=1
with pz ) x (i) = Pz|x>? = 1,- -+ ,n. It follows by the strong functional representation lemma that
there exists a random variable V(") independent of X, and a deterministic function gb(") such that
7" = ¢(X™, V™) and H(p(X™, V)|V < [(X™; Z7) + log(I(X™; Z™) + 1) + 4. So with
V(") available at both the encoder and the decoder, we can use a class of prefix-free binary codes

indexed by V(™) with the expected codeword length no greater than I(X™; Z™) + log(I(X™; Z™) +
1) + 5 to lossless represent Z™. Moreover, by the functional representation lemma, there exist a

random variable Vp p, independent of (X™; V(”)), and a deterministic function ¢)p p such that
Pyp.p(Z(0),Vo,r)|2() = PXp pz- Note that V(™) and Vi p can be extracted from random seed U (™).

Define Xp p(i) = ¥p. p(Z(i),Vp.p),i=1,--- ,n. Itis easy to verify that

LS RIAX(), Xp.p())] = BIACX, Xp,p)] < D,
i=1
d (an % ZPXDP(’L)> = d(anpXD,P) § P.

19



Moreover, notice that

LIX™ 2 4 log(I(X™ 2 1) +
=I1(X;2)+ llog(nI(X;Z) +1) +%
"I I(X; 7).

This proves that R(>)(0) < R(©).

For any random variable U™, encoding function f((ﬂl) A" — Cl(]"()n) and decoding function

gé"()”) Pk C;ﬁ?w — X", (D, P) € O satisfying (29) and (30), we have
1 n n n
~EI(S0, (X)) = S H (70, (XM|U™)
1 n n n n
= EI(X o (XMIT™)
= - ZI i) fi (XMU™, X
= ZI i) fU (X™), U, X

> fZI i) £, (XM, U™)

= I(X(T); £50, (X™), U™|T)

:I( ( ) fU(n)( )7U(n)’T)7
where T is uniformly distributed over {1,---,n} and is independent of X™ and U("). Note that
XD)p(T) is a function of (fU( J(X™), U™, T) for any (D, P) € ©. Since

Px(T) = PX,

E[A(X(T), Xp.p ZE ), Xp,p(i))] < D,

1
d(PX(T)mXD,P(T)) =d (px, n pr(n,p(i)> <P,

i=1
it follows that

I(X(T); fi7(X™),U,T) > R(©).
This completes the proof. O

A.3 Successive Refinement

We now study the case where the rate is not fixed in advance. Bits are sent in two stages as opposed
to all at once, with the hope that the reconstructions produced at both stages perform near-optimally
in both perception and distortion compared to what can be achieved by one-stage communication
at both the lower rate and the higher rate. Two-stage procedures arise frequently under practical
constraints, and previous works have considered this only under distortion losses. We address the
extension of universal representations to this setting within the successive refinement [9] framework.

Definition 5 (Two-stage Coding). Given two sets of (D, P) pairs ©1 and ©2, we say rate pair
(R1, R2) is (operationally) achievable if there exists random variable U, encoding functions

fu:X =Cu, fusex): X = Cugux),
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and decoding functions

gu.py.p  Cu — X, 9U, fu (X),D2,Ps - CU, fu(X) — X

for each (Dy, P;) € ©1 and (Ds, P2) € ©O2, such that

El(fu(X)] < R, El(fu,5,x)(X))] < Ra,
E[A(X, X1.p,.p)] < D1, E[A(X,X2.p, p,)] < Do,
dpx:px, ,, ») <P dpxpg, , ) < P

where X1,p, p, = gu,p,,p,(fu(X)) and Xo,p,,p, = 90 fir(x),05,2, (U5 (x) (X)) The closure
of the set of such (R1, R2) is denoted as R*(01, O3).

Here, fy acts with each gy p, p, forming a low rate encoder-decoder pair to meet each constraint
(D1, P,) € ©;. Thereafter, fu, fu(x) encodes additional information about the source which is
combined with the low rate encoding to produce a high rate reconstruction through gy, 1, (x), D, P

meeting each constraint (Do, Py) € Os.

Definition 6 (Inner and outer bounds). Define

R(©1,02) = U {(R1, Ry) € R: : Ry > I(X; Z1) +log(I(X; Z1) + 1) + 5,
Pzy,z5|Xx

Ry + Ry > I(X; Zy, Zo) + log(I(X; Z1) + 1) + log(I(X; Zo|Z1) + 1) + 10},
R(01,02) = | J {(Ri,Ro) €R? : Ry > I(X;Z1), Ry + Ry > I(X; 21, Z2)}

Pz,,z5|X
with the unions taken over pyz, 7, x such that for any (D1, P1) € ©; and (D3, P») € O, there
exists
le,Dl,Pl |Z1 and pXZ‘Dz,Pz |Z2
satisfying

E[A(X, X1,p,,n,)] < D1, E[A(X,X2.p,.p,)] < D,
dpx,rx, ) <P dlpxspg, , ) < P

We now characterize the operational definition in terms of these information rate regions.

Theorem 6. Cl(E(@l, @2)) - R*(@l, @2) - Cl(R(@h (")2))

Proof of Theorem 6. (a) Let Z1 and Z5 be jointly distributed with X such that for any (D1, P;) € 6,
and (D3, Py) € O, there existpj(wbpllz1 and PXy b, 0y |2 satisfying E[A(X, X1 p,.p,)] < D1,

]E[A(X, X27D27p2)] < DQ, d(pX’le.Dl,Pl) < Pl, and d(px,szyD%&) < PQ. It follows
by the strong functional representation lemma that there exist a random variable V7, indepen-
dent of X, and a deterministic function ¢; such that Z; = ¢1(X, Vi) and H(¢1(X,V1)|V1) <
I(X; Z1)+log(I(X; Z1)+1)+4; moreover, there exist a random variable V5, independent of (X, V1),
and a deterministic function ¢o such that Zs = ¢o(X, Z1,Va) and H(¢p2(X, Z1, Va)|Z1,Va) <
I(X; Z5|Z1) + log(I(X; Z3|Z1) + 1) 4+ 4. So with (V4, V3) available at both the encoder and the
decoder, we can use a class of prefix-free binary codes indexed by V; with the expected codeword
length no greater than I(X; Z1) + log(I(X; Z1) + 1) + 5 to lossless represent Z; and then use a
class of prefix-free binary codes indexed by (Z, V) with the expected codeword length no greater
than I(X; Z3|Z1) + log(I(X; Z2|Z1) + 1) + 5 to lossless represent Zo. Note that in the first stage
we can send the codeword used to represent Z; and with a certain probability the codeword used to
represent Zs.

Now it suffices for the decoder to simulate p and py . Specifically, it follows by
X1,py,P; 121 X2,Dy,Py | Z2
the functional representation lemma that there exist random variables

Vip,,p and Va2 p, p,,
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independent of (X, V3, V), and deterministic functions

Y1.p,,p, and Y2 p, P,

such that

X17D17P1 = q/)1,1717131 (Zh Vl,DhPl),

X5,05,P, = ¥2,05,7,(Z2, Va0, ,)-
This proves the desired result.
(b) For any random variable U, encodmg functions fy : X — Cu, fu 5, (x) : & — Cu, fu(X) and de-
coding functions gy, p,,p, : Cv — X, (D1, P1) € O1, g, fu(X),D2,P2 : Cu,fu(x) — X, (D, Py) €
©o, satisfying E[A(X, XLthl)] < Dy, E[A(X, X27D27p2)] < Dy, d(pX’pX1,D1,P1) < P;, and
d(pX,pXZDQ‘Pz) < P,, we have

and
E[l(fu (X)) +EL(fu,r, x)(X))] = H(fu(X)|U) + H(fu, 5, x)(X)IU, fu (X))
>I(X'fU(X)| U) + 1(X; fu, 1000 (XU, fu(X))
= I(X; fu(X), fu,rox)(X)|U)
= I1(X; fu(X), fu, 5o x)(X),U)
(
(f

(X 2y, Z,),

where we define Z1 = (fu(X),U) and Zo = (fu(X), fu,1,x)(X),U). So (R1, Rz) € R(©1,02)
for any (R, Ry) with Ry > E[{(fy(X))] and Ry > E[{(fu, s, (x)(X))]. This completes the
proof. O

Definition 7 (Asymptotic rate region). Given two sets of (D, P) pairs ©1 and O, we say rate pair
(R1, R2) is asymptotically achievable if there exists a sequence of random variables U ("), encoding
functions

n (n) (n) . yn (n)
fi el T o sy X" Gy g o
and decoding functions
(n) .o on (n) .cm) pn
Iueopue FCuer X Iy g oo paes oo, oo 7
(Dl,Pl) € 04, (DQ,PQ) € O, satisfying
*ZE ), X1.p,.p,(i))] < Dy, Z]E ): X2.0,.p, ()] < D2, (33)
1 1
d pX’EZle,Dl,PI(i) <P, d pX’EZpXQ,D2,P2(i) <P 34
i=1 i=1
such that
lim sup — E[ (F5on (X™)] < Ry, limsup E[ (£ o ey (X)) < Ra,
n— oo n—oo
where (n) (n)
X1 ,D1,P1 = 9y p, Py (fUm) (X™)
and

% _ )
X20sp, = 9U<n>,f“2))(Xn),Dz,Pg(fUW 5o emy (X7)-
in

The set of such (R, Ry) is denoted as ’R(Oo)(G)l, O5).
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Theorem 7. R() (01, 0,) = cl(R(O1,0,)).

Remark 2. Remark 1 is applicable here as well.

Proof of Theorem 7. Let Z; and Z be jointly distributed with X such that for any (Dq, P;) € ©;
and (D3, Py) € O, there existhLDl,PllZ1 and PXopy ry) 22 satisfying E[A(X, X1, p,.p,)] < D1,

E[A(X, XQ,D27P2)] < Do, d(px’le,Dl,Pl) < P;, and d(pX’pX2,D2,P2) < P,. Construct

bzrzp|xn £ Hle(i)Zg(i)\X(i)
i=1
with pz, (i) 7, ()| x () = Pz, 7.|x> ¢ = 1,-+- ,n. It follows by the strong functional representation
lemma that there exist a random variable Vl(") independent of X", and a deterministic function ¢;
such that Z1 = ¢ (X™, V;™) and H(¢y (X", V") |V\™) < I(X™; Z0) +log(I(X™; Z1)+1)+4;
moreover, there exist a random variable VQ(n), independent of (X, Vl( )), and a deterministic function
o such that Z7 = ¢o(X™, 27, V™) and H(go(X™, 20, V™) |20, V™) < I(X™; 28| Z7) +
log(I(X™; Z3|Z7) 4+ 1) + 4. So with (V™ V™) available at both the encoder and the decoder,

we can use a class of prefix-free binary codes indexed by Vl(") with the expected codeword length no
greater than I(X™; Z7") + log(I(X™; Z1) + 1) + 5 to lossless represent Z7* and then use a class of

prefix-free binary codes indexed by (Z7, VQ(”)) with the expected codeword length no greater than
I(X™ Z3\Z7) + log(I(X™; Z3|Z7) + 1) + 5 to lossless represent Z3'.

Note that in the first stage we can send the codeword used to represent Z7* and with a certain
probability the codeword used to represent Z5 . Moreover, by the functional representation lemma,
there exist random variables Vi p, p, and V5 p, p,, independent of (Xm, Vl(”)7 VQn)), and deter-
ministic functions ¥1 p, p, and ¥2 p,, p, such that Pis .y (1D Vamy )1 Z1() = Py oy po | 2 and
Pia by py (Z2(i) Ve 0y 0y Z2(i) = PRy p, |2, DfiNE X1 Dy Py (1) = Y1, P (Z1(7), V1, D, p,) and
X2,D,,P, (1) = 2.D,,p,(Z2(1), Va,p, P, ), © = 1,- -+ ,m. It is easy to verify that

fZE ); Xi.p,..p (1))] = E[A(X, X1, p,..p)] < D, k=1,2,

1
d (pX7 anXkka’pk(’L—)> = d(pX7p)A(k,Dkypk) S Pk:7 k = ]-72

i=1
Furthermore,
1 1
EI(X”; ARES - log(I(X™; Z7)+ 1)+ —
— (X2 + %log(nI(X; Z) + 1) + %
"SUI(X; 2)
and

1 1 5 1 1 5

—I(X™ZN) + —log(I(X™ Z7)+ 1)+ — + —I(X™, Z2|Z7) + —log(I(X™; Z§|1Z7) + 1) + —

n n n n n n

1 1 1 10

= I(X™ 27, 23) + - log(I(X™; Z7) + 1) + - log(I(X™; 23127) + 1) + —

1 10

=1(X;21,Z5) + flog(nI(X; Z1)+1) + log(nI(X Zy|Z1) + 1) -I— —
"X 20, Zs).

This proves that cl(R(©1,03)) C R(®) (01, 0,).
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For any random variable U("), encoding functions f[(;(ll) N AL CU(M, fgzl) O xmy
v

xn = Cé’tzl)’fé%)(xn) and decoding functions gI(thZU,Dl,Pl ¢ oy = X", (Dy,P)) € Oy,
(n) . Vn : :
gU(n)’f[(},,L)(Xn)’D%P2 : CU(M,fI(J")(Xn) — X", (Daq, Py) € O, satisfying (33) and (34), we have

H(f0, (XU

(X" fo, (XU

B[y, (X)) 2

(X" 0, (X, U™)

Z (X(0); fon (X™), UM|x7)

1
n

3~ 3\*—‘3\)—‘3\'—‘

(X(): £ (X, U™, X

I
S
]

N

@
s
_

(X(0); £, (X™), U™)

vV
S|
]
»\.

=1
= ( (T); £, (X™), U™|T)
T) U(n)( n)7U(n)aT)
T): Zy)

A

and

RIS, (XN + B ) e (K)

n) f(n) n
U( )an(n)(X )

1 n n 1 n n n
> 0y (XU S HETD o ey XU, 150, (X))

]' n n n 1 n n n
> I fyoy (XU 4+ I S o (XU, £, (X))

) (n) (7 7(n)
= I(X™s fy (X ),fU(n>7ngL)(Xn)(X Ut

1 (n) (n) (n)
= —J(X™ X" X™), U™
n (X% fyam )’fUW),fz(fE)m(X")( ), )

( ) X" (n) n n i—
:—ZI UY(L,L) ),fUT(Ln) f(") (X“)(X ),U( )‘X 1)
yn)
(” n n n i—
= 721 U(2L> "), f[(](l> £ (Xn)(X ), UM, X1
)

z (n) (n)
> SIS ) OO

= I(X(T )f;;zm xm), (X™),U™|T)

Uy (X7
= I(X(T); £, (x™), £ (X™), U™, T)

U('n,) f( () (X'n.)
= I(X(T), Z17 ZQ),
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where T is uniformly distributed over {1, --- ,n} and is independent of (X", U("™)), and we define

Zy = (f50(X™), UM, T) and Z5 = (), (X™), féfl))m)(xn)()("), U™, T). Since
on

Pxr) =PXx,
n

EIACX(T), Xy, ()] = 3 EIAX(), Koy (D) < Dy k=12,

i=1
d TS < k=
(pX(T)’pXk,Dk,Pk(T)) - pX’ﬁZpXk,Dk,Pk(i) _P]m - 1727
i=1
and )A(;€7D,€713,c (T) is a function of Z;, k = 1,2, we must have (R;, Ry) € R(O1,0,) for any
(R, Ry) with Ry > LE[(f (X)) and Ry > LE[¢(f™ (X™))]. This completes the

= n = U5 (xm)
proof. O

Definition 8. We say that ©; can be successively refined to ©3 if (R(01), R(02) — R(©1)) €
cl(R(©1,02))
Remark 3. To show the asymptotic feasibility of successive refinement from © to Oa, it suffices to
find pz, 7, x such that
I(X,Zl):R(@l), I(X,Zl,ZQ):R(GQ),
and for any (D1, P;) € ©1 and (D3, P») € Oo, there exists
le,Dl‘Pl |Z1 and pXQ,DQ,PQ |Z2
satisfying
E[A(X; X1,p,,p)] < D1, E[A(X; Xo,p,.p,)] < Da,
d(anle,Dlypl) Splv d(pX7p)A(2yD21P2) SPQ

In the Gaussian case, it is easy to show that successive refinement from ©; to © is always asymptot-
ically feasible for R(©2) > R(©1).

Theorem 8. Let X ~ N(px,0%) be a scalar Gaussian source and assume MSE and W3 (-, )
losses. Let ©1 and ©4 be arbitrary non-empty sets of (D, P) pairs with R(01) < R(©3). Then
(R(©1), R(03) — R(01)) € R(>)(01,0,), i.e., successive refinement from O to O is feasible.

Proof of Theorem 8. Let Zy = Z1 + N7 and X = Zs 4+ N,, where
Zy ~ N(px, 0% (1 = 272800,
N1~ N(0,0% (272801 — 272R(62)))
Ny ~ N(0,0%2728(62))

are mutually independent. It is easy to verify that I(X;Z;,) = R(©1) and I(X;Zy,Z3) =
I(X;Z3) = R(©2). In view of Theorem 3, we have ©; C Q(pz,1x) = QR(O;)), i = 1,2.
So successive refinement from ©; to O, is indeed asymptotically feasible. O

Theorem 9 (Approximate refinability under the iRDPF). Assume MSE loss and any perception
measure d(-, ). Let m be the dimension of X and

0% 03 m . (Di+0%) (D5 + 0%)
Snloh) = (1) — R o) 4 B 1og (L ANDE RN,

where
D} =inf{D] : (D}, P|) € ©1 for some P},
D3 = inf{D} : (D}, Py) € ©4 for some Py}.
Then for any non-empty ©1 and ©,,
(R(©1), R(©,) — R(©,) + afzvnfoéR(J]QV)) e R(®)(0,0,).
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Remark 4. We have

o2 D} . m . (6%(Df + D3) — DiD3)(20% — Dt
6R( 2X_ é*) — R(@l) —R(Dl,oo) + Elog( X( 1 2) . D* 2)( X )
Ox Ox

In particular, dg (> UxD ) < m when R(0;) = R(Df, o) and D} < Dj3. In the scalar case, this
shows that the penalty for refinement (as opposed to sending all bits at once) is not more than 1 bit.

Proof of Theorem 9. This proof is an adaptation of the result from Lastras and Berger [18].

For any € > 0, we can find Zy, with I(X; Zx) < R(Oy) + € such that for any (D, Px) € Ok, there
exists pg, o121 satisfying E[|| X — X p, .. ||?] < Dy and d(px,pxk ) < P k=1,2.

We define X Z1, and Z in the same probability space such that Z; <> X <—> Zg form a Markov
chain. It suffices to show that I(X; Z1, Z5) < R(©3) + dr(0%;) + 2¢ for any 0% > 0.

Let N ~ N(0, ‘TN I,,) be an m-dimensional (multivariate) Gaussian random variable independent of
(X, Z1,Z). We have

I(X;7Z1,Z5) — I(X; Z2) = 1(X; Z1| Z2)
<I(X;Z1,X + N|Zy)
=I1(X;X + N|Zy) + 1(X; Z1|Z2, X + N). (35)
Note that
I(X;X 4+ N|Zy) = (X —E[X|Z:); X —E[X|Z5] + N|Z3)
< I(Zs, X — E[X|Z,]; X — E[X|Z5] + N)
— I(X — E[X|Z); X — E[X|Z2] + N)
< Mg DEE N (36)
2 o
and

I(X;Z1|Z2,X + N)

<I(X,Z2;Z1|X—|-N)
=I1(X;Z1]X + N)

(X;Z1,X+N)-I(X;X+N)

(

(

=1
=I(X;X+N|Z)+1(X;2,) - I(X; X+ N)
<I(X;X+N|Z1)+ R(©1)+e—I(X;X +N)
(8) 2 52
< I(X; X + N|Z1) + R(©1) + € — R(—2X7N_ o)
ox + oy
oXoR
= I(X —E[X|Z]; X — E[X|Z1] + N|Z1) + R(©)) — R(—27N_ o0) + ¢
ox + oy
2 2
< I(Z1, X —E[X|Z1]; X —E[X|Z1] + N) + R(01) — R(—g XN o0) + ¢
ox + oy
okok
=I(X -E[X|Z]; X —E[X|Z1] + N) + R(01) — R(—5=—5-,00) + ¢
ox + 0oy
m D; + 03 0% 02
<My Pitoy _ R(_OXON 37
=9 og 0']2v +R(®1) R(U§(+U2 7OO)+€7 ( )
where () is because E[[| X — —~ T (X +N) — %;@(HQ] = ;;gfjé and consequently
X N e N
I(X:X + N) > R(5X%5, 00). Substituting (36) and (37) into (35) gives
X N
I(X; 21, Z2) = 1(X; Z2) < 0r(0}) + e,
which further implies
I(X;Z1,Z5) < R(03) + 6r(0%) + 2.
This completes the proof. O
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B Experiments

Training lasted 30 epochs for MNIST and 80 epochs for SVHN, and alternates between training the
encoder and decoder with the critic fixed and training the critic with the encoder and decode fixed.
The learning rate was decayed by a factor of 5 after 20 epochs for MNIST, and after 25 epochs for
SVHN. All models were trained with the Adam optimizer. The batch size used was 64. All training
was performed on a Tesla V100 GPU. Training a single model takes about 10 minutes and 30 minutes
for MNIST and SVHN, respectively. We used the standard train/test splits.

B.1 Comparison of Quantizers

Universal End-to-end
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Figure 5: (a) (c) Rate-distortion-perception tradeoffs for NQ. (b) (d) The visual quality of both the end-
to-end and universal models are on average comparable for each \; (MNIST: R = 6, SVHN:R = 60.)

Let C be the set of quantization centers, each containing L levels distributed uniformly between
[-1,+1] along each dimension d. Let x be the input and f(x) the output of the encoder before
quantization. We compare the performance of deterministic quantization (DQ), universal quantization
(UQ), and noisy quantization (NQ). All quantizers use a soft gradient estimator (equation (3) of
Mentzer et al. [21]) during backpropogation.

Deterministic quantization (DQ). The sender computes
2 = argmin | f(2) — |
ceC
and sends z to the receiver. The receiver decodes the image by passing z through the decoder. This

is the most straightforward method of quantization but lacks the stochasticity required to train an
effective generative model.
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Quantization with noise added (NQ). The sender computes

2 = arg min | f(z) — |
ceC

and sends z to the receiver. The receiver samples u ~ U[—1/(L —1),+1/(L — 1)]¢ and decodes the
image by passing z + u through the decoder. Note that there is no information loss as the noise range
is almost surely below the quantization interval. This scheme was used by Blau and Michaeli [5].

Universal quantization (UQ) [30, 42]. We assume the sender and receiver have access to v ~
U[-1/(L —1),+1/(L — 1)]%. The sender computes

z =argmin ||f(z) +u— ¢
ceC

and sends z to the receiver. The receiver decodes the image by passing z — u through the decoder.
This quantization scheme produces stochastic input for the decoder while reducing the quantization
error incurred by NQ. This is also known as a subtractive dither [12, 29] in literature.

We demonstrate in Figure 5 that the NQ scheme is still able to produce universal representations
within the operational tradeoff it achieves. The results of the comparison when optimizing only for
MSE loss are given in Table 1. Both DQ and UQ perform better than NQ. Although DQ performs
slightly better, UQ is still highly effective.

Table 1: Comparison of MSE distortion losses using deterministic quantization (DQ), universal
quantization (UQ), and noisy quantization (NQ) when optimizing an end-to-end model only for
distortion loss (A = 0) on MNIST.

R MSE (DQ) MSE (UQ) MSE (NQ)

4.75 0.0442 0.0459 0.0484
6 0.0412 0.0426 0.0443
8 0.0358 0.0362 0.0391
10 0.0315 0.0324 0.0351

B.2 Error Intervals

We provide error intervals across 5 trials for a subset of the universality experiments given in Figure
4 on MNIST here. Each trial consists of training a new end-to-end model (A = 0.015, R = 4.75),
then using the resultant encoder to train universal models across all tradeoff points. The results are
very consistent across each trial.

Table 2: MSE distorion losses across 5 trials.

A 0.0000 0.0025 0.0040 0.0050 0.0060 0.0080 0.0090 0.0100 0.0110 0.0130
max  0.0470 0.0477 0.0493 0.0507 0.0531 0.0583 0.0614 0.0648 0.0681 0.0729
min 0.0466 0.0474 0.0490 0.0504 0.0526 0.0577 0.0606 0.0640 0.0665 0.0715
average 0.0468 0.0475 0.0491 0.0506 0.0528 0.0579 0.0609 0.0643 0.0670 0.0720

Table 3: Wasserstein-1 perception losses across 5 trials.

A 0.0000 0.0025 0.0040 0.0050 0.0060 0.0080 0.0090 0.0100 0.0110 0.0130
max 5.8014 5.1464 4.6482 4.2692 3.7672 2.9855 2.5596 2.1221 1.9033 1.3256
min 5.5787 5.0612 4.5815 4.1812 3.7576 2.8928 2.5105 2.0020 1.6842 1.1958
average 5.7123 5.1087 4.6177 4.2211 3.7636 2.9446 2.5259 2.0778 1.8296 1.2718

B.3 Refinement Experiments

So far, we have enforced the decoders in universal models to use only the representations produced
by the universal encoder, producing a tradeoff curve along perception and distortion at fixed rate. We
now consider the scenario where the rate is varied by designing refinement models which generalize
the universal models in the previous section by taking in extra bits through a (trainable) refining
encoder in addition to the bits produced by the initial encoder.
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Like the universal models, training the refinement models is broken into two analogous stages. The
objective and procedure of the first stage is identical to that of the universal models and produces a
universal encoder f to be used across multiple models with frozen weights, and a low-rate decoder
g. In the second stage, the refinement model introduces a new high-rate decoder gf‘ building upon
representations from both the universal encoder f and a secondary refining encoder f;". The refining
encoder and decoder are both trained along with a critic h, while the universal encoder is held fixed.
We use the alternating training procedure as with the universal models. Bits are sent in two stages so
that either low rate or high rate reconstructions

XM = g(r(x)),
X = gf (f(X), fH(X))

(38)
(39)

are possible. One may take the view that f;" will embed auxiliary details about the input to supplement
the information extracted by f. Since f is held fixed while g;" is being trained, we expect that there
should be a performance gap between the refinement model and an end-to-end model with full
flexibility in training an encoder. In Figure 6, we find that the gap is not sizeable in practice, with the
visual quality of the refinement models similar to the end-to-end models of the same rate.
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Figure 6: (a) (c) Rate refinability of MNIST and SVHN. Points with black outline are losses for
the end-to-end models. Points without outline are the losses for the refinement models, which were
trained with a encoder optimized for only distortion loss (A = 0). For fair comparison, the parameter
count of an end-to-end encoder at high rate is approximately equal to the sum of the parameter
counts for the universal encoder and refining encoder in the refinement model. Refinement from
A = 0 performs closest to end-to-end models of the same rate, but any A > 0 can be refined. (b) (d)
Outputs of selected models. Visual reconstruction of refinement models is similar to that of high-rate
end-to-end models across all tradeoffs.

29



B.4 Architecture

The architectures used for the experiments are given as follows. Here each row represents a group of
layers. d denotes the latent dimension and L the number of quantization levels per dimension, with
R = dlog L. The widths of the layers may be varied for some experiments (e.g. to facilitate fair
comparison in parameter count between the refinement models and end-to-end models). The quantizer
performs hard nearest-neighbour quantization on the forward pass and uses a soft relaxation given by
Equation (3) in [21] during the backward pass. The bin centers for quantization are spaced evenly in
[—1, 1] for each dimension. The type of compression systems are denoted by E for end-to-end, U for
(perception-distortion) universal and R for refinement.

B.4.1 MNIST

The universality experiments build off of the encoders produced by the end-to-end experiments of
the same rate with A = 0.015. The refinement experiment in row 2 of the right table builds off the
universal encoder produced by the end-to-end model of row 1 with A = 0, 0.015. For fair comparison,
the parameter count of an end-to-end encoder at R = 9.51 is approximately equal to the sum of the
parameter counts for the universal encoder and refining encoder in the refinement model at R = 9.51.

Table 4: Network and quantizer settings for MNIST. Left table: models shown in Figure 4(a). Right
table: models shown in Figure 6(a).

System R d L System R d L
E+U 47 3 3 E 4.75 3 3
E+U 6 3 4 R 951 3+3 3
E+U 8 4 4 E 9.51 6 3
E+U 10 5 4

Table 5: The tradeoff coefficients used across all rates in each experiment for MNIST.
System Tradeoff coefficients

E (Figure 4(a)) | A = 0, 0.0033, 0.005, 0.0066, 0.008,
0.01, 0.011, 0.013, 0.015

U (Figure 4a)) | A; = 0, 0.0025, 0.004, 0.005, 0.006,
0.008, 0.009, 0.01, 0.011, 0.013

E (Figure 6(a)) | A = 0, 0.0033, 0.005, 0.0066, 0.008,
0.01, 0.011, 0.013, 0.015

R (Figure 6(a)) | A\; = 0, 0.0025, 0.004, 0.005, 0.006,
0.008, 0.009, 0.01, 0.013, 0.015

Table 6: Model architectures for MNIST. I-ReLLU denotes Leaky ReLLU. Refer to code for parameter
settings.

Encoder Decoder
Input Input
Flatten Linear, BatchNorm1D, 1-ReLU
Linear, BatchNorm2D, 1-ReLU Linear, BatchNorm1D, 1-ReLU
Linear, BatchNorm2D, 1-ReLU Unflatten
Linear, BatchNorm2D, 1-ReLU ConvT2D, BatchNorm2D, I-ReLU
Linear, BatchNorm2D, 1-ReLLU ConvT2D, BatchNorm2D, 1-ReLLU
Linear, BatchNorm2D, Tanh ConvT2D, BatchNorm2D, Sigmoid
Quantizer
Critic
Input

Conv2D, 1-ReLU

Conv2D, 1-ReLLU

Conv2D, 1-ReLU
Linear
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Table 7: Hyperparameters used for training MNIST models across all rates, including for univer-
sal/refining encoders. « is the learning rate, (01, 32) are the parameters for Adam, and Agp is the
gradient penalty coefficient.

o B1 B2 Acp
Encoder 1072 05 09 -
Decoder 102 05 09 -
Critic  2x107* 05 09 10

B.4.2 SVHN

The experiments are similar to MNIST, with the main difference being in the encoder architecture.
The universality experiments build off of the encoders produced by the end-to-end experiments of
the same rate with A = 0.002. The refinement experiment in row 2 of the right table builds off the
universal encoder produced by the end-to-end model of row 1 with A = 0, 0.002. For fair comparison,
the parameter count of an end-to-end encoder at R = 60 is approximately equal to the sum of the
parameter counts for the universal encoder and refining encoder in the refinement model at R = 30.

Table 8: Network and quantizer settings for SVHN. Left table: models shown in Figure 4(c). Right
table: models shown in Figure 6(c).
System R d L System R d
E+U 30 10 8 E 30 10
8
8

E+U 45 15 R 60 10410
E+U 60 20 E 60 20

0o 00 00|t~

Table 9: The tradeoff coefficients used across all rates in each experiment for SVHN.
System Tradeoff coefficients

E (Figure 4(c)) | A =0, 0.00025, 0.0005, 0.00075, 0.001,

0.00125, 0.0015, 0.002

U (Figure 4(c)) | A; =0, 0.0003, 0.0005, 0.0008, 0.001,

0.0012, 0.0017

E (Figure 6(c)) | A =0, 0.00025, 0.0005, 0.00075, 0.001,

0.00125, 0.0015, 0.002

R (Figure 6(c)) | A\; = 0, 0.00025, 0.0005, 0.00075,

0.001, 0.00125, 0.0015, 0.002

Table 10: Model architectures for SVHN. Refer to code for parameter settings.

Encoder Decoder Critic
Input Input Input
Conv2D, 1-ReLU Linear, BatchNorm1D, 1-ReLLU Conv2D, 1-ReLLU
Conv2D, 1-ReLU Linear, BatchNorm1D, 1-ReLU Conv2D, 1-ReLU
Conv2D, 1-ReLU Unflatten Conv2D, 1-ReLU
Flatten ConvT2D, BatchNorm2D, 1-ReLU Linear
Linear, Tanh ConvT2D, BatchNorm?2D, 1-ReLU
Quantizer ConvT2D, BatchNorm2D, 1-ReLLU

ConvT2D, BatchNorm2D, Sigmoid

Table 11: Hyperparameters used for training. « is the learning rate, (31, 32) are the parameters for
Adam, and Agp is the gradient penalty coefficient.
a B P2 Acp
Encoder 10=% 0.5 0.999 -
Decoder 107* 0.5 0.999 -
Critic  107* 0.5 0.999 10
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