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Abstract

Recent works in self-supervised learning have advanced the state-of-the-art by
relying on the contrastive learning paradigm, which learns representations by
pushing positive pairs, or similar examples from the same class, closer together
while keeping negative pairs far apart. Despite the empirical successes, theoretical
foundations are limited — prior analyses assume conditional independence of the
positive pairs given the same class label, but recent empirical applications use
heavily correlated positive pairs (i.e., data augmentations of the same image). Our
work analyzes contrastive learning without assuming conditional independence
of positive pairs using a novel concept of the augmentation graph on data. Edges
in this graph connect augmentations of the same data, and ground-truth classes
naturally form connected sub-graphs. We propose a loss that performs spectral
decomposition on the population augmentation graph and can be succinctly written
as a contrastive learning objective on neural net representations. Minimizing this
objective leads to features with provable accuracy guarantees under linear probe
evaluation. By standard generalization bounds, these accuracy guarantees also
hold when minimizing the training contrastive loss. In all, this work provides the
first provable analysis for contrastive learning where the guarantees can apply to
realistic empirical settings.

1 Introduction

Recent empirical breakthroughs have demonstrated the effectiveness of self-supervised learning,
which trains representations on unlabeled data with surrogate losses and self-defined supervision
signals [4, 16,10} [14} 23] 24} 35| 138} 141}, 142, |SOH52]]. Self-supervision signals in computer vision are
often defined by using data augmentation to produce multiple views of the same image. For example,
the recent contrastive learning objectives [3| [12} [13] [15 22]] encourage closer representations for
augmentations (views) of the same natural data than for randomly sampled pairs of data.

Despite the empirical successes, there is a limited theoretical understanding of why self-supervised
losses learn representations that can be adapted to downstream tasks, for example, using linear
heads. Recent mathematical analyses by Arora et al. [3], Lee et al. [28]], Tosh et al. [44} 45]] provide
guarantees under the assumption that two views are somewhat independent conditioned on the label.
However, the pair of augmented examples used in practical algorithms usually exhibit a strong
correlation, even conditioned on the label. For instance, two augmentations of the same dog image
share much more similarity than augmentations of two different random dog images. Thus the
existing theory does not explain the practical success of self-supervised learning.

This paper presents a theoretical framework for self-supervised learning without requiring conditional
independence. We design a principled, practical loss function for learning neural net representations
that resembles state-of-the-art contrastive learning methods. We prove that, under a simple and
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Figure 1: Left: demonstration of the population augmentation graph. Two augmented data
are connected if they are views of the same natural data. Augmentations of data from different
classes in the downstream tasks are assumed to be nearly disconnected, whereas there are more
connections within the same class. We allow the existence of disconnected sub-graphs within a class
corresponding to potential sub-classes. Right: decomposition of the learned representations. The
representations (rows in the RHS) learned by minimizing the population spectral contrastive loss can
be decomposed as the LHS. The scalar s, is positive for every augmented data z;. Columns of the
matrix labeled “eigenvectors” are the top eigenvectors of the normalized adjacency matrix of the
augmentation graph defined in Section[3.1] The operator ® multiplies row-wise each s, with the
x;-th row of the eigenvector matrix. When classes (or sub-classes) are exactly disconnected in the
augmentation graph, the eigenvectors are sparse and align with the sub-class structure. The invertible
@ matrix does not affect the performance of the rows under the linear probe.

realistic data assumption, linear classification using representations learned on a polynomial number
of unlabeled data samples can recover the ground-truth labels of the data with high accuracy.

The fundamental data property that we leverage is a notion of continuity of the population data within
the same class. Though a random pair of examples from the same class can be far apart, the pair is
often connected by (many) sequences of examples, where consecutive examples in the sequences are
close neighbors within the same class. This property is more salient when the neighborhood of an
example includes many different types of augmentations. Prior work [49] empirically demonstrates
this type of connectivity property and uses it in the analysis of pseudolabeling algorithms.

More formally, we define the population augmentation graph, whose vertices are all the augmented
data in the population distribution, which can be an exponentially large or infinite set. Two vertices are
connected with an edge if they are augmentations of the same natural example. Our main assumption
is that for some proper m € Z%, the sparsest m-partition (Definition is large. This intuitively
states that we can’t split the augmentation graph into too many disconnected sub-graphs by only
removing a sparse set of edges. This assumption can be seen as a graph-theoretic version of the
continuity assumption on population data. We also assume that there are very few edges across
different ground-truth classes (Assumption [3.5)). Figure [T] (left) illustrates a realistic scenario where
dog and cat are the ground-truth categories, between which edges are very rare. Each breed forms a
sub-graph that has sufficient inner connectivity and thus cannot be further partitioned.

Our assumption fundamentally does not require conditional independence and can allow disconnected
sub-graphs within a class. The classes in the downstream task can be also somewhat flexible as
long as they are disconnected in the augmentation graph. For example, when the augmentation
graph consists of m disconnected sub-graphs corresponding to fine-grained classes, our assumptions
allow the downstream task to have any » < m coarse-grained classes containing these fine-grained
classes as a sub-partition. Prior work [49] on pseudolabeling algorithms essentially requires an exact
alignment between sub-graphs and downstream classes (i.e., » = m). They face this limitation
because their analysis requires fitting discrete pseudolabels on the unlabeled data. We avoid this
difficulty because we consider directly learning continuous representations on the unlabeled data.

We apply spectral decomposition—a classical approach for graph partitioning, also known as spectral
clustering [37,139] in machine learning—to the adjacency matrix defined on the population augmen-
tation graph. We form a matrix where the top-k eigenvectors are the columns and interpret each
row of the matrix as the representation (in R¥) of an example. Somewhat surprisingly, we show that
this feature extractor can be also recovered (up to some linear transformation) by minimizing the



69

70
71
72
73

74
75
76
77
78
79
80

81
82
83
84

85
86
87
88
89

90
91
92

93

94
95
96
97
98
99
100
101

102
103
104
105
106
107
108
109
110

111

112
113

114
115
116

following population objective which is similar to the standard contrastive loss (Section [3.2):

L(f) = =2 B, ot [f(@)T f@™)] + Euwr [ (f(2) T £(2)7],

where (2, x") is a pair of augmentations of the same data, (x, ') is a pair of independently random
augmented data, and f is a parameterized function from augmented data to R¥. Figure |1| (right)
illustrates the relationship between the eigenvector matrix and the learned representations. We call
this loss the population spectral contrastive loss.

We analyze the linear classification performance of the representations learned by minimizing the
population spectral contrastive loss. Our main result (Theorem[3.7) shows that when the representation
dimension exceeds the maximum number of disconnected sub-graphs, linear classification with
learned representations is guaranteed to have a small error. Our theorem reveals a trend that a larger
representation dimension is needed when there are a larger number of disconnected sub-graphs. Our
analysis relies on novel techniques tailored to linear probe performance, which have not been studied
in the spectral graph theory community to the best of our knowledge.

The spectral contrastive loss also works on empirical data. Since our approach optimizes parametric
loss functions, guarantees involving the population loss can be converted to finite sample results
using off-the-shelf generalization bounds. The sample complexity is polynomial in the Rademacher
complexity of the model family and other relevant parameters (Theorem .1 and Theorem 4.2)).

In summary, our main theoretical contributions are: 1) we propose a simple contrastive loss motivated
by spectral decomposition of the population data graph, 2) under simple and realistic assumptions,
we provide downstream classification guarantees for the representation learned by minimizing this
loss on population data, and 3) our analysis is easily applicable to deep networks with polynomial
unlabeled samples via off-the-shelf generalization bounds.

In addition, we implement and test the proposed spectral contrastive loss on standard vision benchmark
datasets. We demonstrate that the features learned by our algorithm can match or outperform several
strong baselines [12} 14} (15, 21] when evaluated using a linear probe.

2 Additional related works

Empirical works on self-supervised learning. Self-supervised learning algorithms have been
shown to successfully learn representations that benefit downstream tasks [4} |6, [10} 12} [13} [15} 22+
24, 135, 138|141}, 142, I50H52]]. Many recent self-supervised learning algorithms learn features with
siamese networks [8], where two neural networks of shared weights are applied to pairs of augmented
data. Introducing asymmetry to siamese networks either with a momentum encoder like BYOL [21]]
or by stopping gradient propagation for one branch of the siamese network like SimSiam [14]] has
been shown to effectively avoid collapsing. Contrastive methods [[12, 15/ 22]] minimize the InfoNCE
loss [38]], where two views of the same data are attracted while views from different data are repulsed.

Theoretical works on self-supervised learning. In addition to works [3} 128} 144} |45]] discussed in
the introduction, several other works [} 143|147, /48] also theoretically study self-supervised learning.
The work Tsai et al. [47] prove that self-supervised learning methods can extract task-relevant
information and discard task-irrelevant information, but lacks guarantees for solving downstream
tasks efficiently with simple (e.g., linear) models. Tian et al. [43] study why non-contrastive self-
supervised learning methods can avoid feature collapse. Cai et al. [9] analyze domain adaptation
algorithms for subpopulation shift with a similar expansion condition as [49] while also allowing
disconnected parts within each class, but require access to ground-truth labels during training. In
contrast, our algorithm doesn’t need labels during pre-training.

3 Spectral contrastive learning on population data

In this section, we introduce our theoretical framework, the spectral contrastive loss, and the main
analysis of the performance of the representations learned on population data.

We use X to denote the set of all natural data (raw inputs without augmentation). We assume that
each T € X belongs to one of r classes, and let y : X — [r] denote the ground-truth (deterministic)
labeling function. Let Pz be the population distribution over X from which we draw training data and
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test our final performance. For the ease of exposition, we assume X to be a finite but exponentially
large set (e.g., all real vectors in R? with bounded precision)

We next formulate data augmentations. Given a natural data sample z € X, we use A(+|Z) to denote
the distribution of its augmentations. For instance, when Z represents an image, .A(-|Z) can be the
distribution of common augmentations [12]] that includes Gaussian blur, color distortion and random
cropping. We use X to denote the set of all augmented data, which is the union of supports of all
A(-|z) for z € X. As with X, we also assume that X is a finite but exponentially large set, and
denote N = |X|.

We will learn an embedding function f : X — R, and then evaluate its quality by the minimum
error achieved with a linear probe. Concretely, a linear classifier has weights B € R¥*" and predicts
gy,8(z) = arg max;¢cp, (f (x) T B); for an augmented data 2 (arg max breaks tie arbitrarily). Then,
given a natural data sample Z, we ensemble the predictions on augmented data and predict:

gr.B(Z) ;== argmax Pr [gyp(z) =1].
ie[r] =~ACID)

Define the linear probe error as the error of the best possible linear classifier on the representations:

E(f) = jmin i,f;g?[y(f) # 97,8(7)] €9)

3.1 Augmentation graph and spectral decomposition

Our approach is based on the central concept of population augmentation graph, denoted by
G(X,w), where the vertex set is all augmentation data X and w denotes the edge weights defined
below. For any two augmented data z, 2’ € X, define the weight w,., as the marginal probability of
generating the pair 2 and 2’ from a random natural data Z ~ Pz:

Wee = Bzop, [A(z|Z)A(2]Z)] )

Therefore, the weights sum to 1 because the total probability massis 1: >,/ 1 Wz = 1. The rela-

tive magnitude intuitively captures the closeness between x and x’ with respect to the augmentation
transformation. For most of the unrelated = and 2, the value w,,, will be significantly smaller than
the average value. For example, when x and 2 are random croppings of a cat and a dog respectively,
wg, Will be essentially zero because no natural data can be augmented into both x and z’. On the
other hand, when z and z’ are very close in f3-distance or very close in £3-distance up to color
distortion, w,, is nonzero because they may be augmentations of the same image with Gaussian
blur and color distortion. We say that = and x’ are connected with an edge if w,, > 0. See Figure
(left) for more illustrations.

Given the structure of the population augmentation graph, we apply spectral decomposition to the
population graph to construct principled embeddings. The eigenvalue problems are closely related to
graph partitioning as shown in spectral graph theory [[17] for both worst-case graphs [[11}125,129,|33]
and random graphs [[1,130}134]. In machine learning, spectral clustering [37,139] is a classical algorithm
that learns embeddings by eigendecomposition on an empirical distance graph and invoking k-means
on the embeddings.

We will apply eigendecomposition to the population augmentation graph (and then later use linear
probe for classification). Let w, = Zw,e v Wz be the total weights associated to x, which is often
viewed as an analog of the degree of = in weighted graph. A central object in spectral graph theory is
the so-called normalized adjacency matrix:

A:=D'?AD™'/? 3)
where A € RV*V is adjacency matrix with entires A,,s = w,,» and D € RV*V is a diagonal
matrix with D, = ngE]J

Standard spectral graph theory approaches produce vertex embeddings as follows. Let 1,72, -+, 7%
be the k largest eigenvalues of A, and vy, vs, - - - , v be the corresponding unit-norm eigenvectors.

IThis allows us to use sums instead of integrals and avoid non-essential nuances related to calculus.
>We index the matrix A, D by (z,2’) € X x X. Generally we index N-dimensional axis by z € X.
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Let F* = [v1,v2,- - ,v;,] € RY %k be the matrix that collects these eigenvectors in columns, and we
refer to it as the eigenvector matrix. Let u* € R* be the x-th row of the matrix F*. It turns out that
u>’s can serve as desirable embeddings of z’s because they exhibit clustering structure in Euclidean
space that resembles the clustering structure of the graph G(X, w).

3.2 From spectral decomposition to spectral contrastive learning

The embeddings 1), obtained by eigendecomposition are nonparametric—a k-dimensional parameter
is needed for every x—and therefore cannot be learned with a realistic amount of data. The embedding
matrix F™* cannot be even stored efficiently. Therefore, we will instead parameterize the rows of the
eigenvector matrix F'* as a neural net function, and assume embeddings u}. can be represented by
f(x) for some f € F, where F is the hypothesis class containing neural networks. As we’ll show
in Section [4] this allows us to leverage the extrapolation power of neural networks and learn the
representation on a finite dataset.

Next, we design a proper loss function for the feature extractor f, such that minimizing this loss
could recover F* up to some linear transformation. As we will show in Section[d] the resulting
population loss function on f also admits an unbiased estimator with finite training samples. Let F'
be an embedding matrix with u, on the z-th row, we will first design a loss function of F’ that can be
decomposed into parts about individual rows of F'.

We employ the following matrix factorization based formulation for eigenvectors. Consider the
objective

i Log(F) o= [A—FFT|[. “

By the classical theory on low-rank approximation (Eckart—Young—Mirsky theorem [19]), any
minimizer F of Lns(F) contains scaling of the largest eigenvectors of A up to a right transformation—
for some orthonormal matrix R € R¥**, we have F' = F* - diag([\/71, - - - , \/7#])Q. Fortunately,
multiplying the embedding matrix by any matrix on the right and any diagonal matrix on the left does
not change its linear probe performance, which is formalized by the following lemma.

Lemma 3.1. Consider an embedding matrix F € RN** and a linear classifier B € RF*". Let
D € RN*N be a diagonal matrix with positive diagonal entries and Q € R¥*k be an invertible

matrix. Then, for any embedding matrix F=D F- Q, the linear classifier B = Q 'Bon F has
the same prediction as B on F'. As a consequence, we have

E(F) = E(F). (5)
where E(F') denotes the linear probe performance when the rows of F are used as embeddings.

The proof can be found in Section [C.1]

The main benefit of objective Ly¢(F') is that it’s based on the rows of F. Recall that vectors u,
are the rows of F'. Each entry of F'F' T is of the form ulxx/, and thus L¢(F') can be decomposed

into a sum of N2 terms involving terms u, u,. Interestingly, if we reparameterize each row u, by

w,l/ 2 (z), we obtain a very similar loss function for f that resembles the contrastive learning loss
used in practice [12] as shown below in Lemma See Figure|l|(right) for an illustration of the

relationship between the eigenvector matrix and the representations learned by minimizing this loss.

We formally define the positive and negative pairs to introduce the loss. Let Z ~ P be a random
natural data and draw = ~ A(:|Z) and 2" ~ A(:|Z) independently to form a positive pair (z,z").
Draw Z’ ~ P and 2’ ~ A(-|z") independently with Z, z, . We call (x, 2’) a negative pairE]

Lemma 3.2 (Spectral contrastive loss). Recall that u,, is the x-th row of F'. Let u, = wx f (z) for
some function f. Then, the loss function L(F) is equivalent to the following loss function for f,
called spectral contrastive loss, up to a additive constant:

Lut(F) = L(f) + const
where £(f) 2 =2 By o+ [f(2) " f(@h)] + Eapa [(f(x)Tf(x'))Q} (6)

>Though x and 2’ are simply two independent draws, we call them negative pairs following the literature [3]).
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The proof can be found in Section|C.1]

We note that spectral contrastive loss is similar to many popular contrastive losses [12} 138,140, 50]. For
instance, the contrastive loss in SimCLR [[12] can be rewritten as (with simple algebraic manipulation)

()T F(a) + log (exp (F@)TF) + Y e (f(:r)Tf(:vi))> .

Here z and x™ are a positive pair and 1, - - - , 7, are augmentations of other data. Spectral contrastive
loss can be seen as removing f(x)" f(x1) from the second term, and replacing the log sum of
exponential terms with the average of the squares of f(z) T f(z;). We will show in Section@that our
loss has a similar empirical performance as SimCLR without requiring a large batch size.

3.3 Theoretical guarantees for spectral contrastive loss on population data

In this section, we introduce the main assumptions on the data and state our main theoretical guarantee
for spectral contrastive learning on population data.

To formalize the idea that G cannot be partitioned into too many disconnected sub-graphs, we intro-
duce the notions of Dirichlet conductance and sparsest m-partition, which are standard in spectral
graph theory. Dirichlet conductance represents the fraction of edges from S to its complement:

Definition 3.3 (Dirichlet conductance). For a graph G = (X, w) and a subset S C X, we define the
Dirichlet conductance of S as

ZréS,x’%S Waa

ZwES Wy

We note that when S is a singleton, there is ¢ (S) = 1 due to the definition of w,. We introduce the
sparsest m-partition to represent the number of edges between m disjoint subsets.

oa(S) =

Definition 3.4 (Sparsest m-partition). Let G = (X, w) be the augmentation graph. For an integer

m € [2,|X]], we define the sparsest m-partition as
P = min  max{dg(S1),...,dc(Sm)}
1,°7HPm
where Sy, - -+ , Sy, are non-empty sets that form a partition of X.

When r is the number of underlying classes, we might expect p,. =~ 0 since the augmentations from
different classes almost compose a disjoint r-way partition of X'. However, for m > r, we can expect
pm to be much larger. For instance, in the extreme case when m = |X| = N, every set S; is a
singleton, which implies that py = 1.

Next, we formalize the assumption that very few edges cross different ground-truth classes. It turns
out that it suffices to assume that the labels are recoverable from the augmentations (which is also
equivalent to that two examples in different classes can rarely be augmented into the same point).

Assumption 3.5 (Labels are recoverable from augmentations). Let T ~ Py and y(Z) be its label.
Let the augmentation x ~ A(-|Z). We assume that there exists a classifier g that can predict y(T)
given x with error at most . That is, g(x) = y(Z) with probability at least 1 — .

We also introduce the following assumption which states that some universal minimizer of the
population spectral contrastive loss can be realized by the hypothesis class.

Assumption 3.6 (Realizability). Let F be a hypothesis class containing functions from X to R¥. We
assume that at least one of the global minima of L(f) belongs to F.

Our main theorem bound from above the linear probe error of the features learned by minimizing the
population spectral contrastive loss.

Theorem 3.7. Assume the representation dimension k > 2r and Assumption holds for o > 0.
Let F be a hypothesis class that satisfies Assumptionand let f,, € F be a minimizer of L(f).
Then, we have

Efrop) <O (/hiyay) -
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Here we use O(+) to hide universal constant factors and logarithmic factor in k. We note that « = 0
when augmentations from different classes are perfectly disconnected in the augmentation graph,
in which case the above theorem guarantees the exact recovery of the ground truth. Generally, we
expect « to be an extremely small constant independent of k, whereas p|; /2 increases with k and
can be much larger than « when £ is reasonably large. For instance, when there are ¢ sub-graphs that
have sufficient inner connections, we expect p;41 to be on the order of a constant because any ¢ + 1
partition needs to break one sub-graph into two pieces and incur a large conductance. We characterize
the py’s growth on more concrete distributions in the next subsection.

Previous works on graph partitioning [2, 29, [31] often analyze the so-called rounding algorithms
that conduct clustering based on the representations of unlabeled data and do not analyze the
performance of linear probe (which has access to labeled data). These results provide guarantees
on the approximation ratio—the ratio between the conductance of the obtained partition to the best
partition—which may depend on graph size [2]] that can be exponentially large in our setting. The
approximation ratio guarantee does not lead to a guarantee on the representations’ performance on
downstream tasks. Our guarantees are on the linear probe accuracy on the downstream tasks and
independent of the graph size. We rely on the formulation of the downstream task’s labeling function
(Assumption [3.5) as well as a novel analysis technique that characterizes the linear structure of the
representations. In Section [C} we provide the proof of Theorem [3.7]as well as its more generalized
version where k/2 is relaxed to be any constant fraction of k.

3.4 Provable instantiation of Theorem 3.7 to mixture of manifold data

In this section, we exemplify Theorem on an example where the natural data distribution is a
mixture of manifolds, and the augmentation transformation is adding Gaussian noise.

Example 3.8 (Mixture of manifolds). Suppose P is mixture of v < d distributions Py, --- | P,
where each P; is generated by some n-bi-Lipschit generator @ : RY — R% on some latent variable
2 e RY with d' < d which as a mixture of Gaussian distribution:

1
r~P = x=0Q(2),z NN(M’E g xar).

0_2

Let the data augmentation of a natural data sample T is T + £ where & ~ N'(0, % - Lixa) is isotropic

Gaussian noise with 0 < o S \1[ We also assume min;; || — pjlly 2 © \/»Vl;,gd

Let the ground-truth label be the most likely mixture index i that generates x: y(x) := arg max; P;(x).
We note that the intra-class distance in the latent space is on the scale of €2(1), which can be much
k-+/logd
@
based clustering algorithms do not apply. We apply Theorem [3.7]and get the followmg theorem:
Theorem 3.9. When k > 2r + 2, Examplesatisﬁes Assumptionwzth a <

larger than the distance between class means which is assumed to be 2> . Therefore, distance-

; Oly( L and has

Plk/2] 2 —75- As a consequence, the error bound is E(fpop) < O (W

The theorem above guarantees small error even when o is polynomially small. In this case, the
augmentation noise has a much smaller scale than the data (which is at least on the order of 1/x). This
suggests that contrastive learning can non-trivially leverage the structure of the underlying data and
learn good representations with relatively weak augmentation. The proof can be found in Section

4 Finite-sample generalization bounds

In Section [3] we provide guarantees for spectral contrastive learning on population data. In this
section, we show that these guarantees can be naturally extended to the finite-sample regime with
standard concentration bounds. In particular, given a training dataset {Z1, Zo, - - - , T, } With Z; ~ P,
we learn a feature extractor by minimizing the following empirical spectral contrastive loss:

Lot =—fZEz~A< e [f@)7T )] + ZEM = [(F@T 7).

2t~ A \u) T al~A(T)

*A k bi-Lipschitz function satisfies 2 || f(z) — £ ()|, < |z — yll, < & |f(2) — F)|l,-
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It is worth noting that £, (f) is an unbiased estimator of the population spectral contrastive loss L( f).
(See Claim [E.2]for a proof.) Therefore, we can derive generalization bounds via off-the-shelf concen-
tration inequalities. Let F be a hypothesis class containing feature extractors from X to R*. We extend
Rademacher complexity to function classes with high-dimensional outputs and define the Rademacher

complexity of F on n data as ﬁn(}') ‘= MaXg, ... g,cx Eo {Supfe]:,ie[k] 1 (Z;.Lzl O'jfi(l'j))} ,
where o is a uniform random vector in {—1, 1}" and f;(z) is the i-th dimension of f(z).

Recall that f € F is a minimizer of £(f). The following theorem with proofs in Section
bounds the population loss of a feature extractor trained with finite data:

Theorem 4.1. For some r > 0, assume || f(z)||, < k forall f € F andx € X. Let fy,, € F bea
minimizer of the population loss L(f). Given a random dataset of size n, let femp € F be a minimizer

of empirical loss En( f)- Then, with probability at least 1 — & over the randomness of data, we have

L(fenn) < L(fpop) 1+ Rpa(F) + 2 <W+ 6) :

where constants ¢, < k?k? + kk and co < kr? 4 k2%,

We can apply Theorem[4.1|to any hypothesis class F of interest (e.g., deep neural networks) and plug
in off-the-shelf Rademacher complexity bounds. For instance, in Section we give a corollary of
Theorem [4.T| when F contains deep neural networks with ReLU activation.

The theorem above shows that we can achieve near-optimal population loss by minimizing empirical
loss up to some small excess loss. The following theorem characterizes how the error propagates to
the linear probe performance mildly under some spectral gap conditions.

Theorem 4.2. Assume representation dimension k > 4r + 2, Assumption[3.3| holds for o > 0 and
Assumption[3.6| holds. Recall ~y; be the i-th largest eigenvalue of the normalized adjacency matrix.

Then, for any € < 2 and femp € F such that L( femp) < L(fpop) + € we have:

. « ke
g(fem )5 logk + —,
' p%k/ZJ A3

where A, := Y|3/4] — Yk s the eigenvalue gap between the |3k /4|-th and the k-th eigenvalue.

This theorem shows that the error on the downstream task only grows linearly with the error € during
pretraining. We can relax Assumption [3.6|to approximate realizability in the sense that F contains
some sub-optimal feature extractor under the population spectral loss and pay an additional error
term in the linear probe error bound. The proof of Theorem[.2]can be found in Section [E.3]

5 Guarantee for learning linear probe with labeled data

In this section, we provide theoretical guarantees for learning a linear probe with labeled data.
Theorem [3.7) guarantees the existence of a linear probe that achieves a small downstream classification
error. However, a priori it is unclear how large the margin of the linear classifier can be, so it is hard to
apply margin theory to provide generalization bounds for 0-1 loss. We could in principle control the
margin of the linear head, but using capped quadratic loss turns out to suffice and mathematically more
convenient. We learn a linear head with the following capped quadratic loss: given a tuple (z, y(Z))
where z € R¥ is a representation of augmented data z ~ A(-|Z) and y(Z) € [r] is the label of Z, for
a linear probe B € R**" we define loss ¢((z,y(z)), B) := Y_;_,min{ (B2 — gj’(f))f , 1}, where
7(Z) is the one-hot embedding of y(Z) as a r-dimensional vector (1 on the y(Z)-th dimension, 0 on

other dimensions). This is a standard modification of quadratic loss in statistical learning theory that
ensures the boundedness of the loss for the ease of analysis [36].

The following Theorem[5.1|provides a generalization guarantee for the linear classifier that minimizes
capped quadratic loss on a labeled dataset. The key challenge of the proof is showing the existence of
a small-norm linear head B that gives small population quadratic loss, which is not obvious from
Theorem [3.7] where only small 0-1 error is guaranteed. Recall ~; is the i-th largest eigenvalue of
the the normalized adjacency matrix. Given a labeled dataset {(Z;,y(Z;))}7—, where Z; ~ Pz and
y(Z;) s its label, we sample x; ~ A(:|Z;) for i € [n].
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Theorem 5.1. In the setting of Theorem assume ~yy, > C) for some Cy > 0. Learn a linear
probe B € argmin g <0, >y U(faop(i), y(Zi)), B) by minimizing the capped quadratic
loss subject to a norm constraint. Then, with probability at least 1 — § over random data, we have

Pr g 7é r k IOg 1/5
oo B N ) loghk + — - [+ \/7
iN’P? ( p"p’B(‘r) y(x)) ~ fk‘,/2j Og + C)\ n n

Here the first term is the population error from Theorem[3.7} The last two terms are the generalization
gap from standard concentration inequalities for linear classification and are small when the number
of labeled data n is polynomial in the feature dimension k. We note that this result reveals a trade-
off when choosing the feature dimension k: when n is fixed, a larger k decreases the population
contrastive loss while increases the generalization gap for downstream linear classification. The proof
of Theorem [5.1]is in Section[H

6 Experiments

We test spectral contrastive learning on benchmark vision datasets. We minimize the empirical
spectral contrastive loss with an encoder network f and sample fresh augmentation in each iteration.
The pseudo-code for the algorithm and more implementation details can be found in Section[A]

Encoder / feature extractor. The encoder f contains three components: a backbone network, a
projection MLP and a projection function. The backbone network is a standard ResNet architecture.
The projection MLP is a fully connected network with BN applied to each layer, and ReLU activation
applied to each except for the last layer. The projection function takes a vector and projects it to a
sphere ball with radius ,/z, where 1 > 0 is a hyperparameter that we tune in experiments. We find
that using a projection MLP and a projection function improves the performance.

Linear evaluation protocol. Given the pre-trained encoder network, we follow the standard linear
evaluation protocol [[14] and train a supervised linear classifier on frozen representations, which are
from the ResNet’s global average pooling layer.

Results. We report the accuracy on CIFAR-10/100 [26] and Tiny-ImageNet [27] in Table[I] Our
empirical results show that spectral contrastive learning achieves better performance than two popular
baseline algorithms SimCLR [12] and SimSiam [14]. In Table E]we report results on ImageNet [[18]
dataset, and show that our algorithm achieves similar performance as other state-of-the-art methods.
We note that our algorithm is much more principled than previous methods and doesn’t rely on large
batch sizes (SimCLR [[12]), momentum encoders (BYOL [21]] and MoCo [22]) or additional tricks
such as stop-gradient (SimSiam [14]]).

Datasets | CIFAR-10 | CIFAR-100 | Tiny-ImageNet
Epochs | 200 400 800 | 200 400 800 | 200 400 800

SimCLR (repro.) | 83.73 87.72 90.60 | 54.74 61.05 63.88 | 43.30 4646 48.12
SimSiam (repro.) | 87.54 90.31 91.40 | 61.56 64.96 65.87 | 34.82 39.46 46.76

Ours | 88.66 90.17 92.07 | 62.45 6582 66.18 | 41.30 4536 49.86

Table 1: Top-1 accuracy under linear evaluation protocal.
SimCLR BYOL MoCov2 SimSiam  Ours
acc. (%) 66.5 66.5 67.4 68.1 66.97

Table 2: ImageNet linear evaluation accuracy with 100-epoch pre-training. All results but ours are
reported from [14]. We use batch size 384 during pre-training.

7 Conclusion

In this paper, we present a novel theoretical framework of self-supervised learning and provide
provable guarantees for the learned representations on downstream linear classification. We hope our
study can facilitate future theoretical analyses of self-supervised learning and inspire new practical
algorithms. For instance, one interesting future direction is to test the topology of the augmentation
graph on empirical data distributions and design algorithms using tools from graph theory.
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57 A Experiment details

st The pseudo-code for our empirical algorithm is summarized in Algorithm 1]

Algorithm 1 Spectral Contrastive Learning

Require: batch size N, structure of encoder network f
1: for sampled minibatch {z;}¥ , do

2 fori e {1,--- ,N}do

3: draw two augmentations z; = aug(Z;) and x; = aug(Z;).
4: compute z; = f(z;) and z; = f(z}).

5 compute loss £ = —2 lN:l A AR m Z#j(ZiTZg-)Q
6 update f to minimize £

7: return encoder network f(-)

st Our results with different hyperparameters on CIFAR-10/100 and Tiny-ImageNet are listed in Table[3]

Datasets | CIFAR-10 | CIFAR-100 | Tiny-ImageNet

Epochs | 200 400 800 | 200 400 800 | 200 400 800

SimCLR (repro.) | 83.73 87.72 90.60 | 54.74 61.05 63.88 | 43.30 46.46 48.12
SimSiam (repro.) | 87.54 90.31 91.40 | 61.56 6496 65.87 | 34.82 39.46 46.76

Ours (1 = 1) 86.47 89.90 92.07 | 59.13 63.83 65.52 | 28.76 33.94 40.82
Ours (1 = 3) 8772 90.09 91.84 | 61.05 64.79 66.18 | 40.06 42.52 49.86
Ours (¢ = 10) 88.66 90.17 91.01 | 6245 65.82 65.16 | 41.30 4536 47.84

Table 3: Top-1 accuracy under linear evaluation protocal.

521 Additional details about the encoder. For the backbone network, we use the CIFAR variant of
522 ResNetl8 for CIFAR-10 and CIFAR-100 experiments and use ResNet50 for Tiny-ImageNet and
523 ImageNet experiments. For the projection MLP, we use a 2-layer MLP with hidden and output
s24 dimensions 1000 for CIFAR-10, CIFAR100, and Tiny-ImageNet experiments. We use a 3-layer MLP
525 with hidden and output dimension 8192 for ImageNet experiments. We set y = 10 in the ImageNet
526 experiment, and set € {1, 3,10} for the CIFAR-10/100 and Tiny-ImageNet experiments.

s27  Training the encoder. We train the neural network using SGD with momentum 0.9. The learning rate
s28  starts at 0.05 and decreases to 0 with a cosine schedule. On CIFAR-10/100 and Tiny-ImageNet we use
529 weight decay 0.0005 and train for 800 epochs with batch size 512. On ImageNet we use weight decay
530 0.0001 and train for 100 epochs with batch size 384. We use 1 GTX 1080 GPU for CIFAR-10/100
531 and Tiny-ImageNet experiments, and use 8 GTX 1080 GPUs for ImageNet experiments.

s32  Linear evaluation protocol. We train the linear head using SGD with batch size 256 and weight
533 decay O for 100 epochs, learning rate starts at 30.0 and is decayed by 10x at the 60th and 80th epochs.

53¢ Image transformation details. We use the same augmentation strategy as described in [14].

s3s. B Limitations and potential negative social impacts

s3s  Limitations. This paper provides statistical guarantees for self-supervised learning. One limitation
537 is that we don’t provide guarantees for optimization, and it is unclear whether standard optimization
s3s  algorithms like SGD can provably reach the global minimum of the spectral contrastive loss. We
539 believe this question is beyond the scope of this work but will be an interesting future direction.

s40 Potential negative social impacts. In the long run, one possible negative impact of our research (and
s41 Al research in general) is leading to a large scale of job losses as humans are replaced by machines.
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However, we believe that day is still far away given the current limitations of Al algorithms. We hope
that our work can lead to more principled Al algorithms, which will overall benefit human society.

C Proofs for Section

We first prove a more generalized version of Theorem [3.7)in section [C.2} and then prove Theorem [3.7]
in Section

C.1 Proofs of Lemma[3.1land Lemma[3.2]

Proof of Lemma[3.1] Let D = diag(s) where s,, > 0 forz € X. Let u,, i, € R¥ be the z-th row of
matrices I and F), respectively. Recall that g, () = arg max;(, (u, B); is the prediction on an

augmented data x € X’ with representation u, and linear classifier B. Let B= Q7 'B, it’s easy to
see that g; 5(z) = argmax;e(,)(Sz - u, B);. Notice that s,, > 0 doesn’t change the prediction since

it changes all dimensions of u, B by the same scale, we have g, () = g, 5(z) for any augmented
data x € X. The equivalence of loss naturally follows. O

Proof of Lemma[3.2] We can expand Ly¢(F) and obtain

2
(L
LoslF) = 3 </W_UTU>

z,x' €X

’LU2 ’
> (m—2-wm/~f(év)Tf(x)+wzwx"(f(x)Tf(x/))2> 7

W Wt
z,x'€X rrE

Notice that the first term is a constant that only depends on the graph but not the variable f. By the
definition of augmentation graph, w,,- is the probability of a random positive pair being (z, z’) while
w,, is the probability of a random augmented data being . We can hence rewrite the sum of last two
terms in Equation (7) as Equation (6). O

C.2 A generalized version of Theorem 3.7

For the proof we will follow the convention in literature [29] and define the normalized Laplacian
matrix as follows:

Definition C.1. Let G = (X, w) be the augmentation graph defined in Section The normalized
Laplacian matrix of the graph is defined as L = I — D=Y2AD~'/2, where A is the adjacency
matrix with Az, = Wey and D is a diagonal matrix with D, = w,.

It is easy to see that L = I — A where A is the normalized adjacency matrix defined in Section
Therefore, when J); is the i-th largest eigenvalue of L, 1 — J; is the i-th largest eigenvalue of A.

We call a function defined on augmented data §j : X — [r| an extended labeling function. Given an
extended labeling function, we define the following quantity that describes the difference between
extended labels of two augmented data of the same natural data:

¢ = Y we - L[j(z) # §(2’)]. 8)
z,x'€X

We also define the following quantity that describes the difference between extended label of an
augmentated data and the ground truth label of the corresponding natural data:

M) = Pr (3@ # (). ©)

Recall the spectral contrastive loss defined in Section [3.2]is:

L) =E ergmaery 220 7@)T @)+ (F@) £)7].

z~vA(|2y), et~ AC D), 2 ~ A 22)

We first state a more general version of Theorem [3.7]as follows.
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Theorem C.2. Assume the set of augmented data X is finite. Let f,, € argming.y_,gs L(f) be
a minimizer of the population spectral contrastive loss L(f) with k € ZT. Let k' > r such that

k+1= (14 )k, where ¢ € (0,1) and k' € Z*. Then, there exists a linear probe B* € R"™** and
a universal constant c such that the linear probe predictor satisfies

5 * px 2 ¢3}
Espyamacla) ||[7@) = B frop(@)[[3] < e (poly(l/C) log(k+1)-

d +A<y,@>),
k:/

where §(Z) is the one-hot embedding of y(Z) and py is the sparsest m-partition defined in Defini-
tion[3.4} Furthermore, the error of the linear probe predictor can be bounded by

¢z}

2
Pl

Pr (a6 (@) £ 9(®) <2 <poly<1/<> og(k+1)

Z~Px,a~A(|T) PoP?

£A00).

Also, if we let \; be the i-th smallest eigenvalue of the normalized Laplacian matrix of the graph
of the augmented data, we can find a matrix B* satisfying the above equations with norm bound
1B*[lp < 1/(1 = Ag).

We provide the proof for Theorem [C.2]below.

Let A1, Ao, - -, Ak, Ag41 be the k + 1 smallest eigenvalues of the Laplacian matrix L. The following
theorem gives a theoretical guarantee similar to Theorem [C.2]except for that the bound depends on
Akg1:

Theorem C.3. Assume the set of augmented data X is finite. Let f},, € argming.x_ s be a
minimizer of the population spectral contrastive loss L(f) with k € ZT. Then, for any labeling

function § : X — [r] there exists a linear probe B* € R™** with norm | B*|| . < 1/(1 — \y,) such
that

o ‘g 2 v X
EJYZNPT,IL’NA('li’) [Hy(m) - B fpop(x)H2:| < + 4A(y7 y)7

T A1

where §(Z) is the one-hot embedding of y(Z). Furthermore, the error can be bounded by

(9720 (@) 2 (@) < 22

T A1

+ 8A(y, 9)-

Pr
TPz~ A(-|Z)

We defer the proof of Theorem[C.3|to Section[C.4]
To get rid of the dependency on g1, we use following higher-order Cheeger’s inequality from [32].

Lemma C.4 (Proposition 1.2 in [32])). Let G = (V,w) be a weight graph with |V | = N. Then, for
any t € [N]and ¢ > 0 such that (1 + )t € [N], there exists a partition Sy, Sa, -+ , St of V with

G (Si) S POIY(l/C)\/ A(i+o)t logt,

where ¢ (+) is the Dirichlet conductance defined in Deﬁnition

Now we prove Theorem[C.2] by combining TheoremC.3|and Lemma[C.4]

Proof of Theorem|[C.2] Let G = (X, w) be the augmentation graph. In Lemma|C.4]let (1 + ()t =
k 4+ 1 and t = k' we have: there exists partition Sy,---,Sy C X such that ¢g(S;) <

~

poly(1/¢)\/ Ag+1log (k + 1) for Vi € [K']. By Deﬁnition we have pyr < max;ep) ¢c(Si) S
poly(1/¢)v/Art1log (k + 1), which leads to ﬁ < poly(1/¢) - log(k +1) - —>-. Plugging this
7 k/

bound to Theorem [C.3] finishes the proof. O

C.3 Proof of Theorem [3.7]

We will use the following lemma which gives a connection between ¢7, A(y, 7) and Assumption
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Lemma C.5. Let G = (X, w) be the augmentation graph, v be the number of underlying classes.
Let S1,Ss,- -, Sy be the partition induced by the classifier g in Assumption[3.3] Then, there exists
an extended labeling function 1 such that

Ay, 9) < a
and

Z Wyg - g ) # ?)(JZ’)] < 2a.

z,x’'€X

Proof of Lemma|[C.3] We define function § : X — [r] as follows: for an augmented data z € X, we
use function () to represent the index of set that x is in, i.e., z € Sj(,). By Assumptionit is
easy to see A(y, ) < a. On the other hand, we have

= Z Esropy [A]2) A [) - 1[i(2) # 5(a')]

< Z Eor [AG|R)AW) - (1[3(e) # y(@) + 1[5(") # y(@)]
Y Espy [A(z]2) - 1[5(2) # y(7)]]

=2 Pr (33 ¢ Sy(i)) =20

T~ Px,x~A(-|Z)

Here the inequality is because when §(x) # §(z’), there must be §(x) # y(z) or §(z') # y(z). O
Now we give the proof of Theorem 3.7 using Lemma[C.3|and Theorem [C.2]

Proof of Theorem@ Let Sy, S5, -- -, .S, be the partition of X induced by the classifier g given in
Assumption Define function §j : X — [r] as follows: for an augmented data = € X, we use func-

tion g(x) to represent the index of set that z is in, i.e., z € Sy("L) Letk’ = |%]in Theorem we
have Privpy o acia) (975,57 () 7 9(3)) S 108 (k) - 72— + A(y,7). By LemmalC.5]we have
#? < 2a and A(y,9) < a, so we have Prop. o~A(|2) (gfp*owB*(x) # y(is)) < pzo‘ J -log (k).

Notice that by definition of ensembled linear probe predictor, 9t p+(Z) # y(Z) happens
only if more than half of the augmentations of Z predicts differently from y(Z), so we have

Pryp, <9fpop,B (z) # y(@) < 2Przopy ana(n) (gfpt,p,B*(x) # y(f)) S = J -log(k). O

C.4 Proof of Theorem

The proof of Theorem [C.3] contains two steps. First, we show that when the feature extractor is
composed of the minimal eigenvectors of the normalized Laplacian matrix L, we can achieve good
linear probe accuracy. Then we show that minimizing £(f) gives us a feature extractor equally good
as the eigenvectors.

For the first step, we use the following lemma which shows that the smallest eigenvectors of L can

approximate any function on X" up to an error proportional to the Rayleigh quotient of the function.

Lemma C.6. Let L be the normalized Laplacian matrix of some graph G. Let N = |X| be total

number of augmented data, v; be the i-th smallest unit-norm eigenvector of L with eigenvalue \;
T

(make them orthogonal in case of repeated eignevalues). Let R(u) := % be the Rayleigh quotient

of avector u € RYN . Then, for any k € Z% such that k < N and M\, > 0, there exists a vector
b € R* with norm ||b|, <

k

2
u—Zbivi S

i=1 2

u .
Ak 1 || H2
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Proof of Lemma|C.6] We can decompose the vector u in the eigenvector basis as:

N
u = Z Giv;.
i=1
We have

Zi]\il )‘iCiQ

2
[[ullz

R(u) =

Let b € R” be the vector such that b; = ¢;. Obviously we have ||b||§ < ||uH§ Noticing that

k 2 N
i=1 9 i=kt1
which finishes the proof. O

R(u) o
u b
Mo (1wl

We also need the following claim about the Rayleigh quotient R(u) when u is a vector defined by an
extended labeling function g.

Claim C.7: In the setting of Lemma let g) be an extended labeling function. Fix i € [r]. Define
function ul(z) 1= \Jw, - 1[§(z) = i] and u! is the corresponding vector in RN. Also define the
following quantity:

i S W LG = A 9) ) or (352) # 1) = 9]
v Zzg){ Wy - 1 [Q({E) = Z] .

Then, we have

R(]) = 5o,

Proof of Claim|[C.7] Let f be any function X — R, define function u(z) := \/w, - f(z). Let

u € RY be the vector corresponding to u. Let A be the adjacency matrix with A,/ = w,, and D
be the diagonal matrix with D,, = w,. By definition of Laplacian matrix, we have

u' Lu = Hu||§ —u DTY2AD™Y2y

= Z wmf(l‘)2 - Z wmx’f(x)f(‘r/)

reX z,x'eX
1 2
z,x'eX
Therefore we have
u' Lu
R =
(w) = —=_
1 Sewen e (f@) — £
2 D vex Wa o f(@)? '
Setting f(z) = 1 [§(x) = 4] finishes the proof. O

To see the connection between the feature extractor minimizing the population spectral contrastive
loss £(f) and the feature extractor corresponding to eigenvectors of the Laplacian matrix, we use
the following lemma which states that the minimizer of the matrix approximation loss defined in
Section [3.2]is equivalent to the minimizer of population spectral contrastive loss up to a data-wise
scaling.

Lemma C.8. Let Z:—'mf be the matrix form of a feature extractor fmf : X — RE. Then, me is a
minimizer of Lu(F) if and only if
A 1
f(x) := .

is a minimizer of the population spectral contrastive loss L(f).

fmf(-r)
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Proof of Lemma|[C.8] Notice that
2
Log(F)=||(I-L)—FFT|,

- g Do i)+ I =L%. (0
2 U@TE) -2 3, s @)+ - Ll a0

Recall that the definition of spectral contrastive loss is

L(f) = =2 By [f@) @ )] + Bar [(f(0) T £2)°]

where (z, 2T) is a random positive pair, (x, ') is a random negative pair. We can rewrite the spectral
contrastive loss as

L =-2 Y we - f@)T @)+ Y wews - (7@)T 1))

z,x'eX z,x’'eX

S (f(x))T (f(x’) Ly W (f(x)>T (f(x’>> (1)

z,x'eX V W v ' €X V Wa Wa! V Wa v Wa!
Compare Equation (T0) and Equation (TT)), we see their minimizers only differ by a term /w,;, which
finishes the proof. O

Note that the minimizer of matrix approximation loss is exactly the largest eigenvectors of [ — L
(also the smallest eigenvectors of L) due to Eckart—Young-Mirsky theorem, Lemma|[C.8]indicates
that the minimizer of £(f) is equivalent to the smallest eigenvectors of L up to data-wise scaling.
Now we are ready to prove Theorem [C.3|by combining Lemma|C.6] Claim[C.7|and Lemma|[C.8]

Proof of Theorem|C.3| Let Fy. = [v1,v2,- - ,v;] be the matrix that contains the smallest k eigen-
vectors of L as columns, and fi : X' — R* is the corresponding feature extractor. For each i € [r],

we define function u; Y(z) = Jwy - 1[jj(x) =] and uf be the corresponding vector in RV, By
Lemma there exists a vector bi € R* with norm bound ||b; |, <

u?|| such that
2

N 2 R(u?) 12
E scYi < ‘ ‘ H . 12
’ui 27 Akt u’2 (12)
By Claim[C.7] we have
R(uf) = *¢y 1 sz rex Waar - 1[(g(2) = i Ag(a') # ) or (§(2) # i A §(2") = 9)]
D wex Wo L[G(x) =]
So we can rewrite Equation (12) as:
2
u scVsz S Wy - - Z
‘ ) 2 2)\k+1 ;Y }
= Y e 1[(0() = A G £ ) or (3(a) £ 8 A () = )]
2)\k+1 z,x’'€X
13)
Let matrix U = [u17 -+ ,u¥] contains all uA as columns, and let u : X — R" be the corresponding
feature extractor. Define matrix B € RN such that BT = [b1, -, b,]. Summing Equation (T3)
over all 7 € [r] and by the definition of qby we have
g
U - F BT ' ° 11y j(z")] = ¢ 5 14
I WBT||% < 2>\k+1 doow [§(z) # §(a")] e (14)

z,x'€X
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where

g
Uy

T T
2
2 2
1BIG = Y- il < Y- [[uf ) = D we =1
=1 =1 reX

Now we come back to the feature extractor f,, that minimizes the spectral contrastive loss function
L(f). By Lemma function f;;f(:c).:: VW foop(T) is @ minimizer of matrix approximation
loss. Let F be the corresponding matrix. By Eckard-Young-Mirsky theorem, we have

;Iklf = FSCD)\Q7
where () is an orthonomal matrix and
V1=
Dy = V1=
V1=
Let
B*=BD;'Q,

—

and let §(Z) be the one-hot embedding of y(Z), §(z) be the one-hot embedding of §(z), we have
— * px 2
Eznps zmA(|2) [Hy(x) -B fpop(x)H2:|

N 2 N 2
<Bvpamatte | [0) = B Fif@)[}| + Banycnaio | [0 - 70

o 2
=2 Z Wy - ng(:p) — B fpop(7) H +4A(y, 5) (because wy, is the probability of z)
2
reEX
=2 flu(@) = B fur(@)|l5 + 4A(y, 9) (because fr¢(z) = v/ws - frop())
TEX
2
=2||U — F;fB*T HF +4A(y, 5) (rewrite in matrix form)
—=2||U - R BT |5 + 4A(y, 9) (by definition of B*)
g
< ¢ + 4A(y, 9). (by Equation (T4))
Akt1

To bound the error rate, we first notice that g« 5 () # y(Z) happens only if [|7(Z) — B* fe(x) I3 >
1, we have for any z € X,

[52) ~ B* )|, 2 5 -1 [gms, (2) # (&) (1s)

mf?

Now we bound the error rate on X" as follows:

P B 7
iNPy,xEA(.\az) (ngB (x) # ?/(x))
= = * px 2 .
S2Ez Py amA(|7) [Hy(z) - B fpop(x)Hz] (by Equation (13))
20Y
< ¢ + 8A(y, 9)-
Ak+1

Finally we bound the norm of B* as

1 2 1
Bz = ——.

5 1Bl =

|B*||% = Tr (B*B*T> =Tr (BD;?BT) <
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D Proofs for Section 3.4

In this section, we give a proof of Theorem 3.9}

The following lemma shows that the augmented graph for Example [3.8]satisfies Assumption [3.5] with
some bounded a.

Lemma D.1. In the setting of Theorem the data distribution satisfies Assumption with
a< —L
— poly(d’)

Proof of Lemma[D.1} For any z ~ N (p1;, % - I xa) and any j # i, by the tail bound of gaussian
distribution we have

N Togd 1
(i () 5 ) 2 e
2N (i By Tyt ar) 125 — pilly Vd' poly(d)

Also, for & ~ N(0, 2 - Ixq), when o < % we have

log d 1
e (el s YIEY) 21
EmN(0,22 Ty 1) Vd poly(d)

Notice that |Q™1(Q(2) + &) — 2|, < k&l we can set [|u; — p5]| 2 fﬁ—vl"\/sd. Therefore, when

lpes — sl 2 K V\I/Odé‘/d we can combine the above two cases and have

Pr (Pi(x) > PQ Q)+ ) 21— ——

ZNN(/“i’i'Id'Xd’)’ENN(O’%'Id'Xd') pOIy(d)

Since r < d, we have

1

() #y(@) 21— ———

Pr .
E~ P A(-|7) poly(d)

O
We use the following lemma to give a lower bound for the sparest m-partition of the augmentation

graph in Example[3.§]
Lemma D.2. In the setting of Theorem forany k' > r and T > 0, we have

Cr/k QCUT—FTZ
, > TR _ et T T
PR =1 eXp( 202/d )
where
2
o = P2
c o-®, (3)

with ®4(2) := Prng(O%Idxd)(HgHQ < 2z), and

(@~ (p) + 7Vd/r)

Cr/r = min —1
p€(0,3] p
. z —u?/2
with ®(z) :== [~ __ <5 du.

The proof of Lemma[D.2]can be found in Section[D.T} Now we give the proof of Example[3.9]

Proof of Theorem[3.9] The result on « is directly from Lemma[D.I] By concentration inequality,
there must exists some universal constant C' > 0 such that for any d > C', we have 1 — @d(\/g ) < %

When this happens, we have <I>;1(§) < \/g Since for d < C' we can just treat d as constant, we
have fbgl(g) < 1. Sett =o0o/din Lemma we have ppr = ,{L\/E' Set k' = |k/2], we apply
Theorem [3.7]and get the bound we need. O
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713 D.1  Proof of Lemma[D.2]

714 In this section we give a proof for Lemma[D.2] We first introduce the following claim which states
715 that for a given subset of augmented data, any two data close in Lo norm cannot have a very different
716 chance of being augmented into this set.

717 Claim D.3. In the setting of Theorem given a set S C R If v € R satisfies Pr(S|x) :=
718 Przoa(|o)(& € S) > 2. Then, for any a” such that ||z — 2'||,, < 7, we have

1 2¢, 2
Pr(sla') > § -exp (—Qj) ,

719 where

Cy = O @;1(5),

720 with ®4(z) 1= Pr5~j\/(0,§~1dxd)(”§H2 <2z).
721 Proof of Claim[D.3] By the definition of augmentation, we know
Pr(S|z) = E&~N(O,§~1dxd) x4+ £eS].

722 By the definition of ¢,, we have

2
P (Il <eo) =2
E~N(0,%Taxa)

723 Since Pr(S|z) > 2 by assumption, we have

Wl =

Egnro.2 1. P2 +6) - 1[Il < 0] >

724 Now we can bound the quanity of our interest:

Pr(S|s') = W E ¢~ 5071 P(S|al + €)de
1 et
_ W/d)d/g/ge =771 P(S|e 4 €)de
1 e
> Gy ¢ T (Sl LIl < e

1 2cq 72 +I€113

> ot )¢ T Pl 1l < e e

2
= ¢ B 00 [P(SIE €)1l < o)

2¢,T + 72
- exp _7202/d .

725 O
726 We now give the proof of Lemma|[D.2]

727 Proof of Lemma[D.2] Let Sy, - , Sk be the disjoint sets that gives pys in Definition[3.4] First we
728 notice that when k" > r, there must exist ¢ € [k'] such that for all ¢ € [r], we have

1

P 7€ S5;) < —. 16
xNP,i@NrA(.\w)(x 1) < 2 (16)
729 WLOG, we assume ¢ = 1. So we know that
E,wp. [Pr(S 1-Pr(S
o = max 66 (S5) > 66(S1) > min P PTEUD)L = Pr(fajr)) (17)

i€[k] jelr] Eq~p, [Pr(S1|z)] ’
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where

Pr(S|x) := iNE(r“I)(a? € 9).

WLOG, we assume j = 1 minimizes the RHS of Equation (T7)), so we only need to prove

Eprl [Pr(Sl‘J;)(l - Pr(51|x))] Cr/k 2¢,T + T2
Eonpy [Pr(S1]2)] =8 <_za2/d>

We define the following set

Eyp, [Pr(Sy]2)] = / Py(2) Pr(S|2)dz

R:

Wl o

x| Pr(S1|z) >

Notice that

- / Py(x) Pr(Sila)de + | Pi(x)Pr(Si|z)da
TER z¢R

We can consider the following two cases.
Case 1: fzgR Py (2) Pr(Si|z)dz > 1E,p, [Pr(S|2)].

This is the easy case because we have

By, [Pr(Sy]2)(1 — Pr(S|2))] > / @ PHS )1~ Pr(Si[e)da
1
—3 z¢R

1
> <Bap, [Pr(Si[)].

V

Py (z) Pr(Sy|z)dx

Case2: [, _p Pi(2) Pr(Si|z)de > $E.p, [Pr(Si]z)].
Define neighbourhood of R as

N(R) := {x |z — al|, < 7 for some a € R} .
We have
E.p, [Pr(S1]z)(1 —Pr(Si|x))] > / Py(x) Pr(S1|x)(1 — Pr(S1|z))dz
z€N(R)\R

1 2,7 + 72
> ~ . exp (—) / Py (z)dz,
9 202 /d EN(R)\R

where the second inequality is by Claim[D.3] Notice that

3 3 <3
/wER Py (z)dx < 3 /xER Py (z) Pr(S1|z)dx < - /Pl( ) Pr(S;|x)dx Z

x

(18)

where we use Equation (T6)). Define set R:= Q~1(R) be the set in the ambient space corresponding

to R. Define

N(R) := {x’ e R

2" —all, <  for some a € E}
K

Due to @ being k-bi-lipschitz, it is easy to see N(R) C Q! (N(R)). According to the Gaussian

isoperimetric inequality [7], we have
/ Py(z)dx > c; )y /
zEN(R)\R
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745 where

O(P! d
Cr/r = min ( (p) + Tf/m) -1,
0<p<3/4 P

746 with ®(+) is the Gaussian CDF function defined as

747 So we have

Epeop, [Pr(S1[2)(1 = Pr(S1]2))] > <L 'exp< i ) / Pl

9 202/d
Cr/k 2T+ T
2 T - eXp <_20'2/d) . LERpl(m) Pr(S1|$)de
Cr/w 2T + T2
Z 18 - exp <_20'2/d) . Eprl [PI‘(81|$)] .

748 By Equation (T8), either case 1 or case 2 holds. Combining case 1 and case 2, we have

E.wp, [Pr(S1]z)(1 — Pr(Si|x))] 1 oy N 26,7 + 72
Eo~p, [Pr(Si[2)] - “““{ o < 20°/d >}

6’ 18
Cr/n . 25T + 72
= cexp| ———+—1 -
18 P\ 202/

749 ]

750 E  Proofs for Section 4|

751 E.1 Proof of Theorem 4.1]

752 We restate the empirical spectral contrastive loss defined in Section @ as follows:

753 Definition E.1 (Empirical spectral contrastive loss). Consider a dataset X = {Z1,Z9, + ,Tn}
754 contammg n data points i.i.d. sampled from P=. Let Py be the uniform distribution over X. Let

755 Pz,m/ be the uniform distribution over data pairs (Z;,Z;) where i # j. We define the empirical
756 spectral contrastive loss of a feature extractor f as

o~

Ei()==2E  apy  [@TS@NHE uner,,.  |(f@7T )]

T~ A(]2) 0 ~ A7) e A( 7Y 5 A3

757 The following claim shows that Zn( f) is an unbiased estimator of population spectral contrastive
758 loss.

756 Claim E.2. L, (f) is an unbiased estimator of L(f), i.e.,
Eg [£:(1)] = £0).

760 Proof. This is because

Be L] =2 BB o @] 1R

e ACID) 2l A7)

E  Ganer, 0 [(f(w)Tﬂw’))ﬂ

enA(|E) .l A7)

= 2E  sery [f@) @] HE e, [(f(x)Tf(:v’))Q]:ﬁ(f).

2 A(Z) 0l ~ A7) T A(T),x ~ A2

761 O
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To make use of the Radmacher complexity theory, we need to write the empirical loss as the sum of
i.i.d. terms, which is achieved by the following sub-sampling scheme:

Definition E.3. Given dataset X, we sample a subset of tuples as follows: first sample a permutation
7 [n] — [n], then we sample tuples S = {(z;, z;", z;)}?ﬁ as follows:

2i ~ A(|Zr(2i-1)),

25~ A(|Zr2i-1)),

2~ A |Zr(20))-
We define the following loss on S':

n/2
Es() = 75 30 [(FG0) T 1) =200 1)

It is easy to see that Lg(f) is an unbiased estimator of Z,, (f):

Claim E4. For given by , if we sample S as above, we have:

Es |[Zs(f)] = Z1()
Proof. This is obvious by the definition of Lg(f) and L, (f). O

The following lemma reveals the relationship between the Rademacher complexity of feature extrac-
tors and the Rademacher complexity of the loss defined on tuples:

Lemma E.5. Let F be a hypothesis class of feature extractors from X to R*. Assume || f(z)||, < &
forall x € X. Fori € [k], define f; : X — R be the function such that f;(x) is the i-th dimension

of f(x). Let F; be the hypothesis containing f; for all f € F. Form € Z%, let Rom (Fi) be the
maximal possible empirical Rademacher complexity of F; over m data:

~ 1 &
R (Fi) = max E, | sup | — Z oifilz;) ]|,
{z1,22, ,xm} fi€Fi m j=1
where 1, o, -+ , Ty are in X, and o is a uniform random vector in {—1,1}"™. Then, the empirical

Rademacher complexity on any m tuples {(z;, z;", 2/)}™, can be bounded by

m

1 2 ~
E, — ; VD) = 2f () T f (2 < (16k*k* + 16kk) - Ron(Fi).
fer m;% (PG TFE)* = 2£()TFED)) | | < Q6K 2 4 16kn) - max Ron ()
Proof.
By [sup [ 230 ((7)T 1) — 20() T 1)
fer \™M3 !
1 — 2 1 &
<E, [sup [ = o, (f(z) " f(Z +2E, |sup | =) oif(z)" f(z
pd EPILTURCY g | g 2ol () S
1 m 1 m
<kEy [sup [ = o,f(z) " F (& +2E, |sup | = o,f(z)" f(z
fef(m;mg) (2)) sup m;]m ()
1 m
<(2k%k +2k) max maxE, | su = i filz) fi(2 ,
( )2:2;111;;; i€l 7 | e m; #ilzi)filz3)
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here the second inequality is by Talagrand’s lemma. Notice that for any zi,2s--- 2z, and
2y, %, -+, 2, in X and any i € [k] we have

1 m
Eo | sup | — Y o;fi(z)fi(2]
s mg () i)
gl]Ea sup —iaj (fi(zj)—&-fl(z;))2 +1E0— sup liaj (fi(z) fl(z;))2
2 fi€Fi =1 2 fi€F; =1

1 1
<4kE, | sup — Z oifi(z) | | +4KE, fstelf)T — Z oifi(z5) ||
¢ j=1 i i j=1

where the first inequaltiy is by Talagrand’s lemma. Combine these two equations and we get:

m

E, |sup %Zaj ((f(zj)Tf(z;))Q_Qf(Zj)Tf(Z;_D

feF =

1 m
2,2
<(16k*k* + 16kk) j max ?é:[als](Eg fflel% - jil o fi(z)

O

Proof of Theorem @1} By Claim|[E.2|and Claim [E.4] we know that Es[Ls(f)] = £(f), where S

is sampled by first sampling &' then sample .S according to Definition Notice that when X
contains n i.i.d. samples natural data, the set of random tuples S contains n i.i.d tuples. Therefore,
we can apply generalization bound with Rademacher complexity to get a uniform convergence

bound. In particular, by Lemmal|E.5|and notice the fact that (f(z;) " f(})) - 2f(z)) " f(z]) always
take values in range [—2kk?, 2kr? + k%k%], we apply standard generalization analysis based on

Rademacher complexity and get: with probability at least 1 — §2 /4 over the randomness of X and S,
we have for any f € F,

L(f) < Ls(f) + (322K + 32kk) m%ﬁn/z(ﬂ) + (4ki> + K26 - \/“Ln%s. (19)
S

This means with probability at least 1 — 6/2 over random X, we have: with probability at least

1 — §/2 over random tuples S conditioned on X, Equation (T9) holds. Since both £(f) and L., (f)
take value in range [—2kx?, 2kr? + k%k*], we have: with probability at least 1 — §/2 over random

X, we have for any f € F,
~ ~ 4log 2
L(f) < La(f) + (32k%K? + 32kk) - max R, jo(Fi) + (4kk? + k*k*) - <\/°g/‘S + g) :
n

i€[k]

Since negating the functions in a function class doesn’t change its Rademacher complexity, we also
have the other direction: with probability at least 1 — §/2 over random X', we have for any f € F,

£() > Ealf) — (32K°K + 82kw) - max R (i) + (4ks + R2%Y). (, / 41%2/5 + ‘;) .

i€[k]

Combine them together we get the excess risk bound: with probability at least 1 — §, we have
- ~ 4log2/6 o
L(f) < £T5) + (64767 o+ 64km) - max R (F) o+ (8 o+ 20757 - (,/Oi/ + 2) :
1€

where f is minimizer of Z,,(f) in F and f% is minimizer of £(f) in F. Set ¢, = 64k2x2 + 64kk
and c; = 16kk? + 4k** and notice that max;e () Ry, 2(Fi) = Ry, 2(F) finishes the proof. O
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E.2 Generalization bound for spectral contrastive learning with deep neural networks

In this section, we examplify Theorem 4.1 with the norm-contralled Rademacher complexity bound
introduced in [20]], which gives the following theorem.

Theorem E.6. Assume X is a subset of Euclidean space R¢ and |||, < C, for any x € X. Let F
be a hypothesis class of norm-contralled l-layer deep neural networks defined as
{z = P.Wio(Wiao(---o(Whx)))) « [Willp < Cu,i}

where o (-) is element-wise ReLU activation, Py (+) is element-wise projection to interval [—k, k] for
some k > 0, C, ; is the norm bound of the i-th layer, W has k rows and Wy has d columns. Then,
with probability at least 1 — § over randomness of a dataset with size 2n, we have

E(f)<£*f+clcw\/gﬂ+62<\/@+5>v

where [ is the minimizer ()fEQn (f) in F, L% is the minimal L(f) achievable by any function f € F,
Cy, = Hézl Ci i, constants 1 S k*k? + ki and ¢y S kr? + k*k%.

Proof of Theorem|[E.6] Consider the following hypothesis class of real-valued neural networks:
Freal £ {JJ — WlU(Wlflo'(' o U(Wlx))) : ||Wl||F < Cw”i}

where o (-) is element-wise ReLU activation and C, ; is the norm bound of the i-th layer defined in
the theorem, W; has k& rows and W1 is a vector. By Theorem 1 of [20], we have

5 (R )<C’w(«/2log(2)l+1)0w
n real \/ﬁ .

Let the projection version of this hyposis class be:
-7:real+proj = {'T — PK(WZU(VVl—lo'(' o U(Wlx)))) : ”Wz”F < Cw,i} s

where P, (-) projects a real number into interval [—C,,, C,,]. Notice that P(-) is 1-Lipschitz, by
Telegrand’s lemma we have

N Cx(v/2log(2)l +1)C,,
Rn (]:real+proj) < ( O%ﬁﬁ) ) .

For each ¢ € [k], define function f; : X — R such that f;(x) is the i-th dimension of f(z), define F;
be the hypothesis class including all f; for f € F. Then when F is the composition of deep neural
networks and projection function as defined in the theorem, it is obvious to see that F; = Freqliproj
for all i € [k]. Therefore, by Theorem[d.1] we have

£(f) < 5 oy COVZOBALENC (W”) |

and absorbing the constants into ¢; finishes the proof. O

E.3 Proof of Theorem [4.2]

In this section we give the proof of Theorem .2] We first introduce the following definitions of
e-optimal minimizers of matrix approximation loss and population spectral contrastive loss:

Definition E.7. We say a function fu is e-optimal minimizer of matrix approximation loss Ly if

~

[fmf(me) < m};n Emf(F) + €,

where Fyy is fug written in the matrix form. We say a function f is e-optimal minimizer of spectral
contrastive loss L if

L(f) < min £(f) + e
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We introduce the following generalized version of Theorem [C.3] which captures the main effects of
error in the representation.

Theorem E.8. [Generalization of Theorem|C.3|] Assume the set of augmented data X is finite. Let
A; be the i-th smallest eigenvalue of the normalize laplacian matrix. Let f € argming, y_,gx be
a e-optimal minimizer of the spectral contrastive loss function L(f) with k € Z*. Then, for any
labeling function § : X — [r] there exists a linear probe B € R™* such that

( 209 N 4k'e
Merptr (Akgr — Awr)?

where ¢V and A(y, 7)) are defined in Equationsand @ respectively.

(97.5() #4(®)) < min )+ A,

Pr
E~Pya~A(|T) T 1<k/'<k

The proof of lemma[E-8]is deferred to Section[E-4]
Now we are ready to prove Theorem [4.2)using Theorem [E-§]

Proof of Theorem InATheorem we let &/ = L%k] on the RHS of the bound and get: for any
§: X — [r] there exists B € R"*¥ such that
207 3ke

(7 <
(gva(x) 7 y(fc)) T ALk ’ (M1 = Aag))?

P + Ay, 9).
o~ P A(]2) ©.9)

Let Sq,S2,- -+, S, be the partition of X induced by the classifier g in Assumption [3.5] Define
function § : X — [r] as follows: for an augmented data x € X, we use function §j(x) to represent
the index of set that z is in, i.e., ¥ € Sy(,). Then by Lemmawe have ¢? < 2a and A(y,9) < a.

In Lemmalet (1+ )t = [2k] +1and t = | %], then there is ( > 0.5, so we have: there
exists a partition S1,---, S x| C & such that ¢¢(S;) < |/A 2y 1 log (k) for Vi € [L%]]. By

Deﬁnition we have p x| S /A 2k )+1 log (K), which leads to )\L3tj+1 < l;gﬂ_ So we have
1 L5

e

2

Q@ ke
Pr ¢ 5z z)) S log(k) + —m—
I~ PranA(|7) (gf’B( ) # ol )> Pis) s (Aks1 = Apag)?
ke
<2 log(k) 4 —C
T%J Ak = ALzg))?

Notice that by the definition of ensembled linear probe predictor, g; (@) # y(z) happens
only if more than half of the augmentations of Z predicts differently from y(Z), so we have

Przp. (gf T ka y(f)) < 2Przpy anA(|2) (gf glx) # y(i)) which finishes the proof. O

E.4 Proof of Theorem [E.§|

In this section, we give the proof for Theorem E.8]

Lemma E.9 (Generalization of Lemma . Let Fys be the matrix form of a feature extractor
fut : X — RE. Then, Fyy is a e-optimal minimizer of Lye(F) if and only if

f = ! : fmf(-r)

is a e-optimal minimizer of spectral contrastive loss L(f).
Proof of Lemma[E.9) The proof follows the proof of Lemma|C.§] O

We will use the following important lemma about e-optimal minimizer of £
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Lemma E.10. Let \; be the i-th minimal eigenvalue of the normalized Laplacian matrix L with
corrsponding unit-norm eigenvector v;. Let f : X — RF be e-optimal minimizer of Ly where
€ < (1 — )% Let F € RNXF be the matrix form of f, where N = |X|. Let H]%vi be the projection
of v; onto the subspace orthogonal to the column span of F. Then, for i < k we have

€
7wl < =5

Proof. For function f with matrix form F', we overload notation L¢(-) and use Ly¢(f) to represent
Lone(F).

We first prove that the column rank of f is k. If the column rank of f is less than k, then
there must exists some function f/ : X — RF™! such that Lp(f') = me( f). Accord-
ing to the Eckart—Young-Mirsky Theorem, we have miny, y_,gr Lmt(f) = S k1= Ay i)?
and minf:X—HRk—l ‘Cmf(f) = Z;V:k(l - )‘j)2' Therefore, Emf(f) = ‘Cmf(f) > (1 - Ak)
min g, y_gr Lme(f), contradicting with € < (1 — A;)?. As a result, the column rank of f has to be k.

Recall normalized adjacency matrix A = I — L. We use A; to denote the i-th column of A. We use A
to denote matrix F'F'" and A, to denote the i-th column of A. Let 2, - - - , 2, be unit-norm orthogonal
vectors in the column span of F. Since the column span of A is the same as the column span of

F', we know columns of A are in span{zl, -+, 2k} Let zg41,- -+ , 2y be unit-norm orthogonal
vectors such that together with zl, L2k they form an orthonormal basis of R". We use II; and

HJ- to denote matrices Z =1 zjzj and Z iekt1 %97 z] respectively, then for any vector v € R,
Vectors ITfv and H v are the projections of v onto the column span of f and its orthogonal space
respectively.

We first give a lower bound of L¢(f) as follows:

2 XN 2 XN
Lut(f) = HZ* AHF =y HZJ‘ - AJ'H2 > S|4 - A |
— =
N jc 2N
_ZA_<ZZtZt> Z (Z ZtZt>Aj
=1 t=1 j=1
= JufA|l;..

t=k+1
2
( E tht)
t=k+1 F

where the first equality is by definition of L¢(f), the second equality is by writing the Frobenius
norm square as the sum of column norm square, the inequality is because A; must be in the span of

z1, -, 2, while II fA is the vector in this span that is closest to A;, the thlrd equality is writing the
prOJeCthIl function in the matrix form, the fourth equality is because z1, - - - z4 are an orthonormal
basis, the fifth equality is rewriting to Frobenius norm, and the last equahty is by definition of HJ%.

2

2

Notice that
g Al =7r (A" ' A) = 7 (AT A) = 7 (A4 1 ).

‘We can rewrite the above lower bound as

N N N N
Loe(f) > Tr (MTH]%) =Tr Z(l — /\j)QUjva Z 2z | = Z Z V2 (v, 2)2.
=kt

Jj=1 t=k+1 j=1t 1

We define variable S; £ 77, Z?:k+1<vt7 z)? for any j € [N]. Also denote A1 = 1. We have
the following equality'

N
Z Z 1— U],Zt Z —(1—/\j+1)2)5j.

j=1lt=k+1 j=1
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2
sz Notice that S; > 0 and also when ¢ < j < k, we have S; > Hﬂj%vi , we have
2

N N N
SN @A)z = (1= A = (1= Aew)?) [TFu+ 30 (L= M) = (1= Aj40)?) S5,
j=1t=k+1 j=k+1

2
sss  where we replace every S; with 0 when j < k, replace S; with HH]%UZ‘ when ¢ < j < k, and keep
2

ss4 S; when j > k + 1. Now notice that

N N N N
Sv=2 > (wea)= Y > (wa)= ZW%ﬂVh
=k+

t=1I1=k+1 l 1t=1 I=k+1

ss5 and also

N N
§ : 2 § :

Sj+1 - Sj = UJ+1, Zl ’U]+1, Zl = ,
=1

I=k+1

sss there mustbe S; > j — k when j > k + 1. So we have

N N
Yo =)z
j=1t=k+1
) N
> (1= 2% = (1= X)) [[Tpoil [y + D0 ((1=2)* = (1= X10)%) (G — k)
j=k+1
) N
= (1= 2)2 = (1= Ne)?) [[TFwa [, + D0 (1= )2
Jj=k+1
= (1= 207 = (1= As)?) |17, + Lone(Fyp):
ss7 where f, is the minimizer of Ly, and the last equality is by Eckart—Young—-Mirsky Theorem. So we

g6 know L(f) > (1= A)2 — (1= Ags1)? an v;

889

2
<
2

+ Lunt(fpop)> Which implies that HH}-UZ-

€ €
(1=Xi)2=(1=Ak41)? = Art1—X:)2

so0 The following lemma generalizes Lemmal[C.6

sot  Lemma E.11 (Generalization of Lemma[C.6). Let L be the normalized Laplacian matrix of graph
g2 G = (X,w), where |X| = N. Let f : X — R* be an e-optimal minimizer of Emf(f) where

gz €< (1— )\k.)Q. Let F be the matrix form of | and F; is the i-th column of F. Let R(u) := “uTL“ be

894 the Rayleigh quotient of a vector u € RN . Then, for any k € Z% such that k < N, there exists a
895 vector b € R such that

k
i=1

_ (2R(u) e ,
< .
- 1K Sk < Ak/+1 * (Akt1 — Awr)? el

86 Proof. Let k’ be the choice that minimizes the right hand side. We use p, () to denote the projection

8oz of u onto the span of vy, - - - , vrr. We use p,, ¢(u) to denote the projection of p,,(u) onto the span of
898 f1, -+, fr. Then we know that
2 2 2
[ = po.j(W)lly < 2w = po(u)llz + 2po(u) = po (W] - (20)

se9 By the proof of Lemmal[C.6 we know that

= o)l < 0 . a1
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On the other hand, we have

Ipo(u) = pos ()] = |[TEpo ()|
k' 2
= Zﬂj%viv;u
=1 2
K’ ) K’
< (S lmfull ] [ @ w?
=1 i=1
!
e 2, 22)

< "
T (M1 — Awr)?

where the first inequality if by Cauchy-Schwarz inequality and the second inequality if by
Lemma [E-T0} Plugging Equation (1)) and Equation (22) into Equation (20) finishes the proof. [

Now we prove Theorem [E:8|using the above lemmas.

Proof of Theorem|E.8] By Lemma the e-optimal minimizer of £(f) is only different from e-
optimal minimizer of L¢(f) by a positive constant for each x. Since this difference won’t influence

the perdiction accuracy, we only need to prove this theorem assuming f is e-optimal minimizer of

Emf(f)'

For each i € [r], we define the function u;(z) = 1 [j(z) = i]- \/ws. Letu : X — R¥ be the function
such that u(z) has u; at the i-th dimension. By Lemma|E.11| there exists a vector b; € R¥ such that

S P (2R(w) 2h'e .
i — Fb;|| < ;
’ B 2 1£}%k ( )‘k’+1 + ()‘k+1 _ )\k/)Q ||u H2
Let matrices U = [ug, - - ,u,] and BT = [by, -+, b,]. We sum the above equation over all i € [r]
and get

|2 A 2R (u; 2K
o787} < 3 min, (B4 B
FT1sk<sk \ Ay (A — Aw)

. - 2R(U1> 2 2k'e 2)
< min wil|lo + ——m—= [|u; . 23)
> (Rl + ey el (

Notice that

S R il = Y 50 S w1 fola) =

reEX

=320 Y e L(5(e) = i A 3") £ ) or (3e) £ 1 A G(a') = )

=1 z,x’'€X
1 1
=5 D e L) #9(")] = 507, (24)
z,x’'€X

913 where the first equality is by Claim[C.7] On the other hand, we have

914

T

Dolwlly =303 we Tge) =i =Y we =1 (25)

=1 zeX reEX

Plugging Equation (24) and Equation (25) into Equation 23) gives us

~ (12 oY 2k'e
U - FBTH < mi :
H F 1?/521@ /\k/+1 + ()\k+1 — /\k’)2
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Notice that by definition of u(z), we know that prediction g; 5(x) # ¢(z) only happens if
2

Hu(x) - Bf(:c)H2 > = Hence we have

2

> quwe 1[op50) #9@)] < 3 ute) - Biw)| = ||v - P57

reX reX

F

Now we are ready to bound the error rate on X’

Pr (97 5(x) # 9(x) = 3w, 1[g;

r~X
zeX
112 209 4k'e
<2~HU— BTH < mi .
- / P 1Sk<k Ak +1 * Ak — Awr)?

Here for the equality we are using the fact that Pr(z) = w,. We finish the proof by noticing that by
the definition of A(y, §):

5(@) # ()]

s

P A T < P R R P B A
S SR <g 7807 y(x)) = o P ACl) (gf,B(w) 7 y(w)) T o ACE) (y(@) # 9(x))
299 4k'e
<. o A(y, ).
RRECET (/\k/+1 - (Akg1 — )\k/)2> +A®y:9)
O

F Proofs for Section

In this section we give the proof of Theorem [5.1] We first introduce the following lemma, which
states the expected norm of representations:

LemmaF.1. Let f,, : X — R* be a minimizer of population spectral contrastive loss L(f). Then,
we have

Eonpranatio) ||| frn(@)3] < b (26)

Proof of Lemma[F1} By Lemma|C.8]and the definition of w, we have
R 2 i~ 2
Espranactt) @3] = 2 we @l = 3 @), = [ Fue] . @D
TeEX TEX

where ﬁmf is a minimizer of the matrix approximation loss defined in Section By Eckard-Young-
Mirsky theorem, Fir looks like

~

me = FscD)\Q7
where Fy, = [v1,vs,- -+ ,vg] contains the k smallest eigenvectors of the laplacian matrix L as
columns, @ is an orthonomal matrix and
Vv1I=X
Dy — V31—
\ =

V1=

So we have
2
| Pus|, = Tr (BeD3ED) < T (FeFD) = &

where we use the fact that D) has diagonal values less than 1 and v; is unit-norm. Pluggin this into
Equation (27) finishes the proof. O

Now we give the proof of Theorem 5.1}
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Proof of Theorem[5.1] Let foop D€ the minimizer of population spectral contrastive loss L£(f ). We
abuse notation and use y; to denote y(Z;), and let 2; = f;, (;). We first study the average empirical
Rademacher complexity of the capped quadratic loss on a dataset {(z;,y;)},, where (z;,y;) is

sampled as in Section [5}

~ 1| <&
Rn(g) ::E{(zi,yi)}leEU l sup — lz alf((z“yz),B)

HBHFgl/CA n i=1

<2rEqe yiyr, Eo

lol, <1/ ™ |55

2
o [ellal) _ orvE
—C, n - C)\\/’ﬁ

o3[

where the first inequality uses Talagrand’s lemma and the fact that ¢, is 2-Lipschitz, the second in-
equality is by standard Rademacher complexity of linear models, the third inequality is by Lemmal[FI]

By Theorem [C.2] there exists a linear probe B* with norm bound || B*||, < 1/(1 — X) < 1/C

such that

Eznpoonaclz) (€ ((foop(@),y(2)), B*)] < poly(1/¢) log(k + 1) -

¢@

2
Py

+ Ay, 9),

where (1 + ¢)k’ = k + 1. Let B be the minimizer of S €((2iyy:i), B) subject to || Bl < 1/C),
then by standard generalization bound, we have: with probability at least 1 — §, we have

Eonpanatio) [¢ (@), u(@), B) | < poly(1/¢) log(k + 1

)

@Y ™k N log1/6

Alw.
+ (y,y)+CM/ﬁ -

2
K’

Follow the same steps as in the proof of Theorem[3.7] we can get a genalization bound of

B o T k [log1/6
- - * < . 4= o/
EIN'P’?’IN.AHI) |:€ ((fpop(x), y(.’l?)), B):| ~ p%k/ﬂ IOg k + C)\ \/; + n .

Notice that y(z) # g, 5(x) only if £ ((f(2),y(2)), B) = &,

«
Pr ( . =(2) £ y(@ ) < logk +
Z~Px,x~A(-|Z) gfpop’B( ) ;é y( ) pfk/?j &

The result on g B naturally follows by the definition of g.
pop’
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we have the error bound
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