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Reference Price Effects and Monopolist Pricing. Consumer reference effects have been validated
empirically in many works including [47, 48, 30, 7]. This motivated a wide range of research
including [32, 22, 42, 3, 39] that studies optimal dynamic monopolistic pricing under different
demand and reference price update models, where the single firm has complete information on
consumer demand as well as how reference prices update. There are also very recent works that
address the dynamic pricing problem with consumer reference effects under uncertain demand.
[7] utilizes real retail data and concludes the inclusion of exposure effects to sales or number of
consumers'> when considering reference price formations leads to more accurate forecasts in demand,
and proposes a pricing policy using dynamic programming. [17] couples the problem of monopolistic
dynamic pricing with reference effects and online demand learning. In our work, similar to [7, 17],
firms do not know the demand functions and how the reference prices are formed. But, while in
[7, 17], the form of demand model is known to the firm (monopolist) that aims to estimate model
parameters, our work assumes competition between firms that do not know the form of demand and
hence run OMD algorithms to set their prices. Additionally, the algorithms proposed in [7] and [17]
aim to increase revenue from the firm’s perspective, while our work focuses on analyzing market
stability for long-run competitions under reference effects.

Pricing in Competitive Markets without Reference Effects. A large stream of work studies static
price competitions and characterizes structural properties of corresponding equilibria (for example,
see [8, 24, 4]). Other works such as [1, 33, 23] study oligopolistic dynamic pricing under various
inventory, market, or product characteristics. Nevertheless, these two lines of works are oblivious
to consumer reference effects. In this work, we jointly tackle the dynamic pricing problems in
competitive markets with reference price effects when the firms lack the knowledge of demand
functions and reference price dynamics.

Pricing in Competitive Markets with Reference Effects. Similar to our work, the works of [16]
and [21] also consider price competitions under reference effects. [16] considers a similar linear
demand model and an identical reference price update dynamic, but the work only provides theoretical
analysis on the two-firm, two-period price competition setting, for which they characterize the unique
sub-game perfect Nash Equilibrium. On the other hand, [21] studies multiple-firm single-period price
competition equipped with different reference price effects in consumers’ demand (e.g. the reference
price is specified by the lowest posted price). Additionally, both of these works study the complete
information setting. In contrast to these two papers, our work studies price competitions over an
infinite time horizon where reference prices adjust over time, and provides theoretical guarantees
for the convergence of pricing strategies under the partial information setting. Finally, our work
is the first study that provides theoretical analyses on long-term market stability of repeated price
competitions in the presence of consumer reference effects.

Convergence in Games with Descent Methods. In addition to [34, 10, 35] that we discussed in
Section 1, here we also review related literature that study convergence in games where multiple
agents adopt descent methods. [43] studies finding a Nash Equilibrium of concave games via
having each agent run projected gradient descent under complete information, i.e., agents know each
others’ payoff functions and decision constraints. [40] studies a distributed network optimization
problem to optimize a sum of convex objective functions corresponding to multiple agents. Our paper
distinguishes itself from this line of work from two aspects: unlike the two aforementioned works,
(i) our model involves a varying underlying state (i.e., reference prices) dependent on all agents’
historical decisions, and can be modeled as a sequence of decisions made by an inflexible virtual
agent that adopts descent methods with a constant step size; (ii) the agents (i.e., firms) in our model do

SExposure effects in reference price formation refer to considering reference prices as a weighted average of
all historical prices, where weights depend on factors such as sales or number of consumers.



not have any information on one another’s revenue function or how reference prices update. Finally,
[6] considers multiple budget-constrained bidders participating in repeated second price auctions by
adopting so-called adaptive pacing strategies, which is equivalent to the subgradient descent method.
In their setting, the subgradient for each bidder’s objective is a function of all bidders’ decisions
as well as its budget rate (i.e. total fixed budget divided by a given time horizon), which can be
thought of as an underlying model state that remains constant over time.'¢ In contrast, in our setting,
the gradient oracle each firm receives is not only a function of all firms’ decisions, but also of the
reference price which varies over time according to firms’ past decisions, making our analysis more
challenging.

B Appendix for Section 3

Additional Definitions. = We define the best-response mapping as @ : P2 — P2 such that
Y(p,r) = (Y1(p2,7),¥2(p1,7)). Then, we can rewrite the set of best-response profiles w.r.t.
reference price r, defined in Equatlon (4), as B(r) = {p eP::p=1(p,r } Note that for any
SNE (p*,r*), we must have p* € B(r*), and p* 1s a fixed point of the mapping ¥ (-, 7*).

B.1 Proof of Theorem 3.1

(i) By first order conditions, we know that
i + 0ip—i + T
26
Hence, due to boundary constraints on the decision set P and the revenue function being quadratic,
we have

arg max m; (p,p—i,r) =

¢i(p—i77") = arg glea%ﬂ-i(pap—hr) = H'P (W) ’
where ITp : R — P is the projection operator such that IIp(z) = 2I{z € P} 4+ pl{z < p} + pl{z >
p}. Hence, ¢;(p_;,r) is a nondecreasing function in p_; and r, which further implies ¥ (p, r) is
nondecreasing in p and r. Again, recall for any x, y, the relationships ¢ < y and y < x are
component-wise comparisons.

We now follow a similar proof to that of Tarski’s fixed point theorem: consider the set B4 (r) =
{p e P?:p <(p,r)}. Itis apparent that this set is nonempty because (p,p) € B (r). Fix any
p € By(r). Then, we have p < 4 (p,r) which further implies ¥ (p,r) < ¥ (¢(p,r),r) since
1 (p,r) is nondecreasing in p. Hence v (p,r) € By (r). By taking U(r) = sup By (r) (this is
possible since all p € B (r) are bounded), we have p < U(r) so p < 9(p,r) < p(U(r),r).
This further implies U (r) < 4p(U(r),r) because U (r) is the least upper bound of B (r), and thus
U(r) € By (r). This allows us to conclude (U (r),r) < U(r) and hence U (r) = (U (r), ),
which means U () = sup B4 (r) is a fixed point of the mapping %/ (-, ). Thus, U (r) belongs in the
set of best-response profiles B(r), confirming B(r) is not empty.

Next, we show that B(r) is an ordered set with total ordering if it is not a singleton. To do so,
consider any p, g € B(r) and without loss of generality assume p; > ¢;. Since p; = ¥1(p2,r) and
q1 = ¥1(ga, r), by monotonicity of ¢ (-, ) we have ps > ¢o. Thus, p > g and B(r) is an ordered
set with total ordering.

(i) In the proof of (i), we showed that U (r) = sup {p € P? : p < %(p,)} is a fixed point of the
best-response mapping ¥/ (-, ') for any r which allows us to conclude U (r) is the largest best-response
profile, i.e., U (r) = max B(r), and hence p; = U (). Furthermore, since ¥(p, r') is increasing in
r, we know that U (-) = sup {p € P? : p < 9(p, ) } is also an increasing function. In the following,
we will argue that the reference prices 7; is monotonically increasing or decreasing, which implies
p: = U(ry) is also monotonic, and hence converges since prices and reference prices are bounded.

We write U (r) = (U1 (r), Ua(r)). Att = 1,if O1p1,1 + O2p21 = 61U1(r1) + 02U2(r1) > 71, then
the reference price at ¢ = 2 satisfies the following equation

ro =ary + (1 —a) (61p1,1 + bapan) > 71 .

!Note to run OMD algorithms in [6], agents need to know the length of the time horizon. Such knowledge is
not required in our setting.



By the monotonicity of U (), we have p; o = U;(r2) > U;(r1) = p; 1 for i = 1, 2. Thus,

r3 = arg+ (1 —a) (01p12 + 02p22)
> ary + (1 —a) (61p11 + O2p21)
= T9.

A simple induction argument thus shows {r; }; is a nondecreasing sequence. Since r; < p for any
t € N, we know that {r;}; converges to some number 1 € [p,p] when 01p1 1 + O2p21 > 71.
Furthermore, we observe that lim; ., ¥ (U (r¢),7:) = ¥ (U (r4), r4) by the definition of ). Also,
from (i) we have ¥(U (r¢),r:) = U(ry) and (U (r4),r+) = U(r4) because U (r) is a fixed point
of (-, r) for any r. Hence, lim;_,o, U (r;) = U(ry), which implies {p; = U (r;)}; converges to
U (r4). Note that convergence is monotonic because U (-) is nondecreasing. Therefore,

91U1(7’+) + 92U2(T+) = tllglo 01U1(7‘t) + 62U2(rt) = tlinolo Ti41 = T4,

which implies (U (), r4+) is an SNE. We can thus conclude that if 61pq 1 + 02p2 1 = 61U (r1) +
02Us(r1) > ry, firms’ prices and reference prices converge monotonically to an SNE (U (ry), 7).

Following a symmetric argument, if 61pq 1 + 02p2,1 < 71, we can show that {r:}+ is a nonincreasing
sequence. Since r; > p for any t € N, we know that {r; }; converges to some number r_ € [p, p].
Similar to the previous arguments, we can conclude that prices and reference prices converge
monotonically to an SNE (U (r_),r_).

B.2 Proof of Lemma 3.2

Let (p*,7*) € (p,p)® be an interior SNE, whose existence is guarantied by Assumption 1. Since
revenue functions are quadratic, first order conditions at the interior best-response profiles should
hold, which means the derivative of revenue functions at the interior best-responses p} = 11 (p3, ")
and p3 = Yo (p¥, r*) should be O:

om (p*, 1) _ oo (p*, 1)
Op1 Opa

:07

which leads to the relationship ai; — 28191 (p5, r*) + d1p5 + V1™ = s — 28212 (p3, r*) + dapi +
~2r* = 0. Solving for the best-response equations, we get

ay + 01p5 + nr* Qg + O2p] + Yor”
2ﬁ1 ’ 2ﬁ2 '

Finally, the definition of an SNE guaranties r* = 6 p% + 05p3. Thus, solving for (p*, r*), we obtain
the unique solution

P = P1(p5,77) = Py = Yao(p],r") = (7

o= 20— — i) iy—i + a—; (6; +0_i7i) i—1.9
b (261 = 01m1) (282 — 0272) — (O271 + 1) (6172 + 02) ’
= 01 (20182 + a261) + 02 (20261 + a162)
(281 = 0171) (282 — O272) — (271 +01) (0172 + 02)
This implies that under Assumption 1, the interior SNE is unique. We remark that for any ¢ = 1, 2,

because ﬂz > m(@ + ’}/,L) > 0and m > 2 > 1 we have 257, — 91’71 > Bz — 91’71 > 0; + Yi — 91’71 =
6_;v; + 6;. Hence, p},r* > 0.

®)

C Appendix for Section 4

C.1 Proof of Proposition 4.1

First of all, it is easy to see prices at the first period are identical between Algorithm 1 and 2:
pi1 = argmaxpep I; fori = 1,2 and p,, 1 = r1. We now use induction to show price trajectories
of the two algorithms are identical via considering the induction hypothesis that prices and reference
prices are the same up to period t € N*.



Note that R,,(z) = 122 implies R}, (z) = z. Then, the proxy variable update step for nature is

O (p)

Opn  1p=p1,t,p2,t,pn e
= Pnt — (1 —a) (pns — 01p1,e — O2p2,4)
ary + (1 —a) (01p1,t + O2p2.t)

Tt41-

Yn,t+1 = Pn,t — (1 - Cl)

Since yp, 141 = 141 € P the projection step for nature is trivial, which means p,, ;11 = Yn, 141 =
ri+1. Furthermore, it is not difficult to see that prices pi 11 = Ipep(Y1,441) and poyi1 =
IT,ep(y2,1+1) are identical between the two algorithms under the induction hypothesis. This implies
that Algorithm 2 indeed recovers the prices and reference prices produced by Algorithm 1.

C.2 Proof of Proposition 4.2

Directly considering first order conditions for the cost functions {%i}izl,gm,, we have the system of
equations

_ 37~T1(P17P27Pn)

0 3 =2B1p1 — (a1 + 01p2 + M17)
P1
OT2(p1, P2, Pn
0= 2(% Drnbn) 2fBap2 — (a2 + d2p1 +72r)
P2
a%n ) s ’n
0= % = pn — (01p1 + O2p2) .

Solving these equations results in a unique solution that is identical to that in Equation (8), which is
the unique interior SNE according to Lemma 3.2. Since the SNE is an interior point of (p, p)3, itis
the unique PSNE of the induced static 3-firm game.

D Appendix for Section 5

D.1 Additional Definitions

Definition D.1 (Bregman Divergence). The Bregman divergence D : C x C — R associated with
convex set C C R, and convex and continuously differentiable function R : C — R is defined as

D(z,y) := R(z) — R(y) — R'(y)(z —y) >0,

where the inequality follows from convexity of R. Furthermore, if R is o-strongly convex, then
2

D(z,y) > % (z —y)*.

Note that D; is the Bregman divergence associated with regularizer R; used by firm ¢ = 1,2, and D,,

is Bregman divergence associated with regularizer R,, used by nature.

Definition D.2. Let g/ be the partial derivative of the cost function 7; w.r.t. p; evaluated at the

interior SNE (p*,r*),i.e. fori =1,2,n

g* _ aﬂ-i(plap%pn)
p= .
Op; P1=P7,P2=P5,Pn=T"

D.2 Proof for Theorem 5.1

The proof of this theorem is divided into two parts. In the first part, we show that the price profiles
(pt, r¢) converge as t — oo under the condition lim; ,o €;+ = 0,4 € {1,2}. In the second part,
under the additional conditions lim7_, oo Zthl €+ = oo and limp_, Zthl 612775 < 00, we show
that the price profiles converge to the unique interior SNE.



First part: Convergence of prices and reference prices. Recall that g;; = ¢;(pi¢,7t) =
2Bipit — (o + 6;p—i ¢ + vire), and p; » and p_; ; are both bounded. Hence, because for i = 1, 2,
limy_, o0 €;,; = 0 and {¢; ; }; is nonincreasing, we have for any small ¢ > 0 there exist t. € N such

2
that |e; 1g;,¢| < Z&= for all t > t.. Our goal is to show that for ¢ > tc, |p; 441 — pi¢| is small.
Fort > t.,
(a) €
|Dit+1 — Pitl < IPiit1 — Yigrr] + [Yier1 —Piel < |Pitt1 — Yiet1] + 5 )

To see why inequality (a) holds recall that y; ;11 is the proxy variable in Step 5 of Algorithm 1 such
that R;(y; t+1) — Ri(pit) = €i,19i,+. Hence,
oZe

6 )

o} [Yit+1 — Dt <R (Yire1) — Ri(pig)] = |€ingie] < t>t,1=1,2,

which implies that |y; ;11 — p; ¢| < <, as desired. Here, the first inequality holds because:

(a)

2

o} Witr1 — i) < (Ri(Yiet1) — Ri(pit)) (Yit+1 — Pit)
< \Ré(yi7t+1) - Ré(pi,tﬂ i1 — Die]

where (a) follows from summing up R;(yii+1) — Ri(pii) > Ri(pit)(Wir41 — pig) +

2 2
G (i1 — i)’ and Ri(pis) — Ri(Yier1) > Ri(Yier1) i — Yirer1) + % Y1 — i)’ due
to strong convexity.

By Equation (9), for t > ¢,

i1 — Pitl < Ipigs1 — Yigr1| Wi <P} + Hyissr € P+ Hyiggr > DY) +

[=>N e

_ €
= pit+1 — Yiser1] ({yiner <p} +Hyie > DY) + 5’ (10

where the equality holds because under the event y; ;11 € P, no projection occurs and hence,
Yit+1 = Pi,t+1. In the first of the proof, we bound the first two terms in the right hand side, i.e.,

IPitr1 — Yier1| i err < p}and [piser — Yierr| i1 > P
To bound |p; 141 — Yit+1|{yit41 < p}, similar to Equation (9) we use [p; ¢ — i 141| < § for
t > t. which implies p; ; — yi 41 < g Thus,

e (@ €
Yit+1 Zpi,t_g Zp—=. (11)

[=p}

where (a) holds because p; ; > p for any 7, . On the other hand, under the event y; ;11 < p, projection
occurs and therefore we have p; ¢+1 = p.

This yields

(a) € €
P41 — Vit Hyiser1 <pb = (P = igs1) Hyiesr <p} < (g -p+ 6) =5 (12)

where (a) follows from Equation (11).

Using a similar argument as above to bound |p;iy1 — Yits1|I{yits1 > D}, we have
IPit+1 — Yier1] yi 1 > py < § under the event y; 111 > p.

Hence, plugging these upper bounds back into Equation (9), we can show that for any € > 0 and
t >t

€ € .
Ipit+1 = pie| < 6+6+6 = -, 1=12. (13)

W



Now, for any ¢t > t. we have

Tig1 — Z O:pitt1| = |ar—(1—a) Z Oipit — Z 0:iDi,t+1 (14)

i=1,2 i=1,2 i=1,2
<alre— > Oipic|+ Y 0ilpic — il (15)
i=1,2 i=1,2
€
< aln —i;eipi,t +3 (16)

where the final inequality follows from Equation (13). Telescoping from ¢ down to ., we have

_ € _
Ti41 — Z Oipitr1| < a7ttt ip, — Z Oipie. | + 3 Z a” "t

i=1,2 i=1,2 T=t,

€
t—te+1
< a7t — g Oipit.| + =
i=1,2

< gt—tetl(s _ € )
S U Ol

Letting t — oo and € — 0 concludes Zi:m 0;pi+ — 7 for t — oo.

Second part: Convergence to the SNE. The proof of this part is inspired by the proof of Theorem
4.6 in [35]. However, in that proof, they rely on the Nash Equilibria of the game being variationally
stable, or more strictly speaking, the gradient of the virtual 3-player game (consisting of firms and
nature) g : Ri — Ri s.t. g(p) = (07;/0pi)i=1,2,n to be a monotone mapping. In this proof, we do
not rely on such structural assumption for the virtual 3-player game (see discussion in Section 5.3).

The proof of this theorem is split into two steps. First, we show that for any ¢ > 0, the price profile
(p1,t,p2,+) must enter an e-neigborhood of the SNE prices (p7, p3) infinitely many times. In the
second step, we show that when (p1 ¢, p2,+) enters the e-neigborhood with small enough step sizes, it
must remain their forever.

Before we begin, we first introduce a lemma that would be used in both steps:

Lemma D.1. Assume for any i = 1,2, §; > m (61 + 62 + max{y1,v2}) for m > 1 as described in
Section 2. Consider the 2-by-2 matrix M
Mo 2 —bm =01 +0m)
—(02 +0172)  2B2 — b2 an
M+MT = 451 — 201 —(01 4 02 + 0271 + 0172)
—(01 + 02 + 0271 + 0172) 485 — 26272 ’

Then, for any  # 0 € R%, " Mx > 0. Furthermore, for any € > 0, define an e-neighborhood
around (p1,p2) € R? : N(p1,p2) = {x € R? : >iz12 Dilwi,pi) < €} where Dy(z,y) =
R(x) — R(y) — R'(y)(x — y) is the Bregman divergence w.r.t. R;. Assuming the regularizers satisfy

the reciprocity condition, i.e. whenever x — y for x,y € R we have D;(x,y) — 0, there exists some
absolute constant C. > 0 such that

(x—p) M(z—p)>C. ,Vo¢N(p1,p2). (18)

Proof. Since, 3; > m (61 + 02 + max{~y1,v2}) for m > 1, the sum of the firstrow of M + M " =
431 — 20171 — (01 + 0 + O2y1 + 0172) > 0. Similarly, the sum of the second row of M + M " is
also strictly greater than 0, and hence M + M T is a symmetric strict diagonally dominant matrix,
and hence positive definite.!” Therefore, for any & € R? and ¢ # 0, wehave ' (M + M ")z > 0.

Since x " Max = x " M "z, this implies our desired result " Mz > 0

17 A symmetric square matrix has real eigenvalues, and a diagonally dominant square matrix has eigenvalues
whose real parts are positive. Hence M + M has positive eigenvalues, and is thus positive definite.



We now show Equation (18). The reciprocity condition implies that there exists some 7. > 0 such
that when ||z — p|| < 7., it holds that >~,_, , D;(x;,p;) < €. Hence, for any « ¢ N (p1,p2), it
must be the case that ||z — pl| > 7. So, for & ¢ Nc(p1, p2), we have

(@-p) M@—p) = ~(@—p) (M+M")(z—p)

2
1

Z iAmin(M_FMT)”m _p||2
1

> §>\min(M+MT)’r]€2 = Cea

where Apin (M + M T) is the minimum eigenvalue of the matrix M + M T (which is positive due to
the fact that M + M T is positive definite). O

Now, returning to the proof for Theorem 5.1.

Step 1: show (p1,,p2,:) must enter an c-neigborhood of the SNE prices (pi,p3) infinitely
many times. We use a contradiction argument. Fix any € > 0 and let C. > 0 be the absolute
constant defined in Lemma D.1. Assume by contradiction that (p1 ¢, p2 +) only visits N.(p}, p3) =

{peR?:|p— (pi,p3)| <€} finitely many times, i.e. there exists some ¢ s.t. [|(p1,,p2,) —
(p1,p5)|| = eforallt > t,r. Further, in the first part of this theorem we showed that 3, _, , 0ip; 1 —
r¢, so without loss of generality (by taking ¢, large enough), we can also assume for some small
n > 0 such that 21y(p — p) < C, (where v = max{~1,72}), we have |r; — Zi:l,z 0:pi.c| < n for
all t >ty

We start by deducing a recurrence relationship between D; (p}, p; ¢+1) and D;(p},p; ) as followed:

Di(prvpi,t+1)
(@) (e) 92

< Di(p;,pit) — €t (97 — gie) (07 — pit) + %,
K2

" % % " % (ei,t)2 gi?.t
= Di(p},pis) — €ii (28ip] — 6ip™; +vir™ — 2Bipie — Sip—it + vire) (D; — pi) + B —
1

®
< D;(p;,pi,t)

— € | 28ip7 — 6ipZ; + % Z 0;p; | —2Bipit — 6ip—it + v Z Oipje | | 0f —pie)
Jj=1,2 Jj=1,2

_ (ei,t)2 91‘2,15
ey (p—p) +—5 ——

20’1'
= Di(p},pit) — €ir ((28; — 07%:) (0} — pist) — (6 + 0—ivi) (P — p—int)) (Pf — Pire)
+enyi (P —p) + 7(€i’t)29?’t
it \P B 20’i ’

19)

where in (a) we directly evoked Corollary E.1.1; and in (b) we used the fact that r* =) =12 ij;f
according to the definition of the SNE, and |r; — Zj=1,2 0;p;j¢| < mfort > tan. Summing the



above over ¢ = 1, 2 and recalling €; ; = ¢; we have

Z Di(p3, pit+1)

=12
(a) * * T * _ (Et)2 C2
< Y Dip;pie) — e (P —pi) M (p* —pi) + 260y (p—p) + .
i=1,2
20)
®) ()% e (
< Di(p;,pii) — €Cec + 2 p —
< i:zl:Q (P7,pit) — €Ce + 2€4my (p B) + .
. _ (e0)” c2
= Z Di(py,piy) — € (Ce — 21y (p—B))‘i'T
i=1,2

where in (a) we take some finite c2 > max;eq 2} ten+ 91‘2, ; for all ¢, t by recalling Equation (5) which
states g;¢+ = ¢;(Pe, ) = 28:0it — (o + 6;p—i e + vi7e), and that p; 4, 7, are bounded within [p, P
for all 4, ¢. Also recall v = max{v1,72} and 0 = min{oy,02}. In (b) we applied Lemma D.1 since
[(p1,t,p2,4) — (1, p3)|| = e forall t >ty

Telescoping Equation (20) from some large time period 1" 4 1 down to £z we get

0 < Z Di(p, pi,r+1)

i=1,2
T c T
< Y D} pian) = (Ce=27 (P—p)) D e+ = D> (e) @1
1=1,2 t=tn g t=tn

Rearranging terms in Equation (21) and dividing both sides by ZtT:t - € we get the following:

T
- Zi:1,2 Di(p;, pity) C2 Zt:tN €

s —(C-2m(p-p)+ -

T T :

Zt:tN €t o Zt:tN €t
Since Zi:l,Q D;(p},pis,) and tp are finite, the condition limyp_, o Zle € = oo im-
plies that limp_, o Z?:t/\/ € = oo, and the condition limp_, oo Zle €2 < oo implies that

T 2
im0 ZtT:tN €2 < oo. Hence, %LZ = 0as T — oc. Finally, because C. — 21y (p — p) > 0
t=tnr £

due to our definition of 1, as T" — oo, the above left hand side goes to zero and the right hand side
goes to — (Cc — 2y (p — p)) < 0. This is a contradiction, implying that (py ;, p2,¢) must enter an
N.(p%, p%) infinitely many times.

Step 2: show when (p1 ., p2,;) enters an e-neigborhood of the SNE prices (p}, p3) for large ¢
(small step size), it must stay in the neighborhood. Here, we will show that for any € > 0, if
(p1,t:p2,t) € Ne(pi,ps) for some large ¢, then (py1 -, p2.-) € Ne(pf,p3) for all 7 > ¢. In fact, we
only need to show that (p1¢,pa,¢) € Ne(pi,p3) implies (p1,¢+1,p2,e+1) € Ne(pi, p3) for large ¢,
and the rest follows from an induction argument.

Consider two scenarios, namely (p1 1, p2,t) € N (p7,p5) and (p1,¢,p2.¢) € Ne(p7,p5) /N (p7, p3).

Scenario 1: 1f (p1+,p2,t) € Ne(p7,p5), consider some t,, > 0 such that when ¢ > t,, we have

Ty — Zi:l,Z Oipit| < m for some small 7 that satisfies 5§ > 27y (ﬁ — B)' Following the same



deduction as in Equation (20), we have

2

> Dip;pias) <Y Dip}pia) — e (P —pi) M (p* —py) + 26y (p—p) + ( t)g
i=1.2 i=1,2

(@) ¢ _ &)’ e

< §+2em’y(p—zg) + (ct)” c2

€ _ €tC2

= 5ra(m-0+57)

®)

< €.

(22)

In (a) we used Lemma D.1 such that (p* — pt)T M (p* — pi) > 0, and the fact that (p1 4, p2:) €
N (pi, p3) so by definition of an e-neighborhood (see Lemma D.1) 37, , Di(p;, pit+1) < 5. In

(b), we considered large ¢ such that ¢, < min {1, % (% — 2ny (]3 - ]3)) } and used the definition of
n such that & > 21y (p — p).
Scenario 2: If (p1,¢, pa.t) € Ne(p1,p3)/N< (pi,p5), let C be defined as in Lemma D.1. Consider

some t;? > 0 such that when ¢ > tln’ we have ’rt — > 1.9 0ipit| < n for some small 7 that satisfies

Ce > 2y (]3 - Q). Following the same deduction as in Equation (20), we have

(Gt)Q C2

g

Z D;i(p;, pit+1) < Z Di(pf,pis) — €& (Cs =20y (—p)) +
i=1,2 i=1,2
(e)’ e

Se—a(Cs—2m(P-p)+

where the final inequality follows from (p; ¢, p2t) € Ne(p},ps). Taking large ¢ such that e, <

[od

Z(Cs —2ny (p—p)) weget oy 5 Di(p},pise1) < e
Combining the above two scenarios, we showed that for any ¢ > 0 such that ¢ > max{t,, t;}

and ¢ < min{l,é (s—2m(P-p)),Z(Cs—2ny (ﬁ—g))}, (P14, p2.t) € Ne(pi,p3) im-

plies (p1.¢+1,p2.t+1) € Ne(pf,p5) and hence (p1 -, p2 ) € Ne(pi,p3) for all large enough 7 (by
induction).

D.3 Proof of Theorem 5.2

Following the same deduction in Equation (19) we have

* * * 2 * *
Di(p;,pit+1) < Di(pi,pit) — €in (2@' (p; —pie)” = 0i ("5 —p—in) (P} — pin)

(Ei,tgi,t)2

=i (r* =) (p; —pie)) + 2%,

(@) . 4p; —6; , 0 2
< Di(p;,pit) — €ie (2 (p; — Pi,t)2 ) (pfi _P—i,t) )

(Ei,tgi,t)2

+ €y (1" =) (pF — pige) + 5
gi

where in (a) we used the basic inequality AB < (A%2+ B2?)/2for A = p* , —p_;,and B = p} —p; ;.

Now, consider the step-size sequences {¢; ; } that satisfy

1 10 < < 1 2
- . €1 < . ,
t+1 48, —6 — " = t+1 max{d;, v}

i=12. (23)



Equation (23) holds due to the fact that 3; > m(d; + ;) > 0 and m > 2, which further implies
2(4B8; — ;) > 8m(d; + ;) — 26; > 10(6; + ;) > 10max{d;,~; }. This leads to

D;(p;, pite1)

5 2 2 (eitgit)z
< Di(p;,pit) — —— (p; —pi — (L —p-i i ;= Di —
— (pz p,t) t+1 (p’L p ,t) + t+ 1 (p 7 p ,t) + t+1 (7" Tt) (pz p ,t) + 20'i
2 Db pin) — o 0 = i+ e (0= i) s (=) (0 — )

iPisPit) — 7 Dy —Di T P — P = i — Di, PYPEREEC R
= P Dit t+1p Diy t+1p P—iz t+1 t)\P; — Diyt 20t + 1)2
2
where in (a) we take some ¢y > maxX;c (1 2} ten+ % for all 7,¢ by using the fact that
Dit, Tt € P. Summing across ¢ = 1, 2, we have
Z Di(p7, pit+1)
i=1,2
4 C2
< D * . o * 2 * * *
=< 1:21:2 (P} pit) t+1||17 Pl +t+1 (r* —=71¢) (p1 — P1e + 05 —p2s) + CEE
(a) 2 2 C2
< Di(p},pit) — —|p* — pil? t - )
— i;2 (pz p,t) t+1”p pt” + t+1 (7" rt) + (t+1)2

P . . 2 2 %
where in inequality (a) we applied C(A + B) < % + =5 < % + A%+ B? for A = p} — p1+,
B :p§ —p27taHdC:T* — Tt.

When R;(z) = 2%, we have D;(p,p') = (p — p')*. Therefore, denoting z; = Y, _, , Di(p},pit) =

lp* — pi||® fori = 1,2 and z,, , = (r* — r4)?, the equation above yields
2 1 C2
< ([1—-—— — T+ s - 24
Ti41 S ( t+1)l‘t+t+1$,t+(t+1)2 (24)

We will show via induction that z; < § for some ¢ > 0 and any ¢ € NT. The proof is constructive

and will rely on the following definitions, whose motivations will later be clear.

%—‘ , and take any @ such that max {61,60,} < 6 < 1. Here,
a 1—a

[z] = min{y € NT : y > x} for any z € R. Note that p, is bounded as a is bounded away from 1.

Next, define

l1—a

Fixpa:[a ]+1,ta:[

1)1 —pa —1 4
tp :=min{7 € NT : 7> p, and (pa +1) log(7 — pa ) < i -1 (25)
T max{61, 62}
Patta—1 a[fq—
= (1-— 01,0 . 26
u:= (1 —a)max{6y, 6>} E - (26)

T=1

Note that ¢4 is bounded because max{6;, 02} is bounded away from one. Further, since p, and 0 are
constant, and log(t) = o(t), it is easy to see that ¢y exists. Furthermore, define

t := min {’T > max {pg + ta,to} :

2t-(p—p)°+e2+1
(tpa)~(2(ﬁp)2+u~ (P—p)" +e ><at ,fothZT},

1-6

2(p—p)?+c2+1
c:= — .

1-46

Note that ¢ must exist because the left hand side is quadratic in ¢, while the right hand side is
exponential in ¢ for a € (0, 1). We provide an illustration for the size of ¢ w.r.t. memory parameter a
and max{61, 62} in Figure 2b of Appendix D.7.

10



Note that the definition of ¢ and ¢ implies that the following three equations hold

a' (2(p—p)® + uc) < vt >t (27)
- ~ Pa

2?(15—3)2+02+1+§c:c (28)

c>2t(p —p)?. (29)

Here, Equation (27) is due to the following: plugging the definition of ¢ into that of ¢ we get

~ ~ T N\2
(t—pa)- (2(p — p)? + uc) < a™*, and since ¢ = 2l %;Cﬁl < 2 110+62+
Pa, We have

for any ¢ > t>

1-6

(t—pa) (2(13—]3)2+uc) < (t—pa) (2(]5_1))2_’_,&_ Qt.(p_p)2—|—02—|—1> (2) a—t’

where (a) follows from the definition of ¢. Equation (28) directly follows from the definition of ¢. Equa-
tion (29) follows because # € (0, 1) and hence ¢ = w > 2t(p— p)Ptca+1> 2?(15—]3)2.

Hence, this implies that z; < 2(p — p)? < < forany t = 1...%, where we recall z; = ||p* — p¢||%.

Consider ¢ > . We will now show via induction that xt41 < ¢/(t+1) using our induction hypothesis
that z, < ¢/7 holds for all 7 = 1,...,¢. Note that the base case z; < 2(p — p)*> < ¢ for any

t = 1...t1is trivially true as we just discussed. Then, multiplying ¢(¢ + 1) on both sides of the
recurrence relation in Equation (24) and telescoping from ¢ to ¢, we have

tt+ Degpr < (E— Dtwy +txn, + c2
t
< (t=2)(t— D1+ Z ten,r + 2co

T=t—1

t
< (E-Dt-ap+ Y o+ (E—t+1)c
r=t
t
< (t—-1t-ap+ Z TTp,r +tca. (30)

—t
We will now bound z,, , for all 7 = t...t. Using the definition r* = 61 p} + O2p3, we get

=14 = 1" —ar, — (1 —a) (01p1,r + O2p2.7)
=a(r*—r:)—(1—a)(b(p] —p1,7) + 62 (p5 —D2,7)) -

By convexity, we further have forany 7 = 1...¢,

IA

azp ., + (1= a) (0) (p} — prs) + 02 (D5 — par))’

0z, + (1= a) (61 (b} = p1.r)’ + 02 (5 — p2.r)°)
aZy - + (1 —a) max{6y, 0}z,

Tn,r4+1 = (71* - TT+1)2

A A

aZn - + (1 — a) max{6, 92}E ,
pu

11



where (a) follows from the induction hypothesis, i.e., 2, < ¢/7 holds for all 7 = 1...¢. Using a
telescoping argument, we then have for any ¢ > ¢,

Tnit1 < aZpy+ (1 — a) max{6s, 92}%
t at—T
< Ty 1— 61,6
< a*zpy—1 + (1 — a)emax{6; Q}T:zt:_l .
t atfr
< d'z, 1- 01,0
< a'zpi + (1 —a)cmax{6; 2}; =
Patta—1 a-T t a-T
_ ot oAt
= a'zy1+(1—a)a cmax{@lﬁg}( Z - + Z - )
=1 T=pa+ta
A
@ (1 +uc) + (1 — a)a’cmax{6y, 02} Z
-
T=pa+tta
bt
< a' (2(p — p)® + uc) + (1 — a)a’cmax{y, 05} Z
T=pa+ta T
® 1 LoaT
< + (1 — a)a’emax{fy, 6>} Z a4
t=pa T=pa+ta
(© 1+ max{0y,02}c

t— pa

Here, (a) follows from the definition of « in Equation (26); (b) follows from Equation (27); and (c)

follows from Lemma E.3 since t > ¢ > p, + t,. Applying this upper bound on 2, in Equation (30)
we have

t(t + 1)37t+1
t

< (T DF- a3+ (1+ max{0y,62}0) Y ———— + e,
=P
t
~ -~ - 1
= (I 1f-ap+ (1 + max{01,65}c) Y (1 i Tp:l) o
=t ’

(a) ~
< (t—=1)t-zp+ (1 +max{01,02}c) (t + (pa + 1) log(t — pa — 1)) +tca .

where (a) follows from 23:5?1(1_1 < f£1 T—pla—1d7' < log(t — pa — 1) since t > p, + 3.

Dividing both sides of the above equation by ¢(¢ + 1), and using the fact that z; < 2(p — p)? for any
t, we have B

2(f— 1)i(p — p)? | L max{hy, ) (14 (ettioslpasi))
Tty < | ————————+ 0o

t i1 t+1

(@) 2t(p—p)? +c2 + 1+ max{fy,6>}c (1 + MW)

<
- t+1
®) 2t(p—p)?+co+1+0c

= t+1

() ¢

Cot+1

12



2(¢-1)¢(p—p)*

Here, (a) follows from the fact that ¢ > t~, SO ;

fromt >t >ty so that (p““)l‘)gt‘(t—ﬂa—l) < 0
. max{61,02}
follows from Equation (28).

+ 2 < 2t(p — p)? + co3 (b) follows
— 1 according to Equation (25); finally, (c)

D.4 Proof of Theorem 5.3
Here, we first provide a roadmap for the proof. Evoking Corollary E.1.1, we get

2/« 2
(€i,0)" (97 — 9it)
2Ji '

Di(p;,pit+1) < Di(pj,pit) — €t (97 — git) (07 — pig) + 31

By bounding the first order term (g; — g;,1) (p} — pi,1) and the second order term
achieve a recursive relation in the form of

Z D;(p},pits1) < Z D;(p;,pie) + Z KitTit

i=1,2,n i=1,2,n i=1,2,n

* 2
(gi 25:&) , we

where we recall the definition z;; = (p; — pi,t)2 for ¢ = 1,2, n as in the proof of Theorem 5.2,
and k; 4 is some constant that takes negative values if the conditions in the theorem’s statement
are satisfied. We then argue if (p¢, ) does not converge to the SNE, >, _, , ,, Di(p;, pi,¢) will be
greater than some positive constant ¢ > 0 for all large enough ¢. Combining this with the above
recursive relationship, this further implies that the distance between the price profile (p;, r;) and the
SNE decreases by a positive constant for each period. This will eventually contradict the fact that
Bregman divergence is positive.

We start our proof by recalling Equation (5) which states g;(p,r) = 28;p; — (a; + dip—i + vir).
Hence,

95 = giw = 2B (pf —pie) — 0 (P —pie) =i (P —10)
Furthermore, for ¢ = 1, 2, we have
(9F = gie)” < 8B%wis + 4620 iy + 42any, (32)

where we used (A + B + C)? < 2A4% + 2(B + C)? < 2A% + 4B? + 4C? for A = 253; (p} — pi+)s
B =; (pii — p_“), and C = v; (r* — r;). Hence, we have

Di(prvpi,t+1)

2
* * * * * €, gi,
< Di(p},pix) — €in (2Biwip — 6 (P5y — p—int) (0F — pig) — v (r* — 1) (f — piy)) + %
(2
(a) y 0; i €it9i ?
< Di(pf,pit) — € | 2Biis — o (Tip +2_5) — i (Tne +xi0) | + M
2 2 20,
4B — ;i — i di Vi (€i,9i)°
= Di(p,pit) — 0 Tit — 5%t — 5 Tn —
(P7spit) — €1t ( 5 T Y it Ty Tt + %,
. AB; — & — vi) ein  AB? (eir)’
< Di(pi,pie) — <( b > 7i) it _ 45 (i) >$zf
o
Sieie | 207 (ei4)” vieir | 29% (€i4)°
+ ~ + L ’ T_;t+ —~ + C : Tnt - (33)
2 g; ’ 2 g; ’
In the inequality (a), we used the basic inequality AB < (A% + B?)/2 twice, and the last in-
equality is obtained by invoking Equation (32). Furthermore, we have g} — g, = r* —1ry —
(01 (p7 — p1,t) + 02 (5 — p2,t)). Thus,
(95, — gn,t)2 < STpgt 3 (01 (pT — p1,¢) + 02 (5 —p2,t))2
(@) 1 1
< 5Tnt + 3 (01214 + O2224) ,

13



where (a) follows from 6; + 6> = 1 and convexity. By applying the above inequality in Equation
(31) with ¢« = n, we have

Dn (p: ) pn,t-{-l)

i 1 0 0 1—a)gn.)’
< Dn(PmPn,t) —(1-a) (2In,t - Ell’u - 22£E2,t> + w

N 1—a 1—a)?
§ Dn(pn7p77,,t) - ( 2 - ( 4 ) >xn,t

1—a)d 1—a)20 1—a)d 1—a)%0
+(( 2a)1+( Z) 1>$1,t+<( 2a)2+( Z) 2)$2,t, 34

where in the second inequality, we again use the inequality g?%t < %In,t + % (O11,¢ + O2224).

Summing up Equations (33) (over ¢ = 1, 2) and (34), and collecting terms yields

Z D;(p; pi+1) < Z Di(p},pie) + Z KitTit (33)

i=1,2,n i=1,2,n i=1,2,n

where the coefficient for x; ; is

2 2 2 2 2
(4Bi—di—vi)eit 47 €y i€t 207 €2, (1-a)b; (1—a)76; .
- 2 + o + 2 + o_; + 2 + 4 , =12 (36)
Rit =
2 2 2 2
_1l-a (1-a)? i€t 271 €1, Y2¢€2,t 27363, -
7 t1 Tt Tt L=

Now, for ¢ = 1, 2, consider taking step size ¢; ; = Z; (1 — a), for some constant z > 0 that will be

determined later, and denote the corresponding x; ; as k;(z) (we drop the dependence on time ¢ as
step sizes are constant), where for ¢ = 1, 2,

@ ABi—bdi i)z, 24 2. A0—i 4
ki(z) = Y — (1—-a)o; +42°(1 —a)®c; + 0, (1—-a)o_;
2 2 _ . — a)26.
25_212 (1—a)o_; + (1—-a)b; n (1—a)b;
2] 2 1
®  (4-1)z 9 2 222 3(1—a)
< - #(1 —a)o; +4z°(1 — a)o; + %(1 —a)o_; + W(l —a)o_; + ——1
- ) 2071‘ 2 . i o O_; §
() (o ) T) o)
= (1=a)fim(z). (37

Here, in (a) we substitute ¢; ; = ng (1 —a) fori = 1,2; in (b) we use the fact that 6;,a € (0,1)
(wich implies (1 — a)? < 1 —a) and B; > m(d; + ;) > mmax{d;,v; }.

We follow a similar argument as above and obtain

(o) @ -1 Lo 2oy By
+ Z;;ZQ (1—a)+ 22%3"2 (1—a)?
Y- (—i+22+2i§1 +%+ 2?;;”)
(1-a) <Tr2z2(01+02)22+21n(01+02)2 i)
= (1—a)fnm(2), (38)

where in (a) we substitute €; ; = Z[?' (1 —a) fori = 1,2; in (b) we used the fact that 6;,a € (0,1)
and B; > m(d; + ;) > mmax{d;,;} forany i = 1, 2.
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Now, recall the definition S; ,,, = {z > 0 : f; ;n(2) < 0}. Then, if we have N;=1 2 ,S;.m # 0, taking
any s € Mi=1,2,nS;,m yields x;(s) < 0 for ¢ = 1, 2, n. Hence, Equation (35) now becomes

Z Di(pi,pit+1) < Z Di(pi,pit) + Z Ki(8)Tie,  ki(s) <0. (39
i=1,2,n i=1,2,n i=1,2,n
Therefore, we know that
Z D;(p;, pit+1) < Z D;(p;, pit) - (40)
i=1,2,n i=1,2,n
Furthermore, by strong convexity,
o} 2 MiNi=1 2,

2
* ] * =1,2, g; *
> Di(p}.pis) > 7(1% —pit) > —s lp* — pel|.

i=1,2,n i=1,2,n

Hence, for any small € > 0, if there exists some ¢, € NT such that Y., ,  Di(p},pis.) <

i 2 .min. 2 .
cmnisl2n i then by Equation (40), >ict.0m Di(®},pit) < cmnisr2an? forall t > t., which
further implies ||p* — p¢|| < e forall ¢ > t.. Hence (py, r¢) 2 (p*,r).

Thus, it remains to show that for any small ¢ > 0, there exists ¢ > 0 such that
D ic10n Di(PF,pit.) < e. We will prove this by contradiction. If this is not the case, there

exists € > 0,and >, 5, Di(pj,pi,t) > e forallt > 0. Define R(z1, 22, 23) = D, o 3 Ri(2i)
for any 21, 2, 23 € R, and slightly abuse the notation to define D : R? x R? — R as the Bregman
divergence with respect to R. In the rest of this proof for simplicity we also write p* = (p}, p3,7*)

and p; = (p1+, Pa2,t, 7¢). A simple analysis shows D(p*, p;) = Zi:1,2,n D;(pf,piy).

Since R; is continuously differentiable (by definition of Bregman divergence), R is also continuously
differentiable, and hence it is easy to see for any ,y € R? there exists § > 0 such that

D(w,y) <e Vz—y| <.

Since we assumed D(p*,pi) = >, 5 ,, Di(p},pi,t) > € forall t > 0, the above implies ||p* —
p¢|| > 0 for all t > 0. Hence following Equation (39),

D(p*,ps1) < D(p*,p)+ > #ils) (0] —pin)°
i=1,2,n

S D(p pt)+ max "iz Z pzt

n
1,2,
117,n

= D(p*,pi) + max ki(s) - [lp* —pu|
1=1,2,n

< D(p".pi) + 0% max ri(s)
(b) )
< D(p*,p1) +td max ki(s),

where (a) follows because x;(s) < 0 fori = 1,2,n and ||p* — p¢|| > J for all ¢ > 0; (b) follows
from a telescoping argument. Finally, max;—1 2, k:;(s) < 0 implies the right hand side in the
above inequality goes to negative infinity as ¢ goes to infinity. This implies that D(p*, p;+1) =
> i=1.2.n Di(p},pit) < —oo, which contradicts nonnegativity of Bregman divergence. Hence, for
any small € > 0, there exists tc > O suchthat >, _, ,, Di(pj,pi+.) < € concluding the proof.

D.5 Proof of Corollary 5.3.1

When 01 = 02 = o, Equation (6) becomes

1 _ 1 3
fi,m,( ) {20 (2+ )Z 0(2 m)2+ 1 (3 1,2 .

40 2 7_; S
mZ? +mz i 1="n
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Since in this case the function f; ,,, (%) and f2,,(z) are identical, we only consider f; ,,(z). Note

that the function f1 ,,(2) has two distinct zero roots if and only if its discriminant is strictly greater
. 2

than 0, i.e., (1 — ﬁ) (2 + ,mz) > 0 which is equivalent to o > % Therefore, when

f1,m has two distinct zero roots the smaller one is given by

=g (- ) - 2t )
202+ %)

_— 3/4 > 0. (41)

S P ¢vuff%@+#>

zZ1 =

Similarly, the discriminant of f;, ,,, (i.e., W +
roots. The larger one is given by

0m2 ) is always positive, so f, ,,, always has two zero

1
22: _R_F ;712 +o’ln2 :l 1/2 >O (42)
— o 1
m? m + rrL2 + (7m2
B

2
For any o > % the two roots of f1 ,,(z) are both positive, while f;, ,,,(z) always has one
positive root and one negative root. Hence, using a simple geometric argument regarding two

quadratic functions, it is easy to see that if zo > 21, any s € (21, 22) satisfies f1,(8), fn,m(s) <0

Now, consider zo — 21 = %(B — A). Since we observe A is decreasing in o and B is increasing in

.. . . . 2m2+7)*
o, we have B — A is increasing in o. By direct calculations, we see that when o = T 36mI8 0,

z1 = 29 (i.e., B — A = 0). Therefore because B — A is increasing in o, we conclude B — A > 0 for
any

SN £ VI 7)?
0 (2m —1)2 7 8m3 — 36m + 8

which implies zo > z; for any o > 0y.

In sum, we conclude for any m > 2, if 0 > oy, there exists s > 0 that depends on ¢ and m such
that f; ,,,(s) < 0 for i = 1,2, n, and by Theorem 5.3, this implies that there exist constant step sizes
under which prices and reference prices converge to the unique interior SNE.

D.6 Proof of Theorem 5.4
When R;(x) = 222 fori = 1,2, we have 01 = 0, = o, and Equation (6) becomes

2
. CJ20(2+:5)P-0(2-%)z+2, i=1,2
f"’m(z)_{fn‘ZZQ-i- LY i=n

We define h; (%) := fim(2)/20 fori = 1,2 and h,,, m(z) = fam(2), le.

— 3 5=
ity = {5 T e "
m m 1

Note that for any ¢ = 1,2,n, fi7,n(z) < 0 if and only if h;,,(2) < 0. Hence, according to
6(2m?+1)  (2m>+7)°
(2m—1)2 * 8m3—36m+38
M € (21, z2) (defined in Equations (41) and (42)) we have f; ,(s) < 0for¢ = 1,2, n, which implies
him(s) < 0fori=1,2,n. Furthermore, via a simple geometric argument, the quadratic functions
hi m (with two positive zero roots) and h,, ,,, (with two zero roots, one positive and one negative)
have a unique intersection point § € (21,2’2) Define H := hy 1,,(5) = hom(S) = hpm(3) < 0.
Furthermore, since min,, > hn,m () = we have

1
_Z <H-= hl,m(g) = h2,m(§) = hn,m(g) <0.

Corollary 5.3.1, we know that when m > 2 and o > 0y = max , for any

49
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Now, note that when Ry (z) = Ra(x) = 322, D1(p,p’) = D2(p.p') = $(p — p')?. Also recall
Ry (x) = 327,50 Dy(p,p') = 5(p— p')*. Hence, 3", 5, Di(p},pis) = 3 (01 + @), Where
we define z; = ||p* — p¢||? and z,, + = (r* — r4)? as in the proof of Theorem 5.3. Hence, by taking
€t = %, and continuing from Equation (39), we get

)

1 1
5 (0T +@np1) < 5 (02 +Tny) + > ki(E)wi
i=1,2,n

(@) 1
< Glomtan) +(1-a) Y fimEwis

i=1,2,n

1
= ) (O'It + In,t) + (1 - a) Z O'hi,m(g)xi,t + hn,m(‘s\jzn,t
i=1,2

—(oxi+xns)+ (1 —a)H - (oxy + Tnt)

— Do =

=3 (I1+2(1—a)H) (cxt +xny) -

Here, (a) follows from upper bounding «;(z) with f; ,,,(2) for any z > 0 and ¢ = 1,2, n in Equations
(37) and (38) within the proof of Theorem 5.3; (b) follows from the definition of h; ,,, in Equation
(43); (c) follows from the definition of H := h; ,,,(5) € [*i’ 0)fori=1,2,nand x; = 1,4 + T2 .

Using a telescoping argument, we have

1+a ¢
oxy < oxp + Tpy < (1+2(1 - a)H)t (o1 4+ xn1) < (0z1+Tpn1) ( 5 ) ,

where the final inequality follows from 0 < 1+ 2(1 — a)H < 1% since H € [—1,0). Finally,
because 1 < 2 (f) — B)Q and x,,1 < (13 — B)z, we have

1 1+a\’" 1420, 2/1+a\’
zp < (@1 4+ =wpn < (p—p) :
o 2 o 2

D.7 Supplementary Figures for Section 5

0 {61,6,}=0.9
—— max{61,6,} =0.
35 6000 max{61,6,} = 0.8
max{61,6,} =0.7
30 50001 max{6,,6,} =06
[€) max{61,6;} =0.5
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Figure 2: (a) o¢ as a function of sensitivity margin m, where o is defined in Corollary 5.3.1 (b)
Illustration of absolute constant ¢ in Theorem 5.2 w.r.t. memory parameter ¢ and max{6;,65}. All
other model parameters take respective values as in Example 1, and firm ¢ = 1,2 again adopts

regularizer R;(z) = 122,
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E Supplementary Lemmas of Section 5

Lemma E.1. Fori=1,2,nand any Z € P, we have for any t € NT,

(Ei,tgi,t)2

Di(z,pit+1) < Di(Z,pit) + €t - 9in (2 — piye) + 9.
K3

(44)

Proof. In the projection step of Algorithm 1, we have p; ;11 = IIp(y; 1+1). Since we are working
with one-dimensional decision sets, it is easy to see that IIp(y; ;+1) = argmin,ep D;(p, i 1+1)

due to convexity of R;. Recalling the definition R;(p) = %Z('z) , we have

Pit4+1 = argmin Di(pa yi,t+1) = argmin Ri(]?) - Ri(yi,tJrl) - R;(yi,tJrl)(p - yi,t+1)
peP peP
= argmin R;(p) — p - R;(yi,i41)
peP
= argmin R;(p) — p - (Ri(pi.t) — €i19i.t)
peP
= argmin B; (p) — Ri(pit) — Ri(pit) (0 — pit) + P €irgin
= argmin D;(p,pis) + P €G-
peP

Here (a) follows from the proxy update step in Algorithm 1. Now, evoking Lemma E.2 (ii) by taking
T =p, f(P) =D €10t 2 = Pit, Yy = 2 € P, we have

Di(Z,pit4+1) < Di(Z,pit) + €196t (2= Dii1) — Di(Dist, Pit+1) -
It then follows that

D;(Z,pit+1)
< Di(Z,pit) + €i29it (2 —Dit) + €195t Dit — Dig+1) — Di(Dit, Pist+1)

(a) B _ O
< Di(Z,pie) + €it9ii (2= pit) + €49it (Dit — Pijer1) — EZ (pie — pi,t+1)2
N . (€i19i)°
< Di(Z,pit) + €i29it (2 — i) + oy,
g;
where (a) follows from strong convexity of R;. O

Corollary E.1.1. Under Assumption 1, let (p*,r*) be the unique interior SNE as illustrated in
Lemma 3.2, then for v = 1,2, n,

R,

Op; lp=p= r=r

*

9;

=0, 45)
and for any t € Nt

(ei,tgi,t)Q
20’1'

D;(p;,pit+1) < Di(pf,pit) — €t (97 — gie) (0] — pie) + (46)

Proof. Similar to the proof of Lemma 3.2 and Proposition 4.2, the SNE (p*, r*) must satisfy first
order conditions w.r.t. quadratic cost function 71, 72, T, respectively, due to the fact that it lies in
the interior of the decision set. So g7 = 0fori =1,2,n.

Furthermore, Evoking Lemma E.1 by replacing z with p] and combining g; = 0 yields the second
part of the proof. O

Lemma E.2 (Lemma 3.1 and 3.2 of [15]). Let D : CxC — R™T be the Bregman divergence associated
with convex function R on the convex set C: D(x,y) = R(xz) — R(y) — R'(y)(x —y) ,Vz,y €C.
Then,

(i) Forany z,y,z € C, D(x,y) + D(y,2) = D(x,2) + (R'(2) — R'(9)) (z — y)).
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(ii) Let f : C — R be any convex function and z € C. If z* = arg mingec {f(x) + D(z, 2)},
then for any y € C, we have f(y) + D(y,z) > f(x*) + D(z*, z) + D(y, z*).

The proofs for the above lemma are very standard and we will omit them in this paper.

Pa=1g

Lemma E3. Leta € (0,1), po = | 1% | + 1 and to = |
we have

1. Then, for any t > p, + tq,

Z a” 7 < 1 a”t
T

T=pa+tta 1 —a b= Pa
Proof of Lemma E.3. We adopt an induction argument with hypothesis Zi: ot g < ﬁ . t“:p: .
. . ~(pa-tta) ~(patta)
For the base case, consider t = p, +t,. We can easily see % < ﬁ . % Now assume
that the induction hypothesis holds for some some ¢ > p, + t,. We will show Zt;;lpa b, 5 <
1 a~ @+ .
Toa =il We start with
Hoa 1 a”t a~ (D) ) a 1-a
2 ST top TirT T i Tt )
T=patta | T4 VTP + @ = Pa *
Furthermore,

a 1—a 1 1 1 1 1
+ — =a — +(1-a) —
t—po t+1 t—patl t—pa t—patl trl t—pyt1

_ 1 a (l_a’)pa
Ct—pat+1\t—p, t+1

_ 1 (a—p(l—a))t+(1—a)p; +a
t_pa+1 (t_pa)(t+1)
(a)
< 0,
where (a) follows from p, = [1:‘1 + 1> 1~ and the fact that
1 — a)p? 2+ 2 2 (pa + 1
A-adita_ratra_, et 4y oy
pa(]- - a) —a Pa — T4 Pa — T4
Therefore, we can conclude that
§ a " 1 a~ D)
ol T l—a t—pg+1
which is the desired result. O
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