Supplemental Material for:
Untangling tradeoffs between recurrence and self-attention in artificial neural networks

A Theoretical analysis of gradient propagation

A.1 Notational convention

In this paper, we use the notation d to denote the total derivative of f with respect to z, and Bf to
denote the partial derivative of f with respect to x.

If we assume f : R” — R™, and x € R", then % denotes the Jacobian matrix J¢ such that

df;
(J£)ij d;;

(6)

In particular, with this notation, we have that if a function L : R™ — R, and y € R™ then < d— is
a row vector, while the conventional notation for V, L indicates a column vector. In other words
(V,L)T = %. Hence if L is a function of f(x), then

dL dL 4
& (7)
dr df dx
while
d
V.L= (dj;) ViwL=J] Vil (8)
Similarly, we have that 9L s a row vector.
A.2 Preliminary results
Let
St:’lpt(hﬂvh@?"'?ht?st—l) (9)
where
Lemma 1. Forallt,k > 0, we have
dsyp41 _ 85t+k+1 Z 08t 1 k41 dhf+]+1 08t1 k11 dSeqp (11)
dh,t aht 8ht+]+1 dht 88t+k dht
Proof. Follows directly from the following multivariable chain rule: if
9(t) = f(g1(t), 92(t), -, gn(t)) (12)
then
of dgi
13
Z dg; dt (13)
O

Lemma 2. [f we further denote the Jacobian matrix Jy, = 85’““ , then we get that for all t, k > 0,
we have

k
d5t+k+1 85t+k+1 3St+k+1 85t+k+1 d5t+j
— TRY . . 14
dhy Ohy + Z (14)

Jirg + 1=
aht+j+1 b+ =k 88t+k dht
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Proof. Follows directly from the observation that

dhirjpr _ Oheyjir dsiy dsty

= =Jipj —— 15
dhy Dsi; dhy I dn, (1%
O
Remark 1. Let us denote
(t) dSstk+1
Crp1 = “dh, (16)
() 08t 4rt1
Evin = —an, (a7
and
0 Oerker oo OSteke 18
k+1,j5 aht+j+1 t+7 + j=k 83t+k ( )
and thus the recursion formula in Lemma 2] rewrites as
t t oW
¥ =B, Z F - € (19)
The next two results highlight how to solve this recursion.
Lemma 3. Let C;, E;, F j € R™ ™ such that for all k > 0, we have
k
Crt1 = Epq1 + Z Fiy1,5-Cj (20
§=0
Then for all k > 1, we have
k
Ck = gO:kCO + Zgr:kEr 21
r=1
where
k—r
Eon =Y Ern(s) (22)
s=1
with
fr:k(s) = Z ES+1,iS . Fis_l,is_g Teest Fig,il (23)
r=i1<...<isy1=k
and fk:k =1d.
Proof. Let us prove the statement by induction on k£ > 1.
For k = 1, we have
C1 = E1 + F10Co = &1 B + £01Co (24)
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Now let us assume the statement to be true for k, then we get

k J
Cry1 = Epp1 + ZFk+1,j : <€o:jco + Zfr:jEr> (25)
7=0 r=1
k E g
=Ep + ZFk-i-l,j oy | - Co+ Z ZFkﬂ,jfr:jEr (26)
§=0 j=0r=1
k k
= Erp1 +&onn1Co+ Y (D Frvr&j | - B 27
r=1 \j=r
k
= &prht1 Bo1 + Loxr1Co + Y &rnir By (28)
r=1
k+1
= ox41Co + Y &rki1 By (29)
r=1
(30)
O
Lemma 4. [f we further assume that Cy = Ey, then we have forall k > 1
kE ok
Crh=Er+ > > & qk(8)Erq 31
s=1g=s
Proof. Using the previous lemma, we get
k k—1k—r
Crh=FEr+ Y ox(s)Co+ Y Y &urls)E, (32)
s'=1 r=1s=1
Using the assumption Cy = Ej, we get
k k—1k—r
Ch=Ep+ Y Sox(s)Eo+ > Y &uk(s)Er (33)
s'=1 r=1s=1
k—1k—r
=B+ > &u(s)E, (34)
r=0 s=1
(35)
Now let us put ¢ = k — r, we get
k q
Cr = Ep + Z Z $k—qik(8)Er—g (36)
g=1s=1
ko k
=F; + Z Z gqu:k(S)Equ (37)
s=1qg=s
(38)
O
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(t)

Remark 2. First, note that Lemmaapplies here, since C, (t) — , and thus

c® — g® +ZZE’(:)‘17€ E®, (39)

s=1g=s
The idea of Lemma | was to regroup all terms with the same number of I factors (where each F'

contains a Jacobian matrix Jy, which contains the connectivity matrix V of the recurrent net). One
could roughly perceive the term

Z & (B (40)

as being the term of degree s for s = 1,2, ... k and E,(:) the term of degree 0. This will allow us to
consider the terms C roughly as a polynomial in V and we can look the asymptotic behaviour of each
of the coefficients of this polynomial individually. This will then give us a very good understanding
on how the distribution of the attention weights are affecting the magnitude of total gradient.

Proposition 1. Forallt > 1, and all k > 0, we have that

dsitk Z (t)
$oike 41
dh; e
where for all s > 1,
o= > R)-ED B, B (42)

0<ir<...<is<k

and where fgt,l (0) = E,Ef). With for all k > 0 we have

B = S @)
and for all k > j we have
Y= g;t:: g+ 1 82:? (44)
Proof. Lett > 1, and recall that we defined C,gt) ds’“ ,forall k > 0.
As already pointed out, we know that C’ét) = Eét) (thus the claim holds for k& = 0).
Then by Lemmalfd] we know that for all & > 1 we have
o = EY + Z Z &) k(B 45)

s=1qg=s

(t) (t) (t) (t) (t)
+ Z Z Z Fk s Fimis—l et Fiz,il ’ Eil (46)

s=1q=s k—q=11<...<is41=k

&40 (®) (t) (t) (t)

+Z > R RY - EYD B @7)
s=10<41<...<is<k

00 +ng )

Zf(t) (49)

O
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Remark 3. In what follows the main emphasis will be to calculate the F; (¢ ) and E; ®) terms explicitly,
since they are the building blocks of the mentioned polynomials in 2]

We will assume that

St = f(ht, Ct) (50
with
Ct = Oél,thl -+ Oégﬁthg + ...+ Oétﬁtht (51)
and
aj’t = —tGXp (ej’t) (52)
> i1 exp (€it)
where
it = a(si—1,h;) (53)
Let us recall that for all k > 0 we have
0s k
B = 2k (54)
k Ohy
and for all k > j we have
®  _ OSt4ht1 Tl 08¢ 4kt1 55
k+1,j5 aht+j+1 t+7 + j=k 83t+k ( )

Lemma 5. With the assumption of Remark[3} we have that for all t > 2

88,5
951 = azf htyct <Z [&7% tY; t> (56)

where Os f is the the partial derivative of f with respect to the second variable, and where we define

o 8e¢,t . . aejvt
Yie=hi- | 5= ;aj,t o (57)
Proof.
(%t _ 6Ct
95,1 0o f (hu, ct) D5y (58)
= 0of(he,ce) - _Et:h-(aai’t) (59)
2 ty Gt st 7 88t_1
t
(3% t Oe; t
= 0o f (s, . h; - AL 60
2 f (e, t) 2; Z Doy, D (60)
i t
e
=02 f (ht, ct) - th : Zai,t(li:j — ) 8::’1:1 (61)
— -
K oe; ‘ Oe;
=02 f (hu, ) - Z i thi 83,5“1 - Z Q¢ 8{9:’2 (62)
i=1 1= -

t
= 82f(ht7 Ct) : (Z Oéz‘,tYi,t> (63)
i=1
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Lemma 6. With the assumption of Remark 3| we have that for all k > j:

Js
87hk- = 1p—j - 01 f(hi,cx) + 0 xO2 f(hy i) - (I + X 1) (64)
J
where 01 f and O f are the partial derivatives of f with respect to the first and second variable,
respectively, and where we define

k
de.
Xjp = (hj - Zhi(%,k) : ;{Lk (65)
i=1 J
Proof.
0sp. Ohy, Ocy,
IOk - 00 (s ) - 2% 4 9y f g, ) - 228 66
o, k=j - O1f(hi,cr) o o f (R, cx) oh, (66)
[ i Oa
= Tg—j - O f (B i) + Oof (hiy k) - ey T+ hi- o (67)
L i=1 J

k
= Tp—j - O f (P i) + Oof (his k) - |- T+ hi- (63)
i=1

k
Oe;
= Lp—j - O1f(hscr) + Oof (hiycr) - |y - I + E hi - a e (Lizj — o) ]k] (69)
i1

oh,
[ k 66%
= lp—j - O1f(hscr) + Oof (hiycr) - |ojp - I + <hj04j7k — ;hi : ai,k) 6}; ]
) (70)
k Oe;
= 1p=j - O1f(hr, k) + jpO2f(hi, c) - |1+ (hj - ;hi . ai,k) %ij] (71)
= 1p—j - O f(h, i) + 0 102 f(hig, i) - (I + X 1) (72)

O

Corollary 1. With the assumption of Remark[3| and the notations of lemmad]and|[6] we have for all
k' >0,

E;(;) = 1pw—001 f(ht, ) + i Oo f (Rigrs Conr ) - [T + X ppir] (73)
and forall k > 3,

F;ﬁi)l,j = appjpterhtt - Oof (Megrsts Corrrr) - [I+ Xepjrernta] - Jevy (74)

t+k+1
+ lk:j : <3lf(ht+k+1, Ct+k+1)Jt+j + aZf(ht+k+17 Ct+k+1) : Z Otv;,t+k+1Yi,t+k+1]>

i=1
(75)
Proof. Applying lemmal6] we get that for all & > 0,
35 k!
EW = Lot 7
A O, (76)
= lp=0- O1f(he,c) + v pqn - Oof (Rugrrs Corrr) - [+ X i) (77)
(78)

and then by applying lemma [5]and[6] we get that for all £ > j,
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0 Oerkr oo OSthke 19
k+1,5 Oyt t+5 + Lj=k OS11h (79)
= [Mp=;01 f (Pt ht1, Corhr1) (80)
+ g1,k 4102 f (Pt 1s Coanr1) - (4 Xojprek41)] - Tt (81)
t+k+1
+ Lkmj - 0o f (heshsn, Copnp) - ( > aimﬂm,mﬂ) (82)
i=1
= Qg ji1,itht1 - O2f (Pephorts Copnrr) - I+ Xeqjptpphr) - Jegj (83)
t+k+1
+ 1k:j : <8lf(ht+j+1act+k+1)=]t+j + 32f(ht+k+1, Ct+k+1) : [ Z Oéi,t+k+1Yi,t+k+1 )
i=1
(34)
O
Proposition 2. We can rewrite forallk’ > 0 and allk > j > 0
E,(j) = O ppkt D,(j)o + 1k/:0R(()t) (85)
F = apy DI, 41y - RY) (86)
k41,5 t+j+1,t+k+1 k41,5 k=j k41
where
Dl(ct-i)-lyj-&-l = Do f (htskt1, Corr1) - [+ Xegjatirk+1] - ity 87)
t+k+1
R;(g?_l = 81f(ht+k+1a Ct+k+1) : Jt+k + an(ht+k+1act+k+1) : [ Z Oéi,t+k+1Yz',t+k+1]
i=1
(33)
DY = 0af(hesi, corr) - [+ Xe o] (89)
R =01 f(he, ) (90)
while X i and Y ;s are defined as in lemma 5 and 6}
Proof. Follows straight from Corollary [T] O
Remark 4. If we are further assuming that
sy = f(he,c0) = he + ¢ o1
then for all k > 0, we have
B = Vo T+ aggn - [T+ Xpis] (92)

and for all k > j, we have

t+k+1
Z O k1Yt ket 1

t
FY) = avgipnapnin - [+ Xegianpnin] - Jees + Limy - (Jt+j +
=1

(93)

Proof. This follows directly form corollary [T|and the observation that
O1f(htycr) = Oaf (heyer) =1 %94)
O
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Remark 5. If we are further assuming that

ejt = a(si_1,hj) = vl -tanh (W,s;_1 + U,hy) 95)
as done in [4)], we get that
e
;é’t =T - diag[l — tanh? (W,se_1 + Uah;)] - Us (96)
J
and
e
5 it — T . diag[l — tanh® (Wys,_y + Uahj)] - Wa 97)
St—1
which we can plug into the definitions of X j, and Y} j, to get explicit expressions for matrices E( )
(t)
and Fy [, g

Lemma 7. [f, with the assumptions RemarkEI we assume that for all i,t > 1, we have ¢;; =
a(s¢_1, hi, 0) depending on some parameter 6 € RN*M  then we have

de;,
Zajt 82f(ht7ct) h‘j Z(l =j azt) ;915 (98)

i

Proof. 1f we denote 61 10 be the parameter for e; ;, then we have

dL dL
o Z pe) (99)
dL 8aj t aei t
= . . - 100
Z dOé]' + Oe;t 00(ist) ( )
1,7, ’ ’
dL 86‘,t
= Z aji(licj — vig) - . a; (101)
'L,J,t J?
where
dL dL 0s; Oc dL
= — —- =—-0f(h h; 102
daj,t dSt act 80[j t dSt Qf( b Ct) J ( )
Hence
dL dL 0e; 4
- = > aji(lic — aig) - rrd Ao f (he, ) - hy - aéf (103)
i,j,t
8ei,t
= Zaj ¢ 82f(ht,ct) hi | Y (Limj — aig) - 56 (104)
O
Lemma 8. Let us recall that for all t > 0, we have
hiy1 = ¢(Vsy +Uxiyr +0) (105)
| S ——

=a¢

where ¢ is a non-linear activation function, V€ R™*"™ U € R"*"™ and b € R™. Then we have that

dL dL dL d dL
— = | = E _ 1] — - di ! 1
|:dva dUa db:| t:1[5t 1, Tt, ] dht dlag(¢ (at)) ( 06)

20



Proof. Let us denote V() U®) b the matrices V, U, b of a,_; respectively, then

dL dL dL dL dL  dL
[dV’ U’ db} - Xt: [de dU®” dpo (107)
dL
= [st—1, 2, 1] - (108)
7 dag—q
dL  dhy
= _ 1] — - 10
;[St 1, Z¢, ] dht dat71 ( 9)
dL .
= Z[St—l,fﬂt, 1] - T - diag(¢'(as—1)) (110)
¢ t
O

Remark 6. Combining the fact that (;% = jip flﬁ;, the results from propositions |I| and [2| with

lemma @ we see that attention weights o;  which are very close to 0, do not contribute to the
gradient and the learning of V, U and b.

Similarly, it follows directly from lemma |Zl that attention weights o; ; which are very close to 0,
do not contribute to the gradient and the learning of any parameters 0 of the alignment function
eir = a(S¢—1, hi, 0). In case we have an alignment function as in remark these parameters are

W, U, and v,.

If we have the case where one state h; is such that all attention weights o; + = 0 for all t > 1, then we
can see that h; does not contribute to the gradient and learning to any parameters be it parameters
Jfrom the recurrence or the alignment function.

In practice we have observed that in the majority of tasks, most states h; fall in either of two
categories:

o« is sufficiently bounded away from 0 for most t > i, and thus contributes to learning.
This is what we call a "relevant state".

o o, ~ 0 for almost all t > i, and thus doesn’t contribute much to learning, and the gradient
can be approximated by assuming c; ¢ = 0 for all t > . This is what he call a "non-relevant
state".

This observation is what lead us to the intuition that we can approximate the gradient, by decomposing
it via proposition|[l] into gradient paths involving only skip connections between "relevant states".

A.3 Uniform attention case
Remark 7. In this subsection, we are going to assume:

e 1o non-linearity in the hidden-to-hidden connection: J; =V for all t.
e all assumptions from Remark[3]

o uniform attention: «;; = 1/t forallt > 1.

A.3.1 Overview

Remark 8. Recalling corollary[l} together the main proposition[I|form last section, we can hope
to simplify these expressions using the new assumptions from the previous remark[]] Recalling
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expression from lemma 5| and 6}
¢
de
Xji = <hj - Zhiai,t> ' mit
i=1
t
1 8ejt
A R 112
(hj - Zh> oh, (112)

Hence, for our calculations we are going to assume that (hj -1 25:1 hi> ~ 0, and thus X;; =~ 0
Jorall1 < j <t. Similarly,

- de; 4 : dej
Zai,th’,t = Z@i,thi as ; 0y D511 (113)

(111)

t t
1 86” 1 8e-t
==Y h;- L PR 114
t Z ' 88t71 Z t &St,l ( )
=1 Jj=1
t t t
1 oe; + 1 1 Oej ¢
_ - h; _Z - h; 2 115
t 88,*,71 t 4 (t Z ) 88,5,1 ( )
=1 j=1 =1
t t t
s ;em I (st ) 56” (116)
t P St—1 t P t =1 St—1
t t
1 1 66“
_! P A (117)
t t ; ) Osia
~ (118)

Recalling the expression from corollaryand that f(hy,ct) = hy + ¢ by remark and that J, =V
Sor all t, this will give for all k' > 0

®) 1
B = lgr—o ) -1 119
( ( et 0> (119)
and for all k > j, we get
®  _ 1
Fk:+1,j - <t+k+ 1 + 1k—j) -V (120)
Hence by recalling proposition[l} the main expression of interest becomes
k
ds
”’“ Zg =3 v xdils) (121)
s=0
where
) , ydef 1 1
lg—i—=1) - L =1 ). 122
Xo.k(8) = Z (t+k+kg1 t—i—ier‘* s1=1 (122)
0<i1<...<is<k
1 1
. lig—ii=1] - - 1= 123
<t+22+ 2 1) <t+21+ ! 0) ( )
Remark 9. The goal is thus to have a good estimation of the terms
XG0k (5) (124)
in order to then find an asymptotic estimation for
dsiyr
ve. 125
h ZO Xk (125)

as k — oo. In order to do so, we will adopt the following strategy:
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Step 1. Estimate the expression

wft,z(s)dif 3 ro 1 (126)
: l§i1<..‘<i5<kt+zs t+ 151 t+1io t+11

for all s > 1. This will be done in sub-subsection|A.3.2)

Step2. Estimate the expression

def 1 1
01“13(8) = Z < — + ].isisl_l) . ( - + 1i51i52_1> . (127)
1<iy<...<io<k bt s t i1
1 1
ce 11 — = . —_— 1i1: 128
<f+i2+ T 1) (t+zl+ °> (128)

for all s > 1, because as we will see the expression 052(3) can be decomposed into wl(,t:)k,(s/)
expressions for s > s' > 1. This will be done in sub—subsection

Step 3. The final step will consist in putting the results from the two previous sub-subsections

together, and getting a final asymptotic estimate for dfith*k as k — oo, by noting that

t

1 1
Xé?c(s) “iir 9(()2(3) + Tk _1 ~eéf;€_1(s A+ (129)
1 ) 1
e ———— -6 1)+ ———+ 1= 130
Tk st foren D e (150)

This will be treated in sub-subsection|A.3.4,

A.3.2 Estimating w

Remark 10. In this sub-subsection we are going to estimate w(()f,)g(s), which is a sum of products of s
distinct factors. The idea will be to start from the expression

LM S S (131)
t t+1 7 t+k-—1

and substract all products containing at least two identical factors, followed by a division by s!.

This approach will be similar in spirit to the inclusion-exclusion principle, with the only difference
that the desired term will not computed directly, but instead one first establishes a recursive formula

using wéf,)c(s’) with s’ < s.

Solving this recursive formula will enable us to express w(()?f(s) only in terms of

(%—i—t%—&—. . —|—t+k%1) In fact, wétll(s) will be a polynomial of degree s in (%—i—t%—i—. . —|—t+k%1)

We adopt this approach, because we have a very good estimate for
1 1 1
-t — 4.+ — 132
rert—l-l+ +t—i—k—l (132)

Namely, we know that for all n, we have

1
n—1

1 1
1—|—§+...+ —l—ﬁ:lnn—kf}/—}—snglnn—kl (133)
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where v > % is the Euler-Mascheroni constant and ¢,, behaves asymptotically as ﬁ In other words,

1 1 1 t+k—1
-4+ —+.. . F—=In| — 1 — & 134
L SRy n( t 1 )+€t+k1 &t-1 (134)
t+k—1
=In |:t—1 + exXp (€t+k71 - €t71) (135)
=In Btfl,tJrkfl (136)

def . s . .
where 3 1 = lT -exp (e — &1). In order to reinforce the intuition here, let us imagine that T = t + k,
then

InBi—trho1 ~InT (137)

as T — oo. Hence we should expect w(()f,)c(s) to behave asymptotically as a polynomial of degree s in

InT.

Let us emphasize that we would like to express w(()f;g (s) with as much precision as possible (i.e. not
omitting the monomials in InT of degree less than s), since we would like to later on use this estimate

in subsequent steps when summing multiple w(()t,)c (8) terms over s.

In order to further ease notation, we will simply write w(s) for w(()fi (s), whenever there is no

ambiguity.

Finally, for this sub-subsection only we will use the following notation

def 1 1 1
iz +(t+1)l+"'+(t+kz—1)l

foralll > 1, and keeping in mind that S; converges as k — oo, forall | > 2.

! (138)

Remark 11. Let us now build a first intuition on how to apply an inclusion-exclusion-like principle
in order to calculate w(s) for small s.

Fors=1:
w(l) =5 (139)
For s = 2:

1
w(2) =5 (57 — S5) (140)

Here we expand S?, then substract the sum of products of doubles Sa, followed by a division of
2! = 2 to divide out the number of permutations.

For s = 3: first we need to substract the sum of products of triples Ss3, and then the sum products

where exactly two factors are identical Sy - w(1) — Ss. The latter appears (231) = 2‘?—1, = 3 times in
the expansion of S3. Similarly, we need to divide out the number of permutations 3!. Hence
I S 1
w(3) = 3 (ST — S5 —3-(Sz-w(l) — S3)] = 3 5% ‘w(l) + 353 (141)

Let us form now on denote (3) for the sum of products of triples, and (2, 1) the sum of products where
exactly two factors are the same.
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More generally we would denote

(j17j27"'ajk) (142)

with j1 > ja > ... > ji > 1, to denote the sum of products where one factor appears exactly 71
times, another factor (distinct from the previous one!) appears exactly js times, and another factor
(distinct from the previous two!) appears exactly js times, etc. This leaves us with exactly k distinct
factors each having multiplicity j1, ja, . . ., ji respectively. This sum appears with

|
(. ° ):S (143)
JisJ2, - Jk Jilegol e gt

repetitions in the expansion of S5, where s = j1 + ja + ... + ji.

For s = 4: when expanding Sy, we need to take into account

o (4) = Sy with ( ) = 4 = 1 repetition.
e (3,1)= w(l) — Sy with (341) = g = 4 repetitions.
o (2,2) =55 — Sy with (2 2) = % = 6 repetitions.
e (2,1,1) = Sy - w(2) — (3,1) = Sy - w(2) — S3 - w(l) + Sy with (27‘1*,1) = o =12
repetmons.
Hence we get
1
w(4) = E[Sil—54—4' (S3-w(1) = S4) = 6- (S5 — Sa) (144)
—12-(S2 - w(2) — S3 - w(1) + S4)] (145)
%[sf—4.53 w(1)+4-84—6-583+6-S5 —12- Shw(2) (146)
+12- S5 w(l) —12- 8, — S4] (147)
1
—E[Sj‘—12-52-w(2)+8-53-w(l)—3-(54+5‘§)} (148)
St S S S, +2-82
:47}_72(2”?3(1)—7(4 . 2) (149)

Notice how, as we progress with higher values of s, we build a recursive formula in w(s") with s < s.

Intuition. Note that the coefficient of w(2) for s = 4, is the same as the coefficient for w(1) for
s = 3, and is the same as the ’constant term’ for s = 2. Similarly, the coefficient of w(1) for § = 4is

the same as the ’constant term’ for s = 3. (By convention here, we don’t consider the terms 1 to not
be part of the ’constant term’.)

Hence, in the recursive formula for w(s), we would expect the coefficient of w(s') with s’ < s to be
equal to the "constant term’ in the formula for w(s — s').

Notation. Forall s > 1 > 0, let us denote d5 to be the coefficient of the term w(l) in the recursive
formula for w(s). By convention, we denote §, o for the "constant term’ in the recursive formula for
w(s). Hence for all s > 1, we have

S
w(s) = 1 —|—(5SS 1rw(s—1)+0s 52 -w(s—2)+...+ 851 w(l)+ds0 (150)

Hypothesis. The hypothesis will thus rewrite as

65,1 = 6sfl,0 (151)
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for all s > 1 > 0, which will prove by induction on s in the next lemma.

Lemma9. Let s > 1. Then

S
w(s) = j +00-w(s—1)+d20 - w(s—2)+ ... +ds_1,0 w(l) + s (152)

Proof. Let us prove by induction on s that for all s > [ > 0, we have
55,1 = 5sfl,0 (153)

. We already verified the cases s = 1, 2, 3, 4 in the previous remark. Thus let us suppose the induction
hypothesis is true for s, and consider the mapping

T:(j17j27"'7jk)'_)(jlﬂj%"'ajkal) (154)

where j1 > jo > ... > jp > land s = j1 + jo + ... + ji, mapping a partition of s onto a partition
of s 4+ 1.

If we suppose that (j1, j2, . . ., jr) consists of exactly r 1’s, then we can write
(J15d2y-5dk) = w(r)+ 1 -w(r—1)+ ...+ ¢ -w(l) + ¢ (155)
for some coefficients ¢,., ¢,_1, ..., c1, ¢y, and with
|
(. ° >:5 (156)
J1:025 5 Jk Jl-gaeeo !

repetitions in the expansion of S7.

The contribution of (j1, j2,. .., jk) to the coefficient J, ,» of w(r’) with ' < r < s, in the final
recursive formula of w(s) will be

Cpr

— (157)
Jit- gl gyl
(keeping in mind that we are dividing by s! after having done all the substractions from S7).
Meanwhile,
(J1,d2y - sk D)= wlr+ 1)+ 1 - w(r)+...+ - w(2) +co-w(l)+é (158)
for some coefficient ¢y, with
1 1)!
<‘ . ot . ) = L (159)
J15J25 -5 Jks 1 Jil-ge oo dk!

repetitions in the expansion of S{T*.
The contribution of (j1, jo, ..., jk, 1) to the coefficient d541 ;41 of w(r’ + 1) with ¥’ < r < s,in
the final recursive formula of w(s + 1) will be
S (160)
gl gal e k!

(keeping in mind that we are dividing by (s 4 1)! after having done all the substractions from S; ).

Conversely, the coefficient ds41 .41 only receives contributions from partitions of (s + 1) having at
least (1" + 1) 1’s, which correspond exactly to the contributions from the partitions of s having at
least v’ 1’s. Hence

5s+1,r/+1 = 55,7“’ (161)
Then by the induction hypothesis, we have 05 ,» = ds—, ¢. In other words
55+1,r’+1 - 55—r’,0 (162)
which completes the proof by induction.
O
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Remark 12. Note that all the coefficients 05 consist of linear combination of products with factors
equal to Sj with j > 2, which are known to converge as T' — oo. Thus those can be considered
constants when doing an asymptotic analysis in the subsequent sub-subsections. Also note that

0g,6—1 = 01,0 = 0.

Proposition 3. Forall s > 1, we have

S

Sr
w(s) = Z ws—rﬁ
r=0 '

where for | > 2

defe
WEY 3 S50 0j0

k=1 (j1,42,Jk)E¥Y 1k

with

def, . . . Lo . . .
Uk ={(J1,J2,- -, Ji) withj1 > ... > jp > land j1 + ...+ jp =1}

and where we define 1)y = 1 and 1)1 = 0.

Proof. Forl > 2, we have

-1
’l/)l:Z Z 5j1,0'...~5jk,o

k=1 (j1,52,--:Jk)E¥ 1k

-1 -2
:6l70+z Z Z 5j,0'5j2,0' ""5]%,0
k=1

=2 (j25 - Jk)E€EYI—j k-1

1—2 [1—j
= 5l,0 + Z Z Z 5j,0 . 5]'27() et 5jk70
j=2

k=1 (j2,Jk)€EYI—j, k-1

-2 l—j

=010+ E 0.0 E E 0420 050
Jj=2 k=1 (j2,....jk)EVI_j k-1
-2

=010+ Z@,o S

j=2

!
= Z 0.0 - Yi—j
=1

In other words, we have shown that for all { > 2,

-1
Y=Y 011
§=0

Let us now prove the proposition by induction on s.

The case s = 1 is trivial by the definition of ¢y and ;.
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(165)

(166)

(167)

(168)

(169)

(170)

(171)
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Let us now assume the formula is true for s, and let us prove it for s 4 1. By the previous lemma3]

we know that

9+1
D=5 +Zée+l to-w(l) + bei0 (174)
SS+1
BRCESII +Z5s+1 1,0 (Zl//l r'.> +ds+1,0 (175)
_ 5 +ZZ§ " S (176)
- S—|—1 Ly L s+1-1,0 * Yi—r 7“! s+1,0
_ s +ZZ5 -t (177)
- S+1 Lot Lt s+1-1,0 * Yi—r 7"!
Ss—i-l SI
GL1) ZJZZ&H 1,0 " Yi- rr (178)
S +§:Z(5 ¥ ~ST (179)
S+1 Lot s+1—r—1',0 * VI
Ss+1 Sl
= s+1—r " 18
Gl +Z¢+1 (180)
s+1
S’I’
= ngﬂ ook (181)
completing the proof by induction. O
Remark 13. Hence we have shown that for all s > 1
s gr s—2 gr
)= tery = +Zw5 - (182)
e ! !
or in other words
1 (1 1 T s
w(s) = (Dﬁt 1t+k 1) +Z¢s ) Hﬁt 1t+k 1)’ (H ) Z% D) es

ast+ k =T — oo, which is roughly the polynomial in InT of degree s we were anticipating.

A.3.3 Estimating 0

Remark 14. Let us now recall the definition for all s > 1,

t), def 1 1
91(:12(3) = Z <t+i + 1isz‘51_1> . (t+i X + 1:'511'52_1)
S S—

1<iy<..<is<k

1 1
: lij—iy=1] - — + 15, =
<t+i2+ 2—11 1> (t+21+ 1 O>

which we would like to estimate using wl(:tlz ().

In order to build a first intuition, let us look at how it plays out for small values for s.
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Notation. In this subsection we omit the superscript (t) notation because there is no ambiguity. We
will also occasionally do the abuse of notation and assume wy.;;(0) = 1 for all | < k.

For s =1, we get

Oo:k(1) = 1+ wo:k (1) (186)

For s = 2, we get

00:£(2) =1+ w1 (1) + wok—1(1) + wo:x(2) (187)

In what follows, we will use the following recursive formula quite frequently

k-1
1
Oo(s +1) = Oprr(s) + Y meo:j(s) (188)
Jj=s
Hence for s = 3, we get
eo:k(3) =1+ W1:ik— 1(1) + Wo:k— 2(1) + w2:k(1) + wo:k_1(2) (189)
+ Wik (2 +Z“03 1) 4 o (3) (190)

Now let us further observe that for all s > 1 and 0 < r <[, we have
Witrk+r(8) S wik(s) < Wi—rk—r(S) (191)
This implies that
142 wip(l) + wok(2) < 00.6(2) <1+2-wop—1(1) + wo.k(2) (192)
and, similarly,
143 wa(l) + 3 wik(2) + wok(3) < 6p:(3) <1+3-wok—2(1) +3 - wok—1(2) + wo:/(cl(g%)

Hypothesis. We can thus see the binomial coefficients arising, and we would expect that in general,
we have

S

> (i)  wosk—s4r (1) > Bouk(s) > Z( ) Wk (T) (194)

r=0

Lemma 10. Forall k > s > 1, we have

Z (i) Wi () > 050 (5) = Z (i) cw® () (195)

r=0

Proof. Let us prove this lemma by induction on s. The cases s = 1, 2, 3 have already been treated in
the previous remark.

Let us now assume that the claim holds for s, and prove it for s 4 1 using the recursive formula

k-1
1
Oo(s +1) = fok-1(5) + Y _ 7 — 5003(9) (196)
j=s
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For the lower bound, using the induction hypothesis, we get

(90k8+ Z() Ws—r:k—

s
S
= Z r *Ws—rik—
r=0
s
S
- Z r *Wg—pik—
r=0
s
S
= Z r cWs—rik—
r=0

1 +Z +]Z()ws”>
)li )

1(r) +Z
r=0
>

(
:0 (i) ‘ws—rik(r +1)
( s

1(7)

s+
S f 1) ST

=1+wor(s+1)+ 25: Ki) + (r i 1)} “We—pg1:k(T)

r=1

L /s+1
= 1+w0:k(s+1)+z ( . ) “Ws—ry1:5(T)
r=1

S0

r+1:k:(r)

For the upper bound, using the induction hypothesis, we get

Oo:x(s+1 Z() Woik—1—(s—r) ()

IN

CWoik—1—(s— r)

)
)
)
)

ﬁ
Il
=}

[
hE

CWoik—1—(s— r)

ﬁ
Il
=

Il
S
Il ®
[=)
N N T N N (\

[
WE

CWoik—1—(s— r)

ﬁ
Il
=}

* Z t+j Z ( ) @05 —(s—r) (7)
+ Zsl <7S~) ' kz_:: i w0z (s—r) (1)

k—1

197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)

> 1

- 0< ) Z s R e
s k—1—(s—r) 1

+7: < ) ]2 t+ - wo:j (1)

+ Z < ) Wo:k—(s—r) (T + 1)
+

)+ <r 1) T W0k—(s+1— r)(T)

:1+W0:k(5+1)+i|:<>+<T_1>:| "Wk —(s+1-r) ()

s+1
=1 +w0:k(5 + 1) + Z ( r ) . wO:k:—(s-i—l—T)(T)
r=1

= § ( ) “Woik—(s41—r) (1)

completing the proof by induction.
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(214)
O



Remark 15. Let us recall that

q

(In _ _
W[k Z'(/Jr . ﬁt-’rl qll,t-'rk 1) (215)

Thus the difference between the upper-bound and the lower-bound becomes

S S

Z (i) [Woik—(s—1) (1) — Ws—rp(T)] = Z (‘:) . Lio Yr—a (In Bt—17t+k—(s—r)—1)qq!— (In Brs—r—1,44%-1)1

r=0 r=0
(216)

which converges to zeroas T =t + k — oo.

A.3.4 Putting it all together

Remark 16. Now it is time to turn to Xé L( ) and finally put it all together, so that we can finally
estimate

d5t+k
s 217
h gv k(s 217)

and get the asymptotic estimate when T =t + k — oc.

Let us recall that

1 1
Xook(8) = 1 O0k(8) + g fokals = D+ 218)
1 ®) 1
S ——— 1)+ —— + 1= 219
s e W T e (219)

Using the abuse of notation 0,.1,(0) = 1 for | < k, we can rewrite it as follows
) (o) — - 1 o
Xo:k(8) = lp=s + ; TE Oo:k—i(s — 1) (220)

The idea is to use the inequality from lemma@)and get a similar result for Xétzc (8), then show that
n

the lower and upper bound are no more than ©(1/T) apart, thus enabling us to eventually get an
asymptotic estimate for d;:r’“.

We are also omitting the superscript (t) notation here because of lack of ambiguity.

Lemma 11. Forall s > 0and k > 1, we have

1 *[s+1 1 *[s+1
1 S FWs—r: S : S 1 =5 P ——— . k—(s—1
h=s T Z (T+1) ws—r:k (1) < X0k (8) < Lp=s + Py — ngo <T+1) wo:k—(s—r)(T)
221)
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Proof. Using the upper-bound of lemma|[I0] we get

s 1 ‘
Xo:k(8) = Lp=s + Z PRy — <Oo:k—i(s — 1) (222)
i=0
1 Hfs—i
<1 =s T . 1 : k—s+r 223
et 2 (7)) o) o)
i= r=0
1 (s
< lpmg + —— - WOk — st 224
_k_+t+k_8 ;;(r)wo.k +r(7) (224)
1 SIS (s —i
= =s T . tk—s+r 225
1k+t+k_sr§_%L§_%(r)] wWoik—s++ (1) (225)
1 * s+ 1
=lpeg + — - WOk — st 226
k_+t+k_8 §)<r+1) Wo:k—str(T) (226)
Similarly, using the lower-bound of lemma([I0] we get
s 1 .
X0:k(8) = Lp—s + Z Py — <0o:k—i(s — 1) (227)
i=0
u 1 s
>1 =s T . FWs—r: 228
== +§t+k—i ;( r ) Wamrik(r) (228)
1 R (s —i
>1 =s T TWs—r: 229
2t 2 () ) 29)
1 S 2 (s —i
:1k:s+mz Z( r ) 'Ws—r:k(r) (230)
r=0 Li=0
1 * s+ 1
=1 =s . cWs—rp: 231
=R T_0<7"—|—1> Wsrik(r) 231)
O

Lemma 12. For all s > 0, we have

(s)=1 + !
X0::\S) = lg=s P

i (i I 1) *Ws— ik (T)

r=0

1
+0 (t+k> (232)

Sor all large enough k > 1, and where the implicit constants from the ©(.) notation are dependent on
s.

Proof. Building on the previous lemma|[IT] and substracting the lower bound from the upper bound,
we get

(In Brys—r—1,4+k-1)7

i s+1 . wO:k—s—&-r(T) N ws—r:k(r) _ i i s+1 wr—q . (hl ﬂt—l,t+k—s+r—1)q B
—\r+1 t+k—s t+k == r+1/ ¢ t+k—s
(233)

When assuming that for large k, we have

(In Byt tqh—str—1)? = (I Brys—r—1t4x-1)7 (234)
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then
(Bt t4k—str—1)? (I Brps—r1e46-1)7 1 ' { s

: (ln [3t—1,t+k—s+r—1)q

t+k—s t+k Ttttk |t+k-—s
(235)
1 s s
< Py A Py R (In Be—1 t4k—str—1)
(236)
Ts
< 237
“t+k (237)

for some 7, > 0 depending on s, for all sufficiently large k.

In other words, we have

Z (s + 1) . |:w0:k)8+7‘(r> _ wsr:k(r)} < T (238)
r=0 r+1 t+k—s t+k b+ k

for for some 7, > 0 depending on s, for all sufficiently large k.

Meanwhile, for all large enough &, we have

u s+1 WO:k—s-&-r(r) Ws—r:k(r) ; s+l

| - 1 sr—1)"

;<r+1> [t+k—s bk | (R t+k_8 z(:)qz r+1 q' T Betesiootra)
(239)

: (hl ﬁt—Lt—i—k—s-&-r—l)q

Y
=
+ (9
??‘0:\
e
7N
eV
+ +
—_ =
N——
S

r=0 ¢q=0
(240)
T/ s r wr_q
> . (I Bty b—str—1)?
2 :
(t + k) r=0 g=0 q'
(241)
TI °L ’
= 5. = (In Byttt h—strrtq—1)?
2 | ) q
(t + k) q=0r'=0 q:
(242)
7! gy (In(t+ k))?
~ S > wr,> S (243)
(t + k) q=0 \r’=0 Eh
T > (In (¢ + k))“
> v 244
SECEYOE g g 4D
7/ exp[ln (¢t + k)]
~ 2 245
(t+F)2 4
7_/I
=3 246
t+k (246)
for some 7., 7/ > 0 depending on s. O
Proposition 4. If'V is a normal matrix with eigenvalues A1, A, - . . , Ay, of modulus smaller than 1,
then
dST
=L _ PA-P* 247
ah, T (247)

where P* is the conjugate transpose of the unitary matrix P (independent of T') and where At is a
diagonal matrix satisfying

(Ap)y; ~T tee+Th b (248)

for some positive real constants c,c/, as T — oo.
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Proof. Let V = PAP* be the Schur decomposition of V', with A = diag(\1, Ao, ..., A,). Note that
since we supposed that V' is normal, we thus have that the Schur matrix A is indeed diagonal and is
composed of the eigenvalues on the diagonal.

Based on lemma |12} one can show that there exists a function g : N — R such that

1 L (s+1
X0k (5) = Ln=s + 0 j{j <T+_1> - werek (1) + g(5) (249)
Thus
ds b
t+k s
h 47225‘/ - Xo:k(9) (250)
k
1 s s+1 s
v S v Y () ) v esh)
s=0 s=0r=0
k
1 s+1 (lnﬁt s—r—1,t k*l)q
1k s + 1+ s
T 1) SUCICED 9 3)  hi#) RUSLL ST s
s=0 s=0r=0 ¢g=0
(252)
(253)

Since the eigenvalues of V' are of modulus smaller than 1, we can assume that there exists a constant
d > 0 (dependent on the choice of eigenvalues of 1) such that for all £ > d we have V* ~ 0.

Furthermore since V'™ = (PAP*)™ = P
T =t + k, we can write

A" P* for all m € Ny, while keeping in mind that we pick

1 [ G (541 (In Beys—r—1,7-1)*
Ap == Zg(s)-AS+ZZZ( )-qu — CA® (254)
T s=0 s=0 r=0 q=0 r+1 T i
1 [ d d s s s+1 1116 )q i
S XERED 33 M R e nen Y
Ls=0 s=0 ¢=0 r=q r 7 i
1 [ L LS (s+1 (In B )]
“1 e e e RS (1) Rt e
Ls=0 4=0s=qr=g \ & J
1 [ L SN [s+1 (A-Ing )
“p Lo w33 (1) e SRt
s=0 q=0 s=q r=q Tt ¢
[ a d d—q s’ ,
1 s+q+1 (A-InByg—pr—17-1)7 /
= — . AS =+ s Yy 2 . AS
PN a5 S (LT ) e
] (258)
[ a d d—q s ’
1 s+qg+1 (A-InT)?
~ [ Doals) A ( )ww-m (259)
T 52:;) ) qzzzos/:owzzzo g+l ¢!
1y () A°| + = Z(A InT)? diz Sty L (260)
TT (&Y T | & 2 \p/ 4 g+1) "
Ls= q=0 =0r'=
1 [ 1
N Zg(s)-As —l—fexp(AJnT)-(co—i—cl-A+...+cd-Ad) (261)
Ls=0
C/
~ T + 7 €XP (A-InT) (262)

for some positive constants ¢, ¢, cg, ¢1, . . -, Cq.
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Hence

(Ar)is ~ec- T H 4 -1 ! (263)

Theorem 1. If'V is a normal matrix with eigenvalues of modulus smaller than 1, then

1551 = 00/1) 64
as T — oco. (here ||.|| is the Frobenius norm.)
Proof. Let us start off with the observation that
Tl o TV = @ (T min (AR (265)
as T'— oo. And thus, by using proposition[d] we get
1521 =) (266
where
n= z:ql,m,n {min (1,1 — Re(N\;))} < 1 (267)
O

Remark 17. Note that V being normal is not a necessary condition for the generality of the theorem
to hold. We simply chose V' to be normal in order to make the calculations less cumbersome.

In case V is non-normal, its Schur matrix A becomes triangular instead of diagonal. In fact, if t; ;
are the off-diagonal elements of Schur matrix of V (with i < j), then

VI = VT (V*V) = Tr(A*A) = ZIA 2+ g2 = D2 @268)
=1

1<J

Thus every lower bound on /Y., |\i|? induces a lower bound on ||V|, and in particular an
asymptotic lower bound on the modulus of one of the eigenvalues of 7, d‘(’T induces an asymptotic lower

bound on || %x L.

A.4 Sparse relevance case with bounded dependency depth
Remark 18. Similarly to remark[]] we are going to assume for this subsection:
e 1o non-linearity in the hidden-to-hidden connection: J; =V for all t.
e all assumptions from Remark[3]
o r-sparse attention: for eacht > 1, there are at most k < t values for i such that o 3 # 0.
(Let us define th§f|{i such that o ¢ # 0}])

o uniform attention across attended states: for all t > 1, and all i < t such that o; + # 0, we
have a; ¢ = 1/ky > 1/K.
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Remark 19. Similarly to remark|8] let us recall that

5'61‘,15
Xit = hz‘*zaj,thj .Thi (269)
Jj=1
and that
t t t
ﬁeit ae't
QiYir =Y aip-hi | /==Y aji 2 (270)
; w,t4a,t ; it i (9815,1 ; 7,t 6st,1
t
deiy de; 1
_ D . d 271
;Oéz,t 7 6815 . ;Oézt ZOéJt (C)St,1 ( )
t t er s
2
= Yo { b=t | 5 e

Thus we can see that both expressions have the common factor (hi - 2321 ozﬁhj).

By defining

A% such that ., # 0} 273)
we see that
h—Za]th —h——Zh' (274)
]GAt

and we are going to assume for the sake of simplicity that

hi ~ — Z h; (275)
JGAt
and thus X; ; ~ 0 and Zle ;1Y ~ 0.

Recalling the expression from corollaryand that f(hy,ct) = he + ¢¢ by remark and that J, =V
Sor all t, this will give for all k' > 0

1 ,
EY = (te““ + 1k/_0) v (276)
Rtk
and for all k > 3, we get
1 .
Féj}lj = ( t4+j+1€A ki1 + 1k—j) .V 277)
’ Rt+k+1

Hence by recalling proposition[l} the main expression of interest becomes

k
ds
s=0

def Liti, . Livio_ i +1€4,
ng;c(s) = Z <t+ e + 1191‘5—1) ‘ <t+“ 1ty 1is¢51—1> ‘

K K i
0<ir<..<is<k t+k ttis

(279)

1 % t+i 1 ti
. (MEAH + 1i2_i1_1> . (tGAJrl + 1i1_0) (280)
Rt4iq Rt4iy
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Remark 20. Let us now have a look at how we could potentially simplify the analysis of Xg)t}c ().

If we further assume V' to be normal we can write

V = PAP* (281)
where A = diag(A\1, Aa, . .., \p,) is the diagonal matrix consisting of the eigenvalues of V, and P* is
the conjugate transpose of P.

Hence, we can rewrite
dsiek N~ (0 e W .
dhy Z_:O VE Xow(s) = P (ZO A® xo;k(s)> P (282)

We can therefore see that the asymptotic behaviour of d;‘htk depends largely on the asymptotic

behaviour of the modulus of the complex-valued polynomial

k
Poa NES A (s) (283)

and thus

d5t+k
= 284
15 (284)
where ||.|| is the Frobenius norm. Hence in order to prove that
dsiik d
=Q(1 285
1S5 = 1/ (285)
for all large enough k (note that k and r here are two different symbols), it would suffice to show that
there exists A € {1, ..., \n} such that, for all large enough k, we have
por(\)| = Q(1/x%) (286)
For simplicity we are going to assume that for all t, we have k; = k.
Let us further define for all s > 1,
] Lt Ltk Logi,_ t+i
éf}z(ih - .,is)def(”ﬁle“‘% + 1k_is_1> . (“1+16A+ + 11.5_1,5_1_1) .. (287)
Ktk Kt+i,
Lt t4i 1 t+i
. (H+1€A+ n 11.2_1,1_1) . (tef“+ n 11.1_0) (288)
Kttig Rttiy
whenever (i1, ..., i,) satisfies 0 < i1 < iy < ... <15 <k, and
s) /- . (def
fidlin, . i) =0 (289)

otherwise.

Theorem 2. Given the k-sparsity assumption and the dependency depth d, we have that if V is
normal and has one positive real eigenvalue, then

d
1= =20/ (290)

for all large enough k.
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Proof. By the hypothesis on the dependency depth d, we know that for each k, there exists s’ < d
and (i1, 42, ...,1s ) such that

, 1 s'+1 1 d+1
S (i, i) > () > () (291)

K K

Hence if ) is real and positive, then for all large enough %, we have
[po:e(A)] = Q(1/k7) (292)

Let us recall that, since V' is normal we can write

dsir
— 293
1575 (293)
where Ay, ..., A, are the eigenvalues of V.
Hence, if V' has at least one positive real eigenvalue then
dsi ik d
=Q(1 294
15 = 21/x%) (294)
for all large enough k. O

Remark 21. As already mentioned, since k and d are assumed to be constant, the theorem states
that

dsitk
=Q(1 295
1= = 20) (295)

The dependence on r and d was simply given in order to get an intuition on how k and d are
influencing the lower bound, and that d has more leverage on the lower bound than k.

Regarding the normality of V, the same remark can be made as in remark|[I7]

Then note that if V is a (real) n x n matrix, with n odd, then we have at least one real eigenvalue.
Thus the restriction of having at least one positive real eigenvalue is not that severe.

Further, one can show that the theorem holds in a slightly more general setting where one might not
have at least one positive real eigenvalue.

Let us consider the case where k = 1, |\| < 1 such that we could consider \° = 0 for some large
enough positive integer c, and that all states between T’ and T' — ¢ have dependency depth of exactly
d (whereT =t + k), then

)\d 4 )\d 1— /\cfd+1
: =—-(1 Y= — . —— 2
poa) = 2 - (A = 25 (T2 29%)
Hence we can see that if we can show that ‘%‘ is lower bounded asymptotically by a constant,
independent of d and r, (which it is in this case), then we have
ok (M) = Q(1/5%) (297)

We also see that we would like ) to be sufficiently bounded away from a small set of critical values
such as the (¢ — d)-th roots of unity.

In a more general setting, we can rewrite

)\d
Po:k(A) = a - qo:k(A) (298)
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for some polynomial qo.;, with positive real coefficients, and we would like )\ to be such that
|g0:1 (N)| = Q(1) for all sufficiently large k.

Our hypothesis is that the theorem holds as long as X is sufficiently bounded away from a small set of
critical values in C \ R™, or in other words, we would need only at least one eigenvalue 1o satisfy

this condition. This set of critical values is a dependent on k, d and the overall configuration of the
attention weights.
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B Effects of memory sparsity on basic reinforcement learning tasks

We consider a few tasks from MiniGrid [8]] in the OpenAl gym [6] in which an agent must get to
certain goal states. We use a partially observed formulation of the task, where the agent only sees a
small number of squares ahead of it. Our goal is to compare generalization of the solutions learned
by full and sparse memory-augmented models, by training on smaller version of an environment
and testing it on a larger version. To do so, we compare the use of MemLSTM (full attention) and
RelLSTM (sparse attention). We note that some purely recurrent models can perform well on these
tasks where sequence lengths are rather short, but the scope of this experiment is to explicitly compare
the effect of different memory densities.

Table 4: Average Train and Test Rewards for MiniGrid Reinforcement Learning task. The models
were trained on the smaller version of the environment and tested on the larger version to test to
generalization of the solution learned.

Environment MemLSTM RelLSTM

Train
RedBlueDoors-6x6 0.97 0.97
GoToObject-6x6 0.85 0.84
MemoryS7 0.4 0.94
GoToDoor-5x5 0.17 0.25
Fetch-5x5 0.42 0.5
DoorKey-5x5 0.94 0.93
Test

RedBlueDoors-8x8 0.95 0.95
GoToObject-8x8 0.66 0.74
MemoryS13 0.24 0.30
GoToDoor-8x8 0.11 0.15
Fetch-8x8 0.44 0.45
DoorKey-16x16 0.31 0.44

These tasks are difficult to solve with standard RL algorithms, due to (1) the partial observability
of the environment and (2) the sparsity of the reward, given that the agent receives a reward only
after reaching the goal. We use Proximal Policy Optimization (PPO, [36]) along with MemLSTM,
and RelLSTM as the recurrent modules. All models were each trained for 5000000 steps on each
environment. The hyperparameters used for RelLSTM are v = 5 and p = 5. On the MiniGrid-
DoorKey-5x5-v0 environment the average reward for MemLSTM is 0.94 and RelLSTM is 0.93.
On transferring the learned solution to the /6x16 version of that environment the average reward
for MemLSTM is 0.31 and RelLSTM is 0.44. As illustrated in[4] we find that transfer scores for
RelLSTM are much higher than for MemLSTM across several environments.
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C Tradeoff analysis between sparsity and gradient propagation

As already discussed in Section[d] the sparsity coefficient « verifies & = v + p > |S;| + |Ry| for all
time step ¢, where we denote v for the size of the short-term buffer, and p for the maximal size of the
relevant sets R;. In this section we would like to see how gradient propagation varies when changing
sparsity. As already discussed at the end of Section [3]as well as at the end of Sectiond] decreasing
x, would increasingly force gradients to backpropagate through the recurrent connections, thus
degrading gradient stability. Meanwhile, increasing x would increase the size of the computational
graph. Thus we would like to find the optimal trade-off between sparsity and gradient propagation.
This trade-off is clearly task-specific and needs to be determined experimentally. The only way to
do so is by either changing v or changing p (or both). Hence we are going to analyze the effects on
gradient propagation by separately changing v and p.

Gradient norms plot on the Denoise Task Gradient norms plot on the Denoise Task
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Figure 3: Both sides show gradient norm plots of |V}, L|| in log scale after training for Denoise Task
with ¢ ranging from 0O (latest time step) to 1000 (furthest time step). (Left) We took four MemLSTM
models for p = 3, 8, 18, 25 while keeping v = 15 fixed. (Right) We took four MemLSTM models
for v = 3,8, 18, 25 while keeping p = 15 fixed. (Note that the y-axis of the two plots have different
scales, as indicated in the plots.)

For Figure [3] (left), we can see that when choosing p too small (here for instance p = 3), gradient
propagation becomes unstable, while larger values for p all show stable gradient propagation. This
confirms our initial intuition that we can decrease p until a task-specific treshold and maintain stable
gradient propagation, while decreasing p beyond this treshold would cause gradient propagation to
become unstable.

For Figure 3] (right), we can see that changing ~ has much less leverage on gradient propagation than
changing p. Gradient propagation stays relatively stable regardless of the values for v. The only
difference is that for the extreme value of v = 3, we can see that gradient propagation became slightly
less stable, because with smaller v predictions for future relevancy might become less accurate.
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D Additional Results

Copy Task - orth-RNN o0 Copy Task - expRNN Copy Task - RelRNN

f Updates

Denoise Task - expRNN Denoise Task - RelRNN

bl j

Figure 4: Cross-entropy vs training updates for Copy (top) and Denoise (bottom) tasks for T' =
{100, 200, 300, 500, 1000, 2000}. 1 unit of the x-axis is equal to 100 iterations of training with the
exception of expRNN where 1 unit on the x-axis is 10 iterations of training.

Table 5: Results for Copy Task

T LSTM orth-RNN expRNN MemRNN SAB RelRNN RelLSTM

100  100% 100% 100% 100% 100%  100% 100%
200 100% 100% 100% 100% 100%  100% 100%
300 100% 100% 100% 100% 100%  100% 100%
500  12% 100% 100% 100% 100%  100% 100%
1000 12% 80% 100% 100% 100%  100% 100%
2000 12% 11% 100% OOM 100%  100% 100%

Table 6: Hyperparameters used for Copy task

Model Ir optimizer non-linearity v p

orthRNN 0.0002 RMSprop modrelu - -

expRNN 0.0002 RMSprop modrelu - -
LSTM 0.0002 Adam - - -

RelRNN 0.0002  Adam tanh 10 10
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Figure 5: Training curves for LSTM on Denoise task
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Figure 6: Training curves for GORU on Denoise task
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Figure 7: Heatmap of attention scores on PTB task training with full attention and BPTT of 125
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Permuted sMNIST Task

0.8
>
@
5 0.6
S —— RelRNN
e —— orth-RNN
2 —— RNN
5
< 04
3
>
0.2
; ; : : : : : ; .
0 5 10 15 20 25 30 35 40

Epochs

Figure 8: Validation accuracy curves for pMNIST

Sequential MNIST
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Figure 9: Heatmap of attention scores on MNIST digit classification. 7 pixels were grouped at each
time step to make visualization of heatmap easier.

Copy Task (Short term attention), T = 100

EEE¥RREULE

2 EEEE - E

v
E
<}

=
o

E

g
=
£
[+
i
[
i
0]

-

"
-
-
2

maehl LELELERSTIEERE VLS L LR RE R R LR E R RS S

— ™ States aftending to

Figure 10: Heatmap of attention scores on Copy task when only doing attention over the Short Term
Buffer.
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Table 7: Hyperparameters used for Denoise task

Model Ir optimizer non-linearity v p

orthRNN 0.0002 RMSprop modrelu - -

expRNN 0.0002 RMSprop modrelu - -
LSTM 0.0002 Adam - - -
GORU  0.001 RMSprop - - -

RelRNN 0.0002 RMSprop modrelu 10 10

Table 8: Hyperparameters used for sequential MNIST

Model Ir (Ir orth) optimizer non-linearity v p
orthRNN 0.0001 Adam modrelu - -
expRNN 0.0001(0.00001)  Adam modrelu - -

LSTM 0.0002 - - -

GORU - -
RelRNN 0.0003 Adam modrelu 10 10

Denoise Task (Short term attention), T = 100
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Figure 11: Heatmap of attention scores on Denoise task when only doing attention over the Short
Term Buffer.

Table 9: Hyperparameters used for PTB

Model Ir (Ir orth) optimizer non-linearity v p
orthRNN 0.001 Adam tanh - -
expRNN 0.003(0.0003)  Adam tanh - -

LSTM 0.0002 - - -

GORU - -
RelRNN 0.0003 Adam tanh 10 5
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