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A Proof of Theorem[7|

Before proceeding with the proof, we introduce a convenient way to think about a node’s decision
rule. Recall that a node is associated with a rule described by a feature ¢ € [¢], a threshold 6 € R,
and a sign s € {£1}. The sample S = {x1,...,X,,} may be represented by a collection X of ¢
permutations of [m] representing the ordering of its data points according to their values for each
feature, since that relative ordering encapsulates all pertinent information on the sample, from the
perspective of decision trees. To be more precise, for eachi = 1,...,, let ¢* be a permutation of
[m] satisfying

Q.
Tm

Aol << gl
o} — Yoy — —
In general, unless the data points all have different values for a given feature, there may be many such
permutations; just pick one arbitrarily.
Any node in a decision tree splits the data points in two according to a rule of the form

_ [ti(x) ifsign(zt—0)=s
tx) = {tr(x) otherwise.

This corresponds to splitting the permutation

ol = [ali ab . Ufn]
in two parts, sending examples x: to one subtree for j < .J, and sending the rest of the examples to

J
the other subtree, where J is determined by € and s. In fact, as long as the inequalities

are strict (all data points have different values for each feature), then all the different ways of splitting
the (now unique) permutation o induce a split on the sample S according to which it was defined.
This situation could be called the worst-case scenario, because it allows for more distinct 2-partitions
to be realized on the sample.

We split the proof in 4 parts: 1) the bound itself, 2) the equality for 2¢ < m, 3) the equality for
20 > (LTJ)’ and 4) the equality for 1 <m < 7.

2

A1 Proof of part 1 of Theorem 7]

‘We want to show that

| =

m(m) <

::f min {26, (TZ) } :

=1
real-valued features.

~ N

where T is the class of decision stumps on

Proof. First, let R(S) be the set of 2-partitions of .S realizable by a single node, and notice that
bounding the cardinality of R(S) directly gives a bound on 72 (m) if the bound does not depend
directly on S.

Let Ry (S) C R(S) be the subset of 2-partitions with a part of size k, and notice Ry, (S) = Ry (.9).
Therefore, we can decompose R (.S) into the disjoint union

L%]
R(S) = | R(9). )
k=1

To bound | Ry ()], first consider k& < 7. Every partition in R, (.5) is determined by a set of k data

points, so that |Rx(S)| < (), the number of k-subsets of S. On the other hand, given a feature
i € [{], in the worst-case scenario, we can split the permutation ¢ after the k first points or before
the k last points to induce 2 distinct elements of Ry, (.S). Since there are ¢ features, this makes a total
of at most 2/ realizable 2-partitions with a part of size k. We conclude that, for k < 7, we have

|Ri(S)| < min {2¢, () }.

10
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Now let k = 7. Then the same arguments apply, except that the number of 2-partitions with a part of

size k is %(’Z) because each such partition contains two subsets of the same size k. Moreover, for the
same reason, the node can produce at most only one 2-partition with a part of size k for each feature.
Thus, |R(S)| < min {¢, 5 () }.

Combining our results, we have
min {E, %(Z’)} ifk =%

|Ri(S)] < {min {2¢,(7)} otherwise. (1o

Using Inequality (I0), the symmetry Ry (S) = Ry —(S) yields
L%J m—1 m
XS] = 52 1(5)] < 3 min {24, (k) }

1

k=
which concludes the proof, since |R(.S)| depends only on m and not on S. O

A.2  Proof of part 2 of Theorem 7]

Proof. We want to show that the bound of Theorem [7]is an equality for 2¢ < m. To this end, we
want to show the existence of a sample .S such that

¢ ifk=1%
— 2
[Ri(5) {% otherwise.

Since 2¢ < m implies 2¢ < (’;) for all k, we will have

I_%J m—1 m—1
1 1 . m
|R(S)| = ,;_1 |RE(S)| =£4(m —1) = 3 ,;:1 2= 3 ,;:1 min {2& (k)}

which establishes that the bound of Theorem|[7]is an equality.

Let us construct a suitable sample S. Consider the permutations o', .. ., o¢ given by the rows of the
following permutation representation of S:
1 2 l 204+1 21+2 m| 20 20-1 ... 1+1
2 3 ... I+1 2041 2042 ... m 1 21 o U422
y— |3 4 ... 14212041 20+2 ... m 2 1 o U+3
L 1+1 ... 20-1)2l+1 2142 ... m|l-1 [-2 ... 2
Y is built up from an ¢ x ¢ matrix on the left, an £ x (m — 2¢) matrix in the middle, and an £ x ¢
matrix on the right. In the remainder of this paragraph, a shift is a shift in the sequence 1,2, ..., 2.
The first row of the left matrix is 1, 2, ..., £; subsequent rows are obtained by shifting one position to
the right. The middle matrix has identical rows running from 2¢ + 1 to m. The first row of the right
matrix is 2¢,2¢ — 1, ..., ¢ 4 1; subsequent rows are obtained by shifting one position to the left. For
example, if / = 3 and m = 9, we have
1 2 3|7 8 9|6 5 4
=12 3 4|7 8 9|1 6 5 |.
3 4 5|7 8 912 1 6
It is clear that, for k = 1,..., [%J, splitting any of these permutations after the first £ points or

before the last £ points always induces different 2-partitions with a part of size k on the sample, as
long as the sample is chosen so that the strict inequalities
i i i
$O_i < xdé << xo.zn

hold; it suffices to choose xza =jfori=1,...,fand j = 1,...,m. This gives us a total of ¢

J
distinct 2-partitions if k = % (with even m), and a total of 2¢ distinct permutations if k < %, as

required. O

11
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A.3  Proof of part 3 of Theorem
We prove part 3 of Theorem [7|by showing that for 2¢ > (LZ J) (so that 2¢ > (73) for all k) there

2
exists a sample S such that

IR(S)| = :: @‘) - :11 min {2@, (’:) } .

We proceed in two steps. First, we show that there exists a sample S of m examples on which

every 2-partition with a part of size | 2| is realized by a stump, when 2/ > (LZ J) Second, we

use induction from this base case to establish the proof for all part sizes. More precisely, we show
that if there exists a sample .Sy such that a stump can realize every 2-partition with a part of size
2<k< %”, then there also exists a sample Sk _1 of the same size such that a stump can realize every
2-partition with a part of size k and every 2-partition with a part of size k — 1.

Let X be the permutation representation of .S, as explained at the beginning of Appendix [A] Further-
more, assume we are in the worst-case scenario where

i i i
.’L'o_i <.Ta_§ < --- <xo_:‘n’
for all ¢ € [£]. In this case, showing that every 2-partition of S is realizable by a decision stump
is equivalent to showing that every k-subset of [m] is attainable by splitting a permutation of ¥ in

two, either by splitting after the first £ elements or before the last k elements for every possible k.
Moreover, we only need to consider k-subsets for 1 < k < % since Ry (S) = Ry (5).

Step 1. We want to show that there exists a sample S E3 of m examples on which every 2-partition
2

2
by B be its permutation representation. Our problem is then equivalent to finding a matrix X
2

with a part of size | 2| is realized by a stump when 2¢ > (LEJ)’ i.e. when ¢ > B (LEJ)—‘ Let
2 2

3

,_
w[3
[

whose rows are permutations of [m] such that each | 2 |-subset of [m] may be found as the first |
clements or the last | 2| elements of a row of 3 e
2

J

This is easy for even m. Given that ¢ > % (2) and that there are exactly % (2) different 2-partitions
2 2

of [m] with a part of size %, we can fit them all the first £ rows of the matrix X m with the first %
elements of each row being the elements of the first part of each 2-partition. Then, Xz induces a

sample Sm on which every 2-partition is realizable by a stump. If S = {x,...,X;,}, choosing
xjﬂ = j, where the p} are the elements of the matrix ¥ =, suffices.
J

Now, let’s see what happens when m is odd. Consider the minimal case £ = E ( Lg ] )—‘ . We rephrase
2

our problem as a graph problem. Let the vertices of the graph G = (V, E) be the L%J -subsets of
[m] and only place edges between disjoint L%J -subsets. Now, pairs of L%J -subsets with an edge
connecting them are exactly the pairs of L%J -subsets of [m]| whose elements can occur in the same
row of 3| ,, | (since each row is a permutation and therefore contains each element of [m] exactly
2
once). The problem of constructing a suitable matrix > |z | becomes equivalent to showing that there
2
exists a subset of edges M C E such that no two edges e, e2 € M are incident to the same vertex,
with cardinality | M| = ¢ if (LZJ) isevenand |[M|=/¢—1if (LQJ) is odd (since in this case, one
2 2
L%J -subset of [m] will have its own row in the matrix X E3 ). Such problems are called matching
2

problems in the field of graph theory.

As it turns out, the graph G is known as the Odd Graph O,, withn = L%J (since m = 2 [%J +1
when m is odd). According to Miitze et al.|[2018]], O,, has at least one Hamiltonian cycle for n = 1
and for every n > 3, a Hamiltonian cycle being a cycle which goes through every vertex exactly once.
In particular, it has a Hamiltonian path as long as n # 2. This implies that for n # 2, there exists
a matching of size E (LZ | )J . Indeed, it suffices to take one such Hamiltonian path, add the first

2

edge to M, skip the next one, and continue adding every other edge to M as we follow along the
path. This ensures that every vertex is incident to exactly one of the selected edges, except when the

12
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Figure 1: The odd graph Os, also commonly known as the Petersen Graph. One matching of size 5 is
shown in bold red.

number of vertices is odd, in which case one vertex is left out (thus accounting for the floor function).
The case n = 2 (which only occurs when m = 5) is exceptional and Os corresponds to the Petersen
Graph, which has no Hamiltonian cycle. However, from Figure[I] we can see that there still exists a

matching of size / = %(LgJ) =5.
2

m

We can easily construct a set of £ permutations which separates all [ 5 J -subsets from such a matching.
Pair off the L%J -subsets which are joined by an edge in the chosen matching M. Since m is odd,

choosing a pair of disjoint L%J -subsets of [m] fixes m — 1 elements of a permutation, leaving exactly

one possible element to complete it. Hence, sandwich the missing elements between each pair of

| 2 |-subsets to construct the rows of ZLE | If (LE J) is even, we are done. Otherwise, put the
2 2

last | 2 |-subset at the beginning of the (-th row of X |z |- Lastly, if 0> B (g)-‘ , then build the
first £ rows of X e as described above and fill in the rest with arbitrary permutations. With this
configuration, just like in the even case, 2 |z ] induces a sample S= on which every 2-partition is
realizable by a stump.

Step 2. We want to prove that given a sample S || o0 which every 2-partition with a part of size

L%J is realizable by a stump, we can construct a sample S7 on which every 2-partition is realizable

by a stump. We proceed inductively, showing that given a sample Sy with 1 < k < L%J on which

every 2-partition with a part of size k, k + 1,..., L%J is realizable by a stump, there exists a sample
Si—1 of the same size as Sj, on which every 2-partition with a part of size k — 1,k, k+1,..., [ 2]

is realizable by a stump.

Let Sk be a sample such that no two of its instances have the same value for any feature, and let 3,
be its permutation representation.

Then, Lemma , proved below, assures us that there exists an injective map ¢ from the set ( IETD of

all (k — 1)-subsets of [m] to the set ([7:]) of all k-subsets of [m] such that for every (k — 1)-subset a,
we have a C ¢(a).

By assumption, X, separates all k-subsets of [m], that is all k-subsets of [m] appear either as the

first £ elements or the last k£ elements of a row of ;.. For some a € ( ,E'_”]l) reorder the elements of
¢(a) appearing at the beginning or the end of a row of X, so that the elements of a are either at the
beginning or at the end of this row (according to whether the elements of ¢(a) are at the beginning
or at the end of the row). Notice that after this procedure, the new matrix E;C that is obtained still
separates ¢(a); moreover, it also separates a. Since the map ¢ is injective, we can continue this
process without ever needing to reorder the same half-row twice, applying the same steps for each

a € ( ]ET]I) This yields a final matrix ¥;_; which induces the desired sample Sj,_1.

13
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Now, since Lemma |11 is valid for 2 < k < |2], and because S B is a set on which every
2

2-partition with a part of size L%J can be realized by a stump, one can repeat the process above until
k = 2 so that R(.S1) contains every 2-partition. Thus, S is the set needed to conclude the proof.

Lemma 11. Let ( m) {0 C[m] : |a| = kY be the set of all k-subsets of [m]. Then, for1 < k < 5
there exists an injective mapping ¢ : ( 7”]) — (27_2]1) such that a C ¢(a) forall a € ([m])

Proof. Let k be such that 1 < k < 7. Consider the bipartite graph G = (V, E') whose set of vertices

isvV = (")u (,£+]1) with an edge connectmg ae (") andbe (Iyﬂ) if and only if @ C b, and no

other edges. The lemma is equivalent to finding a matching of G which covers ([ZL]) in the sense that

each vertex in ([’,?]) is incident to an edge of the matching. We show the existence of such a matching
using Hall’s marriage theorem (see |Hall [[1935]]).

Let W C () and consider the set N (W) containing all the vertices in ( ,£T]1) which are adjacent to

a vertex in W, that is all (k 4 1)-subsets of [m] which contain a k-subset of [m] from W.

Given a € W, we can make m — k different (k + 1)-subsets containing a by adding one the m — k
elements of [m] not present in « to it. Since we can do this for each a € W, we obtain (m — k) ||
(not necessarily all distinct) (k + 1)-subsets. In fact, in the worst case, when all (}Hl) =k+1

different k-subsets of some b € ( ,Eil]l) are present in W, b will be counted k + 1 times. Therefore

(k+1)|N(W)| > (m — k) |W|. Moreover, since 1 < k < %, we have m — k > k + 1. This means

INW)| =

k;

Since this inequality holds for all W C (Z ) a straightforward application of Hall’s marriage
theorem yields a matching of G which covers ( ) and proves the lemma. O

A.4 Proof of part 4 of Theorem 7]

We now prove that

m—1
72(m) = % 3" min {2@, (T:)} (11)
k=1

when 1 < 'm < 7. To do so, consider the permutation representation X of a sample S as described
at the beginning of the Appendix. We explicitly define ¥ which induces a sample S that shows
Equation (TT) is satisfied.

One must understand the following matrices as follows. If £ is less than or equal to the total number
of rows of the matrix, build ¥ from the first £ rows. If / is greater than the number of rows of the
matrix, add arbitrary permutations to fill out the rest of the rows of ¥; these do not matter because
already separates all subsets of [m] with its first £ rows.

o m=1:
1]
o m=2
1 2]
e m=3
i3
e m=14
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1 2 3 5 4
2 3 4 1 5
3 41 2 5
1 3 5 2 4
1 4 2 3 5
e m=~06
M 2 3 6 5 4]
2 3 41 6 5
3 45 2 1 6
1 3 6 5 4 2
3 5 2 1 6 4
5 1 4 3 2 6
1 4 3 6 2 5
3 6 5 1 2 4
1 2 5 3 4 6
11 3 5 2 4 6]
e m=7
(1 2 3 4 5 6 7]
2 3 4 7 1 5 6
3 4 7 6 2 1 5
4 7 6 2 5 1 3
1 4 3 7 6 2 5
5 7 4 3 2 1 6
3 75 6 1 2 4
2 7 4 1 6 3 5
2 6 3 71 4 5
1 7 3 5 2 4 6
3 6 71 2 4 5
1 47 6 2 3 5
1 2 7 3 4 5 6
1 57 2 3 4 6
1 6 7 2 3 45
2 3 7 5 1 4 6
2 5 7 4 3 6 1
2 6 7 1 3 4 5

B Proof of Theorem[9

Theorem 9] relies on a proposition we expose in the following section, and we proceed with the proof
thereafter.

B.1 Formalizing decision trees as partitioning machines

In Sectiond] we introduce the notion of trees as partitioning machines. We here formalize this idea
by providing a recursive construction of partitions realizable by a tree class 7T'.

Given a tree class 7" and a sample S, let % o {71,---,7c} € P5(S) be some c-partition realizable
def

by T and let A = {\, S\A} € R(S) be a 2-partition realized by the root node which led to 7.
According to our definition|I|of a binary tree, we have that X is forwarded to the left subtree class 77},
which produces an a-partition & () while S\ A is sent to the right subtree class 7, which produces a
b-partition 5(S\\), as pictured in Figure[2] As explained in Section 7 arises from the union of
some of the leaves, therefore it also arises from the union of some of the parts in & and 3. Moreover,
this implies that a + b must be greater or equal to c.
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Figure 2: The root node splits the set .S into two parts, A and S\, which are forwarded to the left
subtree class 77 and the right subtree class 7. respectively. The subtrees produces partitions & and /3,
which can be combined to yield a c-partition 7.

Note that, generally, there exists multiple partitions @, /3, and \ that yield the same partition 7. As
a consequence, we can also assume without loss of generality that ¢ < c and b < c¢. Indeed, by
construction, any part y; € 4 is the result of the union of some subset of parts &/ C & and some
other subset of parts 37 C /3. Note that &’ and 37 can be empty, but not both at the same time.
Using this notation, we have that v; = |J ;a Uy Bepi B for every ;. Consider the following

acal
partition & = {o; : o} = |J,cqs @, # @} and define 3’ similarly. In this formulation, ; is

equal to a;-, ;-, or a; U ﬁ;. Moreover, the way & and 3’ are defined implies that &’ € (ﬁ%;()\) and
B e P (S\\) fora’ = |a'| and b’ =

Jei f Finally, this also implies that a’, b’ < ¢, as wanted.

Having now described how a realizable partition 5 € #4(S) of a tree class 7' is related to the
realizable partitions & and 3 of its left and right subtrees, it is relevant to ask instead what partitions
7 can be made given the partitions & and 3. To do so, we define the following quantity.

Definition 12 (c-partitions-set of pairwise unions of two partitions). Let & be an a-partition of
some set A and [3 be a b-partition of some other set B, disjoint from A. Define the set Q°(&, 3) of
c-partitions that can be constructed from pairwise unions of & and (3 as follows:

Qc(d,B)dZEf{5/:ﬁisac-partitionofAUBs.t.V’y6'%3@6@,565
sty=aory=fory=aUf}. (12)

From this definition, it follows that 2¢(&, 8) = @ifa+b < ¢,a > ¢, or b > ¢. Moreover, if A%(A)
is some set of a-partitions of A and B”(B) is some set of b-partitions of B, we denote by

Q°(A(A),8'B)E | 2%ap)

the union set of the Q°¢.

We are now equipped to write a recursive relation of the set of partitions a tree 7" can realize knowing
the set of partitions its subtrees can realize.

Proposition 13 (c-partitions-set decomposition of decision trees). Let P5.(S) be the set of c-partitions
that a binary decision tree class T can realize on a sample S of m > Ly examples, and let Ty and
T, be the hypothesis classes of its left and right subtrees. Then, the following decomposition holds.

29 = | U 2°(@4(0), 25 (S\N) uQ® (2£(S\N), #5,.(V),  (13)
{NS\A}ER(S) 1<a,b<c

where R (S) denotes the set of 2-partitions the root node can realize on S.

Proof. Lety € P5(S). Then, our explanations in the paragraphs above Deﬁnition imply that if
is forwarded to Tj, then 5 € Q°(P¢, (), P4, (S\X)). Alternatively, if X is forwarded to 7)., then a
similar reasoning shows that Q¢(%¢, (S\\), %, (X)). On the other hand, we also have discussed that

Q¢(a, B) is the quantity that contains all c-partitions realizable from & and /3. Therefore, taking the
union over all the partitions realizable by T; and T, indeed gives #5.(5). O
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B.2 Proof of the theore

We are now ready to prove Theorem 0]

Proof. We consider first the case where the number of examples m is less than or equal to the number
of leaves L of the tree 7. We want to show that there exists a sample .S such that 7" can realize
every c-partitions of S.

Let S be a sample such that one feature takes distinct values for each of the m examples. Then, one
can choose for the root of 7' the appropriate threshold on that feature such that m; < L7, examples
will be redirected to the left and m, < L, examples will be redirected to the right (where we have
Ly, + Ly, = Ly and m; + m, = m). Then each of the subtrees can do the required split on the
same feature, with the required constraints on the number of examples that need to be redirected on
each children, until that we have eventually at most one example per leaf. In that case, by choosing
any labeling in [c] for the leaves, the tree class 7" can perform any c-partition of the m examples out
of the {7 } possible ones. Consequently, we have 75.(m) = { " } for any tree class with Ly > m.

We now consider the case when m > L. We want to show the following inequality:

61 m— L1,
W%(m)<<;> > min {26, ()} Y0 (%) (L) @+b— o)l 7 (k) (m— k), (14)

k=L, 1<a,b<c
a+b>c

where §;,, = 1 if T; = T,., and 0 otherwise.

In the following, we assume every examples of .S have distinct feature values, i.e. it is always possible
to distinguish two examples using any feature. Indeed, assuming otherwise can only reduce the
number of partitions that can be made on a sample, and therefore we have, for such a sample S of m
examples, that | PZ(S)| < 75.(m).

We start from Proposition[I3] which states

59)= U U 2° (P54, P4 (S\N) UQE (P4 (S\N), 25, (V). (15)
{AS\AYER(S) 1<a,b<c

Because Q¢ is symmetric in its arguments and because the union over a and b is invariant under the
exchange of ¢ and b, we have that

Qe (24, (S\N), 24, (A UQC @5 (), 25 (S\N) (16)
a,b

which is equivalent to say that one can exchange the subtrees instead of sending A to the left and to
the right. Therefore, we have

P5(S) = A U Ay with A, £ | U <@\, 25.5\W), an
{\,S\A}ER(S) 1<a,b<c

where we mute the other dependencies of A to alleviate the notation.

By the union bound, we have |P%(S)| < | Ay| + |A;|. Let us upper bound | A;,.|. Observe that
a single node is very similar to a decision stump. Indeed, the root partitions decomposition of
Equation (9) also applies here, so that we have

L %]
A= U U Q¢ (25,00, 25 (S\N) . (18)

k=1 {\,5\\}€R,(S) 1<a,b<c

Then, we show that the union over k can be changed to go from Ly, tomin {| % |, m — L, } without
changing A;,.. To do so, we need to show that for any partition 7y € A;,., there exists at least one
2-partition A = {X, S\A} realized by the root node with Lz, < [A| < min {|%Z|,m — Lz, } that
leads to 7. Indeed, assume |A| < L,. Because of our assumption below Equation |14} one can always
modify the threshold of the root node to send L7, examples in the subtree 7; and modify the subtree
so that every example ends up alone in a leaf (as we have shown in the first part of the present proof).
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These examples can then be united into the part they belonged in 7 to give the same partition as
before. An analogous argument also holds for | S\A| > Lz, which implies |A\| < m — Lg, (since
m > Ly by assumption).

Letting M,  nin { L%J ,m — LTT} and taking the union bound over & and over Ry (.S), one ends
up with

M,
A < Ry < (P (N), PL AN 1
7 |_k; RS e 1<Ub< Q° (24,(N), 24, (S\N)) (19)
= Tl sa,bsc

Let us evaluate the cardinality of Q¢ (%, (A), #% (S\A)) when1 < a,b < cand a + b > c. Using
the union bound over disjoint events, we have

¢ (@1, (0,21, (S\W)[ = > 3. [e°(@B)] (20)

aEPY, N Be!ﬁgr (S\\)

Pick any a € #¢,(A) and Be P4, (S\N). According to Deﬁnition we must take the unions of
some parts of @ and 3 to end up with a c-partition, with the constraint that the joined parts belongs to
different partitions. We start with a total of a + b parts and we must take the union of some pairs to
end up with only c¢ parts. Taking the union of such a pair effectively reduces the total number of parts
by one, therefore we must make a + b — c unions. To make these unions, choose a + b — ¢ parts from
@ and choose a + b — ¢ parts from /3 and join them. Since there is (a + b — ¢)! ways to join those

parts, we have that |Q°(a, B)| = (%, ) ( ® Y(a+b—c)!. Since the cardinality of 2°(, ) depends

only on a and b and not the partitions thé;ntlselves, Equation becomes
1Q° (24,0, 22, (S\W)| = (.}) (.20) (@ + b= |2, (V)| [27, (S\N)]. 21

Going back to Equation (T9), one has

M,
e < D RS D () (L) @tb—o)! - max |28 (V]|25 (S\V)]. (22)

TIAS\AYERR (S
k=L, 1<a,b,<c AS\AFER(S)
a+b>c

Then, using Definition|[6for 7§.(m) yields

M,
< S RS Y () (L) @t b — o)l ad, (k)ah, (m — k). 23)
k=L, lga})bigc
a+b>c

This expression also applies to A,; by exchanging indices / and r. Apply this exchange to Equa-
tion (2Z3). Then let kK — m — k, and rename « to b and b to a, so that we have

m—LTT
Al < >0 1R YD () (Lu) @+ b= )l 7, (k)xh (m — k), (24)
k=M, 1<a,b,<c

a+b>c

where M; & max { mi |, L7, }. Notice that the coefficients inside the sum over k are the same in

Equations (23) and For convenience, let
G Y () (L)@t b= o)l w (k)mh, (m— k), (25)
1<a,b,<c
a+b>c

so that | A;,.| and | A,| can written in the form ), |Ry(S)| C}, with the only difference being the
values that k takes. We can now show that the sum over & in Equations (23) and (24)) can be put
together to yield the theorem.

There are 4 cases to consider according to the values of M, = min { L%J ,m — LTT} and M; =

max {[2], Ly, }. First, let M, = | 2| and M; = [2]. The sum over k then goes from Ly to
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| 2| for | A;,| and from [Z2'] to m — L, for |Ayq|. Then, if m is odd, both sums can be joined

directly to go from L, to m — L. If m is even, one has an extra term for k = % Thus

meTT
> Rk(9)| Cr if m is odd
| + [ A < 500 e La (26)
(R (9)|Cz + > |Ri(S)|Ci  if mis even.
k=L,
Using the upper bound on |Ry(S)| in Equation (T0), the above expression simplifies to
meTr
[ Ape| + [ A < min {26, (7)} Ci, (27)
k=Lr,

valid for both cases.
Second, let M, = min { | 2| ,m — Ly, } = |2 ] and M; = max {[2|, L1, } = Lz,. This implies

that Ly, > [%2]. The sum over k then goes from Ly, to |2 | for |4, |, which consists in exactly
one term if L7, = % and none otherwise. For |4,,|, the sum over k goes from Lz, to m — Lr, .

Therefore, we have

m—Lr,
R (9)]C + > |Re(S)|Ch if Ly, = 2.
FAERV AR S = (28)
Z |RE(S)| Ck otherwise
k=L,
Again, using the upper bound on R (.S)| in Equation (T0), the above expression simplifies to
m—Lr,
| + | A <Y min {20, ()} C, (29)
k=L,

valid for both cases.

Third, let M, = min {| 2| ,m — L1, } = m— Ly, and M; = max { [ 2], L, } = [%]. This case
is very similar to the second case, where |.4,;| consists in one or zero term instead of | A;,.|. Thus,
the same conclusion applies.

Fourth, let M, = min {1Z],m - Ly} = m — Ly, and M; = max {12] 7L'T,} = Lr;. This
case violates our starting assumption that m is greater than L. Hence, we can simply ignore this
case.

Collecting our results, one concludes that for all m > Lz, 4+ L., we have

meTT

[PE(S)| < | Aupp| + [ A <> min {24, ()} Ci. (30)
k:Lﬂ

Observe that the right-hand-side of this inequality is independent of S. Therefore, by taking the
maximum value over all sample S of size m, we have a bound for 75 (m).

One can improve this result when the left and the right subtrees are the same. Indeed, in this case
Ay = Ay so that $5.(5) is simply equal to A, according to Equation (]ﬂ[) Moreover, the condition
that m > Ly, + Ly, implies Ly, < %, so that M, is always equal to | 2 |. Equation (23) then
becomes

L]
el < Y 1R(S)] D (4) (L) (a+ b= o)l 7, (k) (m — k). 31
k=L, 1gag;§c
a+b>c
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Using the fact that Ry (S) = Rpym—i(S), that T} = T,., and that the summation over a and b is
symmetric, along with the bound of Equation (T0) on |Ry(S)|, one can show that

7TL7LTT

1 . m a a
|P5(S)| < | Ay < 3 Z min {25, (k)} Z (c_b) (Cfa)(a—i-b—c)! WTl(k)ﬂ'bTT(m—k),
k=L, lga,bbigc
a+b>c

(32)
which is different from Equation (30) by a factor of 1/2 only.

We finally obtain the statement of the theorem if we use the indicator function 1[-] to handle into a
single expression the cases when 7; and 7, are the same or not. O
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C Proof of Corollary [10]

We here give the proof of Corollary[I0} which states that the asymptotic behavior of the VC dimension
of a class T of a binary decision tree with IV internal nodes on examples of ¢ real-valued features is
given by VCdim T" € O (N log(NY?)).

Proof. Letting ¢ = 2 in Theorem EI, using the fact that 27% < 1, min {2¢, ()} < 2/ and
75 (k) < m5.(m) for k < m, we have

m(m) < 2¢(m — Ly) (1 + 27r%l (m) + 277 (m) + 27r%l (m)m%, (m)) .

We show by induction that 72.(m) € O((mf)"™). Assume 72.(m) < (Cmf)Y for some constant
C > 1, and let N; and N, be the number of nodes in the left and right subtrees respectively, so that
N;+ N, + 1 = N. The previous equation becomes (with m — L1 < m)

w7 (m) < 2ml (14 2(CmON +2(Cme)N 4 2(Cml)N (Cml)™")
< 14ml(Cml)NHNr,
which proves our claim for C' > 14. Then, Equation (3)) implies
VCdim T < max {m : (Cm)N > 2"t —1}.

One can solve for the inequality (Cm/¢)™ > 2™ instead, since this implies (Cm/¢)N > 2m~1 — 1 is
true too. The Lambert W function [Corless et al.l[1996] can give us an exact solution, which is m <

— Wy (—&52). Since —W_1(—2~") € O (log z), we have that VCdim T € O (N log(NY)).
O
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D Algorithms to upper bound the VC dimension of decision tree classes

In this Appendix, we present the algorithms for obtaining an upper bound on the VC dimension of a
tree class 7'. Algorithm [T|uses Theorem [9]to upper bound the c-partitioning function of a tree class.
Algorithm 2] uses Algorithm T]and Equation (3] to compute an upper bound on the VC dimension of
a tree class.

Algorithm 1: PartitionFuncUpperBound (T, ¢, m, £)

Input: A tree class T, the number c of parts in the partitions, the number m of elements, the number
¢ of features.
Let L be the number of leaves of 7T'.
if c > m or ¢ > Lt then
| Let N < 0.
elseif c=morc=10rm =1 then
| LetN « 1.
else if m < L, then
| Let N+ {7}
else
Let 7T; and T’ be the left and right subtree classes of 7.
Let N «+ 0.
for k = L1, tom — L, do

Let N < N + min {2, (?)}Z Z (Cfb)(cfa)(a—l-b—c)!
a=1b=max{l,c—a}
x PartitionFuncUpperBound(77, a, k, ¢)
x PartitionFuncUpperBound (7., b, m — k, £).
if TL = TR then
L Let N < %

Output: min (N, {™}).

Algorithm 2: VCdimUpperBound(7, ¢)

Input: A tree class T', the number ¢ of features.

if T is a leaf then
| Output: 1

Letm < Lt + 1.

while PartitionFuncUpperBound (7', 2, m, £) > 2™~1 — 1 do
| Letm < m+ 1.

Output: m — 1

Algorithm 2] can become quite inefficient because one has to compute the values of PartitionFuncUp-
perBound for increasing values of m, which may already have been computed for smaller values of
m. It is thus suggested to store the values of PartitionFuncUpperBound computed for each 7" and
each m to be more efficient.

We applied these algorithms to the first 11 non-equivalent binary decision trees when the number of
features is £ = 10. The bounds are presented in Figure[3] The lower bounds were obtained by the
algorithm of Figure 7 of |Y1ld1z|[2015] in conjunction with our exact value for the VC dimension of a
decision stump. Using our base case improves considerably the lower bound found by |Y1ldiz| [2015].
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VCdimT =1 VCdimT =6 7<VCdim7T <16 12<VCdim7T <21 8 < VCdimT <25

& 4040

13 < VCdimT <31 13 < VCdimT <32 14 < VCdim7T < 40 18 < VCdim T < 38

b

19 < VCdim T < 47 24 < VCdimT < 52

Figure 3: Lower and upper bounds on the VC dimension of the first 11 non-equivalent trees for
¢ = 10 real-valued features. Diamond shaped nodes are leaves while circles denote internal nodes.
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E Supplementary materials about the experiments

In this Appendix, we provide more details about the experiments that were done.

E.1 The pruning algorithm

The full formal pruning algorithm is given in Algorithm [3]

Algorithm 3: PruneTreeWithBound(¢, €, §, m)

Input: A fully grown tree ¢, a bound funtion € on the true risk, a confidence internal d, the number of
examples m.
Let Ty be the tree class of the tree ¢ with complexity index d.
Let k; be the number of errors made by t.
Let b « e(m, k¢, d, §) according to Equation (g).
Let B < b be the final bound.
while ¢ is not a leaf do
for every internal node n of the tree ¢ do
Let ¢,, be the tree ¢ with node n replaced by a leaf.
Let Ty, be the tree class of the tree ¢,, with complexity index d,,.
Let k;, be the number of errors made by ¢,,.
if e(m, k¢, , dp,,0) < b then
Let b < e(m, ky,,, d,, ) be the new best bound.
Let t' < t,, be the new best tree.

if b < B then
| Lett«+ t'.

else
B L break

Output: The pruned tree ¢, the associated bound B.

E.2 More statistics about model performances

We here give more statics on the performances of the model tested, such as the training accuracy, the
number of leaves and the height of the final tree, the time it took to prune the original tree, and the
computed bound in the case of our pruning algorithm. For each table, the caption gives the dataset
name, the total number of examples it contains, the number of features each example has as well
as the number of classes to predict. For more details about the table columns, see the methodology
section

All experiments were run on a Intel Core i5-750 CPU running Windows 10, with 12 Go of RAM.

Table 2: Breast Cancer Wisconsin Diagnostic Dataset (569 examples, 30 features, 2 classes)

Original CART M-CART Ours

Trainacc. 1.000 £0.000 0.962 +£0.024 0.965 £ 0.020  0.983 £ 0.005
Testacc. 0.928£0.024 0.923 £0.027 0.930 £0.017 0.942 £+ 0.022

Leaves 18.0 + 2.6 59+3.3 5.8+ 3.4 83414
Height 7.0+ 1.0 34+ 1.6 32414 44406
Time [s] N/A 53405 53+0.5 0.1 0.0
Bound N/A N/A N/A 1.5+0.2
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Table 3: Cardiotocography 10 Dataset (2126 examples, 21 features, 10 classes)

Original CART M-CART Ours
Trainacc.  0.604£0.008 0.582+0.014 0.586 +0.014 0.591 £ 0.008
Testacc.  0.566 +0.023 0.562 +0.023 0.566 +£0.024 0.567 +0.022
Leaves 40.0+0.0 9.0£6.2 11.2+£7.0 11.6+2.7
Height 156 £24 51+£2.6 59427 6.8+1.3
Time [s] N/A 254+ 1.5 25.6 £1.6 48.3 £22.0
Bound N/A N/A N/A 16.8+£0.3

Table 4: Climate Model Simulation Crashes Dataset (540 examples, 18 features, 2 classes)

Original CART M-CART Ours
Trainacc.  1.000 £0.000  0.918 £0.019 0.941 £+ 0.022 0.977 £ 0.008
Testacc. 0.903 £0.024 0.920+0.021 0.922+0.017 0.921 £0.014
Leaves 21.24+3.2 1.7+27 3.8+29 9.6 £2.2
Height 72+1.3 0.5+1.7 24+19 5240.8
Time [s] N/A 4.54+0.8 4.54+0.8 0.2+£0.1
Bound N/A N/A N/A 1.9+0.2

Table 5: Connectionist Bench Sonar Dataset (208 examples, 60 features, 2 classes)

Original CART M-CART Ours
Trainacc.  1.000 £0.000  0.853 £0.117 0.877£0.120 0.963 £ 0.012
Testacc. 0.727 £0.061 0.702+0.054 0.695+0.084 0.724 £ 0.053
Leaves 164+ 1.7 6.0+ 3.3 7.3+44 10.4+1.6
Height 6.4+0.9 33+1.7 3.6+£1.9 5.0+ 0.6
Time [s] N/A 2.8+0.3 2.7+0.2 0.1+0.1
Bound N/A N/A N/A 4.5+0.4

Table 6: Diabetic Retinopathy Debrecen Dataset (1151 examples, 19 features, 2 classes)

Original CART M-CART Ours
Trainacc. 0.717+£0.021 0.598 £0.062 0.625+0.058  0.696 £ 0.023
Testacc. 0.613 £0.027 0.576 £0.044 0.602+0.040 0.622+0.023
Leaves 40.0£0.0 26+1.9 43+44 16.5£4.3
Height 10.7£1.1 1.5+1.6 24+24 7.8+£1.5
Time [s] N/A 10.6 £0.7 10.7+0.6 26+0.8
Bound N/A N/A N/A 13.1+0.8

Table 7: Fertility Dataset (100 examples, 9 features, 2 classes)

Original CART M-CART Ours
Trainacc. 0.992+0.007  0.886 £ 0.025 0.881 +0.017  0.888 £0.027
Testacc.  0.790 £0.060 0.878 £0.051 0.878 +0.051 0.866 + 0.056
Leaves 14.6 £2.2 14+14 1.3£0.5 1.6+1.4
Height 6.9+1.1 04+14 0.3+£0.5 0.5+1.3
Time [s] N/A 0.7+£0.1 0.6 £0.1 0.1+0.1
Bound N/A N/A N/A 5.0=£0.7
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Table 8: Habermans Survival Dataset (306 examples, 3 features, 2 classes)

Original CART M-CART Ours

Trainacc. 0.832+0.024 0.732+£0.015 0.750£0.021 0.760 £ 0.025
Testacc.  0.660 £0.062 0.746 £0.043 0.721 £0.043 0.719 £0.043

Leaves 40.0+£0.0 1.0+ 0.0 31£19 34£18
Height 12.4+£1.5 0.0£0.0 20£1.7 21+14
Time [s] N/A 44+£0.3 44£0.3 1.6 +£0.2
Bound N/A N/A N/A 10.1+£0.8

Table 9: Image Segmentation Dataset (210 examples, 19 features, 7 classes)

Original CART M-CART Ours

Trainacc.  1.000 £0.000 0.936 £0.126 0.960 £ 0.035 0.964 = 0.010
Testacc. 0.862+0.048 0.814+0.144 0.844 £0.050 0.858 £ 0.050

Leaves 170+ 14 10.8 £3.3 11.24+2.7 10.6 £ 1.1
Height 9.8+1.3 7.0£1.6 74+£1.3 74+£1.0
Time [s] N/A 2.0+0.1 2.0+£0.1 8.0+ 4.6
Bound N/A N/A N/A 4.6 £0.3

Table 10: Ionosphere Dataset (351 examples, 34 features, 2 classes)

Original CART M-CART Ours

Trainacc.  1.000 £0.000  0.809 £0.132 0.916 £0.051  0.968 £ 0.009
Testacc. 0.891+0.035 0.772+0.108 0.867 £0.057 0.892 £+ 0.032

Leaves 19.6 £2.0 3.4+3.6 52+3.7 9.3£1.6
Height 9.6 +2.0 1.9+23 3.2+21 54£0.8
Time [s] N/A 4.6 £0.5 4.6 +£0.5 04+£0.2
Bound N/A N/A N/A 28=£0.2

Table 11: Iris Dataset (150 examples, 4 features, 3 classes)

Original CART M-CART Ours

Train acc.  1.000 £ 0.000 0.923 +£0.116 0.901 £0.130  0.986 £ 0.009
Testacc. 0.933 £0.030 0.860£0.139 0.838+0.158 0.937 £ 0.028

Leaves 76+£1.3 3.9+15 38+14 4.8+1.0
Height 4.8+0.8 28+14 28+14 3.6 0.8
Time [s] N/A 0.5+0.1 0.6£0.1 0.0£0.0
Bound N/A N/A N/A 2.0£0.3

Table 12: Parkinson Dataset (195 examples, 22 features, 2 classes)

Original CART M-CART Ours

Trainacc. 1.000 £0.000 0.908 £0.098 0.944 £0.060  0.976 = 0.013
Testacc. 0.859 £0.062 0.848 £0.064 0.858 £0.065 0.863 +0.065

Leaves 1274+ 1.8 5.6+ 3.5 6.8 +3.4 8.2+13
Height 5.7+1.1 3.0+2.0 3.6+ 1.6 4.0+0.7
Time |[s] N/A 1.440.1 1.440.1 0.0 £0.0
Bound N/A N/A N/A 3.1+04
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Table 13: Planning Relax Dataset (182 examples, 12 features, 2 classes)

Original CART M-CART Ours

Train acc.  1.000 £ 0.000 0.720+0.038  0.709 £0.016  1.000 £ 0.000
Testacc.  0.595£0.075 0.725£0.049 0.729 £0.048 0.595 £ 0.075

Leaves 29.1+£22 1.7+2.6 1.0+0.0 29.1+£22
Height 114+£21 0.6 £2.3 0.0£0.0 114+£21
Time [s] N/A 2.7£03 2.0=£0.2 1.0+0.3
Bound N/A N/A N/A 6.5£0.1

Table 14: Qsar Biodegradation Dataset (1055 examples, 41 features, 2 classes)

Original CART M-CART Ours

Trainacc. 0.834+0.022 0.758 £0.042 0.791 £0.026  0.804 £ 0.025
Testacc. 0.752£0.031 0.741+£0.033 0.757£0.026 0.761 +0.028

Leaves 40.0£ 0.0 3.1+£29 7.0+4.38 10.3+£4.0
Height 12.8 £ 1.7 1.8+1.9 4.3+£22 5.7£1.8
Time [s] N/A 16.7+1.9 16.2+1.0 2.9+0.8
Bound N/A N/A N/A 8.5+0.8

Table 15: Seeds Dataset (210 examples, 7 features, 3 classes)

Original CART M-CART Ours

Trainacc.  1.000 £0.000 0.967 £0.019 0.964 £ 0.057  0.981 £+ 0.007
Testacc. 0.918 £0.034 0.914£0.040 0.905+0.081 0.925+0.033

Leaves 12.0£1.8 5.7£1.8 6.4+21 7.0£0.9
Height 6.0+0.9 39+1.1 41+1.1 4.3+£0.5
Time [s] N/A 1.1+0.1 1.24+0.1 0.1£0.1
Bound N/A N/A N/A 24+04

Table 16: Spambase Dataset (4601 examples, 57 features, 2 classes)

Original CART M-CART Ours

Train acc.  0.861 £0.026 0.846 £0.026 0.850 £0.028  0.855 £ 0.026
Testacc.  0.844 £0.027 0.839£0.028 0.842+0.029 0.846 + 0.026

Leaves 40.0£0.0 7.0+5.6 8.1£5.6 9.6 £4.0
Height 19.8£24 3.8£25 4.4+28 55+20
Time [s] N/A 82.4£10.1 81.6 +£10.6 3.4+04
Bound N/A N/A N/A 6.0+ 1.0

Table 17: Vertebral Column 3C Dataset (310 examples, 6 features, 3 classes)

Original CART M-CART Ours

Trainacc. 1.000 £0.000 0.784 £0.181 0.881 £0.044  0.952 £ 0.019
Testacc.  0.800£0.050 0.725+£0.139 0.804+0.046 0.819 +0.044

Leaves 31.8+34 6.5+ 7.0 6.4+42 15.6 £ 3.2
Height 9.8£1.3 3.5£3.5 43+£22 7TE1.7
Time [s] N/A 3.0+0.3 29+0.3 125+ 34
Bound N/A N/A N/A 46=£04
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Table 18: Wall Following Robot 24 Dataset (5456 examples, 24 features, 4 classes)

Original CART M-CART Ours

Train acc.  1.000 £ 0.000 0.999 £ 0.001 0.999 £ 0.001 0.998 £ 0.001
Testacc. 0.995+0.002 0.994+0.002 0.994+0.002 0.994 +0.001

Leaves 28.5+ 3.3 2231438 228+ 4.5 17.8£1.5
Height 9.6 1.0 9.3+1.3 9.3+1.3 8.6+ 1.0
Time [s] N/A 59.4+ 3.0 57.6 £ 3.1 32.9 +£20.5
Bound N/A N/A N/A 0.3+0.0

Table 19: Wine Dataset (178 examples, 13 features, 3 classes)

Original CART M-CART Ours

Trainacc.  1.000 £0.000 0.981+£0.015 0.984+0.012 0.989 +0.010
Testacc. 0.908 £0.041 0.902+0.045 0.903 £0.043 0.904 £ 0.046

Leaves 8.0+2.3 5.6 £1.6 59+1.8 6.3+1.2
Height 42+12 3.2+0.6 3.4+0.8 3204
Time [s] N/A 0.8+0.1 0.8+0.1 0.0+ 0.0
Bound N/A N/A N/A 22=£0.6

Table 20: Yeast Dataset (1484 examples, 8 features, 10 classes)

Original CART M-CART Ours

Trainacc. 0.470+£0.007 0.370 £0.057 0.386 £ 0.058  0.449 £ 0.008
Testacc.  0.429 £0.019 0.368 £0.059 0.384 +£0.058 0.442+0.019

Leaves 40.0 £ 0.0 20+1.1 2.7+ 2.0 6.2+ 1.3
Height 14.24+2.0 1.0£+1.1 1.6 +1.7 4.14+0.9
Time [s] N/A 8.5+0.4 8.4+0.3 418.9 £74.5
Bound N/A N/A N/A 22.3+0.3
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