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Abstract

Random Reshuffling (RR) is an algorithm for minimizing finite-sum functions that
utilizes iterative gradient descent steps in conjunction with data reshuffling. Often
contrasted with its sibling Stochastic Gradient Descent (SGD), RR is usually faster
in practice and enjoys significant popularity in convex and non-convex optimization.
The convergence rate of RR has attracted substantial attention recently and, for
strongly convex and smooth functions, it was shown to converge faster than SGD if
1) the stepsize is small, 2) the gradients are bounded, and 3) the number of epochs
is large. We remove these 3 assumptions, improve the dependence on the condition
number from 2 to & (resp. from « to /k) and, in addition, show that RR has a
different type of variance. We argue through theory and experiments that the new
variance type gives an additional justification of the superior performance of RR.
To go beyond strong convexity, we present several results for non-strongly convex
and non-convex objectives. We show that in all cases, our theory improves upon
existing literature. Finally, we prove fast convergence of the Shuffle-Once (SO)
algorithm, which shuffles the data only once, at the beginning of the optimization
process. Our theory for strongly convex objectives tightly matches the known lower
bounds for both RR and SO and substantiates the common practical heuristic of
shuffling once or only a few times. As a byproduct of our analysis, we also get new
results for the Incremental Gradient algorithm (IG), which does not shuffle the data
at all.

1 Introduction

We study the finite-sum minimization problem
n
min,epa | £(2) = £ 3 fi(a)]. M
i=1

where each f; : R? — R is differentiable and smooth, and are particularly interested in the big data
machine learning setting where the number of functions n is large. Thanks to their scalability and
low memory requirements, first-order methods are especially popular in this setting (Bottou et al.,
2018). Stochastic first-order algorithms in particular have attracted a lot of attention in the machine
learning community and are often used in combination with various practical heuristics. Explaining
these heuristics may lead to further development of stable and efficient training algorithms. In this
work, we aim at better and sharper theoretical explanation of one intriguingly simple but notoriously
elusive heuristic: data permutation/shuffling.

1.1 Data permutation

In particular, the goal of our paper is to obtain deeper theoretical understanding of methods for
solving (1) which rely on random or deterministic permutation/shuffling of the data {1,2,...,n} and
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perform incremental gradient updates following the permuted order. We study three methods which
belong to this class, described next.

An immensely popular but theoretically elusive method belonging to the class of data permutation
methods is the Random Reshuffling (RR) algorithm (see Algorithm 1). This is the method we
pay most attention to in this work, as reflected in the title. In each epoch ¢ of RR, we sample in-
dices mo, 71, . . . , Tp_1 without replacement from {1,2, ... ,n},ie., {mo, 71,...,Ty_1} is a random
permutation of the set {1,2,...,n}, and proceed with n iterates of the form

it =) =YV ir (),

where v > 0 is a stepsize. We then set x;; = z¢', and repeat the process for a total of 7" epochs.
Notice that in RR, a new permutation/shuffling is generated at the beginning of each epoch, which is
why the term reshuffling is used.

Furthermore, we consider the Shuffle-Once (SO) algorithm, which is identical to RR with the
exception that it shuffles the dataset only once—at the very beginning—and then reuses this random
permutation in all subsequent epochs (see Algorithm 2). Our results for SO follow as corollaries of
the tools we developed in order to conduct a sharp analysis of RR.

Finally, we also consider the Incremental Gradient (IG) algorithm, which is identical to SO, with
the exception that the initial permutation is not random but deterministic. Hence, IG performs
incremental gradient steps through the data in a cycling fashion. The ordering could be arbitrary,
e.g., it could be selected implicitly by the ordering the data comes in, or chosen adversarially. Again,
our results for IG follow as a byproduct of our efforts to understand RR.

Algorithm 1 Random Reshuffling (RR) Algorithm 2 Shuffle Once (SO)
Input: Stepsize v > 0, initial vector 7o = 23 € Input: Stepsize vy > 0, initial vector zg = z{ €
R?, number of epochs T’ R?, number of epochs T
1: forepochst =0,1,..., 7 —1do 1. Sample a permutation mg,7q,...,7Ty_1 Of
2: Sample a permutation 7o, 71, ..., Ty 1 {1,2,...,n}
of {1,2,...,n} 2: forepochst =0,1,...,7 — 1do
3 fori=0,1,...,n—1do 3: fori=0,1,...,n—1do
4 ot = o =V (o) 4 7 =2 =V fr ()
5: Tyl = X} 5 Tyl = 2
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1.2 Brief literature review

RR is usually contrasted with its better-studied sibling Stochastic Gradient Descent (SGD), in which
each m; is sampled uniformly with replacement from {1,2,...,n}. RR often converges faster than
SGD on many practical problems (Bottou, 2009; Recht and Ré, 2013), is more friendly to cache
locality (Bengio, 2012), and is in fact standard in deep learning (Sun, 2020).

The convergence properties of SGD are well-understood, with tightly matching lower and upper
bounds in many settings (Rakhlin et al., 2012; Drori and Shamir, 2019; Nguyen et al., 2019). Sampling
without replacement allows RR to leverage the finite-sum structure of (1) by ensuring that each
function contributes to the solution once per epoch. On the other hand, it also introduces a significant
complication: the steps are now biased. Indeed, in any iteration 7 > 0 within an epoch, we face the
challenge of not having (conditionally) unbiased gradients since

E [V fr (2}) | 2] # V f(x}).

This bias implies that individual iterations do not necessarily approximate a full gradient descent
step. Hence, in order to obtain meaningful convergence rates for RR, it is necessary to resort to more
involved proof techniques. In recent work, various convergence rates have been established for RR.
However, a satisfactory, let alone complete, understanding of the algorithm’s convergence remains
elusive. For instance, the early line of attack pioneered by Recht and Ré (2012) seems to have hit the
wall as their noncommutative arithmetic-geometric mean conjecture is not true (Lai and Lim, 2020).



The situation is even more pronounced with the SO method, as Safran and Shamir (2020) point out
that there are no convergence results specific for the method, and the only convergence rates for SO
follow by applying the worst-case bounds of IG. Rajput et al. (2020) state that a common practical
heuristic is to use methods like SO that do not reshuffle the data every epoch. Indeed, they add
that “current theoretical bounds are insufficient to explain this phenomenon, and a new theoretical
breakthrough may be required to tackle it”.

IG has a long history owing to its success in training neural networks (Luo, 1991; Grippo, 1994), and
its asymptotic convergence has been established early (Mangasarian and Solodov, 1994; Bertsekas
and Tsitsiklis, 2000). Several rates for non-smooth & smooth cases were established by Nedi¢ and
Bertsekas (2001); Li et al. (2019); Giirbiizbalaban et al. (2019a); Ying et al. (2019) and Nguyen et al.
(2020). Using IG poses the challenge of choosing a specific permutation for cycling through the
iterates, which Nedi¢ and Bertsekas (2001) note to be difficult. Bertsekas (2011) gives an example that
highlights the susceptibility of IG to bad orderings compared to RR. Yet, thanks to Giirbiizbalaban
et al. (2019b) and Haochen and Sra (2019), RR is known to improve upon both SGD and IG for
twice-smooth objectives. Nagaraj et al. (2019) also study convergence of RR for smooth objectives,
and Safran and Shamir (2020); Rajput et al. (2020) give lower bounds for RR and related methods.

2 Contributions

In this work, we study the convergence behavior of the data-permutation methods RR, SO and IG.
While existing proof techniques succeed in obtaining insightful bounds for RR and IG, they fail to
fully capitalize on the intrinsic power reshuffling and shuffling offers, and are not applicable to SO
at all'. Our proof techniques are dramatically novel, simple, more insightful, and lead to improved
convergence results, all under weaker assumptions on the objectives than prior work.

2.1 New and improved convergence rates for RR, SO and IG

In Section 3, we analyze the RR and SO methods and present novel convergence rates for strongly
convex, convex, and non-convex smooth objectives. Our results for RR are summarized in Table 1.

¢ Strongly convex case. If each f; is strongly convex, we introduce a new proof technique for
studying the convergence of RR/SO that allows us to obtain a better dependence on problem
constants, such as the number of functions n and the condition number x, compared to prior work
(see Table 1). Key to our results is a new notion of variance specific to RR/SO (see Definition 2),
which we argue explains the superior convergence of RR/SO compared to SGD in many practical
scenarios. Our result for SO tightly matches the lower bound of Safran and Shamir (2020). We
prove similar results in the more general setting when each f; is convex and f is strongly convex
(see Theorem 2), but in this case we are forced to use smaller stepsizes.

* Convex case. For convex but not necessarily strongly convex objectives f;, we give the first
result showing that RR/SO can provably achieve better convergence than SGD for a large enough
number of iterations. This holds even when comparing against results that assume second-order
smoothness, like the result of Haochen and Sra (2019).

¢ Non-convex case. For non-convex objectives f;, we obtain for RR a much better dependence on
the number of functions n compared to the prior work of Nguyen et al. (2020).

Furthermore, in the appendix we formulate and prove convergence results for IG for strongly convex
objectives, convex, and non-convex objectives as well. The bounds are worse than RR by a factor of n
in the noise/variance term, as IG does not benefit from randomization. Our result for strongly convex
objectives tightly matches the lower bound of Safran and Shamir (2020) up to an extra iteration and
logarithmic factors, and is the first result to tightly match this lower bound.

2.2 More general assumptions on the function class

Previous non-asymptotic convergence analyses of RR either obtain worse bounds that apply to IG, e.g.,
(Ying et al., 2019; Nguyen et al., 2020), or depend crucially on the assumption that each f; is Lipschitz
(Nagaraj et al., 2019; Haochen and Sra, 2019; Ahn and Sra, 2020). Unfortunately, requiring each f;

! As we have mentioned before, the best known bounds for SO are those which apply to IG also, which means
that the randomness inherent in SO is wholly ignored.



Table 1: Number of individual gradient evaluations needed by RR to reach an e-accurate solution
(defined in Section 3). Logarithmic factors and constants that are not related to the assumptions
are ignored. For non-convex objectives, A and B are the constants given by Assumption 2.

Assumptions p-Strongly Non-Strongly Non-Convex Citation
NLD UvV® Convex Convex
v v K2n + mnos - - Ying et al. (2019)
X X K2+ G LD? | G2D%(3) - Nagaraj et al. (2019)
X X - - % + LE”3G Nguyen et al. (2020)
v v 5/2“% + ":"7\/1'5* “ - - Nguyen et al. (2020)
ra | r/RGa®/2(5) _ _ .
X X e t TR Ahn and Sra (2020)
v Vo okt jui % © - - Ahn et al. (2020)
VEno.« (7)
v L Lno. LyA(B+VA
;oo e T B PEET This work
o+ 4

U Support for non-Lipschitz functions (N.L.): proofs without assuming that max;—1,..» |V fi(z)|| < G
for all z € R? and some G > 0. Note that 3" | IV fi () ||? 52 < G?and B> < G2

@ Unbounded variance (U.V.): there may be no constant o such that Assumption 2 holds with A = 0 and
B = 0. Note that when the individual gradients are bounded, the variance is automatically bounded too.

® Nagaraj et al. (2019) require, for non-strongly convex functions, projecting at each iteration onto a
bounded convex set of diameter D. We study the unconstrained problem.

“ For strongly convex, Nguyen et al. (2020) bound f(z) — f(«.) rather than squared distances, hence we
use strong convexity to translate their bound into a bound on ||z — z.||*.

© The constant o > 2 is a parameter to be specified in the stepsize used by (Ahn and Sra, 2020). Their
full bound has several extra terms but we include only the most relevant ones.

© The result of Ahn et al. (2020) holds when f satisfies the Polyak-Fojasiewicz inequality, a generalization
of strong convexity. We nevertheless specialize it to strong convexity for our comparison. The constant
Gy is defined as Go = SUP,. /()< f(xo) MaXic[n] |V fi(z)||. Note that o < Go. We show a better
complexity for PL functions under bounded variance in Theorem 4.

( This result is the first to show that RR and SO work with any v < % but it asks for each f; to be
strongly convex. The second result assumes that only f is strongly convex.

to be Lipschitz contradicts strong convexity (Nguyen et al., 2018) and is furthermore not satisfied
in least square regression, matrix factorization, or for neural networks with smooth activations. In
contrast, our work is the first to show how to leverage randomization to obtain better rates for RR
without assuming each f; to be Lipschitz. In concurrent work, Ahn et al. (2020) also obtain a
result for non-convex objectives satisfying the Polyak-L.ojasiewicz inequality, a generalization of
strong convexity. Their result holds without assuming bounded gradients or bounded variance, but
unfortunately with a worse dependence on « and n when specialized to u-strongly convex functions.

» Strongly convex and convex case. For strongly convex and convex objectives we do not require
any assumptions on the functions used beyond smoothness and convexity.

* Non-convex case. For non-convex objectives we obtain our results under a significantly more gen-
eral assumption than the bounded gradients assumptions employed in prior work. Our assumption
is also provably satisfied when each function f; is lower bounded, and hence is not only more
general but also a more realistic assumption to use.

3 Convergence theory

We will derive results for strongly convex, convex as well as non-convex objectives. To compare
between the performance of first-order methods, we define an e-accurate solution as a point & € RY



that satisfies (in expectation if z is random)
IVF@) <e, or 17 — z.|* <&, or f(@) = flz.) <e

for non-convex, strongly convex, and non-strongly convex objectives, respectively, and where x.
is assumed to be a minimizer of f if f is convex. We then measure the performance of first-order
methods by the number of individual gradients V f;(-) they access to reach an e-accurate solution.

Our first assumption is that the objective is bounded from below and smooth. This assumption is used
in all of our results and is widely used in the literature.

Assumption 1. The objective f and the individual losses f1, ..., f,, are all L-smooth, i.e., their
gradients are L-Lipschitz. Further, f is lower bounded by some f, € R. If f is convex, we also
assume the existence of a minimizer x, € RY.

Assumption 1 is necessary in order to obtain better convergence rates for RR compared to SGD, since
without smoothness the SGD rate is optimal and cannot be improved (Nagaraj et al., 2019). The
following quantity is key to our analysis and serves as an asymmetric distance between two points
measured in terms of functions.

Definition 1. For any 4, the quantity Dy, (z,y) & (x) = fily) = (Vfi(y),x — y) is the Bregman
divergence between x and y associated with f;.

It is well-known that if f; is L-smooth and p-strongly convex, then for all 2,y € R?
Sz —yl? < Dy (z,y) < 5llz —yl?, 2

so each Bregman divergence is closely related to the Euclidian distance. Moreover, the difference
between the gradients of a convex and L-smooth f; is related to its Bregman divergence by

IV fi(x) = Vfi(y)l* <2L- Dy, (x,y). 3)

3.1 Main result: strongly convex objectives

Before we proceed to the formal statement of our main result, we need to present the central finding
of our work. The analysis of many stochastic methods, including SGD, rely on the fact that the
iterates converge to x, up to some noise. This is exactly where we part ways with the standard
analysis techniques, since, it turns out, the intermediate iterates of shuffling algorithms converge to
some other points. Given a permutation 7, the real limit points are defined below,

) i—1
e Y Ve (2),  i=1,...n—1L (4)
=0

In fact, it is predicted by our theory and later validated by our experiments that within an epoch the
iterates go away from .., and closer to the end of the epoch they make a sudden comeback to z..

The second reason the vectors introduced in Equation (4) are so pivotal is that they allow us to define a
new notion of variance. Without it, there seems to be no explanation for why RR sometimes overtakes
SGD from the very beginning of optimization process. We define it below.

Definition 2 (Shuffling variance). Given a stepsize v > 0 and a random permutation 7 of
{1,2,...,n}, define 2% as in (4). Then, the shuffling variance is given by
d

ef .
Ughufﬂe = i:lrn..z.i‘}'rizfl [%E I:fori (xivx*)” ) (5)

where the expectation is taken with respect to the randomness in the permutation 7.

Naturally, 03;,,m. depends on the functions f1, ..., f,, but, unlike SGD, it also depends in a non-
trivial manner on the stepsize ~y. The easiest way to understand the new notation is to compare it to
the standard definition of variance used in the analysis of SGD. We argue that 03, . is the natural
counter-part for the standard variance used in SGD. We relate both of them by the following upper
and lower bounds:

Proposition 1. Suppose that each of fi, fo,..., f,, is p-strongly convex and L-smooth. Then
2 2 L 2 o def 1 n 2
15705 < Odhume < 70w, Where o = S35 [V i) [



In practice, 03;,,m, may be much closer to the lower bound than the upper bound; see Section 4. This
leads to a dramatic difference in performance and provides additional evidence of the superiority of
RR over SGD. The next theorem states how exactly convergence of RR depends on the introduced
variance.

Theorem 1. Suppose that the functions fi, ..., f, are u-strongly convex and that Assumption 1
holds. Then for Algorithms 1 or 2 run with a constant stepsize v < % the iterates generated by either
of the algorithms satisfy

2~vo2
E [llor - 2] < (@ =3 llzg — |2 + T 7Shuime.

Proof. The key insight of our proof is that the intermediate iterates x}, 2, ... do not converge to
., but rather converge to the sequence z!, x2, ... defined by (4). Keeping this intuition in mind, it
makes sense to study the following recursion:

E [[la3** — 2771?]
=E [lla} — 2ll* = 29V, (21) = Vi (22), 21 — 22) + 72|V, (@1) = Vm ()]7] . (6)
Once we have this recursion, it is useful to notice that the scalar product can be decomposed as
(Vri(@y) =V fr,(we), 21 = 21) = [fa, (@2) = fri (27) = (V fr, (@), 25 — 23)]
+ [ (21) = fr (22) = (Vo (20), 2 — 24)]
= [ (22) = fri (@) = (Vi (), 25 — 2.)]
= Dy, (2%, 21) + Dy, (zh, %) = Dy, (@, 20). (D)

This decomposition is, in fact, very standard and is a special case of the so-called three-point identity
(Chen and Teboulle, 1993). So, it should not be surprising that we use it.

The rest of the proof relies on obtaining appropriate bounds for the terms in the recursion. Firstly, we
bound each of the three Bregman divergence terms appearing in (7). By u-strong convexity of f;, the
first term in (7) satisfies

L . . ?2) X .
Eai )2 € Dy, (),

which we will use to obtain contraction. The second term in (7) can be bounded via

1 i 3 i
5 IV fri (@) = Viri(z)I* < Dy, (3}, 22),
which gets absorbed in the last term in the expansion of ||zi™" — z%+1||2. The expectation of the third
divergence term in (7) is trivially bounded as follows:

E [Dfm, (zl,3.)] < ,_max [E [Dfm, (2%, 24)]] = Y0 3hutite-

=1,...,n—1
Plugging these three bounds back into (7), and the resulting inequality into (6), we obtain
E 27 — 27" <E[( —p)llai - 2Ll® = 29(1 = L) Dy, (2}, 2+)] + 27*0Fhume
S (1 - 7/“’)E [”x; - ‘,Ein} + 2720§hufﬂc' (8)
The rest of the proof is just solving this recursion, and is relegated to Section 8.2 in the appendix. W

We show (Corollary 1 in the appendix) that by carefully controlling the stepsize, the final iterate of
RR after T' epochs satisfies

~ 02
E [lor — 2] = O (exp (—22) llzo — 2. ” + £ ) ©)
where the (5() notation suppresses absolute constants and polylogarithmic factors. Note that

Theorem 1 covers both RR and SO, and for SO, Safran and Shamir (2020) give almost the same
lower bound. Stated in terms of the squared distance from the optimum, their lower bound is

© fler 7] = i 1.5 }).



where we note that in their problem x = 1. This translates to sample complexity O (v/no./(pu\/e))
fore < 12. Specializing x = 1 in Equation (9) gives the sample complexity of O (1 4 /1o /(1+/2)),
matching the optimal rate up to an extra iteration. More recently, Rajput et al. (2020) also proved a
similar lower bound for RR. We emphasize that Theorem 1 is not only tight, but it is also the first
convergence bound that applies to SO. Moreover, it also immediately works if one permutes once
every few epochs, which interpolates between RR and SO mentioned by Rajput et al. (2020).

Comparison with SGD To understand when RR is better than SGD, let us borrow a convergence
bound for the latter. Several works have shown (e.g., see (Needell et al., 2014; Stich, 2019)) that for
any v < 57 the iterates of SGD satisfy

E [loS9° — 2.]|”] < (1 =)™ 1o — | + 222,
Thus, the question as to which method will be faster boils down to which variance is smaller: 02, .
or 02. According to Proposition 1, it depends on both n and the stepsize. Once the stepsize is
sufficiently small, 03, . becomes smaller than o2, but this might not be true in general. Similarly,
if we partition n functions into n/7 groups, i.e., use minibatches of size 7, then of decreases as
O (1/7) and 03, as O (1/72), so RR can become faster even without decreasing the stepsize.
We illustrate this later with numerical experiments.

While Theorem 1 requires each f; to be strongly convex, we can also obtain results in the case where
the individual strong convexity assumption is replaced by convexity. However, in such a case, we
need to use a smaller stepsize, as the next theorem shows.

Theorem 2. Suppose that each f; is convex, f is p-strongly convex, and Assumption 1 holds. Then

provided the stepsize satisfies v < \/ﬁan the final iterate generated by Algorithms 1 or 2 satisfies

E [Jor —2.17] < (1~ %) flzo - 2. +2xno?.

It is not difficult to show that by properly choosing the stepsize ~, the guarantee given by Theorem 2
translates to a sample complexity of o (ﬂn + \/:77”\/;*), which matches the dependence on the

accuracy ¢ in Theorem 1 but with x(n — 1) additional iterations in the beginning. For x = 1, this

translates to a sample complexity of o (n + *//f/gg ) which is worse than the lower bound of Safran
and Shamir (2020) when ¢ is large. In concurrent work, Ahn et al. (2020) obtain in the same setting a
complexity of o (1 Jet/e + %) (for a constant « > 2), which requires that each f; is Lipschitz
and matches the lower bound only when the accuracy ¢ is large enough that 1/¢'/* < 1. Obtaining
an optimal convergence guarantee for all accuracies ¢ in the setting of Theorem 2 remains open.

3.2 Non-strongly convex objectives

We also make a step towards better bounds for RR/SO without any strong convexity at all and provide
the following convergence statement.

Theorem 3. Let functions f1, fa, ..., f, be convex. Suppose that Assumption 1 holds. Then for
. . . . . . def T
Algofflthm 1 or Algorithm 2 run with a stepsize v < \/ﬁan , the average iterate &7 = % i=1%;

satisfies

I zo—x |2 2Lno?
B [f(or) = f(e.)] < 100 4+ T,

Unfortunately, the theorem above relies on small stepsizes, but we still deem it as a valuable contribu-
tion, since it is based on a novel analysis. Indeed, the prior works showed that RR approximates a
full gradient step, but we show that it is even closer to the implicit gradient step, see the appendix.

To translate the recursion in Theorem 3 to a complexity, one can choose a small stepsize and obtain
(Corollary 2 in the appendix) the following bound for RR/SO:

N To—Tx 2 L1/3 To—Ts 4/30_2/3
E[f(ar) — f(@.)] = O (gl Bl o).

*In their problem, the initialization point z¢ satisfies ||2o — . ||2 < 1 and hence asking for accuracy € > 1
does not make sense.



Stich (2019) gives a convergence upper bound of O (LHIOJT“ 1° + H%w* I ) for SGD. Comparing

L2 20— |*n
o2 :

upper bounds, we see that RR/SO beats SGD when the number of epochs satisfies 7' >
To the best of our knowledge, there are no strict lower bounds in this setting. Safran and Shamir

(2020) suggest a lower bound of €2 ( :}3 + 1%) by setting u to be small in their lower bound for

p-strongly convex functions, however this bound may be too optimistic.

3.3 Non-convex objectives

For non-convex objectives, we formulate the following assumption on the gradients variance.

Assumption 2. There exist nonnegative constants A, B > 0 such that for any € R? we have,

IV fi(z) — V(@) < 24 (f(z) — f(2.)) + B (10)

s

1
n

i=1

Assumption 2 is quite general: if there exists some G > 0 such that |V f;(x)|| < G forall z € R? and
i €{1,2,...,n}, then Assumption 2 is clearly satisfied by setting A = 0 and B = G. Assumption 2
also generalizes the uniformly bounded variance assumption commonly invoked in work on non-
convex SGD, which is equivalent to (10) with A = 0. Assumption 2 is a special case of the Expected
Smoothness assumption of Khaled and Richtarik (2020), and it holds whenever each f; is smooth
and lower-bounded, as the next proposition shows.

Proposition 2. (Khaled and Richtarik, 2020, special case of Proposition 3) Suppose that
fi, fa, ..., fn are lower bounded by f7, f5, ..., f respectively and that Assumption 1 holds. Then
there exist constants A, B > 0 such that Assumption 2 holds.

We now give our main convergence theorem for RR without assuming convexity.
Theorem 4. Suppose that Assumptions 1 and 2 hold. Then for Algorithm 1 run for 7" epochs with a

stepsize v < min we have

1 1
2Ln>° (AL2n2T)1/3 )

min  E [Hw(a:t)nﬂ < L2UGo)=f) 4 9212 B2,
=0,...,T—1 n
In the extended arxiv version, we also show that for PL functions satisfying Assumption 2 with A = 0

itholds E [f(z¢) — f] < (1 - %)T (f(zo) — f+) + ¥*kLnB?, where k = ﬁ

Comparison with SGD. From Theorem 4, one can recover the complexity that we provide in Table 1,
see Corollary 3 in the appendix. Let’s ignore some constants not related to our assumptions and

specialize to uniformly bounded variance. Then, the sample complexity of RR, Krg > Ls\éﬁ (vn+
Z), becomes better than that of SGD, Ksgp > E%(1 + ‘;—j), whenever \/ne < o.

4 Experiments

We run our experiments on the ¢5-regularized logistic regression problem given by
N
b 55 (~(br1og (h(al ) + (1= 0 log (1 = AaT ) + el

where (a;,b;) € R? x {0,1},4 = 1,..., N are the data samples and h: t — 1/(1 + e~ %) is the
sigmoid function. For better parallelism, we use minibatches of size 512 for all methods and datasets.

We set A\ = L/+/N and use stepsizes decreasing as O(1/t). See the appendix for more details on the
parameters used, implementation details, and reproducibility.

Reproducibility. Our code is provided at https://github.com/konstmish/random_reshuffling. All used
datasets are publicly available and all additional implementation details are provided in the appendix.

Observations. One notable property of all shuffling methods is that they converge with oscillations,
as can be seen in Figure 1. There is nothing surprising about this as the proof of our Theorem 1 shows
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Figure 1: Top: real-sim dataset (N = 72,309; d = 20, 958), middle row: w8a dataset (N =
49, 749; d = 300), bottom: RCV1 dataset (N = 804, 414; d = 47, 236). Left: convergence of f(x}),
middle column: convergence of ||z¢ — z.||?, right: convergence of SO with different permutations .

that the intermediate iterates converge to z* instead of x,. It is, however, surprising how striking the
difference between the intermediate iterates within one epoch can be.

Next, one can see that SO and RR converge almost the same way, which is in line with Theorem 1.
On the other hand, the contrast with IG is dramatic, suggesting existence of bad permutations. The
probability of getting such a permutation seems negligible; see the right plot in Figure 2.

Finally, we remark that the first two plots in Figure 2 demonstrate the importance of the new variance
introduced in Definition 2. The upper and lower bounds from Proposition 1 are depicted in these two
plots and one can observe that the lower bound is often closer to the actual value of o3, . than the
upper bound. And the fact that 03, . very quickly becomes smaller than o2 explains why RR often
outperforms SGD starting from early iterations.
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Figure 2: Estimated variance at the optimum, o2, . and o2, for the w8a dataset. Left: the values of
variance for different minibatch sizes with v = 1/r. Middle: variance with fixed minibatch size 64
for different v, starting with v = 1/ and ending with v = 107"/, Right: the empirical distribution
of 03, .. for 500, 000 sampled permutations with v = 1/ and minibatch size 64.



Broader Impact

Our contribution is primarily theoretical. Moreover, we study methods that are already in use in
practice, but are notoriously hard to analyze. We believe we have made a breakthrough in this area
by developing new and remarkably simple proof techniques, leading to sharp bounds. This, we
hope, will inspire other researchers to apply and further develop our techniques to other contexts and
algorithms. These applications may one day push the state of the art in practice for existing or new
supervised machine learning applications, which may then have broader impacts. Besides this, we do
not expect any direct or short term societal consequences.
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5 Additional experiment details

Objective properties. To better correspond to the theoretical setting of our main result, we use {5
regularization in every element of the finite-sum. To obtain minibatches for the RR, SO and IG we
permute the dataset and then split it into n = [2] groups of sizes 7,...,7, N — 7 ([£] —1). In
other words, the first n — 1 groups are of size 7 and the remaining samples go to the last group. For
SO and IG, we split the data only once, and for RR, we do this at the beginning of each epoch. The
permutation of samples used in IG is the one in which the datasets are stored online. The smoothness
constant of the sum of logistic regression losses admits a closed form expression Ly = & [|A[|% + A.
The individual losses are Lyax-smooth with L. = max,—1 ., ||a:||® + \.

.....

Stepsizes. For all methods in Figure 1, we keep the stepsize equal to 1 for the first kg = [ K/40]
iterations, where K is the total number of stochastic steps. This is important to ensure that there is
an exponential convergence before the methods reach their convergence neighborhoods (Stich,
2019). After the initial kg iterations, the stepsizes used for RR, SO and IG were chosen as

Ye = min {%7 m} and for SGD as Ye = min{%, m} Although these
stepsizes for RR are commonly used in practice (Bottou, 2009), we do not analyze them and leave
decreasing-stepsize analysis for future work. We also note that although L is generally not available,
it can be estimated using empirically observed gradients (Malitsky and Mishchenko, 2019). For
our experiments, we estimate L of minibatches of size 7 using the closed-form expressions from

Proposition 3.8 in (Gower et al., 2019) as L < :é;j; Ly+ T("n_fl) Lnax. The confidence intervals

in Figure 1 are estimated using 20 random seeds.

For the experiments in Figure 2, we estimate the expectation from (5) with 20 permutations, which
provides sufficiently stable estimates. In addition, we use L = L, (instead of using the batch
smoothness of (Gower et al., 2019)) as the plots in this figure use different minibatch sizes and we
want to isolate the effect of reducing the variance by minibatching from the effect of changing L.

SGD implementation. For SGD, we used two approaches to minibatching. In the first, we sampled
7 indices from {1,..., N} and used them to form the minibatch, where N is the total number of
data samples. In the second approach, we permuted the data once and then at each iteration, we
only sampled one index ¢ and formed the minibatch from indices ¢, (i +1) mod N,...,(i+7—1)
mod N. The latter approach is much more cash-friendly and runs significantly faster, while the
iteration convergence was the same in our experiments. Thus, we used the latter option to produce
the final plots.

For all plots and methods, we use zero initialization, zo = (0, ..., O)T € R%. We obtain the optimum,
T4, by running Nesterov’s accelerated gradient method until it reaches machine precision. The plots
in the right column in Figure 2 were obtained by initializing the methods at an intermediate iterate of
Nesterov’s method, and we found the average, best and worst results by sampling 1,000 permutations.
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6 Basic facts and notation

6.1 Basic identities and inequalities

For any two vectors a, b € R, we have
2 2 2
2(a,b) = [lal|” + [[o]" — [la — b[|". (11)
As a consequence of (11), we get

la+0]* < 2]jall* +2)p]*. (12)

Convexity, strong convexity and smoothness. A differentiable function h : R? — R is called
p-convex if for some p > 0 and for all z,y € R?, we have

W) + (Vh().y — )+ Slly - ol < h(y). (13)
If h satisfies (13) with & > 0, then we say that A is p-strongly convex, and if . = 0 then we say h
is convex. A differentiable function » : R¢ — R is called L-smooth if for some L > 0 and for all
x,y € R?, we have
IVh(z) = VA(y)|l < L ||z =yl (14)
A useful consequence of L-smoothness is the inequality

h(z) < hly) + (VA(), =~ ) + 2 o — il 15)

holding for all x,y € R?. If h is L-smooth and lower bounded by h., then
[Vh(z)||> < 2L (h(z) — h.) . (16)

For any convex and L-smooth function A it holds

1
Di(w,9) > 57 [Vh(z) = Vh@)[*. (17)

Jensen’s inequality and consequences. For a convex function i : R? — R and any vectors
Y1,--.,Yn € R? Jensen’s inequality states that

h (:L Zy> < %Zh(yi)
i=1 i=1

Applying this to the squared norm, h(y) = ||y %, we get
1 o1
S wl <=l (18)
i =
After multiplying both sides of (18) by n2, we get
n 2 n
Sl <0 Il (19)
i=1 i=1

Variance decomposition. We will use the following decomposition that holds for any random
variable X with E [||X||2} < 400,

2 2 2
E [IXI°] = IE[X])* + E [|X - E[x]|?] . (20)
We will make use of the particularization of (20) to the discrete case: let y1, ...,y € R be given
vectors and let § = = >~ | v; be their average. Then,
LSl = 107 + = 3 s — 1™ e
mia mia
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Table 2: Summary of key notation used in the paper.

Symbol  Description
Ty The iterate used at the start of epoch ¢.
A permutation 7 = (g, 71, ..., T—1) of {1,2,...,n}.
T Fixed for Shuffle-Once and resampled every epoch for Random Reshuffling.
y The stepsize used when taking descent steps in an epoch.
xi The current iterate after ¢ steps in epoch ¢, for 0 < i < n.
Gt The sum of gradients used over epoch ¢ such that x4 = x; — vg;.
o? The variance of the individual loss gradients from the average loss at point x;.
A, B Assumption 2 constants.
L The smoothness constant of f and f1, fo, ..., fn.
I The strong convexity constant (for strongly convex objectives).
K The condition number x & L /u for strongly convex objectives.
Ot Functional suboptimality, §; = f(z;) — f«, where f, = inf,, f(z).
The squared iterate distance from an optimum for convex losses
" re = ||z — 2]
E, [] Expectation conditional on the history of the algorithm prior to timestep ¢,

including x;.

6.2 Notation

We define the epoch total gradient g; as

n—1
def i
g = vam(xt)'
=0

We define the variance of the local gradients from their average at a point x; as

ot & =S IV () ~ VS
j=1

By E, [] we denote the expectation conditional on all information prior to iteration ¢, including ;.
To avoid issues with the special case n = 1, we use the convention 0/0 = 0. A summary of the
notation used in this work is given in Table 2.
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7 A lemma for sampling without replacement

The following algorithm-independent lemma characterizes the variance of sampling a number of
vectors from a finite set of vectors, without replacement. It is a key ingredient in our results on the
convergence of the RR and SO methods.

Lemma 1. Let X1,..., X,, € R be fixed vectors, X = ef1 L 37 1 X, be their average and o2

IS 1x —YHQ be the population variance. Fix any k € {1,...,n}, let X,,... X, be

sampled uniformly without replacement from {X7,..., X,,} and X, be their average. Then, the
sample average and variance are given by

2}_ n—=k o

E[X,] =X, E [HY,F ~X|*] = e (22)

Proof. The first claim follows by linearity of expectation and uniformity of sampling:
L k
B[] =g LB =52 X

To prove the second claim, let us first establish that the identity cov(X,, Xr,) = —n“—jl holds for
any ¢ # j. Indeed,

E’?‘\H

cov(Xn,, Xn,) = E [(Xr, = X, X, — X)] = D Z Z Xm — X)
=1 m=1,m##l

:ﬁzzwﬁxxmf)(}f ZHXZ x|’

This identity helps us to establish the formula for sample variance:

k k
® (I =X = 5 23 corn o)

i=1 j=1
1 k ., k k
= 5B S =X +>0 D cov(Xn,, X))
=1 i=1 j=1,j#1
_ 1 2 B o? n—k o2
=12 (ka k(k 1)n— 1) F(n = ) [ ]
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8 Proofs for convex objectives (Sections 3.1 and 3.2)

8.1 Proof of Proposition 1

Proof Let us start with the upper bound. Fixing any ¢ such that 1 < i <n — 1, we have i(n — 1) <

" < "(" ) and using smoothness and Lemma 1 leads to

2

i—1
; 1s) [, ; L
E[Dy, (@4 2)] < SE[l —zl®] = SE |[> 1V fr(2s)

k=0

@) 72Li(n—i)02

 2n—1) %

2L
< ’y4naf.

To obtain the upper bound, it remains to take maximum with respect to ¢ on both sides and divide

by 7. To prove the lower bound, we use strong convexity and the fact that max; i(n — i) > %
holds for any integer n. Together, this leads to

. (13) 2i(n — 4
max E [Dy, (xL,x.)] > max 2E [zt — z.]?] —m‘axry pi(n = 7)

2
2>7/m 2
o(n—1) *= 8 °®

as desired. [ |

8.2 Proof Remainder for Theorem 1

Proof. We start from (8) proved in the main text:
E [[lzi — 2% < (1 = yw)E [[lo; — 2L0%] + 2708 pume-

Since 2441 — o = 27 — 2" and 2y — z,. = 2 — 2, we can unroll the recursion, obtaining the epoch

level recursion

n—1
E [loe1 - 2] < (1= 9" E [Jloe = 2.0”] + 22 03ume (Z (1 —W) .

=0

Unrolling this recursion across 7" epochs, we obtain

n—1 T-—1
2 T 2
E[IIwT—x*II ] <@ =)™ Nzo = z]l” + 29?08 hugme (Z 1 —yp) ) (Z 1—yu)" )
7=0

i=0
(23)
The product of the two sums in (23) can be bounded by reparameterizing the summation as follows:

T-1 n—1 ) T—1n—1 o
S @ <Z(1—w)l> S =t

7=0 =0 7=0 i=0
nT—1 00 1
- a-wf S a-wt- o
k=0 k=0 TH

Plugging this bound back into (23), we finally obtain the bound

2
n g u
E [Jlor = 2al*] < (120" g = e | 4 2 Pt

19



8.3 Proof of complexity

In this subsection, we show how we get from Theorem 1 the complexity for strongly convex functions.
Corollary 1. Under the same conditions as those in Theorem 1, we choose stepsize

(1 2 v — .|| 1TV
= — 1 .
7 mm{L’ unT ©8 < VEO,
The final iterate x then satisfies
- T 2
E oz - .)”] =0 (exp (—’“‘Z) a0 — a-|1* + WfT) ,

where O() denotes ignoring absolute constants and polylogarithmic factors. Thus, in order to obtain
error (in squared distance to the optimum) less than €, we require that the total number of iterations

nT satisfies
nT =Q (/{—1— Hn@) .

pv/e
Proof. Applying Theorem 1, the final iterate generated by Algorithms 1 or 2 after T epochs satisfies
2
2 T 2 OShuffle

E [lor =2} < (1= 90" flmg — . | 4 29 Tobutte,

Using Proposition 1 to bound 03, 4., We get
E [lor — 2] < (1= 70" oo — 2. +12kna?. (24)

‘We now have two cases:
e Casel: If% < ;miT log (W), then using v = % in (24) we have

kno?

2 T 2
E [lor -] < (1= £)" llao - 2.l* + =5

nT 4ko? To — T || uT/1
< (1—H) o — 2. |)* + - 1og2<” 0 [n \f)

L u2nT? VEO,
Using that 1 — 2 < exp(—x) in the previous inequality, we get
N T 2
E [lor - 2u[2] = 0 (exp (~57 ) oo = ol + 2222 ). @s)

where (5() denotes ignoring polylogarithmic factors and absolute (non-problem specific) constants.
e Case2: If WLT log (WM) < 1, recall that by Theorem 1,
E [lor — 2] < (=7 oo — .| +12kno?. (26)
Plugging in v = —2- log (M) the first term in (26) satisfies
unT VEO ’

T 2 2
(1 =ym)"" [lzo — 2. || < exp (—yunT’) [lzo — .|

To — Tl uT/1
= exp (—2log<” 0 \/Ellrlu f)) o — 2.

IQO'2

= T 27
Furthermore, the second term in (26) satisfies
4K02 To — T || pT/1
Y’ rno? = u2n7j2 log? <|| 0 \/Eﬂ'f \F) . (28)
Substituting (27) and (28) into (26), we get
EﬂmeW}@<'m3)- (29)
120 T2

This concludes the second case.
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It remains to take the maximum of (25) from the first case and (29) from the second case. |

8.4 Two lemmas for Theorems 2 and 3

In order to prove Theorems 2 and 3, it will be useful to define the following quantity.

Definition 3. Let 29,2}, ..., 27 be iterates generated by Algorithms 1 or 2. We define the forward
per-epoch deviation over the ¢-th epoch V; as

n—1
1= N A (30)
=0

We will now establish two lemmas. First, we will show that 1, can be efficiently upper bounded using
Bregman divergences and the variance at the optimum. Subsequently use this bound to establish the
convergence of RR/SO.

8.4.1 Bounding the forward per-epoch deviation

Lemma 2. Consider the iterates of Random Reshuffling (Algorithm 1) or Shuffle-Once (Algorithm 2).
If the functions f1, ..., f, are convex and Assumption 1 is satisfied, then
n—1
- 1
E[Vi] <49%nL Y B [Dy, (@u,27)] + 5770 0%, 31
i=0

. . . . def
is the variance at the optimum given by 02 =

*

2

*

where V; is defined as in Definition 3, and o

ED Iy \SACHI

Proof. For any fixed k € {0,...,n — 1}, by definition of z¥ and z;,, we get the decomposition
n—1 n—1 n—1
wf —w =7 ) Ve (x) =7 ) (Vir (@) = Vin (@) +7 ) Vi ().
i=k i=k i=k
Applying Young’s inequality to the sums above yields
k 2 (2 2 = i i 2 = i
lof =zl < 292D (Vini(ah) = Vin (@) +292( D Vini(2)
i=k i=k
(19) ) n—1 . 5 ) n—1 2
< 2% ) [[Vina) = Vin @) +29°|| Y Vin (@)
i=k i=k
a7 n—1 ) n—1 2
< 4PLn) Dy, (o) +29°|| Y Vin ()
i=k i=k
n—1 n—1 2
< 4°Ln Y Dy, (wa,7}) +29%||Y | Vin, (2.)
i=0 i=k
Summing up and taking expectations leads to
n—1 9 n—1 n—1 n—1 2
SE[[lof —ain || < 42102 Y B [y, (e, 0)] 4292 3B |||D V(@) |- G2
k=0 i=0 k=0 i=k

We now bound the second term in the right-hand side of (32). First, using Lemma 1, we get
2 2

n—1 n—1
E || Vi@ | =(n—k)E Hnikzvm(w*)
i=k i=k
A e e
k(n—k) ,
T Tpo1 o~
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Next, by summing this for k from 0 to n — 1, we obtain

n—1 n—1 2 n—1
kEn—k) o 1 5 _m20?
k=0 i=k k=0
where in the last step we also used n > 2. The result follows. ]
8.4.2 Finding a per-epoch recursion
Lemma 3. Assume that functions fi,..., f, are convex and that Assumption 1 is satisfied. If

Random Reshuffling (Algorithm 1) or Shuffle-Once (Algorithm 2) is run with a stepsize satisfying
v < \/Ean, then

~v3In?o?

E (o = 2.]?) B [llze = o.l?] = 29mE [f(2011) = £l + —5

Proof. Define the sum of gradients used in the ¢-th epoch as g, &f Z?;OI V fr, (2}). We will use g;

to relate the iterates x; and x;1 ;. By definition of x4 ;, we can write

n—1
Tiy =Ty = w?_l - ,yvf‘ﬂ'n—l(x?_l) == x? - 'YZ V (xi)
=0

Further, since x? = x4, we see that x4 ; = x; — yg;, which leads to

¢ — 2ol = llzer + 79t — 2al® = o1 — 2 l® + 29 (g Teg1 — @) + 7796l

> w1 — zu]|* + 29 (g, Tes1 — T4)

n—1

= Nzess — 2l + 29 S (Vi (@), w1 — 2.).
i=0
Observe that for any ¢, we have the following decomposition

<Vfﬂ—i($i),l't+1 - C5*> = [fﬂ'z ($t+l) - fm(x*)] + [fm (.’1?*) - fﬂ'i (‘T;) - <vf7n (.’L‘;),m; - .’L‘*>]
- [fm(zt-‘rl) - fm(I;) - <me(xi),xt+1 - I;>]

= [fr(@e41) = fr, (@)] + Dy, (2, 27) = Dy, (2141, 7). (33)
Summing the first quantity in (33) over ¢ from 0 to n — 1 gives

n—1

D ri@ein) = fro (@] = n(f (@) = f).

i=0

Now, we can bound the third term in the decomposition (33) using L-smoothness as follows:

L .
Dy, (@e41,21) < Slloes — H R

By summing the right-hand side over ¢ from 0 to n — 1 we get the forward deviation over an epoch
V;, which we bound by Lemma 2 to get

n—1 n—1
@0 T @1 , 2In%o?
>_E[Dy, (we,a)] < GEW] < 2L 3B Dy (e a})] + 1
i=0 i=0
Therefore, we can lower-bound the sum of the second and the third term in (33) as
n—1 n—1 n—1
Z E [Dfm ('T*7 CL’%) - wa,i (xt+1’ ‘T;)] 2 Z E [Dfrri (:L‘*, .’L‘i)} - 272L2n2 Z E [wai (CL'*, CC;)]
i=0 i=0 i=0
v In%o?
4
n-1 27,2 2
- Ln“o
> (1-220%%) S E [Dy, (2.,21)] — L2207
v2Ln?c?
- 4 )

22



where in the third inequality we used that v < —2

and that Dy, (z., x1) is nonnegative. Plugging

\/§Ln
this back into the lower-bound on ||z; — z.|? yields
3In?0?

E [lle: = 2.l*] > E [Joers — . 1%] +29nE [f(aer) - £ - T2
Rearranging the terms gives the result. ]
8.5 Proof of Theorem 2
Proof. We can use Lemma 3 and strong convexity to obtain

2 2 v Ln?o?
E [llzess = 2.l°] <E [lae - 2] - 29nE [f(zes1) - £.] + 25

@ 3Ln20?
< B [lo = 2] = npE (oo —2al?] + T2,
whence
1 9 ’}/3Ln202
E et — ] € o (E [y — 2] + 222
[2t+1 7] < 1+~ (s [ 5
1 1 3Ln20?
= 7B [l — ] + 1
+yun 14+~yun 2
SL 2 .2
< (1= 2V e - o] + TE22.
Recursing for T iterations, we get that the final iterate satisfies
n\T 3In202 T-1 s
E [IIxT—x*HQ} < (1—M) 7o — |2 + L2027 (1_w )
2 2 : 2
7=0
n\T 3Ln?o? 2
< (1= 2 g — 2 4 L (2
2 2 yun
T
= (1 - %) o — x.||* 4+ 72Kno?. n

8.6 Proof of Theorem 3

Proof. We start with Lemma 3, which states that the following inequality holds:

3In%o?
E [llzess = @.l?] < E [loe - 2] = 29nE [f(zes1) — fla)] + 252
Rearranging the result leads to
2 2 VBLTFUf
29nE [f(21+1) = f(2.)] S E [llee = 2] — E [Jloers — 2. )] + T2
Summing these inequalities for ¢ = 0,1,...,T — 1 gives
T-1 T-1 3r 9 9
2 2 > In“olT
29m Y Elf () = @] < Y (E [lloe = aallP] — E Iz — 2] ) + 257
t=0 t=0
3Ln202T
= llzo = 2.[I* = E [l — o] + 257
3In202T
< lleo — & + T257,

and dividing both sides by 2vynT', we get

-1
T Y E[f(wi) = fla)] <
=0

lzo —@.]|* | 7*Lno?
2ynT 4

. . . . . def .
Finally, using convexity of f, the average iterate &7 = % Zf:l x, satisfies

|wo — z]|* | 7*Lno?
2ynT 4

E[f(ir) ~ f(e.)] < 2 SE[f@w) — f(a.)] <
t=1
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8.7 Proof of complexity

Corollary 2. Under the same conditions as Theorem 3, choose the stepsize

/
v = min ! [ 717*”2
V2Ln' \ Ln?To?
Then

) Lllzo — z.|*  3LY3 ||zg — 2, ||*/% 02/*
E[f(@r) — f(z.)] < V2T Anl/372/3

We can guarantee E [f(27) — f(z.)] < &2 provided that the total number of iterations satisfies

2l|zo — .||V .
Tn > o $2 I n max {VZLn, U—} .
€ €

Proof. We start with the guarantee of Theorem 3:

o 2 2 I no2
E(f(er) - f(w)] < =2l 2207 34

We now have two cases depending on the stepsize:

e Casel: Ify =

1/3
\/ian < (Hﬁ;;i;‘f) , then plugging this - into (34) gives

Lljzo — z.|* | +*Lno?

]E i% - T s S +
2/3
Llzo —zol®  (llzo =2l Ino?
N7 Ln?To? 1

Lliwo — | | L*02" [lzg — ]|

- V2T Anl/37T2/3 35)
. _ _(llm—a 2\ /3 1 . . .
Case 2: If v = ( f =7o < NI then plugging this «y into (34) gives
4/3 2/3 2/3 4/3
B [f(or) - fa)) < LMool Bot | D0 o — o
T = onl/372/3 Anl/3T2/3

B 3LY/3 ||z — ac*||4/3 o2/3 .
- Anl/37T2/3 (36)

Combining (35) and (36), we see that in both cases we have

) Llzo — z.]>  3LY3||zg — o[/ o2/
E [f(2r) — f(z.)] < V2T Anl/372/3

Translating this to sample complexity, we can guarantee that E [ f(Z7) — f(z.)] < £2 provided
g p p y g p

2 7
nTZ2HwO :Q*H anax{\/m,%}. ]
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9 Proofs for non-convex objectives (Section 3.3)

9.1 Proof of Proposition 2

Proof. This proposition is a special case of Lemma 3 in (Khaled and Richtarik, 2020) and we prove
it here for completeness. Let x € R?. We start with (16) (which does not require convexity) applied
to each f;:

IV fi(@)* < 2L (fix) = f).

Averaging, we derive
1 & 1,
LS e (s - 235 )
i=1 i=1

1 n
=2L — fu 2L | fo — — .
(F(e) = f)+ <f an>
Note that because f, is the infimum of f(-) and %Z?ﬂ f is a lower bound on f then f, —
LS L ff > 0. We may now use the variance decomposition

CSIVA@ - VI@IE L S IVA@IE - V)
i=1 1=1

IN

1 n
=S IVA@)I
=1

R
< 2L(f(z)— fi)+2L (f* - ani> :
It follows that Assumption 2 holds with A = L and B> = 2L (f, — + 31" | f). [ ]

9.2 Finding a per-epoch recursion

For this subsection and the rest of this section, we need to define the following quantity:
Definition 4. For Algorithm 1 we define the backward per-epoch deviation at timestep ¢ by

Vdifl “ i 2
S k-l
i=1

We will study the convergence of Algorithm 1 for non-convex objectives as follows: we first derive
a per-epoch recursion that involves V; in Lemma 4, then we show that V; can be bounded using
smoothness and probability theory in Lemma 5, and finally combine these two to prove Theorem 4.
Lemma 4. Suppose that Assumption 1 holds. Then for iterates x; generated by Algorithm 1 with
stepsize v < 7, we have

2

L
Fwen) < flae) = IV )P + 5V, (37)

where V; is defined as in Definition 4.

Proof. Our approach for establishing this lemma is similar to that of (Nguyen et al., 2020, Theorem 1),
which we became aware of in the course of preparing this manuscript. Recall that x;11 = x; — vgy,
where g; = Z?:_ol V fr, (z%). Using L-smoothness of f, we get
15) L
flae) = flag) + (Vo) 2emn —ao) + S llwen - o

= fl@)—n <Vf(a:t), %> T @H%HQ

w f(xo—?(lw(wt)“”’it 2 |

gt
n

- va(l’t) - %

2 2L2
)3
2

an

T 2 Lo

mn 2
= f@) = LIV @)
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By assumption, we have v < L—ln, and hence 1 — Lyn > 0. Using this in (38), we get

2
f@e) < fla) = DV + 2| Vs ) - £ (39)
For the last term in (39), we note
n—1 2
gt ||? 1 i
V@) =27 = =3 [V (@) = Vi )]
i=0
ag 12 2
i=0
n—1
@ 1 a2 L?
< EZOLQth—xtH =~V (40)
Plugging in (40) into (39) yields the lemma’s claim. ]

9.3 Bounding the backward per-epoch deviation

Lemma S. Suppose that Assumption 1 holds (with each f; possibly non-convex) and that Algorithm 1
is used with a stepsize v < 57—. Then

E: [Vi] < 4°0%|V f(wo)l|* ++*n’07,

def 1

w21 IV ()

(41)

— V(@)

where V; is defined as in Definition 4 and o2

Proof. Letus fix any k € [1,n — 1] and find an upper bound for E, fo — xtﬂz} . First, note that

Z vfm xt

Therefore, by Young’s inequality, Jensen’s inequality and gradient Lipschitzness

Z‘t = Tt —

2

k-1
[lzf — ] = 7K vam(ﬁﬂi)
B 2 2
2 2 2
< 297Ky () = Vi, (a:t)) + 2v°E; ()
:0
19) 5 k-1 ) 2 9 ?
< 2%k Y By [|[Vin (@) = Vi ao)|'] +29°Ee (1)
i=0
k—1 2

(14)

Let us bound the second term. For any ¢ we have E; [V f., (2¢)]
vectors V fro (x4), V fr, (z1), . ..

2

‘,(:Et)

< 2Lk Y E [|laf — @l®] + 29°Ee

Z vfm xt

= V f(z), so using Lemma 1 (with

=0

,V fr_, (1)) we obtain

2

LRIV )] + K

k—
%Z (Vi () = V £ (22)
=0

k(n —k) 2

(22) 9 2
< RV + Sk,
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where o7 &t 1 S IV fi(@e) = V f () ||*. Combining the produced bounds yields

k—1

E; [Hzf — xtHQ] < 272L2kZEt [Hxi - xtHQ} + 2922\ V f(z)]]* + 272%03
=0

k(n —k)

< 292L2kE [Vi] + 292K% |V £ (z0) || + 292 o

2
g t
whence

n—1
E[Vi] = Ei[lef — ]
k=0

<2 L*n(n — VE[V;] + %72(11 — 1)n(2n — 1)||Vf(30t)||2 + %’YQn(n +1)o?.

1

Since [E [V;] appears in both sides of the equation, we rearrange and use that y < 57—

which leads to

by assumption,

4

E Vi) < 5(1 =" L3n(n — D)E (V)

4 4
< 572(71 — Dn(2n = DIV f(z)|* + §72n(n +1)of

<203V £ ()| + P00 n
9.4 A lemma for solving the non-convex recursion

Lemma 6. Suppose that there exist constants a, b, ¢ > 0 and nonnegative sequences (s;)7_, (q¢)i—o
such that for any ¢ satisfying 0 < ¢t < T' we have the recursion

St41 < (14+a) s —bg + c. (42)
Then, the following holds:
) (14a)" c
< —r —.
t:oIf.l.l,I’}Fq 9% = bT so + b “43)

Proof. The first part of the proof (for a > 0) is a distillation of the recursion solution in Lemma 2 of
Khaled and Richtarik (2020) and we closely follow their proof. Define

w, & _
t 1t a)t+1 .
Note that w; (1 4+ a) = w;_; for all ¢. Multiplying both sides of (42) by wy,
wiSt41 < (14 a) wesy — bweqr + cwy = wi—15¢ — bwrqy + cwy.

Rearranging, we get bw.q; < wy_15¢ — WeSe41 + cwe. Summing up as ¢ varies from 0 to 7" — 1 and
noting that the sum telescopes leads to

T—1 T—1 T—1
Z bwyqy < (We—18; — WiSi41) + € Z Wi
t=0 t=0 t=0
T-1
= WpSp — Wr—18T +¢C Z Wy
t=0
T—1
< wpsg + ¢ Z We.
t=0
Let W = ZtT;Ol wy. Dividing both sides by Wr, we get
1 = wos
050
—_— bwq; < +e. 44
Wop ; tdt = W 44)
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Note that the left-hand side of (44) satisfies

) 1
b,_jmin_ ¢ < g Z% bwg. (45)

For the right-hand side of (44), we have

T
= > — -
Wr = Z wy = T fﬂl)I%LI ¢ = Twr_1 (1 n a)T (46)
Substituting with (46) in (45) and dividing both sides by b, we finally get
. (14a)" c
<A =
t:or,?ir%q 4= bT sot b "

9.5 Proof of Theorem 4

Proof. Taking expectation in Lemma 4 and then using Lemma 5, we have that for any ¢ €
{0,1,...,T —1},

Bl 2 f) - DIVl + 2
“h 2 L2 2 3 2, 29 2
< fla) = LIV + S5 (7Prd[VF @)l +9*n%o?)
372,22
= fw) = TP )+

Let o, def f(x¢) — fi. Adding — £, to both sides and using Assumption 2,

¥’ L*n’o?
2
3472, 2 m 272 2 2
g(l—i—v AL?’L)6t_7(1_7Ln)va($t)H +

n
B¢ [0¢41] < 6 — % (1= 72L2n?) |V f (@) |” +
A3 L2n2 B2
5 .
Taking unconditional expectations in the last inequality and using that by assumption on v we have

1 —~%L?n? > I, we get the estimate

E ) < (144 AL E L) - 28 [l + T2 @y

Comparing (42) with (47) verifies that the conditions of Lemma 6 are readily satisfied. Applying the
lemma, we get

4(14~2ALn2)"
ynT

min | E ||V f(a)|*] < (f(w0) ~ £) + 20°LnB>.

t=0,...,T—

—1/3

Using that 1 + = < exp(x) and that the stepsize ~y satisfies v < (ALQnQT) , we have

(1+ '73AL2n2)T < exp (73AL2n2T) <exp(l) <3.

Using this in the previous bound, we finally obtain

E (197 < 2 =)

+292L*nB?. [ |
ynT

t=0,...,T—1

9.6 Proof of complexity

Corollary 3. Choose the stepsize v as

. 1 1 6
¥ = min { oOLn’ Al/3[2/3n2/3T1/3° 2L\/ﬁB} .
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Then the minimum gradient norm satisfies

. 2 2
iy | E IV @)l <

provided the total number of iterations satisfies

Tn > 74860[/\/5 max {\/ﬁ7 660147 B} .
€

g2 €

Proof. From Theorem 4

_ 12(f(xo) ~ £.)
t=0,..., - ynT

Note that by condition on the stepsize 2L%v?nB? < £%/2, hence

tzoff_i%_l]E {va(xt)nﬂ < 12 (f(j's;_ f*)

+292L*nB?.
L&
5

Thus, to make the squared gradient norm smaller than &2 we require

12(f(wo) ~ f.) _ €
AnT -2
or equivalently
nT > 2 (f(;()) —f) = 2:;50 max {QLn, (AL2n2T) 1/3 , 2L\£HB} , (48)
Y

where dg et f(xo) — f« and where we plugged in the value of the stepsize v we use. Note that
nI" appears on both sides in the second term in the maximum in (48), hence we can cancel out and

simplify:
24 2460)%/2 LV A
nT > @(AL%QT)U3 = nT > (50)—3".
€ €
Using this simplified bound in (48) we obtain that min;—q,... 7—1 E {HVf(zt) ||2] < €2 provided
4869 L V66pA B
nTZgOQ\/ﬁmax{\/ﬁ, 6% ,}. [ |
€ € €

10 Convergence results for IG

In this section we present results that are extremely similar to the previously obtained bounds for RR
and SO. For completeness, we also provide a full description of IG in Algorithm 3.

Algorithm 3 Incremental Gradient (IG)
Input: Stepsize v > 0, initial vector o = 23 € R?, number of epochs T'
1: forepochst =0,1,..., 7 —1do
2: fori=0,1,...,n—1do
3 ay =} =V fipa(a})
4: Tyl = Xf

Theorem 5. Suppose that Assumption 1 is satisfied. Then we have the following results for the
Incremental Gradient method:

« If each f; is p-strongly convex: if ¥ < i, then
27,2 2
2 T 2, v Lnoy
lor — 2" < (L —9)" o — 2" + ——.

By carefully choosing the stepsize as in Corollary 1, we see that this result implies that IG has

sample complexity O </<; + VEZ};) in order to reach a point Z with ||Z — z, ||2 <e.
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o If f is u-strongly convex and each f; is convex: if v < f o then

T
zr — @.])* < (1 - %) lzo — 24 ||* + 292 kn202.

Using the same approach for choosing the stepsize as Corollary 1, we see that IG in this setting

reaches an e-accurate solution after O (T’Llﬁ: + \/5\% ) individual gradient accesses.

¢ If each f; is convex: if v < then

_1
V2nL’

lzo — x| 72Ln%c?

flar) = fla.) <

2ynT 2 ’
where &7 & L Zt | 1. Choosing the stepsize v = min { YR } then the average of
iterate generated by IG is an e-accurate solution (i.e., f(Z7) — f(z.) < €) provided that the total

number of iterations satisfies

o — .| VLo.n
nTzf {\fnL e }

 If each f; is possibly non-convex: if Assumption 2 holds with constants A, B > 0 and v <
}, then

: 1 1
min V8nL’' (4L2n3AT)1/3

sl < 2=

8v2L%n?B2.
:0.,..., nT +teyTLn

Using an approach similar to Corollary 3, we can establish that IG reaches a point with gradient
norm less than € provided that the total number of iterations exceeds

s BUG) = f)In { V3, V24 (eo) ~ 1) A 2B } .

b
g2 €

The proof of Thoerem 5 is given in the rest of the section, but first we briefly discuss the convergence
rates and the relation of the result on strongly convex objectives to the lower bound of Safran and
Shamir (2020).

Discussion of the convergence rates. A brief comparison between the sample complexities given
for IG in Theorem 5 and those given for RR (in Table 1) reveals that IG has similar rates to RR
but with a worse dependence on n in the variance term (the term associated with o, in the convex
case and B in the non-convex case), in particular IG is worse by a factor of v/n. This difference is
significant in the large-scale machine learning regime, where the number of data points n can be on
the order of thousands to millions.

Discussion of existing lower bounds. Safran and Shamir (2020) give the lower bound (in a problem
with k = 1)
2
2 oy
HxT - $*|| = <M2T2> :

This implies a sample complexity of O (”f/t) which matches our upper bound (up to an extra

iteration and log factors) in the case each f; is strongly convex and k = 1.

10.1 Preliminary Lemmas for Theorem 5

10.1.1 Two lemmas for convex objectives

Lemma 7. Consider the iterates of Incremental Gradient (Algorithm 3). Suppose that functions

fi,--., fn are convex and that Assumption 1 is satisfied. Then it holds
n—1
2 .
Z ||:r,’§C — | < 442 Ln? Z Dy, (w4, 7)) + 2v°n02, (49)
= i=0
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where o2 is the variance at the optimum given by o2 &1 ) IV £ ()|

Proof. The proof of this Lemma is similar to that of Lemma 2 but with a worse dependence on the

variance term, since there is no randomness in IG. Fix any k € {0,...,n — 1}. It holds by definition
n—1 n—1 n—1
T — Tpp1 = Z Vfipa(z) = Z(Vfiﬂ(ivi) = Vfir1(zi)) +v Z Vfit1(zs).
i=k i=k i=k

Applying Young’s inequality to the sums above yields

2 2

n—1 n—1
(12) .
lof —zeal® < 292D (Vi (al) = Viipa(e))| +29°|Y Vi ()
i=k i=k
(19) ) n—1 ; 9 ) n—1 2
< 29’0 || Vfira (@) = V(@) 4292 Viis(a)
i=k i=k
a7 ) n—1 . ) n—1 2
< Ay L’I’LZDle(i*,.’IJ%)-FQ’Y vaZJrl(x*)
i=k i=k
n—1 n—1 2
< 4’)/2L’I’LZDJ”H1(.T*,LU%) +272 vawrl(m*)
i=0 i=k
Summing up,
n—1|ln—1 2
Z th - thH < 44%Ln? Z Dy, x*,xt + 242 Z Z Vfit1(xs) (50)
‘We now bound the second term in (50). We have
n—1 — 2 (19) n—1 n—1
> vaz+1 () < D (n=k)D V()]
k=0 |l i=k k=0 i=k
n—1 n—1
< D (=R V()]
k=0 i=0
n—1 2
1
= Z(n—k)n(ff:in (n2—|— ) 7 <niol. (51
k=0
Using (51) in (50), we derive
n—1 n—1
ZHzf f:z:t_s_l” <4’y2anZDf+1 (T4, 7)) + 2720302 ]
k=0 =0
Lemma 8. Assume the functions fi,..., f,, are convex and that Assumption 1 is satisfied. If
Algorithm 3 is run with a stepsize v < ﬁ, then

lzer1 = @l|* < llze = 2] = 29m (f(2e11) = f (@) + 7 Lol

Proof. The proof for this lemma is identical to Lemma 3 but with the estimate of Lemma 7 used
for Z?:_Ol ||:z:f5 — T4 ||2 instead of Lemma 2. We only include it for completeness. Define the
sum of gradients used in the ¢-th epoch as g; def Z;L:_(Jl V fi+1(z}). By definition of 2,1, we have
Ty41 = Ty — 7¥g¢. Using this,

2 = 2| = Nzes1 +79e = 2ull® = 201 = 2l + 29 (g1, Te11 — 22) + 7196
> w1 — 2o ll® 4 27 (96, mes1 — @)

n—1

= ||ze1 — 2a]* + 29 Z (VSirr(zp), 21 — 2.

1=0
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For any ¢ we have the following decomposition
(Vfir1(2}), mep1 — 30) = [figr(Teg1) — fira(as)] (52)
+ [fira (@) = fira (@) = (Vfisa(2p), 2; — 2.)]
— [fir1(@es1) = fira(z}) = (Vfirr(2}), 2e1 — a7)]
= [firr(@er1) = firr (@] + Dy (24, 27) = Dy (2241, ). (53)

Summing the first quantity in (53) over ¢ from 0 to n — 1 gives

n—1

Y s (@) = fira(@)] = n(f (@) = fo)-

i=0
Now let us work out the third term in the decomposition (53) using L-smoothness,

L
Dy, (z41,31) < ||$t+1 — zi|%.

We next sum the right-hand side over ¢ from 0 to » — 1 and use Lemma 7

n—1 n—1
ZDfi+1 (xt+1"rt = Z th-i-l xt”
i=0
“9 272, 2 = ; 273 2
< 29°L°n ZDfiH(m*,x;)—i—'y Ln’o
i=0
Therefore, we can lower-bound the sum of the second and the third term in (53) as
n—1
Z(Dfi+1(1'*,$t) Df1+1 xt+1axt Z‘Df1+1 ZL'*,l't
i=0

n—1
(e S oy - )
i=0
n—1
= (1-292L*n?) Z Dy, (w4, 2}) —¥*Ln’o?
i=0
> —’yQLn?’U2
where in the third inequality we used that v < \/§an and that Dy, , | (., x1) is nonnegative. Plugging
this back into the lower-bound on ||z, — z.|? yields
e = 2> > 41 — 2al|* + 290 (f (@141) — f2) = 7°Ln’a?
Rearranging the terms gives the result. |

10.1.2 A lemma for non-convex objectives

Lemma 9. Suppose that Assumption 1 holds. Suppose that Algorithm 3 is used with a stepsize
v > 0 such that v < 57—. Then we have,

Z 2 — 24]|° < 49203V f (@) + 492002, (54)
=1

def n
where 07 = % ijl IV fi(z) — Vf(xt)||2~

Proof. Leti € {1,2,...,n}. Then we can bound the deviation of a single iterate as,
. 4 | 2 ) | 2
||9U§—9Ut|| = x?—’yzvfjﬂ(:ci)—xt = 72 vaﬂl(xg)
j=0 i=0

(19)

1—1 2
< Y| V|
=0
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Because ¢ < n, we have
i—1 5 i—1 9 n—1 9
ot = ail* <22 Y Vi@ <920 Y |V <0 Y [ Vhin@d)| . 65
J=0 Jj=0 Jj=0
Summing up allows us to estimate V;:

n
Vi o= > i -a
=1
- n n—1 )
< Y (X |Vt
; =

7=

‘ 2

= 22 S vaj+1(x{)H2
=0

n—1
2202 S ([[Vs5ated) = Wheate |+ 1941
j=0

2 n—1
+29°02 ) IV Ea@)l®. (56)
j=0

n—1
= 2202 Y |Viinled) = Vi)
j=0

For the first term in (56) we can use the smoothness of individual losses and that ¥ = ;:
n—-l . 2 (14) 2”_1 , 2 2”‘1 , 2 )
ZHijH(x{)—ijH(xt)H <L ZHJ:%—J;,:H =L ZHari—a:tH =L*V,. (57)
Jj=0 j=0 j=1

The second term in (56) is a sum over all the individual gradient evaluated at the same point ;.
Hence, we can drop the permutation subscript and then use the variance decomposition:

n—1 n
SVl = YOIV
Jj=0 j=1

= V)l + Z IV f(e) = V()]

= || Vi)l +nof. (58)
We can then use (57) and (58) in (56),
Vi < 29%LnV, + 29%0% ||V f ()| + 2v*n’ o}
Since V; shows up in both sides of the equation, we can rearrange to obtain
(1-292L*n?) V; < 29203V f () ||* + 2720’02,
Ify < ﬁ, then 1 — 29%L?n? > 1 and hence
Vi < 47°n? ||V f (@0)|* + 4yn’ o7 u

10.2 Proof of Theorem 5

Proof. < If each f; is pu-strongly convex: The proof follows that of Theorem 1. Define

i—1
vh=3 =7 Y V(e

=0
First, we have
[Ere s

= ||z} — 2L||* = 29(Vfisr(z}) — VSigr (), 2) — 2L) + V|V figa (3f) — V figa ()|
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Using the same three-point decomposition as Theorem 1 and strong convexity, we have
- <vf7+1(zit) - vfi+1(z*)v 93: - :Ci> = 7sz+1 (‘TZ 1) - Dfi+1 (Iiv x*) + Dfi+1 (xia :L’*)
< —*||£Ct—$ || Dle(l'i,J?*)+Dfi+1(1'i7f£*).

Using smoothness and convexity

vaerl ) vfz+1(1'*)i|2 < Dfi+1(xivx*)'
Plugging in the last two inequalities into the recursion, we get
||'IH_1 hLl|| I_VM th—gj H _27 (1_’7[’) Df1+1(1't,$*)+27Df1+1($*,13*).
< (1 —~p) th—x*H + 29Dy, ., (2%, 2). (59)

For the last Bregman divergence, we have

. as L. .
sz‘+1 (l‘i,x*) < EHxi - :,C*H2
"}/QL i—1 2
= -5 > V(e
=0
2
< Z IV ()

2 27 2
_ ngQ <7 Ln o2
2 * — 2 *

Plugging this into (59), we get
e e e R ] L I 2

We recurse and then use that ! = z., 141 = x7, and that :1:2 = z,, obtaining

0

2 n n n —
lzess — 2ol = [l —22]* < (1= )" ||2? - 22|” +~°Lno Z (1 —p)’

=

= (1—0)" lze — 2o]* + 7 Ln0? Y " (1 —ypu)’.
=0

Recursing again,

5
L

n—1
2 nT 2 j n
oz — @ < (1= 9™ o — 2l +7°Ln0? 37 (1 =) 3 (1= 9)™
§j=0 t=0
nT—1
T 2 k
= (1 =)™ lzo — . )|* + 4 LnPe? > (1—p)
k=0
3 2. 2
nT 2 Y Ln O
<@ =)™ llwo — |+ ————
Y
2 2

nT
= (1 =)™ [lwo — @.||* + 7*kn’0?.

o If f is u-strongly convex and each f; is convex: the proof is identical to that of Theorem 2 but
using Lemma 8 instead of Lemma 3, and we omit it for brevity.

« If each f; is convex: the proof is identical to that of Theorem 3 but using Lemma 8 instead of
Lemma 3, and we omit it for brevity.
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« If each f; is possibly non-convex: note that Lemma 4 also applies to IG without change, hence if
v < ﬁ we have

’7 S il|2
f(@es1) < flae) — *va +5 Z | — x|
=1
We may then apply Lemma 9 to get for v < 57— Ln

yL?
f@en) < flae) = LIVF @)+ = (490 |Vf ()P + 47070}
= fla)) = I (1= 49°Ln?) HVf(:rt)ll +29° Lm0,

Using that v < \/gan and subtracting f, from both sides, we derive

f@ep) = fo < (F(@) = fo) = fIIVf z0)|* + 29° Lo}
Using Assumption 2, we get
flae) = fo < (L+ 4P L240%) (flan) = £) = IV @I +29° L’ B (60)
Applying Lemma 6 to (60), thus, gives

4(1+ 47302 4n3) "
V| < AT A)

2722732
t*O, ,T AnT (f(wo) — f«) +8y"L n"B~. (61)

Note that by our assumption on the stepsize, 472 L? An®T < 1, hence,
(1 + 473L2An3)T < exp (473L2An3T) <exp(l) <3.

It remains to use this in (61). [ |
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