Sub-linear Regret Bounds for Bayesian Optimisation
in Unknown Search Spaces - Supplementary Material

In section 1, we first provide some auxiliary results which facilitate the proofs. We present the proofs
of Theorem 1, Theorem 2, Theorem 3 and Theorem 4 in next sections. Finally, we provide additional
benchmarking results in section 6.

1 Auxiliary Results

1.1 Properties of the Volume Expansion Strategy

Lemma 1. For every ¢ > 1, the search space X; has the [a;, b;]¢ form where by — a; = (b — a)(1 +

t s
Zj:l] ).

Proof. We prove the statement by induction If ¢ = 1 then by definition of the transformation in
section 4, X{ = [a}, b;]? where a} = ag — 25%1% and b} = by + 25%1°. Hence, b —a} = 2(b— a).
By definition of the transformation X] — Xl, the size and the form of X is preserved from 7.
Therefore X; = [a1,b1]% and by — a; = 2(b — a).
We assume that the statement is true for ¢ > 1. We consider the transformation X; — X/ 11— Xiga.
Wehave a); = a;— 5% (t+1)* and b}, = b+ 25%(t+1)*. Hence, b, —a}, = by—a;+ (b—
a)(t+1)%. By the inductive hypothesis, we have X; = [a;, b;]¢ and by —a; = (b—a)(1+ Z] 1J%).
Therefore, b, —a;,; = (b—a)(1 +Z§+11 J%). By the transformation, the size and the form of X4
is preserved from X/, ;. Thus, X1 = [as41, bey1]? where b1 — apq = (b—a)(1+ Z§+11 J%).
The statement holds for any ¢ > 1.

Given a finite domain X', we denote the volume of X’ by Vol(X).

Lemma 2. For every horizon T' > 0, set Cr = [Cmin — (b—a)(l—kij:lj‘")ﬂ7 Cmaz+(b—a)(1+
Z; 17%)/2)%. Then forevery 1 <t < T, X; C Cr.

Proof. We also prove this statement by induction. If 7' = 1 then by Lemma X, = [ay,b1]? where
b1 — a1 = 2(b — a). By the transformation, the center of X; only moves in the domain C;y,;zi4;. If we
set C7 = [Cmin — (b — a), Cmaz + (b — a)]? then X} C Cr.

We assume that the statement is true for 7" > 1. By the inductive hypothesis, for every 1 < t <
T, X; C Cr = [emin — (b= a)(1+ Y1, 5%)/2 Cmaz + (b— a)(1 + 3;_; j)/2]%. We set
Crir = [emin — (b — @)1+ 32,7 5%)/2, €maw + (b — a)(1 + 377 j)/2)%. First, we have
Cr C Cpy1. Next we prove that X717 C Cryy. Indeed, by Lemma 1| X711 = [ars1,br1)?

where by —apy1 = (b—a)(1 + Zfﬁl j%). By the transformation, the center of X7, only

moves in the domain C;y,;444;- It implies that X1 belongs to Cpy1. The statement holds for any
T>1. ]

Preprint. Under review.



1.2 Properties of The Gamma Function and The Hyperharmonic Series

Lemma 3. (Lower bounds of a partial sum of a hyperharmonic series,[2]) Given a partial sum of a
hyperharmonic series p,, = Z?:l 7<, where n € N. Then,

a+l_ 1 |
opn>%1f—1§a<0,

e p,>In(n+1)ifa=-1.

Lemma 4. (Upper Bounds of a Hyperharmonic Series, [2]) Given a hyperharmonic series p,, =
Z?Zl j%, where n € N. Then,

nite_1
1+«

e p, <1+ if -1 <a<0,

e p, <l+In(n)ifa=-1

Lemma 5. (Bounding p-series when p > 1, [1]) Given a p-series s,, = 2221 kip, where n € N.
Then,

1
n — 41
s <C(p)<p71+

for any n, where ((p) = >, 75 is EBuler—Riemann zeta function that always converges. For
example, ((3/2) ~ 2.61, ((2) = T-.

Lemma 6. (¢ +1)7 < /d+2

Ny

Proof. We consider two cases:
e ifd=2n,wheren € NthenT'(¢ +1) =T'(n + 1) = n!

e ifd=2n+1,wheren € Nthen['(4 + 1) =T'(n+ 1+ ) =nl[\(3) = /mn! < 2n!

Hence, in both case, I['(4 + 1) < 2n!. By Cauchy-Schwarz, we have:n! < (W)” = (zHn,

However, n < . Thus, (I'(4 + 1)) < 2(2H) % < \/2(n+1) < Vd+2. O

2 Proof of Theorem 1

Theorem 1 (Reachability). If a > —1, then the HuBO algorithm guarantees that there exists a
constant 7, > 0 (independent of ¢) such that when ¢ > T, &} contains x*.

We denote the center of the user-defined finite region Cinitiai = [Cmin, cm,w]d as cg. By the
assumption of x* being not at infinity, there exists a smallest range [a,, bg]d so that both x* and ¢
belong to [agy, b,]?. By induction, the search space X} at iteration ¢ is a hypercube, denoted by [a;, b;]%.
Following our search space expansion, the center of X; only moves in region C;,;:41- Therefore, for
each dimension 4, we have in the worst case, (b;—[c];) is at least “minzCmas 4 b";‘“ and ([co);—ay) is
— . — . t .
at most “massCmin by 5t. By Lemma the size of Xy as by —ay : by —ar = (b—a)(1+ ijl 7%).
Therefore, (b; — [co);) is at least SminzCmaz 4 boa(] 4 23:1 %) and ([co]; — a¢) is at most
max —Cmin b— t y QX
coangtmin — S (143252, 7).
To

If there exists a Ty such that two conditions satisfy: (1) CminzCmaz 4 boa (] 4 S~ i21J%) = by, and
(2) Gmas—Cmin _ boa(] 4 Z;Fil Jj%) < a4, then we can guarantee that for all ¢ > Tj, the search
space X; will contain [ag, by]¢ and thus also contain x*.

Such a T} exists because p; = Z;zl 7% is a diverging sum with ¢t when o > —1. Indeed, by Lemma
[Bl we have

(t+1)>tt—1

S -1<a <0,

® Py >



o p>In(t+1)ifa=-1.

For both cases, lim;_, , p; — oo. From the conditions (1) and (2), we can see that Tj is a function
of parameters a, b, Crmin, Cmaz, @ and ag4, by. Since a, b, Cpin, Cmaz and « are determined at the
beginning of the HuBO algorithm and do not change, such a constant (although unknown) 7j exists.

3 Proof of Theorem 2

To derive an upper bound of the cumulative regret of the HuBO algorithm for SE kernels and Matérn
kernels, we first derive an upper bound of the cumulative regret for a general class of kernels according
to the maximum information gain. We do this in the following Proposition 1. Next, we provide
upper bounds for the maximum information gain on SE kernels and Matérn kernels. We do that
in Proposition 2. Finally, we prove the correctness of Theorem 2 by combining Proposition 1 and
Proposition 2.

Proposition 1. Let f ~ GP(0, k) with a stationary covariance function k. Assume that —1 < a < 0
and there exist constants s1, sy > 0 such that P[supyex|0f/0z;| > L] < sye=E/52)” for all

L > 0andforalli € {1,2,...,d}. Pickad € (0,1). Set 87 = 2log(4m/0) + 4dlog(dTs2(b —
a)(l+ Z]T:1 7%)y/log(4dsy/0)). Thus, there is a constant C' such that for any horizon T' > Ty, the
cumulative regret of the proposed HuBO algorithm is bounded as

2

RT S C + ClTﬁT’yT(CT) + %

, with probability 1 — 4, where the domain Cr = [cpin — (b — a)(1 + Zle 7*)/2, emag + (b —
a)(1+ Z;F:l 79)/2]¢, and 7 (Cr) is the maximum information gain for any 7" observations in the

domain Cr (see [4]).

Proof. Let us denote by f;" the optimum in the search space X;, and denote by g, the gap between the
global optimum and the optimum in the search space X;. Formally, g: = f(x*) — f;. We consider
two cases:

e 1 <t < Tj. Then with the probability 1 — 4, ; can be bounded as follows:

re = f(z%) = flz) (1
= fi—fx) + g 2
= f{ — (") + p—a(27) — fe) + g 3)
< f@") = pe-a (@) + pe-1 (@) — (@) + g (4)
< Beor—1(x*) + pe—1(x*) — f(z) + gt (5
< Bror—1(xe) + pe—1(ze) — f(xe) + g (6)
< 2/ Bior1(we) + gt (7N

where the inequality (4) holds as f; < f(x*), the inequality (5) holds as f(z*) <
pi—1(z*) + /Bror—1(x*) with probability 1 — & ( the proof is similar to Lemma 5.5
of [4]]), the inequality (6) holds as \/B;o¢_1(2*) + pe—1(2*) = pe(x*) < V/Bio—_1(zy) +
p—1(z¢) = pe(x¢) (recall that x4 = argmax . y, u¢()), and finally inequality (7) holds as
pi—1(xs) — /Bror_1(x¢) < f(x4) with probability 1 — § ( the proof is similar to Lemma
5.1 of [4]).

e t > Tj. By Theorem 1, the search space &} contains x*. Similar to the idea of [4], we can
use a set of discretizations of X; to achieve a valid confidence interval on x*. By proof
similar to Lemma 5.8 of [4], we achieve: ry < 2v/Byo¢—1(w) + 5.

Combining the two cases, we achieve Ry = Zthl ry < ZtTil gt + 223;1 VBios_1(xy) 2—1—
T T T T T x
Sicno # SCH2Y VB (w)+ Y S C+23 VB () + 2,

where we set C' = 2321 g:. To make our problem in context of unknown search spaces tractable, we



assume that the function f is finite on any finite domain of R, Tt implies that for every 1 <t < Tp,
g: 1s finite. Further, by definition of Ty, Tj is the constant and independent of 7". Thus, C'is also a
constant and is independent of 7T'.

Next, we derive an upper bound on Zle VBioi_1(xs). By Lemma |2} for every 1 < t < T,
AX; C Cp. Similar to the proof of Lemma 5.4 of [4] we can achieve

T

> 4Bio}_ i (w) < CiBryr(Cr), ®)

t=1
where C1 = 8/log(1 + 0?), B; = 2log(4m; /) + 4dlog(dtss(b—a)(1 + 2321 7*)\/log(4ds1/9)).

By Cauchy-Schwarz, we have:

T
> VBwoi-i(x) < V/CITBryr(Cr) )

t=1
Therefore, Ry < C + /C1TBryr(Cr) + %2. O
Proposition 2. We assume the kernel function & satisfies k(z, z’) < 1. Then,

e For SE kernels: vy (Cr) = O(T(@+1d),

. d2(a+2)+d
o For Matérn kernels with v > 1: vy (Cp) = O(T 2F40@+D )

Proof. For SE kernels, by the proof similar as in Theorem 5 of [4], we can bound 7 (Cr) as
y7(Cr) < O(Vol(Cr)log(T)). By definition, Cr = [cmin — (b—a)(1+ 1, 5%)/2, Cmaz + (b~

a)(1+ erzlja)/ﬂd. Hence, Vol(Cr) = (¢maz — Cmin + (b —a)(1 + ZjT:l §))?. We consider
two cases on o

e a=—1. By Lemma Zszl Jj* <14 1In(T). Hence, Vol(Cr) < (¢maz — Cmin + (b —
a)(2 + In(T)))<. Therefore, v7(Cr) < O((In(T))4*1).

e if -1 < a < 0. By Lemma Z;’.F:lja <1+ Tl;:a’l. Hence, Vol(Cr) = (Cmaz —
Cmin + (0= a)(1+ 71 7*)? < (Cmaz = Cmin + gz (20 + 1+ T°F1))4. Thus,
Vol(Cp) = O(T(@+1)d),

Thus, ’YT(CT) = O(T(a+1)d).

For Matérn kernels, by the proof similar as in Theorem 5 of [4], we can bound ~y7(Cr)
as yr(Cr) = O(Tilog(Tnr))), where np = 2Vol(Cr)(2r + 1)T7(logT) and T, =
(Tng)¥ @+ (log(Tng)) =% 2v+4) 1 is a parameter. We consider two cases:

o ifa=—1, ZjT:lj”‘ < 14 in(T). We have Vol(Cr) = O(logT) and O(T,log(Tnr)) =

O(T(;jﬁid (logT'). We choose T = #&H) to match this term with O(T*~a). Thus,

- _dd+1)
’YT(CT) = O(Tlii) = O(T2u+d(d+1) )
eif -1 < a < 0, we obtain Vol(Cr) = O(T©@tV), Thus, O(T,log(Tnr)) =

(etl)d+71)d

O(T~ 2w+ (logT). To match this term with O(T"'~a) we choose T such that:

((a+1Dd+71+1)d T
2v+d N d
. d2(a+2)+d
This is equivalent to 7 = %. Thus, y7(Cr) = O(T @) = O(T B a(aET) ).



) d?(a42)+d d(d+1) .
Since, when o« = —1, y7(Cr) = O(T27+d@n ) = O(T 2»+&@+ D ), Thus, we can write y7(Cr) =
d2(a+2)+d

O(Tz+d@n ) for —1 < a < 0. -

Combining Proposition 1 and Proposition 2, we achieve Theorem 2.

Theorem 2 (Cumulative Regret Ry of HuBO Algorithm). Let f ~ GP(0, k) with a stationary
covariance function k. Assume that there exist constants s1, s2 > 0 such that P[supxecx|0f/0x;| >
L) < sye~(E/2) forall L > 0 and for all i € {1,2,...,d}. Picka é € (0,1). Thus, if -1 < a <0
then for any horizon T' > Tj, the cumulative regret of the proposed HuBO algorithm is bounded as

(at1)d+1

o Rp <O*(T = )if kisaSE kernel,

d?(a+2)+d | . .
o Ry < O*(T*+2a@+)) if k is a Matérn kernel

with probability greater than 1 — §.

Proof. By Proposition 1, we have Ry < C' + /C1TSryr(Cr) + %2, where S = 2log(4m/0) +
ddlog(dTsy(b — a)(1 + 32;_1 j*)\/log(4ds; /3)). By Lemma if o = —1then Y1, j* <

1+1in(T),if =1 < a < 0 then Z]T=1 Jje <1+ % For both cases, By < O(log(T)). By
Proposition 2, the Theorem 2 holds. O

4 Proof of Theorem 3

z;

Ip

. | i

Figure 1: An illustration of the case where a hypercube (the yellow square) intersects the sphere
Sy (the red circle) in two-dimensional space. In this case, the inscribed sphere (the yellow circle

centered at z; with the radius % ) of the hypercube intersects the sphere Sq since z} is within the

circle centered at x* with the radius 6 + % (the green circle).

Theorem 3. Pick a ¢ € (0,1). Let x; € H; be the closest point to x* in the search space #;. For
any t > Tp and —1 < « < 0, with probability greater than 1 — §, we have

0= (g 1) (tog(5)) 0, (10)

where the constant T} is defined in Theorem I is the gamma function, and M, = (2 + In(t))t~
if @ = —1, otherwise, My = 2(ov + 1)1t~ 7

[ =x"[l2 <

aif—-1<a<0.

Proof. The proof idea is to estimate the probability that x} lies in a sphere around z* with a small
radius. Formally, we seek to bound P[||z} — z*||2 < 6] given a small § > 0.

It is hard to estimate directly P[||z} — 2*||2 < 0]. Instead, our idea is as follows. Since z} € H.,
there exists a hypercube which contains z;. We estimate the probability that this hypercube intersects
the sphere Sp = {z € R?|||z — z*||2 < 0} which is centered at the optimum x* with the radius 6.

We consider the case of ¢ > Tj. By Theorem 1, A} contains z* for every ¢t > T, where X} is the
search space of the HuBO algorithm . We recall that X; is different from H,; which is the search



space of the HD-HuBO algorithm that we are considering in this section. However, since the search
space H; is defined via X}, we need to use A} to bound ;.

There are two cases to consider: Case 1: the whole sphere Sy is within X}; Case 2: the only part of
Sy is within X;. Note that it is impossible that the whole sphere Sy is outside of X} since at least we
have x* € X, fort > Tj.

Xt

Iterationt

Figure 2: An illustration of the case where the global optimum x* is a vertex of the square X; in
two-dimensional space. In this case, only a 1/4 volume of the sphere S, T centered at x* with the
2

radius 0 + % (the green circle) is inside of X;.

e Case 1 where the whole sphere Sy is within X;. We seek to bound the probability that a
hypercube H (2}, 1},) intersects the sphere Sp, 1 < i < N;. We denote this probability by po.
This probability is greater than the probability that the inscribed sphere of the hypercube
H(z},1p,), denoted by S(z, %) that has the center at z; and the radius % intersects the
sphere Sp. Let us define this probability as p;. Further, p; is greater than the probability
that the point z{ is within the sphere around z* with the radius 6 + % Let us define this
probability as py. To explain the connection p; > po, we can see that the condition so that
the sphere S(z}, %) intersects the sphere Sy is the distance between two centers z* and 2}
is less than or equal to the total of two radius. Figure[T]illustrates our situation.

The probability p, can be computed by
Vol (SG+ % )
VOl(Xt) ’
where Vol(X}) denotes the volume of the X} and Vol(S, 1, ) denotes the volume of the
2

sphere S, , 1, centered at 2 with the radius 0 + %
2

Since pg > p2, we achieve
VOZ(SeJr%)
VOl(Xt) '
By Lemmam the volume of X; can be computed as Vol(X;) = ((b—a)(1 + Z;Zl FONL.

(m(0+4))?
T(§+1)

Po >

By [5]], the volume of the d-dimensional sphere with radius 6+ % in L2 norms is
Thus, the probability can be re-write as

L O+
L(§+1) (b —a)(1+325_, 5%))

e Case 2 where the only part of Sy is within X;. We only consider the case where 9—1—% < b—a.
Note that b — a is the size of the initial space X as defined in Algorithm 1. [;, denotes the
size of hypercubes and [}, is a parameter of the HD-HuBO algorithm. Hence, we can choose
lpsothatl, <b—aand 0 <b—a— % It means that the sphere Sy is small compared to
A,

In the worst case where x* is at the boundary of A} for all dimensions. See Figure
for an explanation. In this case, the size of the space part of S, s in X; halves in each
2



dimension and therefore, the volume of the space part of S, s in A&}, represented by
2

Vol(S

S9+%

sphere Sy is bounded as

Vol(Sy, 1y, )NVol(X) 1 2T (2)(6 + &)

Vol(X,) - 27F(%+1)[(b—a)(1+§:§:1ja))

Thus, in both Case 1 and Case 2, we have that the probability that a hypercube H (z{,l;,) intersects
the sphere Sy is bounded as

g4 tn) NV 0l(Xy) is reduced by 24 times, compared to the whole volume of the sphere

. Thus, similar to Case 1, the probability po that a hypercube H (z},1},) intersects the

Po > 14.

11 20(3)(0 + %) d
Po = 5 r(d+1) [(b —a)(1+ Z§=1ja))] '

It implies that the probability that a hypercube H (z},1;,) does not intersect the sphere Sy is computed
as

1 1 2r(3)(0+ ) p
topo< 1‘ﬁr(%+1>[<b—a><1+z;:1ja>>}
RS S ¢ )]Gk > B
L(E+1) (b—a)(l+3Y5 ;%)
- r(3) e+ G

(=) (145, %)

S rd+n
< e 2 s

where we use the inequality 1 — z < e™".

Therefore, if we consider the set of N; hypercubes then the probability that no hypercube H (2, 1;,)
intersects the sphere Sy is less than

TG I D B R LS I o o N
H e TG+ G-a)+Ti_1i%)0 _ o " Tr(g4n ema) (14X, %)

1<i<N;

Note that this is achieved because the set of centres of hypercubes is sampled uniformly at random
(hence independently). Thus, the probability that there is at least a hypercube from the set of V;
hypercubes which intersects the sphere Sy is at least:

N r(3)o+L) X
1—e TEG-aOFTI_ 5)

_N 1 F(%)(“r%) 14 _N 1 L)) d
Further, since [, > 0, 1 —e TG+ Gmm0iS] %00 5 o0 (0 G-m 057007 Thyg
the probability that there is at least a hypercube from the set of /Ny, hypercubes which intersects the
sphere Sy is greater than:

r(3)(® d
1— eth r(din [(b—u><1+22;:1ja)>] '
Note that here, we omit the influence of the size of hypercubes. In fact, the larger the [}, the higher

the probability that there is at least a hypercube from the set of /Ny hypercubes which intersects the
sphere Sy.

On the other hand, if let x; € H; be the closest point to z* in the search space H; then the probability
that there is at least a hypercube from the set of NV; hypercubes which intersects the sphere Sy is
equal to the probability that ||z} — z*||2 < 0. Thus, we have

AN [ PR
IF)[||x;‘ B x*||2 < 9] S1—¢ r(€+1) (b-a)A+ZE_1 i)
N CHHON 4 B
Now set e  (z+D (=00F250%)"  — 5 We achieve § = (ll:(%a))(l + 23:1 JT(
)7 (log(3)# = 224 (1 4+ 0_, j2) (T (4 +1))# (5-log(}))#. Here, we use T'(3) =

BN
+



Thus, given a § € (0,1), we have

-

1,1 1
oy —a*ll < 22y +Z] + ) (7 tog ()7,

with the probability 1 — 4.

By definition, Ny = Ny [t)‘] > ¢, Using the results from Lemma 2, we consider two cases of a:

oifa=—1,14Y5_ 1 <2+n(t). Inthis case, [} —2*[|2 < 222 (24 In(t)) (T (£ +

1 1

1) (Flog(§)% < 2L (0 (4 + 1)) (log(}))F 240,

. . a+1l_ (1+1 a+1
.1f—1<a<o1+zj Je <2+t =t 1133“ Since o < 0, ti%g
i1

< a+1 Thus, ||zf — z*||2 < 2“’7\/;&)@(% + 1))3(109(3)) a+1t77

Let
(24 In(t)t~ 7, ifa=-1
Jwt_{Qt_A f-1<a<0
a+1 ’
, we have
o = a”lla < 222U + 1)) (log(5)) 42,
with the high probability 1 — é. The Theorem holds. O

5 Proof of Theorem 4

Similar to HuBO, to derive the upper bounds of the cumulative regret of HD-HuBO for SE kernels
and Matérn kernels, we first derive an upper bound of the cumulative regret for a general class of
kernels as the following Proposition 3. We use Theorem 3 to prove this. Next, by combining results
from Proposition 2 and Proposition 3, we achieve upper bounds for HD-HuBO for SE kernels and
Matérn kernels.

Proposition 3. Let f ~ GP(0, k) with a stationary covariance function k. Assume that there exist
constants s1,s2 > 0 such that P[supxcx|0f/0x;| > L] < sle_(L/S2)2 for all L > 0 and for
alli € {1,2,...,d}. Pickaé € (0,1). Set B; = 2log(n*t?/5) + 2dlog(2s3lpd+/log(6dsy/5)t?).
Then, there exists a constant C’ such that with any horizon T' > Tj, under conditions % > a+1,
-1 < a <0, > 0, the cumulative regret of HD-HuBO Algorithm is bounded with probability
greater than 1 — ¢ as

Ry < C"+/CiTBryr(Cr) +A(log(g))5BT + %.2 , where A = s54/log(1451) 2(b= )d\/d +2
and where By = UrVr such that Ur = 2 + In(T) if « = —1, otherwise Ur = Q(a +1)71, and
Vi =1+ 1n(T) if A = d, otherwise Vy = 1 + 2% max{1, 7" "4},

C1 = 8/log(1+c?), 1, is the size of the hypercube, C1 = [cipin — (b—a)(1 + Z};l J*)/2, ¢maz +

(b—a)(1+ Zle 79)/2]%, and y7(Cr) is the maximum information gain about the function f from
any 7" observations from Cr.

Our Idea To derive a cumulative regret Ry = Z;‘ll r¢, we will seek to bound ry = f(z*) — f(x¢)
for any ¢t. If t < Tp, similar to the proof of Proposition 2, we achieve a bound on r;: 7, <
2v/Bios—1(z¢) + g;, where (3, is defined as in section 5 in the main paper, g; is the is the gap between
the global optimum and the optimum in H;. Formally, g; = f(z*) — f*(H4).

Now we consider the case where ¢t > Tj. Let z; € H; be the closest point to x* in the search space
H,. To obtain a bound on r; (t > Tj), we write it as

re = f(z%)— f(zy) (11
f(@®) = f(zp) + f(ay) — f(x) (12)



Now we start to bound the part 1, the part 2 and part 3.

Bounding Part 1
Lemma 7. Pickad € (0,1). For any t > Tj, with probability at least 1 — §, we have

1)~ 5@ < o2 1o Py 2T 310y Gy,

where

Proof. Given any x € X, by Assumption of Theorem 4 and the union bound, we have,
[f(z) = f(2)] < L2 = 2)|h

with probability greater than 1 — dse~="/%3. Set dsye~%"/%2 = §/2. Thus,

. 2ds .
F@%) = F(@)] < 52y log(ZZH) 1" =l (13)
with probability greater than 1 — §/2.
On the other hand, By Theorem 3 we have:
X “ 2(b—a d 1 2.1
o = a*lla < 220G + 1)) tog(5)) 20 (14)

with probability 1 — §/2,

2+ In(t))t~a, ifa=—1.
Mt = 9 ,_2A .
T_,’_lt d, if—1<a<O.

To transform from the L? norms to the L! norms, we use Cauchy-Schwarz:

Iz — 2™l < dffay — 2™l (15)
Combining Eq(T3)), Eq(T4) and Eq(T3)), we have
2ds 2(b—a d 1 2.1
1) = 5@ < sayftog*5 a2 2 (05 + ) oo

with the probability 1 — 4.
Further, by Lemma@ we achieve (I'(£ + 1)) < v/d+ 2. Thus,

2(b—a)

1) = F(@)] < 52y tog(*5H 22 VT + 200 () M,

with the probability 1 — 4. O

Bounding Part 2 Now, we continue to bound the part 2. By definition, z} € H,. Since H; =
{H(z},1p) U ... U H(z)"*,1,)} N &, x} is in some hypercube. Without the loss of generality, we
assume that 27 is within the hypercube H(z},1;,), where z; is one centre among sampled centres

ERY

Lemma 8 (Bounding Part 2). Pick a § € (0,1) and set (} = 210g(%) +
2dlog(251lhd1/log(QCf%)tQ). Then, there exists a 2’ € H(z], 1) such that
1
F@) < peea @) + 4/ Gloea (@) + 55 (16)

holds with probability > 1 — 6.



Proof. We use the idea of proof of Lemma 5.7 in [4] for the hypercube H (z}, ;). We consider the
distance of any two points in the hypercube: ||x — z’||;. We have ||z — 2'||1 < [, where [}, is the
size of the hypercube.

By Assumption of Theorem 4 and the union bound, for Vz, ', we have
|f(z) = f(2")| < Lljz — 2'[|x
with probability greater than 1 — dse~="/52. Thus, by choosing dse~="/%2 = §/2, we have

2d81
1)

|f(x) = f(z")| < say[log(—=)||x — 2| |x (17)

with probability greater than 1 — §/2.

Now, on H(z},1},), we construct a discretization F; of size (7;)¢ dense enough such that for any
xr € Ft
Ind

Tt

|z = [z]e][lx <

where [z]; denotes the closest point in F} to 2. In this manner, with probability greater than 1 — §/2,
we have

s2y/log(®5H) |z — [zellx

[f(x) = f(=l)] <

Tt
2dsy  Ipd
< s91/log( 581)%
salndy/log(2%)
< e —
Tt

Here, we use the inequality ||z — [z]||1 < Ind. Let 7z = salpdy/log(242)¢2. Thus, |Fy| =

(salndy/log(2%1)t?)4. We obtain

1
£@) = F(lal) < (18)
with probability 1 — §/2 for any = € F;.

Similar to Lemma 5.6 of [4], if we set ¢ = 2log(|F; %) = 2[09(%) +

2dlog(salpd log(zd%)tz), we have with probability 1 — 6 /2, we have

f@) < pa(z) +1/C¢loa () (19)

for any z € F; and any ¢ > 1. Thus, combining Eq(18) and Eq(19), if we let [z]; which is the closest
point in F} to z, we have

Pa) < mea(El) + /ol +

with probability 1 — 4. O
Bounding Part 3
Lemma 9. Pick a§ € (0,1) and set ¢ = 2log(7?t?/(65)). Then we have

f(we) > pp—1 () — \ C?Ut—l(xt) (20)

holds with probability > 1 — 4.

Proof. Tt is similar to Lemma 5.5 of [4]. O

10



Now, we combine the results from Lemmas [7] [8]and 0] to obtain a bound on r; as in the following
Lemma.

Lemma 10 (Bounding 7). Pickaé € (0, 1) and set 5; = 2109(#)+2dlog(252lhd1 [log(%529)t2).
Then with ¢ > Ty, % >a+1,—1<a<0andl; > 0, we have

1 6.1
re < 28201 (z0) + o5+ Allog(5))* M, 1)

(o9

holds with probability > 1 — 0, where A = s94/log( 2”?1 )%bi\/%a)d\/d +2and

Proof. We use g for Lemmas and o that these events hold simultaneously with probability

N
greater than 1 — ¢. Formally, by Lemma 9| using 5:
242
Flwe) 2 pe1(ze) =/ 2log(—5—)or-1(xt)
holds with probability > 1 — g. As aresult,
f@e) > peoa(ze) =/ Poi(x) (22)
> p—1(ze) =/ Broe—1(wr) (23)

holds with probability > 1 — g.

By Lemmausing 8, there exists a 2’ € H(z},1;) such that

f(@f) < Mtfl(l'/) + (tla'tfl(l‘/) + t%

holds with probability > 1 — g. As a result,

f@d) < (@) +/Goa (@) + %2
f@) < (@) 4+ /Beo—1(2) +ti2
, 1
= Ut(l’ ) + th

Recall that u, (z) is the acquisition function defined in the main paper. Since x; = argmax ¢ y,u:(z)
and ' € H(z/, 1) C X/, we have us(2") < ug(at). Thus,

F(@) < ww) + -

3 (24)
holds with probability > 1 — 2.
By Lemmausing g:
* * 6 =
[F(a}) = F(a")] < Allog(35)) 7 M, (25)

holds with probability > 1 — .

11



Combing Eq(23), Eq(24) and Eq(23), we have

re = f@) = fz) (26)
= J@) = fa)) + f(a7) = f o) 27
Part 1 Part 2 Part 3
6,1
< Allog(3)4 M, + f(a7) ~ () 28)
Part 2 Part 3
6.1 1
< A(log(g))EMt + ? + Ut(l't) — f(l't) (29)
1 1
S A(log($)AM: + 5 +2(80) Vo 1 (z2) (30)
holds with probability > 1 — 4. O

Now we are ready to prove Proposition 3]
T T T
Wehave Rp = >, e = 2 1t + Zt=T0+1 7.
Similar to the proof of Proposition 1, we have ZtTil Ty < ZtTil (2v/Biot—1(xt) + g;).

On the other hand, By Lemma , we have Z? Tyl ry < Zz:TO+1(2ﬁg/2at_1(xt) +
2
&+ Allog(§))1My). Thus, Rr = ¥yre < Toligh+ % + Yo 26,20, 1 (w) +
_ 0g(2))aM;. Weset C' = o make our problem in context of unknown
S g1 Alog(8))a My We set C' = 37,2, g;. To make our p blom f unk

search spaces tractable, we assume that the function f is finite on any finite domain of R¢. It
implies that for every 1 < ¢ < Ty, g, is finite. Further, by definition of Ty, T} is the constant
and independent of T'. Thus, C’ is also a constant and is independent of 7. Thus, we have

Rr<C'+ %+ 3T 28120, 1(2) + X1y o1 Allog(8))% M,

To bound Zf 252/20,5,1(%), we use the property of Cp and Hp that Hy C Xp C Cp. Hence,
similar to the proof of Lemma 5.4 of [4], we have Z1T QBt1 o4 1 (z¢) < /C1TBryr(Cr). The
remaining problem is to bound E;O A(log(%))%Mt = A(log(g)) ZTD M, where

s {(2+ln(t))t‘37 ifa=—1.

2 -2 :
rﬂt d, if—1<a<O.

‘We consider two cases of o:
e If o« = —1, then ZthTU M < ZtT QHn(t) < (2+In(T)) Zthl —-. We consider three
td
cases of \:
—ifA = d, YL, 4 = 37 L < 14 In(T) (using Lemma EI) Therefore,

R
Sor, A(log($))a M, < A(log($)) Br, where By = (2 + In(T))(1 + In(T)).
—-if A > d, Zﬂ:lti% < 1+ ﬁ = Ld(using Lemma . Thus,
Z;ﬂ A(log(ﬁ))iM < A(log (g))dBT, where By = (2 + In(T))(1 + ﬁ).
—if0<A<d Y 15 < 1+ T8 < 14 24 T 2. Thus, S A(log($)) 4 M, <

A(log((;))dBT, where BT =(2 + ln(T))(l + 2 )\Tl—E)_

o If -1 < a <0, then ZtT:TU M < a+1 (Zt 1] ) Similar to the above case, we consider

three cases of A:
-if A = d, ?:1 N ST 1 < 1+ In(T) (using Lemma EI) Therefore,
d

1
8))i Br, where By = =21 (1 + In(T)).

>, Allog(§
-if A > d, Zle% < 1+ ﬁ = ﬁ(using Lemma . Thus,
td
T 1 1
ZTO A(lOg(g))th < A(lOg(g))dBT, where BT = T—H(l + P )\>

12
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—if0<A<d Y & <1+ L0 <14 ;4T Thus, 37 A(log($))a M, <
td - a
A(log($)) Br, where Br = -2 (
For all cases, with probability greater than 1 — § we achieve Ry < C’ 4+ /C1TBryr(Cr) +
A(log(8))iBr + =, where A = s9/log(951)20=0) 4\ /7379 and Br = UrVy such that
Ur =2+ In(T) if « = —1, otherwise Ur = 2(a + 1)71, and Vo = 1 + In(T) if A = d, otherwise

Vp =1+ 4 max{1, 7"~ @}. Thus, Proposition 3 holds.

Theorem 4 (Cumulative Regret R of HD-HuBO Algorithm). Let f ~ GP(0, k) with a stationary
covariance function k. Assume that there exist constants s1, s2 > 0 such that P[supxecx|0f/0z;| >

L) < sye=~ (/52" forall L > 0 and forall i € {1,2,...,d}. Picka § € (0,1). Then, with T > Ty,
under conditions A > d(a + 1), =1 < a < 0, I}, > 0, the cumulative regret of proposed HD-HuBO
algorithm is bounded as

(at1)d+1

o Rp <O*(T =z + (log(g))iBT) if £ is a SE kernel,

d*(at2)+d | 1 611 1 . . .
® Ry < O*(T#+2@0 72 4 (log(g))< Br) if k is a Matérn kernel,

with probability greater than 1 — &, where By = UrVp such that Ur = 2 4+ In(T) if « = —1,
otherwise Ur = 2(a+1)~%, and V = 1+In(T) if A = d, otherwise Vpr = 1+ ﬁmax{l,Tl‘%}.

Proof. Theorem holds due to Proposition 2 and Proposition 3. O

6 Experiments

Hartmann (d = 6) Ackley (d = 5)

A

N
©

Log Regret
N
©

N
S

Log Regret

N
o

HuBO
0 25 50 75 100 125 150 175 0 20 40 60 80 100 120 140
Iterations Iterations

Figure 3: Comparison of baselines and the proposed methods when the initial search space is very
small fraction (2%) of the pre-defined space.

On the initial search space The initial search space is crucial to the optimisation efficiency of any
volume expansion strategy. However, since the search space is unknown, in reality it is possible that
the initial search domain is very far from the global optimum. We consider this situation by setting
the initial search space to be only 2% of the pre-defined domain. Under this setting, we optimise two
functions: Hartmann6 and 5-dims Ackley function. As seen in Figure [3] our algorithms outperform
baselines due to the expansion and especially translations of search spaces toward the promising
regions. This is a benefit of our algorithm compared to the previous works in unknown search spaces.

On the computational effectiveness The computational time is an important benefit for our al-
gorithms. In our experiments, C;yti4; 1S set to 10 times to the size of the initial search space X
along each dimension, it allows expanded spaces to move freely to any position in the pre-defined
domain. It follows that via the transformation, the center of the new search space is set closer to the
best solution found up to that iteration. Therefore, both the new bound and the new center are easy
to determine compared to previous works in unknown search spaces except the volume doubling
strategy. We note that in practice, if the search domain is unknown, our algorithm would typically
benefit by setting a large C,,;¢:4; as this allows the search space to be centered close to the best found
solution.
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Figure 4: The average runtime (seconds) of HD-HuBO over iterations.

Table 1: Average CPU time (seconds) at the final iteration for all algorithms.

Algorithms Beale Hartmann3 Hartmann6 Levy(d =20) Ackley(d =20)

HuBO 0.40 0.74 3.06 6.63 9.98
HD-HuBO  0.48 0.76 3.14 6.90 11.13
Re-H 0.49 0.84 0.91 7.22 12.96
Re-Q 0.47 1.52 6.12 6.97 13.21
Vol2 0.37 0.76 2.89 6.34 9.13
UBO 0.61 2.11 11.21 9.37 21.33
FBO 1.91 4.32 29.50 23.67 46.56

For HD-HuBO, to optimise over multiple disjoint hypercubes in the continuous input space, we
perform optimisation for each hypercube and then take the best maximum value found across all
hypercubes. For example, for synthetic functions we used A = 1, Ny = 1 and thus N, = ¢. This
means that at iteration ¢, we use ¢ hypercubes for the maximisation of acquisition function. We
optimise the acquisition function using L-BFGS with 20 restarts on each hypercube. The maximum
number of acquisition function evaluations is set to 1000. The Figure 4] shows the average runtime
(seconds) of HD-HuBO over iterations on the 20-dims Levy function.

To compare the computational time of all algorithms, we give to all the algorithms the equal computa-
tional budget to maximise acquisition functions at each iteration. As seen in Table 1, our algorithms
are faster than UBO which needs to compute singular values of matrix (K + ¢I)~1, and faster than
FBO, which needs extra steps to numerically solve multiple optimisation problems for FBO.

Levy (d=5) Levy (d=20)
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=
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GP-UCB[-100, 100]

— EI[-10, 10]
GP-UCB[-10, 10]

N
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Best function value
Best function value
N
a
=)

—
o

~=- REMBO[-100, 100]

150 LINEBO[-100, 100]
—— REMBO[-10, 10]

100 LINEBO[-10, 10]

60 0 20 40 60 80 100
Iterations Iterations

o w

Figure 5: Optimisation efficiency with different sizes of the search space

Additional Results When the search space is unknown, one heuristic solution is to specify it
arbitrarily. However, there are two problems: (1) an arbitrary search space that is finite, no matter
how large, may not contain the global optimum (2) optimisation efficiency decreases with increasing
size of the search space. We below provide two examples to illustrate that the optimisation efficiency
decreases with increasing size of the search space.

In low dimensions, we consider the optimisation efficiency of BO algorithms such as EI and GP-UCB
on 5-dims Levy function when increasing the size of the search space. We consider two cases: (1) the
search space is set to [—10, 10] and (2) the search space is set to [—100, 100]. In high dimensions, we
consider the optimisation efficiency of REMBO algorithm [6] and LINEBO algorithm [3]] on 20-dims
Levy function. Also, we consider two cases: (1) the search space is set to [—10, 10] and (2) the search
space is set to [—100, 100]. The Levy function achieves the minimum value at z* = (1,1,...,1).
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As seen in Figure 5] the use of a larger space slows down fast the convergence. In contrast, our
approach using a volume expansion strategy starting from a small initial search space can avoid this
unnecessary sampling.
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