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Abstract

In this paper, we propose a new accelerated stochastic first-order method called
clipped-SSTM for smooth convex stochastic optimization with heavy-tailed dis-
tributed noise in stochastic gradients and derive the first high-probability complexity
bounds for this method closing the gap in the theory of stochastic optimization
with heavy-tailed noise. Our method is based on a special variant of accelerated
Stochastic Gradient Descent (SGD) and clipping of stochastic gradients. We extend
our method to the strongly convex case and prove new complexity bounds that out-
perform state-of-the-art results in this case. Finally, we extend our proof technique
and derive the first non-trivial high-probability complexity bounds for SGD with
clipping without light-tails assumption on the noise.

1 Introduction

In this paper we focus on the following problem

min f(z), f(z) = Ee[f(z,8)], (1)

zER™

where f(x) is a smooth convex function and the mathematical expectation in (IJ) is taken with respect
to the random variable ¢ defined on the probability space (X, F,P) with some o-algebra F and
probability measure P. Such problems appear in various applications of machine learning [21}161}64]]
and mathematical statistics [66]. Perhaps, the most popular method to solve problems like (T) is
Stochastic Gradient Descent (SGD) [26} 150,151} 159, 163]]. There is a lot of literature on the convergence
in expectation of SGD for (strongly) convex [20} 24} [25] 146} 48, 49| 155 and non-convex [6} 20} 134]
problems under different assumptions on stochastic gradient. When the problem is good enough, i.e.
when the distributions of stochastic gradients are light-tailed, this theory correlates well with the
real behavior of trajectories of SGD in practice. Moreover, the existing high-probability bounds for
SGD [9, [11}, 49] coincide with its counterpart from the theory of convergence in expectation up to
logarithmical factors depending on the confidence level.

However, there are a lot of important applications where the noise distribution in the stochastic
gradient is significantly heavy-tailed [65}[71]. For such problems SGD is often less robust and shows
poor performance in practice. Furthermore, existing results for the convergence with high-probability
for SGD are also much worse in the presence of heavy-tailed noise than its “light-tailed counterparts”.
In this case, rates of the convergence in expectation can be insufficient to describe the behavior of the
method.

To illustrate this phenomenon we consider a simple example of stochastic optimization problem
and apply SGD with constant stepsize to solve it. After that, we present a natural and simple way to
resolve the issue of SGD based on the clipping of stochastic gradients. However, we need to introduce
some important notations and definitions before we start to discuss this example.
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1.1 Preliminaries

In this section we introduce the main part of notations, assumption and definitions. The rest is
classical for optimization literature and stated in the appendix (see Section[A)). Throughout the paper
we assume that at each point z € R™ function f is accessible only via stochastic gradients V f(z, £)
such that

Ee[Vi(@,0)] = VI@). Ee|IVf@.§)-VI@I3] <o? @

i.e. we have an access to the unbiased estimator of V f(x) with uniformly bounded by ¢ variance
where o is some non-negative number. These assumptions on the stochastic gradient are standard
in the stochastic optimization literature [18} [20, 31}, 138} 149]. Below we introduce one of the most
important definitions in this paper.

Definition 1.1 (light-tailed random vector). We say that random vector 7 has a light-tailed dis-
tribution, i.e. satisfies “light-tails” assumption, if there exist E[n] and P {||n — E[n]||, > b} <

2 exp (—%) forallb > 0

Such distributions are often called sub-Gaussian ones (see [30] and references therein). One can
show (see Lemma 2 from [30]) that this definition is equivalent to

E [exp (In-EMI3/6%)] < exp(1) 3)

up to absolute constant difference in o. Due to Jensen’s inequality and convexity of exp(-) one
can easily show that inequality (3) implies E[|| — E[n]||3] < 0. However, the reverse implication
does not hold in general. Therefore, in the rest of the paper by stochastic gradient with heavy-tailed
distribution, we mean such a stochastic gradient that satisfies (2)) but not necessarily (3).

1.2 Simple Motivational Example: Convergence in Expectation and Clipping

In this section we consider SGD z¥*1 = 2% — vV f(2*, ¢*) applied to solve the problem (T]) with
f(z, &) = llzli3/2 + (€, ), where £ is a random vector with zero mean and the variance by o2 (see
the details in Section[H.T)). The state-of-the-art theory (e.g. [24} 25]]) says that convergence properties
in expectation of SGD in this case depend only on the stepsize 7y, condition number of f, initial
suboptimality f(z°) — f(z*) and the variance &, but does not depend on distribution of £&. However,
the trajectory of SGD significantly depends on the distribution of £. To illustrate this we consider 3
different distributions of £ with the same o, i.e., Gaussian distribution, Weibull distribution [69] and
Burr Type XI1I distribution [3}42] with proper shifts and scales to get needed mean and variance for
¢ (see the details in Section [H.I)). For each distribution, we run SGD several times from the same
starting point, the same stepsize 7, and the same batchsize, see typical runs in Figure[I} This simple
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Figure 1: Typical trajectories of SGD and clipped-SGD applied to solve (T30) with £ having Gaussian, Weibull, and Burr Type XII tails.

example shows that SGD in all 3 cases rapidly reaches a neighborhood of the solution and then starts
to oscillate there. However, these oscillations are significantly larger for the second and the third
cases where stochastic gradients are heavy-tailed. Unfortunately, guarantees for the convergence in
expectation cannot express this phenomenon, since in expectation the convergence guarantees for all
3 cases are identical.

Moreover, in practice, e.g., in training big machine learning models, it is often used only a couple
runs of SGD or another stochastic method. The training process can take hours or even days, so,
it is extremely important to obtain good accuracy of the solution with high probability. However,



as our simple example shows, SGD fails to converge robustly if the noise in stochastic gradients is
heavy-tailed which was also noticed for several real-world problems like training AlexNet [37/]] on
CIFARI10 [36] (see [65]) and training an attention model [68]] via BERT [8]] (see [71]]).

Clearly, since the distributions of stochastic gradients in the second and the third cases are heavy
tailed the probability of sampling too large £ (in terms of the norm) and, as a consequence, too
large V f(z, ) is high even if we are close to the solution. Once the current point z* is not too
far from the solution and SGD gets a stochastic gradient with too large norm the method jumps far
from the solution. Therefore, we see large oscillations. Since the reason of such oscillations is
large norm of stochastic gradient it is natural to clip it, i.e., update z*** according to 2**1 = 2% —
ymin{1, V| v@* ).}V f(z¥, £F). The obtained method is known in literature as c1lipped-SGD
(see [17,121,1430144) 157,170, [71] and references therein). Among the good properties of c1ipped-SGD
we emphasize its robustness to the heavy-tailed noise in stochastic gradients (see also [71]). In our
tests, trajectories of c1ipped-SGD oscillate not significantly even for heavy-tailed distributions, and
clipping does not spoil the rate of convergence. These two factors make clipped-SGD preferable
than SGD when we deal with heavy-tailed distributed stochastic gradients (see further discussion in
Section |[B.2)).

1.3 Related Work

1.3.1 Smooth Stochastic Optimization: Light-Tailed Noise

In the light-tailed case high-probability complexity bounds and complexity bounds in expectation for
SGD and AC-SA differ only in logarithmical factors of 1/, see the details in Table I} Such bounds
were obtained in [9] for SGD in the convex case and then were extended to the p-strongly convex
case in [11] for modification of SGD called Stochastic Intermediate Gradient Method (SIGM). Finally,
optimal complexities were derived in [[18] |19} 38] for the method called AC-SA in the convex case
and for Multi-Staged AC-SA (MS-AC-SA) in the strongly convex case.

1.3.2 Smooth Stochastic Optimization: Heavy-Tailed Noise

Without light tails assumption the most straightforward results lead to O(1/52) and O(%/s) dependency
on f3 in the complexity bounds. Such bounds can be obtained from the complexity bounds for the
convergence in expectation via Markov’s inequality. However, for small /3 these bounds become
unacceptably poor. Classical results [13,53}62] reduce these dependence to O(In(31)) but they
have worse dependence on ¢ than corresponding results relying on light tails assumption.

For a long time the following question was open: is it possible to design stochastic methods having the
same or comparable complexity bounds as in the light-tailed case but without light tails assumption
on stochastic gradients? In [47] and [7] the authors give a positive answer to this question but only
partially. Let us discuss the results from these papers in detail.

In [47] Nazin et al. develop a new algorithm called Robust Stochastic Mirror Descent (RSMD) which
is based on a special truncation of stochastic gradients and derive complexity guarantees similar to
SGD in the convex case but without light assumption, see Table (1| This technique is very similar to
gradient clipping. Moreover, in [47] authors consider also composite problems with non-smooth
composite term. However, in [47] the optimization problem is defined on some compact convex set
X with diameter © = max{||x — y||2 | ,y € X} < oo and the analysis depends substantially on
the boundedness of X. Using special restarts technique together with iterative squeezing of the set X
Nazin et al. extend their method to the yi-strongly convex case, see Table[2} Finally, in the discussion
section of [47] authors formulate the following question: is it possible to develop such accelerated
stochastic methods that have the same or comparable complexity bounds as in the light-tailed case
but do not require stochastic gradients to be light-tailed?

In the strongly convex case the positive answer to this question was given by Davis et al. [[7]] where
authors propose a new method called proxBoost that is based on robust distance estimation [29, [51]]
and proximal point method [40| 411 [60]], see Table [2] However, this approach requires solving an
auxiliary optimization problem at each iteration that can lead to poor performance in practice.

In our paper we close the gap in theory, i.e., we provide a positive answer to the following question:
Is it possible to develop such an accelerated stochastic method that have the same or comparable



complexity bound as for AC-SA in the convex case but do not require stochastic gradients to be
light-tailed?

1.4 Our Contributions

e One of the main contributions of our paper is a new method called Clipped Stochastic Similar
Triangles Method (c1ipped-SSTM). For the case when the objective function f is convex
and L-smooth we derive the following complexity bound without light tails assumption on

the stochastic gradients: O(max{\/LR5/e, o°R5/e2} In(LR5/ep)). This bound outperforms
all known bounds for this setting (see Table[I)) and up to the difference in logarithmical
factors recovers the complexity bound of AC-SA derived under light tails assumption. That
is, in this paper we close the gap in theory theory of smooth convex stochastic optimization
with heavy-tailed noise. Moreover, unlike in [47], we do not assume boundedness of the
set where the optimization problem is defined, which makes our analysis more complicated.
We also study different batchsize policies for c1ipped-SSTM.

e Using restarts technique we extend clipped-SSTM to the p-strongly convex objectives
and obtain a new method called Restarted clipped-SSTM (R-clipped-SSTM). For this
method we prove the following complexity bound (again, without light tails assumption on

the stochastic gradients): O(max{+/L/uIn(1nR?/<), 0% /uc} In(L/up In(#R?/c))). Our bound

outperforms the state-of-the-art result from [7]] in terms of the dependence on In ,%, see

Table 2] for the details.

e We prove the first high-probability complexity guarantees for clipped-SGD in convex
and strongly convex cases without light tails assumption on the stochastic gradients, see
Tables[T]and[2] The complexity we prove for c1ipped-SGD in the convex case is comparable
with corresponding bound for SGD derived under light tails assumption. In the p-strongly
convex case we derive a new complexity bound for the restarted version of clipped-SGD
(R-clipped-SGD) which is comparable with its “light-tailed counterpart”.

e We conduct several numerical experiments with the proposed methods in order to justify
the theory we develop. In particular, we show that c1lipped-SSTM can outperform SGD and
clipped-SGD in practice even without using large batchsizes. Moreover, in our experiments
we illustrate how clipping makes the convergence of SGD and SSTM more robust and reduces
their oscillations.

Table 1: Comparison of existing high-probability convergence results for stochastic optimization
under assumptions (2) for convex and L-smooth objectives. The second column contains an overall
number of stochastic first-order oracle calls needed to achieve e-solution with probability at least
1 — 5. In the third column “light” means that V f(x, £) satisfies (3) and “heavy” means that the
result holds even in the case when (B)) does not hold. Column “Domain” describes the set where the
optimization problem is defined. For RSMD O is a diameter of the set where the optimization problem
is defined. We use red color to emphasize the restrictions we eliminate.

Method Complexity Tails | Domain
SGD [9] 0 (max {M S Bo® 152 (31 }) light | bounded
2 p2
Ac-sA [T81138) 0 (max{ Lig o7l 1n(,8—1)}> light | arbitrary
RSMD [47]] O (max {LTZ, 0252 2 } ln(ﬁfl)) heavy | bounded
clipped-SGD [This work] 0] (max { %"2, #} ln(ﬁ_1)> heavy R™
2 p2 2
clipped-SSTM [This work] | O (max {\/ Lfg , 0550 } In LRO;;RO> heavy R™

1.4.1 Relation to [71]]

While Zhang et al. [[71] consider different setup, [71] is highly relevant to our paper, and, in some
sense, it complements our findings. In particular, it contains the analysis of several versions of



Table 2: Comparison of existing high-probability convergence results for stochastic optimization
under assumptions (2) for p-strongly convex and L-smooth objectives. The second column contains
an overall number of stochastic first-order oracle calls needed to achieve e-solution with probability
at least 1 — $. In the third column “light” means that V f (x, ) satisfies (3) and “heavy” means that
the result holds even in the case when (3)) does not hold. Column “Domain” describes the set where
the optimization problem is defined. For RSMD O is a diameter of the set where the optimization

problem is defined and R = /2(/ ") ~f(= )/pu, ro = f(2°) — f(2*). We use red color to emphasize
the restrictions we eliminate.
Method Complexity Tails | Domain
L R o' 1 LR . .
SIGM [T 0 (m x{ In 20, oln (ﬁ In 220 }) light | arbitrary
LR3 02 _1 LR2 . )
MS-AC-SA[19] | O (max{\fl fo, 2 In (5 In —0) }) light | arbitrary
restax;:;]d—RSMD (0] (max { Lln ( ) ui } In (,8_1 In “52)) heavy | bounded
LR3In £ o®In £
O (ma { < 06 ) 9 e } : C) ’
proxBoost [/ L heavy | arbitrary
In =
whereC—1n< >ln( “)
2 B
cllpped—SGD (0] (max { L o, } In ( ) In (L In T—O)) heavy R™
[This work] nope  p
R_Clleed_SGD 0] (max { Ly, uR2 , = }ln ( L 1n ”R )) heavy R™
[This work] € 7 pe nB
R—cllpped—SSTM (max {\/>ln “RZ, s } (L In 422 )) heavy R™
[This work] € e wi e

clipped-SGD establishing the rates of convergence in expectation while we focus on the high-
probability complexity guarantees. Secondly, we consider convex and strongly convex cases while
[71] provides an analysis for non-convex and strongly convex problems. Finally, [[71] relies on the
following assumption: there exist such G > 0 and o € (1, 2] that the stochastic gradient g () satisfies
Ellg(z)||$ < G*. This assumption implies the boundedness of the gradient of the objective function
f () which is quite restrictive and does not hold on the whole space for strongly convex functions. In
our paper, we assume only boundedness of the variance. Moreover, we consider smooth problems that
allows us to accelerate clipped-SGD and obtain clipped-SSTM, while Zhang et al. [71] provide
non-accelerated rates.

1.5 Paper Organization

The remaining part of the paper is organized as follows. In Section [2] we present clipped-SSTM
together with the main complexity result in the convex case that we prove for this method. Then, we
present the first high-probability complexity bounds for c1ipped-SGD for for the convex problems.
In Section ] we provide our numerical experiments justifying our theoretical results. Finally, in
Section [5| we provide some concluding remarks and discuss the limitations and possible extensions
of the results developed in the paper. Due to the space limitations, we put the exact formulations
of all theorems, results for the strongly convex problems and the full proofs in the Appendix (see
Sections [F] and [G)), together with auxiliary and technical results and additional experiments (see
Section [H). Moreover, in Section [F.1.2] we present a sketch of the proof of the main convergence
result for c1ipped-SSTM and explain the intuition behind it.

2 Accelerated SGD with Clipping

In this section we consider the situation when f(z) is convex and L-smooth on R™. For this problem
we present a new method called Clipped Stochastic Similar Triangles Method (clipped-SSTM, see
Algorithm[I). In our method we use a clipped stochastic gradient that is defined in the following way:

A) = min {1, M|V s )=} Vf(z, )

clip(Vf(z, ), )



Algorithm 1 Clipped Stochastic Similar Triangles Method (clipped-SSTM)

Input: starting point 2°, number of iterations N, batchsizes {1, }L 1. stepsize parameter a, clipping
parameter B

1: Set Ag =g =0, % = 20 =20

2: fork=0,..., N—1do

3: Set ag+1 = %, Aps1 = Ak + Qpr1, g+l = aﬁ_l

4: rh+l = (Akyk"'akﬁlzk)/Ak,_._l

5. Draw fresh iid. samples ¢&F,....€%  and compute Vjf(zF*1, *) =
mik Zzlkl vf(xk+l7 d@)

6 Compute V f(zF+1, *) = clip(Vf(2**, *), \g+1) using @)

7: A= ok V(R R

8: yk"'l = (Akyk+ak+1zk+l)/Ak+l

9: end for

Output: y~

where Vf(z, ) = 3™ Vf(z,&) is a mini-batched version of V f(z). That is, in order to
compute clip(V f(x, ), A) one needs to get m i.i.d. samples V f(x,&1), ...,V f(z, &y ), compute its
average and then project the result V f(x, ) on the Euclidean ball with radius X\ and center at the
origin. Next theorem summarizes the main convergence result for clipped-SSTM.

Theorem 2.1. Assume that function f is convex and L-smooth. Then for all 5 € (0,1)
and N > 1 such that In(4¥/g) > 2 we have that after N iterations of clipped-SSTM
with my = © (max {1,0%0tcaNIn(V/s)/r3}), B = O(Ro/in(~/s)) and a = O(In?(N/p)) that
f@yN) — f(z*) = O(aLR3/N?) holds with probability at least 1 — 3 where Ry = ||z° — x*||>.
In other words, if we choose a to be equal to the maximum from @ then the method achieves
fy™) — f(z*) < e with probability at least 1 — 3 after O(y/LRs/= In(LR5/cp)) iterations and
requires O (max{+/LE5/e, 7°R3/-2} In(LR3/=5)) oracle calls.

The theorem says that for any 5 € (0, 1) clipped-SSTM converges to e-solution with probability
at least 1 — 8 and requires exactly the same number of stochastic first-order oracle calls (up to the
difference in constant and logarithmical factors) as optimal stochastic methods like AC-SA [18,138] or
Stochastic Similar Triangles Method [16} [22]]. However, our method achieves this rate under less
restrictive assumption. Indeed, Theorem @] holds even in the case when the stochastic gradient
V f(x,§) satisfies only (2) and can have heavy-tailed distribution. In contrast, all existing results that
establish (30) and that are known in the literature hold only in the light-tails case, see Section[I.3.1]

Finally, when o2 is big then Theorem says that at iteration k clipped-SGD requires large
batchsizes my, ~ k2N (see (26)) which is proportional to £~/ for last iterates. It can make the cost
of one iteration extremely high, therefore, we also consider different stepsize policies that remove
this drawback in Section[F.1.1] In particular, the following result shows that c1ipped-SSTM achieves
the same oracle complexity even with constant batchsizes my when stepsize parameter a is chosen
properly.

Corollary 2.2. Let the assumptions of Theorem hold and a =

@(max{l,lnz(N/,B),\/lnN/BUNa/Z/LRO}). Then m; = O(1) and clipped-SSTM
achieves f(y™) — f(x*) < ¢ with probability at least 1 — [ after

O(max{\/LRo/=, 0 R3/=2} In((LR3+oRo)/=p)) iterations/oracle calls.

3 SGD with Clipping

In this section we present our complexity results for c1lipped-SGD (see Algorithm[2) in the convex
case. Next theorem summarizes the main convergence result for c1lipped-SGD in this case.



Algorithm 2 Clipped Stochastic Gradient Descent (c1lipped-SGD)

Input: starting point 2°, number of iterations N, batchsizes {mk}kN:Bl, stepsize v > 0, clipping
level A > 0
1: fork=0,..., N —1do
2 Draw freshiid. samples ¢f,...,&5 and compute Vf(zF, *) = i V(2R €F)
3. Compute Vf(z¥, *)=clip(Vf(z*, *),\) using @)
4: 2F L =gk AV (kP
5: end for
Output: 7V = L SV Lok

Theorem 3.1. Assume that function f is convex and L-smooth. Then for all 8 € (0,1) and N > 1
such that In(4V/g) > 2 we have that after IV iterations of clipped-SGD with A = O(LRg) and
my = m = O(max{1, No®/r212 In(~/s)}) where R = ||° — 2*||2 and stepsize v = 1/80L In(2~/5)
that f(zN) — f(a*) = O(LRZGN/5)/N) with probability at least 1 — 3 where 2V = £ S0t gk,
In other words, the method achieves f(zV) — f(x*) < e with probability at least 1 — 3 after
O (ERS/=In(LRS/<p)) iterations and requires O(max{LR5/=, o* R/} In(LRG/=p)) oracle calls.

To the best of our knowledge, it is the first result for c1ipped-SGD establishing non-trivial complexity
guarantees for the convergence with high probability. Up to the difference in logarithmical factors our
bound recovers the complexity bound for SGD which was obtained under light tails assumption and the
complexity bound for RSMD. However, unlike in [47]], we do not assume that the optimization problem
is defined on the bounded set. The proof technique is similar to one we use to prove Theorem [FI]
One can find the full proof in Section[G.3.1}

4 Numerical Experiments

We have testecﬂ clipped-SSTM and clipped-SGD on the logistic regression problem, the datasets
were taken from LIBSVM library [4]. To implement methods we use Python 3.7 and standard
libraries. One can find additional experiments and details in Section[H.2}

First of all, using standard solvers from scipy library we find good enough approximation of the
solution of the problem for each dataset. For simplicity, we denote this approximation by z*. Then,
we numerically study the distribution of |V f;(2*)||2 and plot corresponding histograms for each
dataset, see Figure[2] These histograms hint that near the solution for heart dataset tails of stochastic
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Figure 2: Histograms of ||V f;(z*)||2 for different datasets. Red lines correspond to probability
density functions of normal distributions with empirically estimated means and variances.

gradients are not heavy and the norm of the noise can be well-approximated by Gaussian distribution,
whereas for diabetes and australian we see the presense of outliers that makes the distribution
heavy-tailed.

Next, let us consider numerical results for SGD and SSTM with and without clipping applied to
solve logistic regression problem on these 3 datasets, see Figures 3} [5] For all methods we used
constant batchsizes m, stepsizes and clipping levels were tuned, see Section [H.2] for the details.
In our experiments we also consider clipped-SGD with periodically decreasing clipping level A

*One can find the code here: https://github.com/eduardgorbunov/accelerated_clipping,


https://github.com/eduardgorbunov/accelerated_clipping
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Figure 3: Trajectories of SGD, clipped-SGD, SSTM and clipped-SSTM applied to solve logistic
regression problem on heart dataset.

(d-clipped-SGD in Figures), i.e. the method starts with some initial clipping level Ao and after
every [ epochs or, equivalently, after every [7!/m] iterations the clipping level is multiplied by some
constant o € (0, 1).
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Figure 4: Trajectories of SGD, clipped-SGD, SSTM and clipped-SSTM applied to solve logistic
regression problem on diabetes dataset.
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Figure 5: Trajectories of SGD, clipped-SGD, SSTM and clipped-SSTM applied to solve logistic
regression problem on australian dataset.

Let us discuss the obtained numerical results. First of all, d-clipped-SGD stabilizes the oscillations
of SGD even if the initial clipping level was high. In contrast, c1ipped-SGD with too large clipping
level A behaves similarly to SGD. Secondly, we emphasize that due to the fact that we used small
bathcsizes SSTM has very large oscillations in comparison to SGD. Actually, fast error/noise accumula-
tion is a typical drawback of accelerated SGD with small batchsizes [35]. Moreover, deterministic
accelerated and momentum-based methods often have non-monotone behavior (see [5] and references
therein). However, to some extent c1ipped-SSTM suffers from the first drawback less than SSTM and
has comparable convergence rate with SSTM. Finally, in our experiments on heart and australian
datasets clipped-SSTM converges faster than SGD and clipped-SGD and oscillates little, while
on diabetes dataset it also converges faster than SGD, but oscillates more if parameter B is not
fine-tuned.

We also want to mention that the behavior of SGD on heart and diabetes datasets correlates with
the insights from Section[1.2|and our numerical study of the distribution of ||V f;(z*)||2. Indeed, for
heart dataset SGD has little oscillations since the distribution of ||V f;(z*) — V f(x*)||2, where z* is
the last iterate, is well concentrated near its mean and can be approximated by Gaussian distribution
(see the details in Section . In contrast, Figure E| shows that SGD oscillates more than in the
previous example. One can explain such behavior using Figure 2] showing that the distribution of
IV f(x*)]|2 has heavier tails than for heart dataset.



However, we do not see any oscillations of SGD for australian dataset despite the fact that according
to Figure [2| the distribution of ||V f;(z*)||2 in this case has heavier tails than in previous examples.
Actually, there is no contradiction and in this case it simply means that SGD does not get close to the
solution in terms of functional value, despite the fact that we used v = 1/r. In Sectionwe present
the results of different tests where we tried to use bigger stepsize v in order to reach oscillation region
faster and show that in fact in that region SGD oscillates significantly more, but clipping fixes this
issue without spoiling the convergence rate.

5 Discussion

In this paper we close the gap in the theory of high-probability complexity bounds for stochastic
optimization with heavy-tailed noise. In particular, we propose a new accelerated stochastic method —
clipped-SSTM — and prove the first accelerated high-probability complexity bounds for smooth
convex stochastic optimization without light-tails assumption. Moreover, we extend our results
to the strongly convex case and prove new complexity bounds outperforming the state-of-the-art
results. Finally, we derive first high-probability complexity bounds for the popular method called
clipped-SGD in convex and strongly convex cases and conduct a numerical study of the considered
methods.

However, our approach has several limitations. In particular, it significantly relies on the assumption
that the optimization problem is defined on R™. Moreover, we do not consider regularized or
composite problems like in [47]] and [[7]. However, in [47] it is significant in the analysis that the set
where the problem is defined is bounded and in [[7] the analysis works only for the strongly convex
problems. It would also be interesting to generalize our approach to generally non-smooth problems
using the trick from [52].

Broader Impact

Our contribution is primarily theoretical. Therefore, a broader impact discussion is not applicable.
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Appendix
Stochastic Optimization with Heavy-Tailed Noise via
Accelerated Gradient Clipping

Contents

|I1.3.1  Smooth Stochastic Optimization: Light-Tailled Noise|. . . . . . ... ... ... ...

11.3.2° Smooth Stochastic Optimization: Heavy-lailed Noise| . . . . . ... ... ... ...

2 Accelerated SGD with Clipping|

[3__SGD with Clipping

4 Numerical Experiments|

S Discussion

IA_Notations and Definitions|

B Related Work: Additional Details|
IB.1 Related Work on Non-Smooth Stochastic Optimization|. . . . . . . . . ... ... ... ...
IB.2 Related Work on Gradient Clipping| . . . . . . .. .. ... ... . L.

|C__Basic Facts|

D Auxiliary Results|

ID.1" Bernstein Inequality| . . . . . . . ...
ID.2 " About the Sum of 1.1.d. Random Variables with Heavy Tails| . . . . .. ... ... ... ...

IE__Technical Results|

| Accelerated SGD with Clipping: Exact Formulations and Missing Proofs|

[F.1.1  Convergence Guarantees for clipped-SSTM . . . . . . . . . . .. ... ... ....

L A A W W W NN -

14

16
16
16

17



[E3.4° Proof of Corollary|E2} . . . . . ... ... . . 35

[F.3.5  Proof of Corollary[E3| . . . . . . . . ... 36

[E3.6 Proofof TheoremlE6 . . . . . . .. ... .. . 37

|37 Proof of Corollary|E.7) . . . . . . . . o 38

|G SGD with Clipping: Exact Formulations and Missing Proofs| 39
G. 1 Convex Casel. . . . . . . o 39
|G.2 Strongly Convex Case| . . . . . . . . . . . . e 39
G.3 Proofsl . . . . e 41
IG3.1T Proofof TheoremlIG.Il. . . . . . . . . . . . 41

IG32 ProofofTheoremlG.2. . . . . . . ... ... 46

IG.3.3 Proofof TheoremlG.3l. . . . . . . ... ... 47

|H  Extra Experiments| 53
[H.T Detailed Description of Experiments from Section{1.2{ . . . . . .. ... ... ... ..... 53
|H.2  Additional Details and Experiments with Logistic Regression| . . . . . . ... ... .. ... 54

A Notations and Definitions

. . def
We use (z,%) to define standard inner product between two vectors z,y € R”, ie. (z,y) =

Z?:l x;1;, where x; is i-th coordinate of vector x, 7 = 1,...,n. Standard Euclidean norm of vector
. def
x € R is defined as ||z 2 = /(x, z).

We use P{-} to define probability measure which is always known from the context, E[| denotes
mathematical expectation, E¢|[-] is used to define conditional mathematical expectation with respect to
the randomness coming from £ only and E [ | 5] denotes mathematical expectation of £ conditional
on 7). In our proofs, we also use E[-] to denote conditional mathematical expectation with respect to
all randomness coming from k-th iteration. For P-measurable set X we use 1 x to denote indicator
of event X, i.e.

1, if event X holds,
Ix = { 4)

0, otherwise.

Next, we introduce some standard definitions.

Definition A.1 (L-smoothness). Function f is called L-smooth on R™ with L > 0 when it is
differentiable and its gradient is L-Lipschitz continuous on R", i.e.

IVf(@) = VWl < Lllz —yll2, Vz,yeR™ (6)
It is well-known that L-smoothness implies (see [54])
L
fw) < f@)+{(Vf@),y—2)+5ly—2l3 VoyeR", ™

and if f is additionally convex, then

IVf(@) = ViWlE < 2L(f(x) = fly) —(VS(y).2—y)) VYa,yecR™ ®)

Since in this paper we focus only on smooth optimization problems we introduce strong convexity in
the following way.
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Definition A.2 (u-strong convexity). Differentiable function f is called p-strongly convex on R™
with ¢ > O if forall z,y € R”

"
F@) > f@) + (V@) w =) + Sl = wll3. ©
In particular, p-strong convexity implies that for all z € R™
* M *
F@) = @) = Slle =273 (10)

Throughout the paper, we use z* to denote any solution of problem (1) assuming its existence. By the
complexity of stochastic first-order method we always mean the total number of stochastic first-order
oracle calls that the method needs in order to produce such a point Z that f(Z) — f(z*) < e with
probability at least 1 — S for some ¢ > 0 and 3 € (0, 1). Finally, in the complexity bounds we often
use Ry to denote ||2° — z*||, where 20 is the starting point of the method.
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B Related Work: Additional Details

B.1 Related Work on Non-Smooth Stochastic Optimization

Here we present an overview of existing results in the convex non-smooth case, i.e. when f is
still convex but not necessarily L-smooth and the stochastic gradients have a bounded second
moment: E¢[||V f(z,€)||3] < M? for all z € R". Under additional assumption that the stochastic
gradients have light-tailed distribution it was shown that SGD [49] has O (M*RE5In(8 ")/?) complexity
and if additionally f is p-strongly convex it was shown in [31} [32]] that the restarted version of
SGD has O (M?In(8 *In(M?u e 1)/,c) complexity (see also [27, [33L 58]). Moreover, removing
logarithmical factors from these bounds we get the complexity bounds of these methods for the
convergence in expectation, i.e. needed number of oracle calls to find such & that E[f (Z)] — f(z*) < e.
That is, under light tails assumption high-probability complexity bounds and complexity bounds in
expectation for SGD and restarted-SGD differ only in logarithmical factors of 1/5.

Unfortunately, for these methods the situation changes dramatically when the stochastic gradients
are heavy-tailed. To the best of our knowledge, the best know bounds in the literature with the same
dependency on € are O (M*R5/5?<?) and O (M*/.p<). One can obtain these bounds using complexity
results for the convergence in expectation and Markov’s inequality. However, it leads to significantly
worse dependence on j3: instead of O(In(371)) we get O(872) and O(3~1) dependence on the
confidence level 5. Furthermore, based on the well-known results on the distribution of sum of
i.i.d. random variables (see Section [D.2)) in [15] authors consider the case when the tails of the
distribution of stochastic gradient satisfy P{||V f(z,&) — Vf(z)|2 > s} = O(s™%) for a > 2
and give the following complexity bounds without formal proofs that SGD for convex problems and
restarted-SGD for p-strongly convex problems have following complexities:

O (MszmaX{ln(fz_l), (5;)3@2}> )

len(ﬁ_lln%2> M2\ 3 2 M2 o
O | max - ,() (ﬂ_lln>
UE UE UE

The first terms in maximums above correspond to the Central Limit Theorem regime, while the
second terms correspond to the heavy-tailed regime, see Section[D.2] These bounds show that heavy
tailed distributions of the stochastic gradients significantly spoil complexity bounds of SGD and
restarted-SGD when the confidence level 3 is small enough.

B.2 Related Work on Gradient Clipping

As we mentioned Section clipped-SGD [21} 45156} 167] is known to be robust to the noise in
stochastic gradients and performs better than SGD in the vicinity of extremely steep cliffs. Zhang et al.
[71] analyse the convergence of clipped-SGD in expectation for strongly convex and non-convex
objectives under assumption that E[||V f(x, £)||$] is bounded for some « € (1,2]. For a < 2 this
assumption covers some heavy-tailed distributions of stochastic gradients appearing in practice.
Moreover, in [71]] authors conduct several numerical tests showing that in some real-world problems
where the noise in stochastic gradients is heavy-tailed c1ipped-SGD converges faster than SGD. In
[70] Zhang et al. found that c1ipped-GD is able to converge in non-convex case to the stationary
point under the relaxed smoothness assumption with O(s~2) rate while Gradient Descent (GD) can
fail to converge with the same rate in this setting. A very similar approach based on the normalization
of GD is studied in [2839].

16



C Basic Facts

In this section we enumerate for convenience basic facts that we use many times in our proofs.

Fenchel-Young inequality. For all a,b € R™ and A > 0

lall3 | Allbl3
by < . 11
[a,B)] < 232 + 22 (an
Squared norm of the sum. For all a,b € R”
la+b]13 < 2llal5 + 2/|b]3. (12)
Inner product representation. For all a,b € R"
1
{a,b) = 5 (lla+bl13 = llal3 — [1b]]2) (13)
Variance decomposition. If ¢ is a random vector in R with bounded second moment, then
2 2
E[li¢ +alg] = E [l — E€)I3] + IE[§) + al} (14)
for any deterministic vector a € R™. In particular, this implies
2
E[llg - ElE]I3] < E [ll€ +al3] (15)

for any deterministic vector a € R".

D Auxiliary Results

D.1 Bernstein Inequality

Lemma D.1 (Bernstein inequality for martingale differences [} [12} [14]]). Let the sequence of
random variables { X };>1 form a martingale difference sequence, i.e. E [X; | X;_1,...,X1] =0
for all i > 1. Assume that conditional variances o2 R [X?| X;_1,...,X1] exist and are

bounded and assume also that there exists deterministic constant ¢ > 0 such that || X;||2 < ¢ almost
surely for all ¢ > 1. Then forallb > 0, F > 0andn > 1

P{‘iXi
=1

>band » ang} < 2exp (—) (16)
pae 2F + 2¢b/3

D.2 About the Sum of i.i.d. Random Variables with Heavy Tails

In this section we present some classical results about the distribution of sum of i.i.d. random variables

Zszl &, with heavy tails [2]]. As one can see from our proofs of main results for clipped-SSTM
and clipped-SGD such sums play a central role in the analysis of convergence with high probability.

Assume that {¢, } is i.i.d. with E[¢;] = 0 and Var[¢,] & E[(¢x — E[¢4])?] = o2. Assume also that

V(s) =P{&, > s} = O (s7), where a > 2. In this case

N S
P{;fk28}21—¢><m>+1\7~‘/(8),

where N > 1and ®(z) = 5= [*_ exp (—y?/2) dy. Since

9 2 2
0.2 exp (_x) <1-—®(x) <exp (_:1:2) ,
T

N
P{;§k>3}ﬁl_q’<;2]v>7 s <y/(a—2)02NIn N (CLT regime) (17)

we haveE]

SCLT = Central Limit Theorem.
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and

N
P {Z & > s} ~N-V(s), s> \/(oz —2)02N1In N (heavy-tailed regime).  (18)
k=1

This simple observation can play a significant role in deriving complexity results for non-smooth
convex optimization under the assumption that stochastic gradients are heavy-tailed, see [15] for the
details.

E Technical Results

Lemma E.1. Consider two sequences of non-negative numbers {a } x>0 and { Ay }r>o such that

k+2
ap=Ag =0, Ap+1=Ap +ag+1, Qp+1= 50l Vk >0, (19)
where a, L > 0. Then for all £ > 0
(k+1)(k+4)
A SR S 20
k+1 10l ) (20)
Ap+1 > aLla?,,. 2D
Proof. By definition of A1 we have that
k+1 k+1
B 1 (k1) (k+4)
Ag+1 = Zal = ﬁ2(1+1) =t
=1 =1
Using (k + 1)(k + 4) > (k + 2)? together with the inequality above we derive (21)). O
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F Accelerated SGD with Clipping: Exact Formulations and Missing Proofs

In this section we provide exact formulations of all the results that we have for c1ipped-SSTM and
R-clipped-SSTM together with the full proofs.

F.1 Convex Case

Recall that in order to compute clip(Vf(x, ),\) one needs to get m i.i.d. samples
Vi(x,&),...,Vf(x,&n), compute its average

Vi )= Vh6), @)
i=1

and then project the result V f(z, ) on the Euclidean ball with radius A and center at the origin. We
also notice that

Ee[V/(z, )
Ee [IVf(z, ) = V(@)

IN

Vf(x), (23)
2

7 (24)

m

F.1.1 Convergence Guarantees for clipped-SSTM
Next theorem summarizes the main convergence result for clipped-SSTM.

Theorem F.1. Assume that function f is convex and L-smooth. Then for all 3 € (0,1) and N > 1

such that i

we have that after /V iterations of clipped-SSTM with

60000202 ., N1In 4 103680202, N
— B k+1
myp = max {1, PR ] C?R2 ) (26)
CR 161n %7 AN AN v\’
_ 0 B 2
B—@, aZmaX 1,T736 <2lnﬁ+\/4ln /8+21H5> 5 (27)
that with probability at least 1 —
2aLC?R3
MRS (COR=ete 3 ()
where Rg = ||2° — z*||, and
C =5 (29)

In other words, if we choose a to be equal to the maximum from (]ZI), then the method achieves

f(y™) — f(z*) < e with probability at least 1 — 3 after O < LB ) LB

iterations and requires
e ep

|LR2 0°R3 LR?
O (max { oy g - 0 } In 0) oracle calls. (30)
€ € ep

One can easily notice that multiplicative constant factors in formulas for my and a are too big and
seem to be impractical, but in practice one can tune these constants to get good enough performance.
That is, big constants in and (27) are needed only in our analysis in order to get bound (30).

Finally, when o2 is big then Theorem says that at iteration k& clipped-SGD requires large
batchsizes my, ~ k?N (see (Z6)) which is proportional to e~%2 for last iterates. It can make the cost
of one iteration extremely high, therefore, we consider different stepsize policies that remove this
drawback.
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Corollary F.2. Let the assumptions of Theorem [F.1] hold.

1. (Medium batchsize). If V and /3 are such that NV In % is bigger than the maximum from
(27), then for a = N In % we have

€29

{ 600002(k +2)2 1036802 (k + 2)2 }
my = max < 1

'4L2NC2R3In 4]’ 412C2R3N In” 41
and the method achieves f(y™) — f(z*) < e with probability at least 1 — 3 after

LR2 , LR2
O( Eoln 5,@0

) iterations and requires

2 2p2 2
O ( max LRO, 0" ltg In Ly oracle calls. (32)
€ g2 el

2. (Constant batchsize). If N and 3 are such that agN*/?, /In %V is bigger than the max-

imum from (27) for some positive constant ag, then for a = agN7?, /In *3F we have

. 600002(k +2)?  1036802(k + 2)? (33)
my = max < 1, )
* 4a3L2N2C?R}’ 4a3[2C?R3N? In ¥
and the method achieves f(y") — f(2*) < e with probability at least 1 — 3 after
212 p4a 2
(0] <%§72R° In %) iterations and requires
2L2R4 2R2 LRZ
O (max { 40 = 0, 7 > 0 } In 4o O) oracle calls. (34)
€ € ep
Finally, if ap = %, then my = O(1) for k = 0,1,..., N and clipped-SSTM finds
O'ZRS o Ro

e-solution with probability at least 1 — /3 after O ( In ﬁ) iterations and requires

e2
O(1) oracle calls per iteration.

In the first case batchsizes increase from O(1) for k = 1 to O(¢71) for k = N and the overall
complexity recovers the complexity of Robust Stochastic Mirror Descent (RSMD) from [47]. However,
analysis from [47] works only for the optimization problems on compact convex sets, whereas our
analysis handles an unconstrained optimization on R™. Despite the similarities of our approach and
[47], it seems that the technique from [47]] cannot be generalized to obtain the complexity like in (30}
due to the fast bias accumulation that appears because of the special truncation of stochastic gradients
that is used in RSMD.

In the second case the corollary establishes e =2 In(¢~1371) rate for c1ipped-SSTM with constant
batchsizes, i.e. my = O(1) for all k. The ability of clipped-SSTM to converge with constant
batchsizes makes it more practical and applicable for wider class of problems where it can be very
expensive to compute large batchsizes, e.g. training deep neural networks. Moreover, when o is not
too small, i.e. 0 > Le, this rate is optimal (up to logarithmical factors) and also recovers the rate of
RSMD.

Finally, setting

2
161n 2% AN AN AN
d = max{1l,——2 36(2In—- +,/4ln® — +2In — ,
c ( 3 5 3
, oN°~? AN
=  fn— 35
a max{a, T Ro n 3 (35)

and my, as in (26), we get my, = O(1) for k = 0,1, ..., N and derive the following result.
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Corollary F.3. Let the assumptions of Theorem|[F.T]hold, a is chosen as in and my, is computed
via (26)). Then clipped-SSTM achieves f(y¥) — f(z*) < e with probability at least 1 — 3 after

L 2 2 p2 L 2
(0] (max {\/ Ro, g ]jo In B + ol iterations/oracle calls.
€ € ep

F.1.2 Sketch of the Proof of Theorem [E1l

We start with the following lemma that is pretty standard in the analysis of Stochastic Similar
Triangles Method, e.g. see the proof of Theorem 1 from [10].

Lemma F4. Let f be a convex L-smooth function and let stepsize parameter a satisfy a > 1.
Then after N > 0 iterations of clipped-SSTM for all z € R™ we have

N-1

1 1
An (FGM) = 1) < 1P =2lB = 512N =213+ Y awrs (Brrs, 2 — )
k=0
N-1 N-1
+ 3 02 10kall; + Y 02q (Ber, V), (36)
k=0 k=0
Oprr & ViEE, F) - Vi@ 37)

That is, if z = x*, then the result above gives a preliminary upper bound for Ay (f(y™) — f(z*)).
The first and the second terms in the r.h.s. of (36)) come from the analysis of Similar Triangles Method
[L6] and three last terms have a stochastic nature. In particular, they explicitly depend on differences
Op+1 = Vf(zF*L, *) — Vf(z¥*1) between clipped mini-batched stochastic gradients and full
gradients at 25*1, so, if Vf(2**1, *) = V f(2*¥*1) with probability 1, then we easily get needed
convergence rate. However, we are interested in the more general case and, as a consequence, to
continue the proof, we need to find a good enough upper bound for the last three terms from (36)). In
other words, we need to show that choosing parameters a, my, and \;y+1 properly we can upper bound
these terms by something that coincides with ||2° — z*||3 up to numerical multiplicative constant.
The proof of convergence result for RSMD from [47]] where authors provide upper bound for similar
sums hints that Bernstein’s inequality (see Lemma|[D.T)) applied to estimate these terms can help us
to reach our goal. In order to apply Bernstein’s inequality one should derive tight bounds for such
characteristics of V fak+t, k) as upper bounds for the magnitude, bias, variance and distortion and
the next lemma provides us with this.

Lemma E.5. For all £ > 0 the following inequality holds:

H%f(x’“l, B _E . [ﬁf(xk“, ’“)] H2 < et (38)
Moreover, if ||V f(zF*1)||, < % for some k > 0, then for this k& we have:
HIE A2 Caet] fo(x’”l)Hz < m:‘;;, (39)
e [Joser, H-vef] < B
E . [H%f(x’“l, B _E . [ﬁf(x’”l, ’“)HC] < 1:;2. (41)

Clearly, clipping introduces a bias in v fah+t k) which influences the convergence of the method.
Hence, the clipping level Ax+1 should be chosen in a very accurate way. Below we informally
describe what does it mean and present the sketch of the remaining part of the proof.

Imagine the ideal situation: V f(z**1, *) = V f(2**1) with probability 1 for all k, i.e. we have

an access to the full gradients at points 2**. Then it is natural to choose A,+1 in such a way
that clip(V f(x**1), \k*1) = V f(2¥*1) in order to recover Similar Triangles Method (STM) that
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converges with optimal rate in the deterministic case. In other words, one can pick Ax+1 such that
[V £(z**1)||2 < Ag+1 and get an optimal method. Since we know that in this case the method
should converge with O(1/x2) rate in terms of f(x*) — f(z*) one can expect that the gradient’s norm
decays with O(%/) rate, so, one can choose A;+1 to be proportional to 1/k. It is exactly what we do
when we define A\g+1 as B/agr1.

The ideal case described above gives a good insight on how to choose A\;+1 in the general case

and can be described as follows: if we want to prevent our gradient estimator v fzkE*y k) from
large deviations from V f(z**1) with high probability, then it is needed to choose A1 such that
[V £(z*)]l2 < eAg+1 with high probability where ¢ < 1 is some positive number. This choice
guarantees that with high probability clipped mini-batched gradient v JCan k ) cannot deviates
from V f(2**1) significantly and, as a consequence, the convergence rate of c1ipped-SSTM in terms
of the number of iterations needed to achieve the desired accuracy of the solution with high probability
becomes similar to the convergence rate of STM up to some logarithmical factors depending on the
confidence level.

In particular, we choose Aj+1 such that ||V f(z**1)|| < Ar+1/2 with high probability. Moreover, we
derive this relation by induction via refined estimation of the three last terms from the r.h.s. of (36)
that is based on the new variant of advanced recurrences technique from [22, 23]]. The main trick
there is in showing by induction that sequence ||z — z* ||, is bounded by some constant multiplied
by [|2° — 2*||2 and in deriving |V f (z¥*1) |2 < Ax+1/2 simultaneously for all k = 0,1, ..., N. With
such bounds and Lemma [F.5|in hand, it is possible to apply Bernstein’s inequality to three sums from
the r.h.s. of (36) since all summands are bounded with high probability. After applying Bernstein’s
inequality we adjust parameters a;+1 and my, in such a way that after rearranging the terms in the
obtained upper bounds we get that r.h.s. in (with z = 2*) is smaller than ||z° — 2*|| up to some
multiplicative numerical constant. This finishes the proof.

To conclude, the key tools in our analysis are Bernstein’s inequality (see Lemma[D.T]) and advanced
recurrences technique [22} 23] that helps us to show boundedness of ||z —z* || and [V f (z¥*1) ||, <
Ak+1/2 with high probability. We provide detailed proofs of presented result in the Appendix (see

Section[F3).

F.2 Strongly Convex Case

In this section we assume additionally that f(z) is p-strongly convex. For this case we mod-
ify Algorithm [I] and propose a new method called Restarted Clipped Similar Triangles Method
(R-clipped-SSTM), see Algorithm 3] At each iteration R-clipped-SSTM runs clipped-SSTM for

Algorithm 3 Restarted Clipped Stochastic Similar Triangles Method (R-clipped-SSTM)

Input: starting point 2°, number of iterations Ny of c1ipped-SSTM, number of c1ipped-SSTM runs,
batchsizes {mQ }1no5 ", {mi}nost, ..., {m]}no,?, stepsize parameter a, clipping parameters
{Bi}i=o

1: Set 20 = 20
2: fort=0,1,...,7—1do
3: Run clipped-SSTM (Algorithm [1) for Ny iterations with batchsizes {m} }1°,, stepsize
parameter a, clipping parameter B; and starting point #¢. Define the output of c1ipped-SSTM
by #t*1.
4: end for
Output: 7

Ny iterations from the current point #* and use its output as next iterate #***. In literature this
approach is known as the restarts technique [11} 31,132, [51]]. Choosing Ny and parameters my, a and
B in a proper way one can get an accelerated method for strongly convex objectives. Theorem below
states the main convergence result for R-clipped-SSTM.
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Theorem F.6. Assume that f is p-strongly convex and L-smooth. If we choose 5 € (0,1), 7 and
Np > 1 such that

AN, L
LU VAo 42)
i
amd t 2.2 4N
6000 - 2'02a2, , NoIn N7 10368 - 2t5202. . N,
mi =max{ 1, §+1 i g 2 0 ) (43)
C2R? C2R?
CR
B e “
2
161n 4807 4N, 4N, 4N,
B oT 2 4NoT 0T
a>maxq 1, ———— 36 2In + 4/41n + 2In , (45)
C ( B B B

where R = / w and C' = +/5, then we have that after 7 runs of clipped-SSTM in
R-clipped-SSTM the inequality

F@ET) = f(a*) <277 (f(2°) = f(z¥)) (46)
holds with probability at least 1 — /3. That is, if we choose a to be equal to the maximum from
(|1_3]) and Ny < Cl\/? with some numerical constant C; > C, then the method achieves
f(@7) — f(x*) < e with probability at least 1 — 3 after

2 2
@) ( £ In <MR) In <L In M)) iterations (in total) 47)
\/ Iz € pB - €

of clipped-SSTM and requires

L 2 2 L 2
O (maxd | Zm#E 2Ly (m “R) oracle calls. (48)
poo€ T pe puB €

In other words, R-clipped-SSTM has the same convergence rate as optimal stochastic methods for
strongly convex problems like Multi-Staged AC-SA (MS-AC-SA) [19] or Stochastic Similar Triangles
Method for strongly convex problems (SSTM_sc) [16l 22]]. Moreover, in Theorem [F.6] we do not
assume that stochastic gradients are sampled from sub-Gaussian distribution while corresponding
results for MS-AC-SA and SSTM_sc are substantially based on the light tails assumption. Our bound
outperforms the state-of-the-art result from [7]] in terms of the dependence on In % It is worth to
mention here that using special restarts technique Nazin et al. [47] generalize their method (RSMD) for
the strongly convex case, but since RSMD is not accelerated their approach gives only non-accelerated
convergence rate.

We also emphasize that big numerical factors in formulas for m!, and a are needed only in our analysis
and in practice they can be tuned. However, when o2 is big bathsizes m! become of the order k?z 1.
It can make the cost of one iteration extremely high, therefore, as for clipped-SSTM we consider a
different stepsize policy removing this drawback.

Corollary F.7. Let the assumptions of Theorem [F.6|hold. Assume that conditions @2), (43), (#4)
and (@3)) are satisfied for

o4 In? Dot I
“:@<Lugzﬁ>’ No:@< “7 . (49)

Then after 7 = [In(#8?/2¢)] runs of clipped-SSTM in R-clipped-SSTM the method achieves
f(&7) — f(z*) < e with probability at least 1 — 3. Moreover, the total number of iterations of
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clipped-SSTM equals

2 2 2 2
10 (U— In <ﬂ> In ("— In ﬂ)) (50)
JUE € uep €

withm! = O(1) forallk =0,1,...,No—1,t =0,1,...,7 — 1.

When o2 is big the obtained bound is comparable with bounds for restarted-RSMD and proxBoost,
see Table

F.3 Proofs

F3.1 Proof of Lemma[F4l

Using 2F*1 = 2% — a1 Vf(2**1, ) we get that for all z € R™

o <§f(xk+1, k)7zk _ z> — e <§Jc(5€k+17 k)7zk _ Zk+l>
+ag+1 <%f(33k+1, Ry, 2kt — z>

N <6f(xk+1’ Ry ok Zk+1> n <Zk+1 Y Zk+1>

o ~ . 1
e T e A R AT
Lok 2Ly ke 2 51
5l =218 - 1 - 2B (51)

Next, we notice that

1

k k+ k k
yk+l _ Aky + ap+1z o Ak:y + Qp+12 Q41

(Zk+l - zk) — gkl Ok+1 (Zk+1 _ Zk)

Ag+1 Ap+1 Apa Ap+1
(52)
which implies:
~ G051 1
et (V@ )28 =2 TS apan (V@A) R ) - Sk - 2
1 1
topsr (Oprr, 27— 2F) + §||Zk — 25— §||Zk+1 — 2|3
1
D A (L), ) - R -
1 1
Fagprr (B, 25 — 254 + illzk —z[5 - §||Z’“+1 —z[l3

Ap+1L

INS

At (F@) = F55) + 2% — =

2
1
_§||Zk _ Zk+1||% + Qg1 <9k+17zk _ Zk+1>
1, . 1, .
ol — 2l — Sl — 2l
&2 k+1 k+1 1 (0fL k k+1)2
= Apa (f) = F) + 5 —1)[[z" =2"72
2\ Ag+1

1 1
et (O, 27 — 2F) + §||Zk — 2|5 - §||Zk+1 — 2|5

Since Ap4+1 > aLa% 41 (see Lemma i and a > 1 we can continue our derivations:
& k
gt <Vf($k+1, )7 Zk o Z> < Ak+1 (f(xk_'_l) o f(yk:+l)) + Qa1 <0k-+1,2k o Zk+1>

1 1
3l = 213 = S - 2], 53
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Next, due to convexity of f we have

<6f(xk+l, k),yk _ xk+1> & <Vf(xk+1)7yk . $k+1> + <9k+l’yk . xk+1>

< S FE + Oyt -2 (54)
By definition of 2*** we have 2**1 = W which implies
g (2P = 2F) = Ay (yF — 2T (55)

since Ag+1 = Aj + ag+1. Putting all together we derive that

Qj+1 <6f($k+1a ")kt — Z> = ape <§f(x’“+1, Ry, aktt zk>
tanes (V@2 F), 25— 2)

G A (Vs Byt -t
T <€f(x’f+1, By ok z>

< A (f(yk) — f(x’Hl)) + Ay <9k+1,yk _ xk+1>
+Ag+1 (f($k+l) - f(yk+l)) + ap+1 (Orr1, . Zk+1>

1 1
=g D
8 Apf(y®) = Aper FU) + age (Or+1, - Zk>
o f (@) + apar (Opan, 25 — 2P
1 1
T R P
< ARfWY) = At f WP + agra f (2T

R+l k1
tap+1 (Oprr, 2" = 2

1 1
3l = 213 = S - 2]

Rearranging the terms we get

At FGY) = AFWR) < () 4 (TFEH )2 - b)) 4 D )
1

2
@ Q1 (f(l”kﬂ) + <Vf(xk+1)7 z— fﬁk+l>)

1 2 1 2
Sl = 218 — 51125 — 213
E+1 Zk+l>

Fas E+1 Zk+1>

- Z”% + ap+1 <9k+17x

taps1 (Opar, 2 — ") +
+ap+1 (Opr1, @

1 1
< o f(2) 5l =2z = 1 = 25+ e (e, 2 = 25T
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where in the last inequality we use the convexity of f. Taking into account Ag = ap = 0 and
Ay = szv:—ol ak+1 we sum up these inequalities for K = 0,..., N — 1 and get

N-1

1 1
ANIGY) S AN+ 5120 = 2B = S 2B+ S s (B, 2 — 2
k=0
N-1

1 1
= Anf(z)+ §||Z0 — 2|5 - §||ZN — 2|5+ kz_% a1 (Opr1, 2 — Zk>

N-1
+ Z ai+1 <9k+1, %f($k+l7 k)>

k=0
N-1
D AnF )+ 20— 2B = 2l — 2B+ Y s (Bws, 2 — )
2 2 = ’
N-1 N-1
2
+ Z O‘i+1 ||9k+l||2 + Z 0‘£+1 <0k+1, vf(xk+l)>

k=0 k=0

which concludes the proof.

F.3.2 Proof of Lemma|[E3]

Proof of (38). By definition of V f(z5*1, *) we have that |V f(zF*1, *)|2 < Ag+1 and, as a

consequence, ||E [V f(zF*1, k)]Hz < Ag+1. Using this we get

s, 55 e, ] <[ Sl [ ], <2

Proof of (39). In order to prove this bound we introduce following indicator random variables:

def def
Xk = Ligeerst, )omapens Tk = LOi@h+t, 5V i@+1)]o> 5 Ak (56)

From the assumptions of the lemma, we have that ||V f(z**1)|| < % which implies

HVf(x‘Hl’ k')Hz < “Vf($k+l’ k)_vf(xk+1)H2+va(xkﬂ)uz
< [[rer v+ 2
hence
Xk < Nk (57)

The introduced notation helps us to rewrite v JlChans k) in the following way:

o + + A+ + :
VAT ) = VIR D0 - + e VET e 68
= Vi B+ M) Vi B (659)
[es 9,
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We use this representation to obtain the following inequality:

2

(60)

&« [Tre, ©) - vty B2 e, HW(;’“:: ! VI
SR A e
® g, _’Vf(xk+17 k) ‘2. 1- va(::: k)HZ Xk
2 E v 9l
? &, [[wrat=2 5| m]
< B [[Viar B - viahh | md
[V, E s

< \/ wsars, B - i) e
+[IVF L E « ]

2 \/:er E « [2] + Ak;E e k] -

Next, we derive an upper bound for the expectation of 7, using Markov’s inequality:

Ecln] = Exfup] =P ein =1}
A
® p, {Hw(wl, By _ Vf(x’fﬂ)Hz > ’“2“}
2
B [[vret v g e
< 5 < - (61)
A1 MEAG+1
Putting all together we derive (39):
~ (€0, @1 202 Apt1 402 402

E .|V k+1  ky| _ k+1 H < k+1 _ )
H § [ f(.%‘ ’ )] Vf(l‘ ) 2 - mk)\k+1 + 2 mk)\i_,_l mk)\k+1

Proof of @D Recall that in the space of random variables with finite second moment, i.e. in Ly, one
can introduce a norm as /E|X|? for an arbitrary random variable X from this space. Using triangle
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inequality for this norm we get

2

+ k
o e B R B [P S
va(w ’ )Hz 5
W [ese B = v - ]
i 2
k+1
@ E &« 2 /\k+1Vf(.'L‘ k’ ) +2 ||Vf($k)+1)||§
e
2 12
2
+\/E k |: Vf(xk+1’ k) _Vf(mk+l)H2:|
\/7>\k+1 2]+ F
€7,60 ) 20 o o
< §>\k+1~ NG + NG = (\/ﬁ+ 1) Vo
V180
< )
my

Proof of (@T). To derive @) we use @0):
st g T )] 2 e [Fre - vrery]

1802
< )
mg
F.3.3 Proof of Theorem [F.1
Lemma [F4]implies that the inequality
1 N-1
An (FN) = fa") < §||Z°— 15— *llz — a5+ Y oprs (Open, 7 — 2F)
k=0
N—1 N—1
+ 3 02 0kl + Y 02y (Bker, VM), (62)
k=0 k=0
Oer = VFEHL R - Vi@ (63)

holds for all N > 0. Taking into account that f(y"™) — f(z*) > 0 for all y"V and using new notation
Ry, & ||z — 2*||2, Ro = Ro, Ry+1 = max{Ry, Re+1} we derive that for all & > 0

k—1 k-1 k-1
RE < R5+2) aper (Bler, 2" = 2') 42 oy (0142, V")) +2) ol |0iea 3. (64)
=0 =0 =0

First of all, we notice that for each k > 0 iterates "**, 2%, ¢/ lie in the ball B (z*). We prove

. ~ 0 o

it using induction. Since y° = 20 = 2% Ry = Ry = ||2° — 2*||]z and 2! = AOZ]A% = 2" we
have that z*, 2°,4° € Bj (2*). Next, assume that 2!, 2/~ %, ¢y/~1 € By~ (2*) for some [ > 1. By
definitions of R; and R; we have that 2! € By, (z*) C B 7, (z7). Since y! is a convex combination

of y'=1 € Bg, (@) C By (z"), e Bg, (2) and By (2*) is a convex set we conclude that

28

X3



*1 is a convex combination of y' and 2! we have that z!*? lies in

y' € By («*). Finally, since x
Bg, (z7) as well.

The rest of the proof is based on the refined analysis of inequality (64). In particular, via induction

we prove that for all k = 0,1, ..., N with probability at least 1 — %ﬂ the following statement holds:
inequalities
& t—1 t—1 t—1
R} < R3+2) aua1 (Birn, 2" —2') +2)  afuy (Bn, V) +2) " af |10l
1=0 =0 =0
< C?R2 (65)

hold for ¢t = 0,1,...,k simultaneously where C' is defined in (29). Let us define the probability
event when this statement holds as Fj. Then, our goal is to show that P{E}} > 1 — kB for all
k=0,1,...,N. Fort = 0 inequality (63) holds with probability 1 since C' > 1, hence }P’ﬁ?o} =1.
Next, assume that forsome k =T —1 < N — 1 wehave P{E;} =P{Er_1} >1— w Let
us prove that P{Er} > 1 — TWB First of all, probability event Ep_; implies that

@ 11 t—1 ) t—1
fh — fl@z*) < i (2R§ + Z aper (Ore1,7° — 2" + e V(™)) + Zai+1||9l+1||§
1=0 =0
®&® C?R3
<
- 2A;
hold fort = 0,1,...,T — 1. Then, inequalities

(66)

2aLCRy [ 2(t+2)? t+2
t+2 at(t+ 3) at(t + 3)

CRy (9 n 3
a1 \2a  2v/a
(t+2)? 1+2)?

hold fort = 1,...,7 — 1 where the last inequality follows from T3 S 10+ = %. Taking a

® . 1 R
[vieHll, = IVAEOI, < LI~ oo =5 - o2
Vi, < VA" = Vi), + Ve,
6.8 .
< L™ =yl + V2L - f(a)
.68 a1l je1 LC2R2
= i A R TRy
B 2L(t+2) g1 . . si . 2LCRoVa
< =" _ _ 2LCRova
< 613 (Il 22 + o = 2F)2) + oy
_  AL(t+2)Ri  2LCRoya
- t(t+3) t(t+3)
<

such that
> 2Ho and ) + 3 < B
a> 220 T
- B 2a 2\/5 ~ 2CRyp
we obtain that probability event E7_1 implies
B A
t+1 < — t+1 67
||Vf(33 )||2 — 2at+l 2 ( )
fort=0,...,7 — 1. Since B = Sﬂ% we have to choose such a that
B
161n 4% ‘ 9 3 1
> P < —
‘=77 e + Vva ~ 8ln %V
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Solving quadratic inequality

a—24\/aln%—721n% >0

w.r.t. \/a we get that a should satisfy

161n 4 AN AN AN
B 2
a>max{ ———,36[2In— +4/4In“ — +2In —

2

Having inequalities (67) in hand we show in the rest of the proof that (65)) holds for ¢ = T" with big
enough probability. First of all, we introduce new random variables:

x* — 2t if ||lz* — 2Y2 < CRo, V™), if |V < 52—,
m= . and (= ) 1+1
0, otherwise, 0, otherwise,

(68)
for/ =0,1,...7 — 1. Note that these random variables are bounded with probability 1, i.e. with
probability 1 we have

Inllz < CRo and [lGll2 < 5-— (©9)
Al+1
Secondly, we use the introduced notation and get that £'7_1 implies
&.6.6.6 T-1 T-1 T-1
R% < R§+2)  cuer (Oren,m) +2 ) fur|l0all3 +2 Y afey (B4, G)
1=0 =0 =0
T-1 T-1
= RE+ > e (Bi+1, 2+ 20041G1) +2 ) afa [|0141][3-
1=0 =0

Finally, we do some preliminaries in order to apply Bernstein’s inequality (see Lemma [D.T)) and
obtain that F7_1 implies

T-1 T-1

@
R < R+ amr (01, 2m + 200410) + Y | arer (0aq, 2 + 200414))
1=0 =0

T-1 T—1

+ Z 40‘12+1 (H%Ll“% -E. [”9;11”5]) + Z 4O‘lz+1IE: l [Halu+l||§]
1=0 =0

fi fl

T-1

+ > 4ol 10724l (70)
=0

where we introduce new notations:

O E VS D B[V D] o TR [VAEE Y] - Ve, ay
O1+1 0141 + 9?+1’

It remains to provide tight upper bounds for <, >, fi, fl and , i.e. in the remaining part of the proof
we show that < + > + fi + fl + < 6C?R3 for some 6 < 1.

Upper bound for <. First of all, since E :[6}",;] = 0 summands in < are conditionally unbiased:

E o [ogaa (041, 2m + 20041G1)] = 0.
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Secondly, these summands are bounded with probability 1:

lovas (0741, 2m + 200414 < a0 llz 12+ 20041G

@é@ 2041141 (2CRo + B) = 2B(2CRo + B)

C’RZ (2R}

21n% 321n2%

C2R3 (PR _ 33C?R3

+ .
2ln% 641n% - 641n%

IS

Finally, one can bound conditional variances 02 & E {afﬂ (011, 2m + 2al+1Q>2} in the follow-
ing way:

Ulz < E. [a12+1 H91u+1H§ 12 + 20‘l+1Cl||§]
D otk [Io]Z] 2CRo+ B )

In other words, sequence {al+1 <¢9?+1, 2n + 20¢l+1§l>} 150 is bounded martingale difference se-

quence with bounded conditional variances {olz} 1>0. Therefore, we can apply Bernstein’s inequality,

33C2R2 Ffln4x
sanae and ' = — =~ and
B

i.e. we apply Lemma with X; = o1 (0141, 2m + 20041G), € =
get that forall b > 0

T-1 T-1 b2
2
P{;Xl > b and ;O’l SF}S26XP<2F‘—|—ZCIJ/3)

or, equivalently, with probability at least 1 — 2 exp (_2F+b72cb/e,)

T-1 T-1
either Z 0?>F or Z Xi| <b.
1=0 =0

———

[<|
The choice of F will be clarified further, let us now choose b in such a way that 2 exp (— ZF_fji;b/a) =
%. This implies that b is the positive root of the quadratic equation

2¢1n 4X AN
B
— 3 — n 0,

cln 3Y 21n? ¥ AN cln3X¥ 2¢2 In? 4N
B [E] B B
F — < —+
3 \/ 9 2FIn—- < —3 9

1 2 4N 2R2
_ 1+v2 AN _ 33C2RE

3 B = 64

b2

hence

That is, with probability at least 1 — %

T—1
either Zalz >F o |<|<
1=0

33C2R3
64

probability event o
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Next, we notice that probability event F7_; implies that
T—1 T—-1

@ w 12
0'[2 S (2CRO + B Z al+lE 1 |: ‘9l+1H2:|
=0
&n &7 22 =
S BPCPRG (24 o Sy Z:
@),z 1 = C?R3
< 1802C2 R} (2 > Z e O R -
16/ <= 600002 al+1N1n
TN 18(2+ 45)° )2 Nz: A4y i
- 6000 In 4N — -
33C2R2

where the last inequality follows from ¢ = and simple arithmetic.

641n 4%
Upper bound for >. First of all, we notice that probability event E'p_1 implies

ot (O0hr, 2m + 20041G) < i H9§)+1H2 12 + 200+1Gill,

.69 402
< a+1 - (2CRO + B)
ml/\l+1
_ 32alz+102 In % 2CRo + CRo
B m;C Ro °" 8 %
3,29 320412+1JZCZR(2) In % ) 1
+ -
- 6000a?,  No? 1n% < 16>
_ 11C?Rj
1000N
This implies that
= T<N 11C2R2
> = Z o+1 <6‘?+17 2m + 20&1+1Cl> < WOO
1=0

Upper bound for fi. We derive the upper bound for fi using the same technique as for <. First of
all, we notice that the summands in fi are conditionally independent:

E : [40f (164al3 —E ¢ [16744]13])] = 0.
Secondly, the summands are bounded with probability 1:

40412+1 (||9f+1||§ —-E. [||97+1||§])| < 40412+1 (||0f+1||§ +E. [HQ;LHHED
(51
<

407y (4NFey + 4NF10)
C2R3 @ C2%R3 e
< = q1.
21n? % 41n %

32B% =

(73)

Finally, one can bound conditional variances 62 & E , [’4al2+1 (116441153 — E « [\|9;ﬂ+1\|§])|2} in
the following way:

., @ " u
Ulz < ak. [|40412+1 (||91+1||§ —E. [||‘91+1||§])|]
< 4010412+1IE t [HQZU+1HS +E. [||91u+1||§” = 8010412+1IE t [Helu+lH§] : (74)
In other words, sequence {4a7,; (/|0{41[15 — E « [[16{44I5]) } -, is bounded martingale difference

sequence with bounded conditional variances {67 };>0. Therefore, we can apply Bernstein’s inequal-
2 p2

ity, i.e. we apply Lemmawith X1 = X = 4y (1683~ E 2 [165 1)) ¢ = e1 = 375
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c2In 4N
and F' = 1 = =57 and get that for all b > 0

T-1 T-1 bz
o )
]P’{ ZEZO X;| > band ;:0 o7 < Fl} < 2exp <_2F1+2”1b/3)

or, equivalently, with probability at least 1 — 2 exp (— ﬁil%)

T-1 T-1
either Z [7l2 > F; or Z X;| <b.
1=0 1=0

Ifil

. 2
As in our derivations of the upper bound for < we choose such b that 2 exp (fﬁzq%) = %,

ie.
clln%\[+ c%ln24év+2Fl _1HVE AN CPRE
3 1 G 3 5 =
That is, with probability at least 1 — 5
T-1
. . . C?R3
either ZZ(:) 62>F or [fi| < 1 0.

probability event E;

Next, we notice that probability event Er_j implies that

T-1 @ T-1 )
DL S o[
=0 =0
E1.@7 1 1440202
] clzi“l
=0 m
@ Zl 1440202, ,C?R3
= 42103680207, N
T<N C?R} 1n7
S A =B
B
N——

c1

Upper bound for fl. The probability event E_ 1 implies

- @b. 17202, 02 .
> 402E (167 13] Y Pt 5

my
=0 =0

L7202, ,02C2 R
10368a%, 102N

fl

N (2R3
144 °

INIA

Upper bound for . Again, we use corollaries of probability event Fp_1:

— .60 = 6402, ,0* 1 64a?, ,0*
2 b2 11 b2a 07 1
E dagq)|00allz < E , mz;:z = B2 E : >
1=0 1=0 17+l

@ 64In* 4T 640, 0%CARY

= C?R} 600020404, N2 1n? 4
0 =0 RS S

TSN  16C?R3

< —_—

= 140625
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Now we summarize all bound that we have: probability event Er_1 implies

& T-1 ) k-1 T-1
R; < R§+2 Z g (O, 2 — 2 +2 Z frq (B4, Vf(2)) + 2 Z afry|| i3
1=0 =0 =0

@ Ro4+<+>+Ffi+fl+ |

2 R2 2 P2 2 R2
11030, ﬂSCRO’ §16CR0’
1000 144 140625

T-1 T-1
Yoot < F Y it<h
1=0 =0
and ( )
T-1)8 s s
P{Ep 1} >1———— P{E}>1——, P{Efi}>1——,
where
T—-1
33C2R3
E. = ({eith Z>F < 0
{el er Zal> or |<|< ol },
1=0
T-1
. . . C?R3
Fi = {elther Z le >F or |[fi|< 1 O}.
1=0
Taking into account these inequalities we get that probability event Er_1 N E< N Efj implies
@@ T-1 k—1 T-1
R < Rj+2 Z e (Orag, 2% — 2H) + 2 ZOQZH (0141, V(@) +2 Z s [0+1]15
1=0 =0 =0

33 11 1 1 16
2 T S e T 2 p2
o+ (64 Tiooo Tatimat 140625> ¢l

4 @
< (1 + 502) R5 < C?R3. (75)
Moreover, using union bound we derive
— — T8
]ID{ET_lmE(nEﬁ}:].*P{ET_luE(UEﬁ}zlfw. (76)
That is, by definition of £ and E7_1 we have proved that
(&) @ T
P{Er} > P{Er-iNE<NEa} > 1- Nﬁ7

which implies that forall k = 0,1,..., N we have P{E}} > 1 — % Then, for K = N we have that
with probability at least 1 — /3

N * @ 1 0 2 1 N 2 = k
Ay (F™) = 1@) = Gl° = 2lB = 5l =23+ D cken (Brea, 2 — 2F)
k=0
N-1 N-1
+ 3 02 [0eal5 + Y 0y (Bren, V("))
k=0 k=0
& C?R3
< =L

Since Ay = NE{ZZS) (see Lemma we get that with probability at least 1 — (8

2aLC?R3

fN) = fla*) < N(N+3)
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2
In other words, c1ipped-SSTM with ¢ = max {1 % , 36 (2 In 4 4 \/4 In® 4N +2In 4N> } =

2
36 (2 In 2 4 \/4 In? 4N +2In %V) achieves f(y~) — f(z*) < e with probability at least 1 — 3

2 LRO

after O ( ) iterations and requires

N- N-1 o202 Nln
my @ Z o (max{ k+11%2 }>
k=0 k=
N Lo?(k+2)°NIn &
max a2L2R2

(o
ool
|

LR2 02 R3 LR}
max{ 2 }1 3

[y

= 0

= 0

oracle calls.

F.3.4 Proof of Corollary[F.2]
Theorem [F.I)implies that with probability at least 1 — 3
@) 2aLC?R3

Ny f(gf) < —/——-20 77
where a satisfies
@ 161n 22 AN AN AN :
B 2 def .
a > max{ 1l,————,36|2ln— + 4/4In +2In — = a, (78)
C B B B

ap+1 = 522 and batchsizes my, are chosen according to (26):

- TN B 11850%a% 1 N In 45 103680207, N
b C?R2 " C?R?

11850° (k +2)°N In 47 1036802 (k + 2)2N
= max{ 1, 5 , 5 .
4a?L?C?R§ 4a?L?C?R§

(79)

We consider two different options for a.

1. If N'In #J* is bigger than d, then we take a = N In *3F which implies that

S 118502(k 4+ 2)?>  1036802(k + 2)2 0 (max 1 o?(k+2)?
= X ) ) = X Y o 2 1. AN
g 4L2NC2R3In 4" 41202 REN In? 4 L2R3N In4¥

and with probability at least 1 — 3

2LC?R3In 4%

f(yN) - f(@") < T N13 (80)

2 2 2
That is, if € is small enough to satisfy Lf" In LE—IZO > 01 In? LEIZO for some constant C1, then
due to (80) we have that after

LR2 LRZ?
N=0 (RO In RO) iterations
€ eps
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of c1ipped-SSTM we obtain such point iV that with probability at least 1 — 3 inequality
f(y™) — f(z*) < £ holds and the method requires

N-1 N-1 ) »
o(k +2)
mg E O|max{1l, ———7"—
= ( { L2RgN In %3¢ }>

k=0
2N2 L 2 2 2 L 2
O | max< N, T = O | max R07 o f In T
L2RgIn 4 e & B

stochastic first-order oracle calls.
2. If agN¥?,/In % is bigger than ¢ for some ag > 0, then we take a = agN¥?,/In %
which implies that
118502(k +2)?  1036802(k + 2)2 o ( {1 o?(k+2)? })
2 2 = maxq 1, =3 2
4GOL2N202RO 4a(2)L202R%N2 /ln % &OLZRONz
and with probability at least 1 — 3

2a0LC%R%, /N In 4Y
P - fat) € Y 1)

my = max { 1,

3,316 2\ 3/2 2
That is, if € is small enough to satisfy %LsigRo (ln %) > (5 In? LEIZO for some constant
C, then due to (8T) we have that after
272 P4 2724 2724 2
agL* R, ag LR, ag LR, aoLR . .
N=0[=2 5 0 20 > O)=0(=2 5 0 Iy 297770 ) jterations
€ e?p € ep

of c1ipped-SSTM we obtain such point iV that with probability at least 1 — 3 inequality
f(yN) — f(z*) < e holds and the method requires

S = S0 (1. 2822
k:0 a2L2R3N?

a?N ad LR} 0°R3 aoLR3
= O(maX{N7M}> O<max{ 52 ; 52 }ln EB )

stochastic first-order oracle calls. Finally, if all assumptions on N, S and ¢ hold for
ag = LLRO,thenforallk:O,l,...,N—1

i.e. one iteration of clipped-SSTM requires O(1) oracle calls, and f(yV) — f(z*) < ¢
with probability at least 1 — /3 after

22
N=0 (U T In URO) iterations.

I
(]
Q
=)
&

g2 eB

F.3.5 Proof of Corollary[E.J

Recall that
2
4 1 ) 36 (21 2 4 fam2 2N o 2N
a = max ,——, n—-— n — n— s
C B B g
B , ON72 | AN _k+2
a = Inax4§a, LRO n ﬂ 5 Ap+1 = 2(LL’
B . 60000207, N In *5- 103680207, N
L C2RZ " C?RZ
O'N3/2

Since a > “p— we have that m, = O(1). Next, there are two possible situations.
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1. If @ = d/, then we are in the settings of Theorem This means that clipped-SSTM
achieves f(y") — f(z*) < e with probability at least 1 — j3 after

2 2p2 2
O | max < 1/ LRO, o F In Ly oracle calls.
€ g? eB

3
2. Ifa = "éVRc/)z 4+ /In %, then we are in the settings of Corollary which implies that

clipped-SSTM achieves f(y") — f(z*) < e with probability at least 1 — 3 after

2 p2
0] <J ZRO In URO) oracle calls.
€ eps

' LRo
clipped-SSTM guarantees f(y~) — f(z*) < ¢ with probability at least 1 — 3 after

L 2 2 p2 L 2 22
O [ max { max < 1/ RO,URO In RO,OROIHURO
€ g2 ef €2 ep
=0 <max{\/ Lf‘z’, Jif'g } In LRSE“;URO)

. . . . 3/2
Finally, we combine these two cases and obtain that with a = max{a’ oN7" /ln %}

iterations/oracle calls.

F.3.6 Proof of Theorem

First of all, consider behavior of c1ipped-SSTM during the first run in R-clipped-SSTM. We notice
that the proof of Theorem will be valid if we substitute IZy everywhere by its upper bound R.
From p-strong convexity of f we have

29 2 () - 16)).

RS = |2 "]

therefore, one can choose R = \/ % (f(20) — f(x*)). It implies that after Ny iterations of

clipped-SSTM we have

. 2aC? L R? 4aC?L
Fly™) = f(z*) < =

< N~ W )~ ),

with probability at least 1 — g, hence with the same probability f(y™°o) — f(x*) < S (f(2°) — f(2*))
since Ng > C BGTL. In other words, with probability at least 1 — é

(FG°) — f(a")) = quB?

Then, by induction one can show that for arbitrary k£ € {0,1,...,7 — 1} the inequality

f@h) = fa*) <

@)~ ) <

holds with probability at least 1 — g Therefore, these inequalities hold simultaneously with probability
at least 1 — 3. Using this we derive that inequality

2
< U - 16) £ < 5 (169 - 1) = B

FE)—f@) < 2 (FEY — f(zY))

N =

holds with probability > 1 — . That is, after 7 = [Iogz “Z—If—‘ restarts R-clipped-SSTM generates
such a point 7 that f(27) — f(2*) < e with probability at least 1 — 3. Moreover, if a equals
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the maximum from (45) and Ny < Cyp,4/ &ITL with some numerical constant C; > C, then a ~

2
(ln %) , the total number of iterations of c1ipped-SSTM equals

2 2
NOT:O( Lln<uR> m(Llnw))
7 3 pB e

and the overall number of stochastic first-order oracle calls is

7—1Nop—1 7—1Np—1 2to202, , Np In 4o
. k+14Y0 B
I3 SIS o) SR (e

t=0 k=0 =0 k=0
1

k

B ZN‘H | 2'o?(k +2)°No
= max ) 11’13 WTOTLZRZ
o?2" N

0
0
= O(maX{NOT»M)W}>
L (uRZ) o2 (L uR2>
—ln|— ), —n{—h—/].
U £ j2%29 ILLﬂ €

Similarly to the proof of Theorem [F.6] (see the previous subsection) we derive that under assumptions

F.3.7 Proof of Corollary [F.7]

of the corollary after 7 = {logz “2—};2—‘ restarts R-clipped-SSTM generates such a point 27 that
f(@7) — f(a*) < e with probability at least 1 — 3. Moreover, a and Ny satisfy the following system

of inequalities
o4 In? Mot I
a=0 Lizﬁ . No=0f % (82)
e 1

which is consistent and implies that

4 2 2 2 2 2
a—o( 2w (M N o Tm (o wm AR (83)
Lue uep € JE nep €
Then, forall k =0,1,...,Ngo—1landt =0,1,...,7 — 1 batchsizes satisfy
270203, Noln XoT
mfc < m]T\,;fl = O (maX{L (}{2 B
,UJRZO'ZNoa 111 % )
= O (max{l,aszng = 0(1),

i.e. the algorithm requires O(1) oracle calls per iteration. Finally, the total number of iterations is

2 2 2 2
Not =0 (0 In (MR> In (J In MR)) .
LLE € uep €
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G SGD with Clipping: Exact Formulations and Missing Proofs

In this section we provide exact formulations of all the results that we have for c1ipped-SGD and
R-clipped-SGD together with the full proofs.

G.1 Convex Case

We start with the case when f(z) is convex and L-smooth and, as before, we assume that at each
point z € R™ function f is accessible only via stochastic gradients V f(z, §) such that (Z) holds.
Next theorem summarizes the main convergence result for clipped-SGD in this case.

Theorem G.1. Assume that function f is convex and L-smooth. Then forall 5 € (0,1) and N > 1

such that
4N

In— >2 (84)
B
we have that after /V iterations of clipped-SGD with
27N o?
A=2LCRy, mi=m=max< 1, , 85
o Tk { 2(CRo)2L?In 2N } (85)

where Ro = ||2° — 2* ||, and stepsize
1

7 80LIn o &
that with probability at least 1 —
80LC?R31n ¥
f@Y) ~ f@) < ————F, (87)
where 7V = L 5oVt 2k and
C =2 (88)
In other words, the method achieves f(z"V) — f(2*) < e with probability at least 1 — /3 after

LR3 1. LR3\ . : ;
0 ( 2 In —0) iterations and requires

€ eB

2 _2p2 2

O (max { Lhq , g fo } In LRO) oracle calls. (89)
€ € ep

To the best of our knowledge, it is the first result for c1ipped-SGD establishing non-trivial complexity
guarantees for the convergence with high probability. One can find the full proof in Section[G.3.1]

G.2 Strongly Convex Case

Next, we consider the situation when f is additionally u-strongly convex and propose a restarted ver-
sion of clipped-SGD (R-clipped-SGD), see Algorithm[d] For this method we prove the following

Algorithm 4 Restarted Clipped Stochastic Gradient Descent (R-clipped-SGD)

Input: starting point 2°, number of iterations Ny of clipped-SGD, number 7 of clipped-SGD
runs, batchsizes m®, mt, ..., m"
1: Set 20 = 20, stepsize v > 0
2: fort=0,1,...,7—1do
3: Run clipped-SGD (Algorithm for Ny iterations with constant batchsizes m’, stepsize v
and starting point *. Define the output of clipped-SGD by &*?.
4: end for

Output: 7

result.
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Theorem G.2. Assume that f is p-strongly convex and L-smooth. If we choose 5 € (0, 1), 7 and
Np > 1 such that

4N, N 20C2L
2T 5y o 3L ©0)
lnTo o)
and
27 - 2t Nyo?
m! = max{ 1, , 91
"1 2(CR)?L2 I et e

where R = 4/ w and C' = /2, then we have that after 7 runs of clipped-SGD in
R-clipped-SGD the inequality

F@) = f(@*) <277 (£(=°) - f(a")) 92)
holds with probability at least 1 — 3. That is, if we choose n ﬂVISOT < % with some numerical
B
constant C7 > 320C?, then the method achieves f(27) — f(z*) < & with probability at least 1 — 3
after
L R? L R?
0) ( In (“) In ( In “)) iterations (in total) (93)
2 € pB €
of clipped-SGD and requires
L 2 2 L 2
0 (max { In &, J} In < In uR)) oracle calls. 94)
B € pe pB e

This theorem implies that R-c1ipped-SGD has the same complexity as the restarted version of RSMD
from [47] up to the difference in logarithmical factors. We notice that the main difference between our
result and one from [47]] is that we do not need to assume that the optimization problem is considered
on the bounded set.

However, in order to get R-clipped-SGD requires to know strong convexity parameter y. In
order to remove this drawback we analyse clipped-SGD for the strongly convex case and get the
following result.

Theorem G.3. Assume that function f is u-strongly convex and L-smooth. Then for all 5 € (0, 1)
and N > 1 such that

In % > 2 (95)

we have that after NV iterations of clipped-SGD with

27No*?
A = 44/ L1 — yp)tro, - 1, : 96
! (I —=ymw)'ro,  mi max{ 16Lro(1 — 7p2)* ln“é"} (96)

where ro = f(2°) — f(z*) and stepsize

1

= 97
81Lln% ©7)

v

that with probability at least 1 — 8
F@N) = f(@") <200 =)V (f(2°) — (")) (98)

In other words, the method achieves f(xV) — f(x*) < e with probability at least 1 — 3 after
O (L In (2)In (L In 7’—")) iterations and requires
Iz € pB €

L o® L L
o) (max{,a-}ln (’l’) In (mr‘))) oracle calls. (99)
pope & pB e

Unfortunately, our approach leads to worse complexity bound than we have for R-clipped-SGD: in
the second term of the maximum in we get an extra factor /. that can be large. Nevertheless, to
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the best of our knowledge it is the first non-trivial complexity result for c1ipped-SGD that guarantees
convergence with high probability. One can find the full proof of Theorem[G.3]in Section[G.3.3}

G.3 Proofs
G.3.1 Proof of Theorem[G.1|

Since f(x) is convex and L-smooth, we get the following inequality:

lz* 2|5 =l =V, P) = at)E =t — a3 A2V, B -2y (F — e, ")
e — 2|3 + 721V f(2*) + 0|5 — 29 (* — 2", VF(2") + 1)

lz* — 2|3 + 292V f (@) |3 + 292 10kll3 — 27 (2" — 2*, V f(2*) + Ox)

2% — 2|5 + 472 L (f(2*) = f(2*)) + 292 [10kl3 — 27 (2" — 2™, V f(z") + Ox)
P gt 4 (9PL = 29) (F(2) = f@)) + 292 0k]13 — 29 («* — 2", 0k),

where 0), = Vf(z*, *)— Vf(2*) and the last inequality follows from the convexity of f. Using

IAIN@ NG I

[

notation Ry & |z* — 2*||2 we derive that for all k > 0
Rivy < RE+ (2L —29) (f(=") = f(2")) + 20|10kl — 2 (2" — 2", 04) .
Let us define A = (27 — 472L), then

A(f(a") = f(@")) < B — Rivq + 29%|10k]13 — 27 (2* — 2™, 6x) .

Summing up these inequalities for £ = 0,..., N — 1 we obtain

A N2 2 N-1 242 N-1

N Z [f(a*) - f(z S Z (R — Rfa1) + N 165115 — N Z b —a*,0)
k=0 k=0 k=0 k=0

- 5 N—
1 2v2 272
= N(RS—R%)‘FW’;H%H% W;:: b — %, 0;).

N-1 N-1
Noticing that for 2V = & Y z* Jensen’s inequality gives f(z") = f (ﬁ, 3 xk> <
k=0 k=0
Z f(2*) we have
N-1 N-1
AN (f(@N) = f(2") < BE =Ry +20° Y l6xl3 —2v Y (" —2*,6,).  (100)
k=0 k=0

Taking into account that f(z") — f(x*) > 0 and changing the indices we get that for all k > 0

k-1 k—1
Ry <R§+22) |65 —2v) (2 —a",6k). (101)
1=0 1=0
The remaining part of the proof is based on the analysis of inequality (TOT). In particular, via induction
we prove that for all k = 0,1, ..., N with probability at least 1 — % the following statement holds:
inequalities
t—1
RZ@R +2722H9k||2—2fyz<:r —a*,0;) < C?R3 (102)
1=0 1=0

hold for ¢ = 0,1,..., k simultaneously where C is defined in (88). Let us define the probability

event when this statement holds as Fj. Then, our goal is to show that P{E,} > 1 — %> for all
k=0,1,...,N. For t = 0 inequality (T02) holds with probability 1 since C' > 1. Next, assume
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that for some k =T—-1<N-1wehave P{Ey} =P{Er_1} >1— w Let us prove that

P{Er} > 1 — 7. First of all, probability event E_1 implies that
1 @ C2?R3
_N 2 0
f@") = fz ) = AN(RO+27 Z||9k||2—272 b 9k> < AN
hold fort = 0,1,...,7 — 1. Since f is L-smooth, we have that probability event Fp_1 implies
A
HVf H2 < L||z" —2*|| < LCRy = 3 (103)

fort =0,...,T — 1, where the clipping level is defined as
A =2LCRy. (104)

Having inequalities (I03) in hand we show in the rest of the proof that (T02) holds for ¢t = T with
big enough probability. First of all, we introduce new random variables:

m = {x* — 2, if ||z — 2Y|2 < CRy,

105
0, otherwise, (105)

for/ = 0,1,...7 — 1. Note that these random variables are bounded with probability 1, i.e. with
probability 1 we have

[mll2 < CRo. (106)
Secondly, we use the introduced notation and get that F'p_1 implies
{0, (03 {109, (105) — —
R% < RE+2v Y (Om) +292 > [0+13.
1=0 =0

Finally, we do some preliminaries in order to apply Bernstein’s inequality (see Lemma [D.T)) and
obtain that F7_1 implies

™ T-1 T-1 T—1
R < RE42y > (0rm)+20 > (0hm)+442 " (16713~ E o [16113])
= =0 1=0
< > fi
T-1 T-1
+42 S"E [16113] + 442 3 116213 (107)
=0 =0

fl

where we introduce new notations:

0 V!, )~ E . {%f(zl, l)}, R, [Vf( )} VS, (108)

0, = 0" + 6.
It remains to provide tight upper bounds for <, >, fi, fl and , i.e. in the remaining part of the proof
we show that < + > + fi + fl+ < §C?R3 for some § < 1.

Upper bound for <. First of all, since E :[¢}*] = 0 summands in < are conditionally unbiased:

E 2y (0, m)] = 0.

Secondly, these summands are bounded with probability 1:
u u ©8). (o8
2y Ol < 26z lmll, = 4vACRe T 8y(CRo)L

Finally, one can bound conditional variances alz “E, {472 6y, m>2} in the following way:
(1)
w||2 2 w2
of < Ei 020013 Iml3] S A(CRo)E  [10713] -
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In other words, sequence {27 (6;', )}~ is a bounded martingale difference sequence with bounded
conditional variances {Ulz}l>0 Therefore, we can apply Bernstein’s inequality, i.e. we apply

w 2 2In
Lemma|D.1|with X; = 2 (0}, n;), ¢ = 8y(CRo)“L and F =

T-1 bz
2
IP){ > b and ZO’Z <F}<26Xp<_M)

1=0
or, equivalently, with probability at least 1 — 2 exp (— 2}737;17/3)

7 and get that for all b > 0

T-1

S x

=0

T-1 T-1
either Z 012 >F or Z X <b.
=0 1=0

———

[<l
The choice of F will be clarified further, let us now choose b in such a way that 2 exp (— 2F-£72cb/3) =
%. This implies that b is the positive root of the quadratic equation

2¢In =&+ 4N

4N
- " P p_2Fm =0
3 B ’
hence
AN 212 4N AN [ 42 1n? AN
:cln3+clnﬁ+2F14N clnﬁ+4clnﬁ
3 9 B 3 9
AN 4N
= cln— =8y(CRp)’L1In —.
B (Cho) B
That is, with probability at least 1 — =
T-1 AN
either Z 0?>F or |<|<8y(CRp)? Lln?
1=0

probability event o

Next, we notice that probability event E'r_1 implies that

T-1 @ T
Yoot < 49%(CRo)® D E . [|l6{]5] < 729*(CRo)’0”—
1=0
&) ) 5 5 2T(CRo)?L?In 2
<
= 72’}/ (CRo) g 27 No2
T<N 16 AN 2 ln%

2 472
—v(CRp)"L°In — < =F
7( 0) nﬁ — 6 )

where the last inequality follows from ¢ = 8vy(C Ro)?L and simple arithmetic.

Upper bound for >. First of all, we notice that probability event ET 1 implies

.- 4o
2 (0hm) < 26l I, L 2oy @ B2
This implies that
= TSN 4No?
> = 2v) (Bm) < T
=0

Upper bound for fi. We derive the upper bound for fi using the same technique as for <. First of
all, we notice that the summands in fi are conditionally independent:

E o« [49 (10715 — E « [ll67[13])] = 0.
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Secondly, the summands are bounded with probability 1:

i
47 (16715 +E 1 [l16713]) < 497 (4X2 +40%)

def

492 (6115 —E « [lor15])] <
@ 198:2(CRy)2L2 & ¢y (109)

Finally, one can bound conditional variances 62 “E, [|4’y2 (1615 — E [||6l“||%])ﬂ in the

following way:

22 2R [ (113 -« [10F13))]
< APE [OHBE [16F1E]] = 812k ¢ [16FIE] - (110)

In other words, sequence {47* (||6j*[|3 —E : [[|6{"]|3]) } -, is a bounded martingale difference se-

quence with bounded conditional variances {6?} 1>0. Therefore, we can apply Bernstein’s inequality,
i.e. we apply Lemrnawith Xi=X; =42 (013 —E o [[67113]) ¢ = e1 = 12872(C'Ro)?L?

ﬂ
and FF = F; = £ and get that for all b > 0

2
ciln
6

T—-1 T-1 bz
. - ¥
]P’{ ;X; > b and ;ol §F1}§2exp<—2Fl+2c1b/3)

or, equivalently, with probability at least 1 — 2 exp ( L)

T 2F1+2c1b/3

T-1 T-1
either Z c?lz > F; or Z X;| <b.
1=0 1=0

Ifil

2
As in our derivations of the upper bound for < we choose such b that 2 exp (fﬁzq%) = %,

ie.

c1ln 4 \/ G In? 4F AN AN AN
= + +2F In— =c¢1ln — = 1284%(CRp)?L? In —.
3 9 B B (CFo) B

That is, with probability at least 1 — %

T-1 AN
either Z 62> F or [fi| <1287y*(CRo)?L?In 5
1=0

probability event Ef;

Next, we notice that probability event E'r_1 implies that

T—-1 T—-1
{0) (31 T
52 2 82 E,[9“2}<1442 2L
;Uz < Wclg o] < vt

il 21 22
< 3 ~v“c1(CRp) I n 3
r<N 2 In 3
<

B
< Fi.
6 1
Upper bound for fl. The probability event E7_; implies

T-1 T-1
fll = 49°) E.[||67)3] @ 72902y
1=0 =0

1 TN 72v?No?
m m
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Upper bound for . Again, we use corollaries of probability event Ep_1:

T @) 64%* T TSN 164°No*
2 2 4
— 2] < 64 = . AP \2T72. 2"
? 0: 6715 < 649%0 m2\2 4(CRp)2L?2 m2 — (CRp)2L?m?

Now we summarize all bound that we have: probability event E7_1 implies

T-1 T-1

@D x
R: < RG+272) 03 —2v ) (2t —a*.0,)
1=0 1=0
4%71) R+ <+>+Ffi+fl4+ |
2 2\ 52 2\ 4
> < 4vNo Cfl< 72v*No 7 < 16v*No ,
mL m (CRp)2L2m?
T-1 T-1
Zalz < F, 612 < Fi
1=0 1=0
and
(T-1)p B B
P{Er }>1— 27 PEI>1- 2 P{Eg}>1-
where
T-1 AN
E< = ({either ¥ o7 >F or |<|<8y(CRo)*Lln—-
1=0 B
T-1 AN
Ef = {elther Zal >F or  [fi| <128v%(CRo)*L%In — 3 }
1=0

Taking into account these inequalities and our assumptions on m and v (see (83) and (86)) we get
that probability event Ep_3 N E. N Ef implies

T—-1 T—-1
B D B Y )
=0 =0

1,1, 1 1 ) -
< R? 1.1 1 202 < Lo\ e @ e
< Ro+<10+10+10+10+10>0}% (1+20>R0 < C?RZ. (111)

Moreover, using union bound we derive

s

P{Er1NEcNEq}=1-P{Er1UFUEq} > 1- <. (112)
That is, by definition of E7 and E7_1 we have proved that
P{Er} = P{Er_1NE.NE;} > @, TWB
which implies that for all k = 0,1,..., N we have P{E,} > 1 — 3=. Then, for K = N we have that

with probability at least 1 — 3

(i) = = e
ANF@N) = f(z7) < Rg+292 ) |0kl3 — 27 Y (a* —a*,6,) < CR3.
k=0 k=0

Since A=2v(1—2yL)and 1 — vL > % we get that with probability at least 1 —

C?R2 _ C2R2 &) 80C*R3LIn %Y
< < .
AN — 4N — N
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In other words, clipped-SGD achieves f(zV) — f(2*) < e with probability at least 1 — 3 after

(LRO In LRO) iterations and requires
- N-1
N 2 ]VZ 2
ka e Zo<max{1,2fzjv}> :O<max{N’zzZN}>
= P C?R§L?1In C?R§L? In 7

2 2p2
O max LRO ’ ag RO 1 LRO
€ g2 eB

G.3.2 Proof of Theorem[G.2]

oracle calls.

First of all, consider behavior of clipped-SGD during the first run in R-clipped-SGD. We notice
that the proof of Theorem [G.T| will be valid if we substitute Ro everywhere by its upper bound R.
From p-strong convexity of f we have

R= 232 2 (1) - 1),

therefore, one can choose R = \/ % (f(z®) — f(x*)). It implies that after Ny iterations of
clipped-SGD we have

Fa%) — @ 80LC?R?In 45T 160LC?R? In 27T () — £
V) — f(z*) < = x°) — f(z¥)).
- No Nop
with probability at least 1 — é, hence with the same probability f(z7°) — f(z*) < Z(f(2°) — f(2*))

2 . e
No__ > 320C7L 1 other words, with probability at least 1 — 8
In TO Iz T

since

) o1 1
F@Y) = £ < 5 (£ = f@") = JuR?.
Then, by induction one can show that for arbitrary k € {0,1,...,7 — 1} the inequality

P~ @) < 3 (76 - £@))

holds with probability at least 1 — g Therefore, these inequalities hold simultaneously with probability
at least 1 — 3. Using this we derive that inequality

FET) -~ fa) < 5 (FETY — F@) < gy (FET72) = f) < o < o (F°) — £6)
_ pi?
- oT+1

holds with probability > 1 — . That is, after 7 = {logz “2—1:22} restarts R-clipped-SGD generates

o
with some numerical constant C'; > 320C2, then the total number of iterations of c11pped SGD

equals
2 2
v =0 (Gn (*) (G5 )
1% € pB e

and the overall number of stochastic first-order oracle calls is
7—1 71
2! NZo?
t 0
S vont = 320 ({20 2
t=0 =0
71
2tN
= ( {NOT Z R2I21n 4N0T })
L uRz o2 L . pR?
= max — ), —pIn[{—In—- .
€ L€ wh €
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G.3.3 Proof of Theorem[G.3|

Since f is L-smooth we have

~ 2 ~
P < ) - (VR VRS )+ T BB
D @) VI B = (VI ), 00) + L2V FE)E + L 0ul3
= f@h) == LY IVF ) =7 (VF ("), 00) + Ly?10c3
< @) = TIVAENE =7 (V). 00) + L2103,
o £ Vf@Ek, F) =ik (113)

where in the last inequality we use 1 —~vL > % Next, p-strong convexity of f implies ||V f(z*)||3 >

2u(f(a*) — f(a*)) and

FE@N) = f@) < f@b) = f@®) = (@) = f(27) =7 (V") 0) + L2163
= (=) (f(@®) = f(@) =y (VF(2"), ) + Ly?||65]3-

Unrolling the recurrence we obtain

N-1
fFEN) = f@) < Q=N (f@°) = f@) +7 ) Q=N (=@, )
=0
+Ly? Z — )N 03, (114)

for all N > 0. Using notation rj, & f (xF) — f(x*) we rewrite this inequality in the following form:

k-1
re < (L= ) ro+7 ) (1= =V f(a'),0) + Ly? Z — )3 (1)
1=0
The rest of the proof is based on the refined analysis of inequality (TT3). In particular, via induction
we prove that for all k = 0, 1,..., N with probability at least 1 — % the following statement holds:
inequalities
m —
re < (L—aw)'ro+y Y (1= (=Vf(@h),0) + Ly Z — ) 613
1=0
< 2(1—p)'ro (116)
hold for t = 0,1, ...,k simultaneously. Let us define the probability event when this statement

holds as Ej. Then, our goal is to show that P{E,} > 1 — % forall k =0,1,...,N. Fort =0
inequality (TT6) holds with probability 1 since 2(1 — y)° > 1, hence P{Ep} = 1. Next, assume

that for some k‘ =T—-1<N-1wehave P{Ey} =P{Er_1} >1— w Let us prove that
P{Er} > 1 — =Z. First of all, probability event Er_; implies that
N L1
flah) = f=") = 201 =)o (17)
hold fort = 0,1,...,T — 1. Since f is L-smooth, we have that probability event Fp_1 implies
A
V5G], < V2L @) - F@0) < (AL = yp)ire = 5 (118)
fort =0,...,7 —1and
A =44/ L(1 — yp)tro. (119)

47



Having inequalities (TT8) in hand we show in the rest of the proof that (T16) holds for ¢t = T with
big enough probability. First of all, we introduce new random variables:

+1 l+1 AL

otherwise,

for! =0,1,...7 — 1. Note that these random variables are bounded with probability 1, i.e. with
probability 1 we have

A
I1Gill2 < El (121)
Secondly, we use the introduced notation and get that E'r-_ 1 implies
({T3).(176). (T {T20) — i
rr < L=y ro+7 Y (1= (G, 0)
1=0

T—1
HLY? Y (1= )T 605

Finally, we do some preliminaries in order to apply Bernstein’s inequality (see Lemma and
obtain that E'p_; implies

@ T-1 T-1
rr < (L=yp)Tro+y Y (L= )T Q) Ay D (=) T G
=0 =0

T-1
+2L97 Y (=)™ (1011 — B« [10715])
=0

fi

T-1

*2“22 — )R 6 18] +2207 YD (1= 6 (122)
=0

fl

where we introduce new notations:

Vi, H-E. V6L D] R [VIE D] -ViED, a23)

u def

0, = 0" + 67,
It remains to provide tight upper bounds for <, >, fi, fl and , i.e. in the remaining part of the proof
we show that < +> +fi +fl + < (1 —~yu)Tro

Upper bound for <. First of all, since E :[¢}"] = 0 summands in < are conditionally unbiased:

E o [y(1—yu)" 101, )] =0.

Secondly, these summands are bounded with probability 1:

V(L =)0 ] < A=) 02 1G],

9.0 1 119 _
S (1) B 16y Lro(1 — )T

Finally, one can bound conditional variances 02 & E . [72(1 — yp)2T =10 (g Cl>2] in the fol-

lowing way:
1D =0 N2 w2
of < B[P0 — 2T 00R13, IGIE] S AR =y X TSR [0

(IBE)
< 49 Lro(1 — TR [Ilf)?‘llﬂ : (124)
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T—-1-1 <

In other words, sequence {7(1 —yp) 0r, ) } />0 is @ bounded martingale difference sequence

with bounded conditional variances {olz} 1>0. Therefore, we can apply Bernstein’s inequality, i.e. we

2| AN
apply Lemma with X; = v(1 — yu)T=21(0, (), ¢ = 16 Lro(1 — yu)T~tand F = £ 2 Z
and get that forall b > 0

g

or, equivalently, with probability at least 1 — 2 exp ( L)

T-1

S x

=0

T-1 b2
E 2
>band 2 o] SF}SZGXP (_2_F1-|—26b/3)

T 2F+2ch/3
T-1 T-1
either Z alz >F or Z X;| <b.
1=0 =0
——

<l

The choice of F will be clarified further, let us now choose b in such a way that 2 exp ( — 2F-£7;b/3) =
%. This implies that b is the positive root of the quadratic equation
2¢In Y AN

- Py o =0
3 S R

cln 4 2 1n? ¥ AN  cln3X 42 In? 4N
EE B oyoFm=—"=_—F 4 o
3 9 3 3 9

4N 4N
cln 5 = 16yLro(1 —yp)TtIn 5

hence

That is, with probability at least 1 — %

T-1 AN
either Z 02> F or |<|<16yLro(1 —~yu)T 1In —.
1=0 2

probability event E.

Next, we notice that probability event Fp_q implies that

T—-1 @ T-1
_ w2
S of T 4PLroo?(1— T O YR [j0r 3]

1=0 1=0
@ T-1 1
< 129%Lroo?(1—yp)* Ty ——
( ) ; mu(1 = yp)!
@ 128 AN _ AlniF
S ?’YZLZT(Z)(l - ,y,u)Z(T—l) ln ? = 6 B = Fa

where the last inequality follows from ¢ = 16yLro(1 — yu)”T ~* and simple arithmetic.

Upper bound for >. First of all, we notice that probability event Fr_1 implies

77 R (7 Ye) S T 77y Rl /4 M 17

69,121 404 N\
B 1 — Ay T-1-1 207N
< 1 —qm) oy 2
_ 20—yl
_ u
@ 647Lro(1—yp)" I dE
27 N



This implies that

T-1

T
> = YL =)0 G) <
l

64 AN
—~Lro(1 —yp)T 1 n —.
57 1Lro(1 —yu)" " In 3

Il
o

Upper bound for fi. We derive the upper bound for fi using the same technique as for <. First of
all, we notice that the summands in fi are conditionally independent:

E : [2L72(1 — )" (16112 - E o« [l16113])] = 0.
Secondly, the summands are bounded with probability 1:
2021 =) 1R - E [0 1)) < 2092 — w1071 + E e [ller15])
EQIETACIRRRCES (4A7 +427)
@ 9560202r0(1 — Au)T-1 ¥ ¢, (125)

Finally, one can bound conditional variances 62 & E UZLVZ(I — )T (16815 — E [||91“||%])‘2}
in the following way:

~ {23 —1-— u U
67 < aBE 2Ly — )T (16015 - E o [116113]) ]
< 2021 — )T R ) [)10013 +E 0 [)16113]]

= ALY =) R 1672 - (126)
In other words, sequence {2L~y*(1 —~yu)" = (6315 — E « [[16;15]) } 0
tingale difference sequence with bounded conditional variances {6?};>0. Therefore, we can
apply Bernstein’s inequality, i.e. we apply Lemma with X; = X, = 2Ly%(1 —

CZ
) TE(10813 —E 1 [1167113]). ¢ = e2 = 25672 L2ro(1 — yp)T "t and F = By = 247
and get that for all b > 0

is a bounded mar-

T-1 T-1 bz
X 52 < < S —
]P’{ ;Xg > b and ;al _Fl}_Qexp oF; + 21t

or, equivalently, with probability at least 1 — 2 exp (— ﬁil%)

T-1 T-1
either Z &12 > F; or Z X;| <b.
1=0 1=0
Ifil
2
As in our derivations of the upper bound for < we choose such b that 2 exp (fﬁzq%) = %,

ie.

4N
T-1 In

25672 L27o(1 — ) '

c11n 2N 2 n? AN AN AN
B 1 B
3 +\/ 9 +2F11In 3 c1in 3

That is, with probability at least 1 — %
T-1

. 4N
either Z 62> F; or [fi| <256v2L%ro(1 —yu)T1In 5
1=0
probability event Ef;
Next, we notice that probability event E'r_1 implies that
T—1 T—1
(1bLe) 1
) 2 T—1 w2
68 = AL - e Y ——— B [0 3]
1=0 =0 (1 - '7:“*)
@0 r-1 1 1 ®)7r<N 2In 2N
< 201 =) ety ——— T < P —h.
< V(L —yp) ao ; =i = 6 1
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Upper bound for fl. The probability event E7_; implies

@0 o2
2 T—1-1 2 )71
fll = 202 (=) R I6113] < 20971 — ) Z T
@.7<N 64 AN
< G—’yszro(l — )T —.
3 B
Upper bound for . Again, we use corollaries of probability event Er_1:
T-1 T-1
1 160*
= 22 ™R D a2 -y S L 160
lz; lz; 1 —yp)t m2A2
m.ee 512 5 - )71 24N 1
= T Loro(1 — yp) In Z N2
T<N  51272LPro(1 — yp) Tt In? %
< -
- 729 N
Now we summarize all bounds that we have: probability event Ep_1 implies
) T-1 o -1 o
re = (=) ro+ ) (L= )=V, 0) + Ly Y (1= )63
1=0 =
@ -
< (Q-ywlro+<+>+Ffi+fl+ |
32 4N 64 4N
< yLro(l—yp)" tIn—, fI < —~?L%ro(1— )" tIn—
> = grlro(l—nu) ng 37 Loro(l = p) ng
272 T-17,2 4N  T-1 T—1
51272 Lro(1 —yp)' ~ In” 25 ) ”
< @ N ; Z (oF] < F7 Z o] <F
1=0 =0
" (- 1)8 g 8
P{Er 1} >1—-—25 P{E}>1-1=, P{Ex}>1--—
{Broa}z1- =2 PE}21- 20, P{En}z1-2.,
where

T-1 AN
E. = {either > of>F or |<[<16yLro(1—vu)"'In 6} :
=0

T-1
. AN
Ei {either Y 67>F or [fi| <2569 L%ro(1 —yu)"tIn } .

1=0 g
Taking into account these inequalities and our assumptions on my, and vy (see (96) and (97)) we get
that probability event Er_1 N E. N Ef implies

T-1

(10K} L = L
re = (=) ro+y ) (L= )=V, 0) + Ly Y (1= )63
1=0 =

11 1 1

1
< (1—p)Tro+ (5 Pty 5) (1= Tro =201 —y)Tro.  (127)

Moreover, using union bound we derive

_ — T
P{Er1NE<NEi}=1-P{Er 1UE.UEx}>1- ]\/f (128)

That is, by definition of £ and Fr_1 we have proved that

P{ET} @ P{ET_lﬁE<ﬂEﬁ}@1_TW5
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which implies that for all k = 0,1,..., N we have P{E},} > 1 — =2. Then, for k = N we have that
with probability at least 1 — (3

flhe] N-1
fFEV) = @) = A= N(fE0) = f@) +r Y A=)V (=Y (), 6
1=0
N-1
P Y (- )™ 03 2 201 - ) (1) — ai12)
1=0
As aresult, we get that with probability at least 1 — /3

F@) = f@) < 20 =) (f(2°) — f(a*)) < 2exp (—yulN) (f(2°) — f("))

@D N
< 2exp (—M) (f(@®) = f(a")).

In other words, clipped-SGD achieves f(z) — f(z*) < e with probability at least 1 — /3 after
L L
o(Fm(2)m(5m()))
1 € 06,
iterations, where 79 = f(2°) — f(2*) and requires
N-1 N-1
No?
my, O | max< 1,
% {t o )
No? No?
max{N, 01\1—1}) =0 (maX{N, J})
pro(1 —yu) pe
L 0'2 L To L To
max In ( ) In— (—) .
AT ]

[

Il
)

[
Q
~ N~~~ N\ O

oracle calls.
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H Extra Experiments

H.1 Detailed Description of Experiments from Section [1.2]

In this section we provide a detailed description of experiments from Section together with
additional experiments. In these experiments we consider the following problem:

min f(2), f(o) = 0132 = B¢ [f(2,€)],  f(e,&) = Iol3f2+ (E,2)  (130)

zER™

where £ is a random vector with zero mean and bounded variance. Clearly, f(z) is p-strongly convex
and L-smooth with p = L = 1. We assume that E [||¢]|3] < o for some non-negative number
o. Then, the stochastic gradient V f(x,{) = x + £ satisfies conditions (2) and the state-of-the-art
theory (e.g. [24} 25]]) says that after k iterations of SGD with constant stepsize v < 1/ = 1 we have
E [[|* — z*||3] < (1 — yp)¥||2® — 2*[|3 4+ 7o°/y. Taking into account that for our problem z* = 0,
f(x) = 3||lzl|l3, f(z*) = 0 and p = 1 we derive

E[f(z") — f(z*)] < (1 =" (f(2°) — f(z*)) +19°/2. (131)

That is, for given k the r.h.s. of the formula above depends only on the stepsize -, initial suboptimality
f(2°) — f(x*) and the variance o.

We emphasize that the obtained bound and the convergence in expectation itself does not imply
non-trivial upper bound for f(x*) — f(z*) with high-probability without additional assumptions
on the distribution of random vector . In fact, the trajectory of SGD significantly depends on the
distribution of . To illustrate this we consider 3 different distributions of £ with the same o.

1. In the first case we consider £ from standard normal distribution, i.e. £ is a Gaussian random

vector with zero mean and covariance matrix I. Clearly, in this situation o2 =n.

2. Next, we consider a random vector ¢ with i.i.d. components having Weibull distribution
[69]. The cumulative distribution function (CDF) for Weibull distribution with parameters
c>0anda >0is

1—exp (— (%)C), ifx >0,

0, if 2 < 0. (132)

CDFy (z) = {

There are explicit formulas for mean and variance for Weibull distribution:

1 . ’ 2 1N\\?
mean = ol 1+E , variance =a“ | [ 1+E — (T 1+E ,

where I" denotes the gamma function. Having these formulas one can easily shift and scale
the distribution in order to get a random variable with zero mean and the variance equal 1.

In our experiments, we take ¢ = 0.2,

- 1
YL (1+2) - (0 (1+1)7

shift the distribution by —al’ (1 + %) and sample from the obtained distribution n i.i.d.
random variables to form £. Such a choice of parameters implies that E[¢] = 0 and
E[[|£]I3] = 7.

3. Finally, we consider a random vector £ with i.i.d. components having Burr Type XII
distribution [3]] having the following cumulative distribution function

1— (142974, ifz >0,

133
0, ifx <0, (133)

CDFB(J)> = {

where ¢ > 0 and d > 0 are the positive parameters. There are explicit formulas for mean
and variance for Burr distribution:

mean = j1, variance = —,u% + 2,
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where the r-th moment (if exists) is defined as follows [42]]:

cd—r c+r
MT:dB(7 )7

Cc Cc

where B denotes the beta function.

In our experiments, we take ¢ = 1 and d = 2.3 and then apply shifts and scales similarly to
the case with Weibull distribution. Again, such a choice of parameters implies that E[¢] = 0
and E[[|¢]|3] = n.

For all experiments we considered the dimension n = 100, the stepsize v = 0.001 and for
clipped-SGD we set A = 100. The result of 10 independent runs of SGD and clipped-SGD
are presented in Figures These numerical tests show that for Weibull and Burr Type XII
distributions SGD have significantly larger oscillations than for Gaussian distribution in all 10 tests. In
contrast, clipped-SGD behaves much more robust in all 3 cases during all 10 runs without significant
oscillations.
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Figure 6: 2 independent runs of SGD (blue) and clipped-SGD (red) applied to solve with &
having Gaussian (left column), Weibull (central column) and Burr Type XII (right column) tails.

H.2 Additional Details and Experiments with Logistic Regression

In this section, we provide additional details of the experiments presented in Section [f]together with
extra numerical results. In particular, we consider the logistic regression problem:

1 r
min f(x) =~ ;log (1+ exp (—y: - (Ax),)) (134)
= fi(z)
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Figure 7: 2 independent runs of SGD (blue) and c1ipped-SGD (red) applied to solve with &
having Gaussian (left column), Weibull (central column) and Burr Type XII (right column) tails.

where A € R"™*™ is matrix of instances and y € {0, 1}" is vector of labels. It is well-known that
f(z) from (T34) is convex and L-smooth with L = Amax(A~A)/ar where Amax(A " A) denotes the
maximal eigenvalue of A" A. One can consider problem (I34) as a special case of (I)) where ¢ is a
random index uniformly distributed on {1,...,7} and f(z,§) = fe(x). We take the datasets from
LIBSVM library [4]: see Table 3| with the summary of the datasets we used.

Table 3: Summary of used datasets.

heart | diabetes | australian a9a w8a
Size 270 768 690 32561 | 49749
Dimension 13 8 13 123 300

We notice that in all experiments that we did with logistic regression the initial suboptimality
f(2°) — f(z*) was of order 10. Moreover, as it was mentioned in the main part of the paper the
parameters for the methods were tuned. One can find parameters that we used in the experiments
from Sectiondin Table 4]

Next, we provide our numerical study of the distribution of ||V f;(z*) — V f(2*)||2, where ¥ is the
last iterate produced by SGD in experiments presented in Section[d] see Figure[T1] As we mentioned
in the main part of the paper these histograms are very similar to ones presented in Figure[2} so, the
insights that we got from Figure 2] are right. However, in our experiments with australian dataset
SGD with the stepsize v = 1/r did not reach needed suboptimality in order to oscillate.

Therefore, we run SGD along with its clipped variants with the same batchsize m = 50 for bigger
number of epochs and also tuned their parameters. One can find the results of these runs in Figure[12]
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Figure 8:2 independent runs @GOblue) andclipped-SGD (red) applied to solvél30)with
having Gaussian (left column), Weibull (central column) and Burr Type Xl (right column) tails.

Table 4: Parameters that are used to produce plots presented in Figures 3-5. In the rst contains the
name of the dataset and the batchsiz¢hat was used for all methods tested on the dataset. For
d-clipped-SGD  is an initial clipping level] is a period (in terms of epochs) of decreasing the
clipping level and is a coef cient of decrease, i.e. evergpochs the clipping level is multiplied by

. For SSTNparametern was picked the same as foipped-SSTM in order to emphasize the effect

of clipping.

SGD clipped-SGD d-clipped-SGD SSTM clipped-SSTM

mhejrzto = = . =272 |::%’3,0::€::;2 a=10* Bizlolj)' ‘

o0 s R T A e 1183’4
m 2100 = = o0, =0:025 |::§: o a=1 B3 116 2

m ~'T000 =t =0 =13 |:=%56 J o a=1 B =10 lio 2

We see thaBGDwith this stepsize achieves better suboptimality but it also oscillates signi cantly more.
In contrastclipped-SGD andd-clipped-SGD do not have signi cant oscillations and converge
with the same rate &8GDMoreoverclipped-SSTM shows slightly better performance in this case.
Finally, we numerically studied the distributionkaf f;(x*) r f (x)k2, wherexX is the last iterate
produced bySGDsee Figure 13. These histograms imply that the noise in stochastic gradients is
heavy-tailed and explain an unstable behavioBGiDn this case.
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Figure 9: 2 independent runs of SGD (blue) and clipped-SGD (red) applied to solve with &
having Gaussian (left column), Weibull (central column) and Burr Type XII (right column) tails.

Finally, we conducted experiments on larger datasets: a9a and w8a. The results of our numerical test

are reported on Figures[T4]and [T3]

We notice that SSTM with given stepsize and batchsize suffers

from noise accumulation, while c1ipped-SSTM does not have this drawback and shows comparable
performance with SGD on a9a and much better performance on w8a.

Figure [T3] shows the gradient’s noise distributions for both datasets. While the distribution of
stochastic gradients at the optimum for a9a have sub-Gaussian-like distribution, for w8a they have

heavy-tailed distribution.
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Figure 10: 2 independent runs of SGD (blue) and c1ipped-SGD (red) applied to solve (T30) with &
having Gaussian (left column), Weibull (central column) and Burr Type XII (right column) tails.
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Figure 11: Histograms of ||V f;(2*) — V f(2*)]|2 for different datasets (the first row) and synthetic
Gaussian samples with mean and variance estimated via empirical mean and variance of real samples

IV f1(a*) = V(@@b)]l2, -

LIV fr(@F) — Vf(2%)||2 (the second row) where ¥ is the last point

produced by SGD. Red lines correspond to probability density functions of normal distributions with
empirically estimated means and variances.
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Figure 12: Trajectories of SGD, c1ipped-SGD, d-clipped-SGD and clipped-SSTM applied to solve
logistic regression problem on australian dataset. For SGD and its clipped variants stepsize 7 = %
was used. For clipped-SGD we used A = 18.62 and for d-clipped-SGD the parameters are as
follows: A\g = 74.47, 1 = 1500, o = 0.9. Parameters for clipped-SSTM are the same as in the
corresponding cell in Table 4]
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Figure 13: Histograms of ||V f;(z%) — Vf(2*)||, for australian dataset and synthetic Gaus-
sian samples with mean and variance estimated via empirical mean and variance of real samples
IV fi(x®) = V(@) |2, [[Vfr(z¥) — Vf(2)||2 where 2* is the last point produced by SGD
with v = ZL—O. Red lines correspond to probability density functions of normal distributions with

empirically estimated means and variances.
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Figure 14: Trajectories of SGD, c1ipped-SGD, d-clipped-SGD and clipped-SSTM applied to solve
logistic regression problem on a9a and w8a datasets. Parameters of the methods used in experiments
are presneted in Table 4]
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Figure 15: Histograms of ||V f;(z*)||2 for a9a and w8a dataset and synthetic Gaussian sam-
ples with mean and variance estimated via empirical mean and variance of real samples
IV fi(z*)|l2 ..., [[Vfr(z*)]|2. Red lines correspond to probability density functions of normal
distributions with empirically estimated means and variances.

60



	Introduction
	Preliminaries
	Simple Motivational Example: Convergence in Expectation and Clipping
	Related Work
	Smooth Stochastic Optimization: Light-Tailed Noise
	Smooth Stochastic Optimization: Heavy-Tailed Noise

	Our Contributions
	Relation to zhang2019adam

	Paper Organization

	Accelerated SGD with Clipping
	SGD with Clipping
	Numerical Experiments
	Discussion
	Notations and Definitions
	Related Work: Additional Details
	Related Work on Non-Smooth Stochastic Optimization
	Related Work on Gradient Clipping

	Basic Facts
	Auxiliary Results
	Bernstein Inequality
	About the Sum of i.i.d. Random Variables with Heavy Tails

	Technical Results
	Accelerated SGD with Clipping: Exact Formulations and Missing Proofs
	Convex Case
	Convergence Guarantees for clipped-SSTM
	Sketch of the Proof of Theorem F.1

	Strongly Convex Case
	Proofs
	Proof of Lemma F.4
	Proof of Lemma F.5
	Proof of Theorem F.1
	Proof of Corollary F.2
	Proof of Corollary F.3
	Proof of Theorem F.6
	Proof of Corollary F.7


	SGD with Clipping: Exact Formulations and Missing Proofs
	Convex Case
	Strongly Convex Case
	Proofs
	Proof of Theorem G.1
	Proof of Theorem G.2
	Proof of Theorem G.3


	Extra Experiments
	Detailed Description of Experiments from Section 1.2
	Additional Details and Experiments with Logistic Regression


