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Abstract

We determine statistical and computational limits for estimation of a rank-one
matrix (the spike) corrupted by an additive gaussian noise matrix, in a sparse limit,
where the underlying hidden vector (that constructs the rank-one matrix) has a
number of non-zero components that scales sub-linearly with the total dimension
of the vector, and the signal-to-noise ratio tends to infinity at an appropriate
speed. We prove explicit low-dimensional variational formulas for the asymptotic
mutual information between the spike and the observed noisy matrix and analyze
the approximate message passing algorithm in the sparse regime. For Bernoulli
and Bernoulli-Rademacher distributed vectors, and when the sparsity and signal
strength satisfy an appropriate scaling relation, we find all-or-nothing phase
transitions for the asymptotic minimum and algorithmic mean-square errors.
These jump from their maximum possible value to zero, at well defined signal-to-
noise thresholds whose asymptotic values we determine exactly. In the asymptotic
regime the statistical-to-algorithmic gap diverges indicating that sparse recovery
is hard for approximate message passing.

1 Introduction and setting

In modern machine learning and high dimensional statistics one often faces regression, classification,
or estimation tasks, where the dimension of the feature vectors is much larger than the effective
underlying dimensionality of the structure at hand. For example, hand-written MNIST digits are
presented as vectors consisting of 28 x 28 pixels, in other words, they are binary vectors with 784
dimensions, whereas [|1,[2]] estimate their effective dimension to be in the orders of 10’s. Similarly
the ISOMAP face database consists of images (256 levels of gray) of size 64 x 64, i.e., vectors in
R*096 \whereas the correct intrinsic dimension is only 3 (for the vertical, horizontal pause and
lighting direction). Natural images, which are generally sparse in a wavelet basis [3], are another
popular example of low effective dimensionality. For natural images, a very simple model of low-
dimensional structure, namely vectors with a sparse number of non-zero components, has proven
immensely useful for studying these types of data structures and has led to the development of the
whole area of compressed sensing [4/5]. Similarly, matrix completion can be performed successfully
when the number of sampled matrix elements is much smaller than the total number of elements,
as long as one assumes the matrix is low-rank [6]].
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These and other developments have amply justified the “bet on sparsity principle”, which, in a
nutshell, says that intrinsic low-dimensionality is often a crucial ingredient for the interpretability
of high dimensional statistical models [7,8]]. In this context, it is of great importance to determ-
ine computational limits of estimation and to establish fundamental information theoretical (i.e.,
statistical) limits as benchmarks. Broadly speaking, exact results in the direction of computational
or information theoretic limits usually fall in two categories. The first direction, traditional in
statistics and computer science, derives finite size bounds on thresholds marking the onset of feasible
signal recovery or learning [9,/10]. Such results usually leave out exact constants or do not always
give the exact asymptotics. The second approach, is an average case approach (in the spirit of
the statistical mechanics treatment of high dimensional systems), that models feature vectors by
a random ensemble, taken as a set of random vectors with independently identically distributed
(ii.d.) components, and a small but fixed fraction of non-zero components. For example, the
distribution might be a Bernoulli distribution, denoted Ber(p,,) with 0 < p,, < land p,, = p >0
fixed, as the dimension of the vectors n — +oc0. In Bayesian settings with known priors and
hyper-parameters this approach has been highly successful, yielding exact formulas for the mutual
information and minimum mean-square error (MMSE), as well as exact expressions (with constants)
for statistical and computational message passing phase transition thresholds in the limit of infinite
dimensions [11]. While the mathematical analysis of this approach is well developed in compressed
sensing, generalized linear estimation, or rank-one noisy matrix and tensor estimation [[1223], the
cited works all fall short of addressing the “true” sparse limit where p,, — 0 instead of the limit
being fixed (i.e., p,, = p > 0) as n — +00; to be more precise we manage to tackle the regime
pn = Q(n=P) for B € [0,1/6) for the information-theoretic analysis, and p,, = Q((Inn)~?) for
any positive fixed « for the algorithmic results. The terminology “true sparsity” is employed in
order to emphasize this contrast. To the best of our knowledge the only works addressing this
“true” sparse limit, in the average case approach for statistical phase transitions, are [24}25] which
consider linear regression.

In this work, we address the issue of “true” sparsity in the average case approach for the problem of
rank-one matrix estimation from noisy observations of the entries. Low-rank matrix estimation (or
factorization) is an important problem with numerous applications in image processing, principal
component analysis (PCA), machine learning, DNA microarray data, and tensor decompositions.
We determine information theoretic limits of the problem as well as computational limits of an ap-
proximate message passing algorithm [[26H31]] for signal estimation in the case of a noisy symmetric
rank-one matrix model. Let us now introduce the model.

Setting: In the sparse spiked Wigner matrix model we consider a sparse signal-vector X =
(X1,...,Xp) € R" with i.i.d. components distributed according to Px , = pppx + (1 — pn)do,
where d is the Dirac mass at zero and p,, € (0, 1]" is a sequence of weights that will eventually
tend to 0; the signal has in expectation a sub-linear number np,, of non-zero components. For the
distribution px we assume that 7) it is independent of n, i) it has finite support in an interval
[, S], 4i7) it has second moment equal to 1 (without loss of generality). One has access to the
symmetric data matrix W € R™*" with noisy entries

An ) [ An o
W = \/>X ® X + Z, or componentwise W;; =4/ —X;X; +7;;, 1<i<j<n (1)
n n

where \,, > 0 controls the strength of the signal and the noise is ii.d. gaussian Z;; ~ N (0,1)
for ¢ < j and symmetric Z;; = Zj;. Notice that the matrix W can be viewed as a sum of a
gaussian matrix from the Wigner ensemble perturbed by a rank-one matrix, X X7 (the “spike”).
We focus, in particular, on binary X generated with 1.i.d. Bernoulli entries X; ~ Px ,, = Ber(p,,),
or Bernoulli-Rademacher entries, X; ~ Px,,, = (1 — p,)d0 + pn3(_1 + 61). In the Bayesian
setting, we suppose that the prior Px ,, and hyper-parameters are known. As we will see, when
pn — 0, non-trivial estimation is possible only when \,, — +o0.

The goal is to estimate the sparse spike X ® X from the data W. In the spiked Wigner model with
linear sparsity, a class of polynomial-time algorithms, referred to as approximate message passing
or AMP, have been shown to provide Bayes-optimal signal estimation for some problem settings
asymptotically as n — 400 [32H34]. Moreover, AMP algorithms have been applied successfully for
signal recovery to a number of other low-rank matrix estimation problems [3538] and, based on bold
conjectures from the statistical physics literature, it is suggested that the estimation performance of
AMP is the best among polynomial-time algorithms. Again, AMP is also provably optimal in some



parameters regimes. In this work, we study the properties of an AMP algorithm designed for signal
estimation for the spiked Wigner matrix model in the sub-linear sparsity regime and compare its
performance to benchmarks established by the information theoretic limits. This analysis provides
a better understanding of the computational vs. theoretical gaps posed by the problem.

Some background and related work: In recent years, there has been much progress in under-
standing such spiked matrix models, which have played a crucial role in the analysis of threshold
phenomena in high-dimensional statistical models for almost two decades, but most of this work
has focused on standard settings, by which we mean problem settings where the distribution Py is
fixed independent of the problem dimension n. This means that the expected number of non-zero
components of X, even if “small”, will scale linearly with n. Early rigorous results found in [39]
determined the location of the information theoretic phase transition point in a spiked covariance
model using spectral methods, and [40l41] did the same for the Wigner case. More recently, the
information theoretic limits and those of hypothesis testing have been derived, with the additional
structure of sparse vectors, for large but finite sizes [42H44]. A lot of efforts have also been devoted
to computational aspects of sparse PCA with many remarkable results [33}/4350]. The picture that
has emerged is that the information theoretic and computational phase transition regimes are not
on the same scale and that the computational-to-statistical gap diverges in the limit of vanishing
sparsity. However, the exact thresholds with constants as well as the behaviour of the mean-square
errors remained unknown.

Using heuristic methods from the statistical physics of spin glass theory (the so-called replica
method [51]]), the authors of [52] observed an interesting phenomenology of the information
theoretical and computational limits with sharp phase transitions as n — +4o00. The rigorous
mathematical theory of these phase transitions is now largely under control. On one hand, an
approximate message passing algorithm for signal recovery can be rigorously analyzed via its state
evolution [2728/53]], and on the other hand, the asymptotic mutual information per variable between
the hidden spike and data matrices has been rigorously computed in a series of works using various
methods (cavity method, spatial coupling, interpolation methods, PDE techniques) [[1623}54-57.
The information theoretic phase transitions are then signaled by singularities, as a function of the
signal strength, in the limit of the mutual information per variable when n — +oco. The phase
transition also manifests itself as a jump discontinuity in the minimum mean-square error (MMSEJ}
Once the mutual information is known, it is usually possible to deduce the MMSE using so-called
[-MMSE relations [58}/59]. Essentially, the MMSE can be accessed by differentiating the mutual
information with respect to the signal-to-noise strength. Closed form expressions for the asymptotic
mutual information therefore allow to benchmark the fundamental information theoretical limits
of estimation. We also point the reader towards the works [60H62|] which derive limits of detecting
the presence of a spike in a noisy matrix, rather than estimating it.

Finally, similar phase transitions in sub-linear sparsity regimes for binary signals have been studied
in the context of high-dimensional linear regression or compressed sensing for support recovery
[24}25]. These works focus on the MMSE and prove the occurrence of the 0 — 1 phase transition,
which they called an “all-or-nothing” phenomenon. We note that our approach is technically very
different in that it determines the variational expressions for mutual informations and finds the
transitions as a consequence. Moreover these works do not deal with algorithmic phase transitions,
while we consider here the one of AMP.

Our contributions: We provide new results in sparse limits along two main lines:
« The exact statistical threshold for the sharp all-or-nothing statistical transition at the level

of the MMSE. This follows from a rigorous derivation of the mutual information in the
form of a variational problem.

« The AMP algorithmic threshold and all-or-nothing transition at the level of the AMP mean-
square error. This follows from a “finite sample” analysis of the approximate message
passing algorithm, allowing to rigorously track its performance in sparse regimes.

Let us explain these contributions in detail.

"This is the generic singularity and one speaks of a first order transition. In special cases the MMSE may
be continuous with a higher discontinuous derivative of the mutual information.



In this work, we identify the correct scaling regimes of vanishing sparsity and diverging signal
strength in which non-trivial information theoretic and algorithmic AMP phase transitions occur.
Moreover, we determine the statistical-to-algorithmic gap in the scaling regime. These scalings,
thresholds, as well as formulas for the mutual information, were first heuristically and numerically
derived in [52]] using the non-rigorous replica method of spin-glass theory and the state evolution
equations for AMP. However, it must be stressed that, not only were these calculations far from
rigorous, but more importantly the limit n — o0 is taken first for a fixed parameter p,, = p, and
the sparse limit p — 0 is taken only after. Although the thresholds found in this way agree with
our derivations, this is far from evident a priori. In contrast, our results are entirely rigorous and
valid in the truly sparse limit. Therefore the picture found in [52] is fully vindicated. In addition, we
also establish that the MMSE and AMP phase transitions are of the all-or-nothing type, a novelty of
the present work.

The information theoretic analysis is done via the adaptive interpolation method [[19}/20,22], first
introduced in the non-sparse matrix estimation problems, to provide for the sparse limit, closed
form expressions of the mutual information in terms of low-dimensional variational expressions
(theorem 1] in section[2). That the adaptive interpolation method can be extended to the sparse
limit is interesting and not a priori obvious. Using the I-MMSE relation and the solution of the
variational problems for Bernoulli and Bernoulli-Rademacher distributions of the sparse signal, we
then find that the MMSE displays an all-or-nothing phase transition (corollary[1) and we determine
the exact threshold (with constants).

A useful property of AMP is that in the large system limit n — 400, its performance can be exactly
characterized and rigorously analyzed through its so-called state evolution. When p,, — p > 0,
the validity of the state evolution analysis for AMP for low-rank matrix estimation follows from
the standard AMP theory [27,28] (with some additional work needed to deal with technicalities
relating to the algorithm’s initialization [34])), however, in the sub-linear sparsity regime considered
here, proving the validity of the state evolution characterization requires a new and non-trivial
analysis using “finite sample” techniques, first developed in [63]. We find that the algorithmic MSE,
denoted MSEa\p displays an all-or-nothing transition as well and we determine the scaling of
the threshold (the constant being obtained numerically). Interestingly, the transition is on a very
different signal-to-noise scale as compared to the MMSE (theorem [2|found in section[3).

Let us describe in a bit more detail the sparse regimes we study and the corresponding thresholds.
To gain some intuition, we first note that for sub-linear sparsity, phase transitions can appear only if
the signal strength tends to infinity. This can be seen from the following heuristic argument: notice
that the total signal-to-noise ratio per non-zero component?| scales as (A, /n)p2n2/(pan) = A pn,
meaning that \,, — +00 is necessary in order to have enough energy to estimate the non-zero
components. Our analysis shows that non-trivial information theoretic and AMP phase transitions
occur at different scales:

« Statistical phase transition regime: While our results are more general (see appendix
A and theorem 3) our main interest is in a regime of the form

Ao =4y Inpalpyt,  pa=Q(n7), (2)

for 3, € R> and 3 small enough. We prove that in this regime a phase transition occurs
as function of .

« Algorithmic AMP phase transition regime: We control the performance of AMP for
a number of time-iterations ¢t = of lirl‘fn) and rigorously prove that the all-or-nothing
transition occurs for

Ap = wp;2a pn = Q((Inn)"7), 3)

where w, o € R>( are fixed constants (note that we can take any a > 1). Controlling the
AMP iterations in this regime is already highly non-trivial, however, we conjecture that
the result still holds when p,, = Q(n~?) for 8 > 0 small enough, but refining the analysis
in appendix K to find the stronger result is left for future work.

*In more detail, this is equal to the signal-to-noise ratio per observation (A, /n)p2 times the number of
observations ©(n?) divided by the expected number of non-zero components p,,7.



The relation \,, ~ p,, 2 for the AMP threshold was obtained in [52] based on a stability analysis of
the linearized state evolution. However, we recall that in their setting p,, = p, n — 400, and not
only is the sparse limit p — 0 taken after the high-dimensional limit, but also the AMP iterations
are not controlled. In appendix G in the supplementary material we provide a simpler alternative
argument that does not require linearizing the recursion.

We focus in particular on binary signals with Py , equal to Ber(p,,) or Bernoulli-Rademacher
(1 = pn)do + pni(6-1 + 61). For these distributions we prove the existence of all-or-nothing
transitions for the MMSE and MSE\p for the specific sparsity regimes stated above. This is
illustrated in figures[l]and[2] found in sections[2]and 3] which display, for the Bernoulli prior, the
explicit asymptotic values to which the finite n» mutual information and MMSE converge. The
results are similar for the Bernoulli-Rademacher distribution. In figure[1} we see that as p,, — 0
the (suitably normalized) mutual information approaches the broken line with an angular point at
A/ Ae(prn) = 1 where A.(pn,) = 4| In p,|/pr. Moreover the (suitably normalized) MMSE tends to
its maximum possible value 1 for A/A.(pn) < 1, develops a jump discontinuity at A/A.(p,) = 1,
and takes the value 0 when A\/A:(p,,) > 1 as p,, — 0. In figure[2| we observe the same behavior for
MSEap as a function of A/ Ay (pn ), but now the algorithmic threshold is Aanp (pr) = 1/(ep2),
where the constant 1/e is approximated numerically. Note that the same asymptotic behavior
is observed in the related problem of finding a small hidden community in a graph, see figure 5
in [64].

2 Statistical phase transition

The phase transition manifests itself as a singularity (more precisely a discontinuous first order
derivative) in the mutual information I(X ® X; W) = H(W) — H(W|X ® X). Note that
because the data W depends on X only through X ® X we have H(W|X ® X) = H(W|X)
and therefore I(X ® X; W) = I(X; W). From now on we use the form I(X; W).

To state the result, we define the potential function:

o A

@A) = (0= p)* + (X5 VAgX + 2), (4)
where I,,(X; /A¢X + Z) is the mutual information for a scalar gaussian channel, with X ~ Px ,
and Z ~ N(0, 1). The mutual information I,, is indexed by n because of its dependence on Py ,,.

Theorem 1 (Mutual information for the sparse spiked Wigner model). Let the sequences \,, and py,
verify (2) with € [0,1/6) and y > 0. There exists C > 0 independent of n such that

11 o (Inn)L/?
— |- I(X; W) — f g, Ay pn)| <O~ . 5
pulIn pplin (X:W) 4€l0.pn] " (@0, n)] < n(1=66)/7 ©)

The mutual information is thus given, to leading order, by a one-dimensional variational problem

I(X; W) = npy|lnp,| Ei[gf ]igot (g, An, pn) + correction terms.
4€[0,p
The factor p,|In p,| is related to the entropy (in nats) of the support of the signal given by
—n(ppInp, + (1 — pp) In(1 — py,)), which behaves like np,|In p,| for p, — 04. In particu-
lar, for both the Bernoulli and Bernoulli-Rademacher distributions an analytical solution of the
variational problem, given in appendix F, shows that (py,|In p,,|) ™" inf 0,1 15°° (¢, An, pn) tends
to the singular function yI(y < 1) + I(y > 1) as n — 400 and p, — 0, where we recall that
An = 47y|In py|p; L. See figure|l} Let us mention that 3 < 1/6 is probably not a fundamental limit
to the validity of the result but rather is an artefact of the sub-optimality of our proof technique.

We now turn to the consequences for the MMSE. It is convenient to work with the “matrix” MMSE
defined as MMSE((X; X;)i<;|W) = E|(X;X;)i<; — E[(X;X;)i<;|W]|/3. This quantity satisfies
the I-MMSE relation [58}[59]] (see also appendix I for a self-contained derivation),

d 1 1
Do (G W) = 5 SMMSE((XiX;)ics W),

In appendix ] we prove:
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Figure 1: A sequence of suitably normalized asymptotic mutual information (p|In p|) ™" inf (0,5 157 (g, A, p)

(left) and associated minimum mean-square error (MMSE) p_Q% inf,epo,p) i2°%(q, A, p) (right) curves as a
function of A/ A (p) with A\e(p) = 4| In p|/p for the model X; ~ Ber(p) and various p = p,, values (that can be

converted to signal sizes through p, = Q(n~?) given a sparsity scaling 8) using the potential function defined in
. These are the curves towards which, respectively, the finite size mutual information (np|In p|) ™' I(X; W)
and minimum mean-square error (np)  >*MMSE((X;X;)i<;|W), converge: see theorem 1|and corollary In
the sparse limit p — 0, the MMSE curves approach a 0— 1 phase transition with the d1scont1nu1ty at A = A(
This corresponds to an angular point for the mutual information (by the I-MMSE relation).

Corollary 1 (Minimum mean-square error for the sparse spiked Wigner model). Let %mn (M, pn) =
P2 inf e (0., 12 (g, A, pn)- Let € > 0 and sequences \,, and p,, verifying ) with 3 € [0,1/13).
There exists C' > 0 independent of n such that
' 4/3 AV 1 4/3
% (111”11) < MMSE((X; X;)i<;|W) < (A — €,pn)+£ (Inn) .
e n(1-138)/7 (npn)? e n(1-138)/7

mn()\n + €, pn) -

Concretely the derivative (d/d\,)inf,c(o, 5,1 75°% (¢, An, pn) is computed, using the envelope the-
orem [65], as (8/0A,)iP°% (¢, An, p) where ¢ = g} (An, pr) is the solution of the variational
problem, which is unique almost everywhere (except at the phase transition point, see e.g. [[15]
for such proofs). For Bernoulli and Bernoulli-Rademacher distributions, we easily compute the
limiting behavior m,, (\,,, p,) from the solution of the variational problem stated above, and find
that (np,) >MMSE((X;X;)i<;|W) tends to I(y < 1) as n — +oo0.

Figure[1|shows the mutual information and MMSE computed from the numerical solution of the
variational problem for a sequence of Ber(p,,) distributions. We check that the limiting curves
are indeed approached as p,, — 0 and, in particular, the suitably rescaled MMSE displays the
all-or-nothing transition at A/A.(p,) = 1 as n — +oo with A.(p,) = 4|lnp,|/pn. For the
Bernoulli-Rademacher distribution the transition location is the same, suggesting that the hardness
of the inference is only related, for discrete priors, to the recovery of the support. For more generic
distributions than these two cases the situation is richer. Although one generically observes phase
transitions in the same scaling regime, the limiting curves appear to be more complicated than the
simple staircase shape and the jumps are not necessarily located at v = 1. A classification of these
transitions is an interesting problem that is out of the scope of this paper.

3 AMP algorithmic phase transition

Approximate message passing (AMP) is a low complexity algorithm that iteratively updates estimates
of the unknown signal, which, in the case of the spiked Wigner model is X, from the noisy data
W. The iterative estimates are denoted {z'};>1. Let A = W /\/n and initialize with f,(z°)
independent of W, such that (fo(x"), X) > 0. Then let z! = A fy(x), and for ¢ > 1, compute

1 n
A ty _ b B t—1 b, = — 1t 6
fe(x") = befia(z' ™), t= ;ft(xz)7 (6)
where the scalar function f; : R — R is applied elementwise to vector input, ie., f;(x) =
(fe(xz1), ..., fi(xy)) for a vector & € R™, and its exact value is given in what follows (in (9)). We
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Figure 2: Left: The mean-square error towards which the suitably normalized matrix-MSE of the AMP algorithm,
MSEawmp, converges for various sparsity levels, see theorem An all-or-nothing transition appears as p =
pn — 0at Aamp(p) = 1/(ep)®. Comparing to figure [1] the transition becomes sharper much faster as p
decreases. Right: Horizontal axis is on a log scale. The statistical-to-algorithmic gap diverges as p — 0.

refer to the functions { f; }+>0 as “denoisers”, for reasons that will become clear momentarily. Notice
that (6) gives both matrix estimates X XT = f;(z")[f(x")]T and signal estimates X = f;(x").

A key property of AMP is that, asymptotically as n — oo, a deterministic, scalar recursion referred
to as state evolution exactly characterizes its performance, in the sense that the estimates xf converge
to random variables with mean and variance governed by the state evolution. For the sub-linear
sparsity regime, we introduce an n-dependent state evolution, reflecting that our sparsity level p,,
and signal strength \,, both now change as n grows. We will show, based on measure concentration
arguments, that the usual asymptotic characterization also gives a finite sample approximation,

d
meaning that for any n fixed but large, z! is approximately distributed as a z! ~ u? X} + /7' Z
where p’ and 7" are characterized by the state evolution below with X§ ~ Py , independent of
standard gaussian Z. The n-dependent state evolution is defined as follows: for ¢ > 1,

pi = An(fo(2"), X)/n, ' = [lfo(a®)[*/n, (7)
n n nyn n n nyn n 2
Pivr = VA E {Xo ft(ﬂt Xo + Vi Z)}, Tip1 = E{[ft(ut Xg + /7 Z)] }a )
where we include the n superscript to emphasize the dependence.

A well-motivated choice of denoiser functions { f; };>¢ are the conditional expectation denoisers.
Namely, given that we have knowledge of the prior distribution of the signal elements, and consid-
ering the approximate characterization of the estimate z! via the state evolution, the Bayes-optimal
way to update our signal estimate at any iteration is the following: for ¢ > 1,

file) = B{Xg | i} X§ + /7' Z = =}, ©)

with X' ~ Px, independent of standard gaussian Z. Strictly speaking, fi(-) also has an n-
dependency, so to be consistent we should label fi(-) = f{*(-), however we drop this for simplicity.
With this choice of denoiser function, the state evolution (8) simplifies: by the Law of Total

Expectation, E{ X7 f; (up X + /77 Z)} = BE{[fe(up X§ + /7' Z)]?}, thus pf = /A,7%, and so

o = B{[B{XG | VA X3 + /7 2)]° ) (10)

The performance guarantees given by the state evolution are stated informally in what follows, with
a more formal result given in appendix K. The proof extends and reﬁne the finite sample analysis
of AMP given in [63, Theorem 1]. These guarantees concern the convergence of the empirical

*The result in [63] is a general AMP algorithm with a “rectangular” structure that does not cover the
“symmetric” AMP in (6). However, extensions of this result to the symmetric case are straightforward, as
discussed in [63} Section 1], but technical. Moreover, the dependence on n for the state evolution requires that
these values are tracked carefully through the proof, whereas this was not done in [63], as these values were
assumed to be universal constants. For simplicity of exposition in this document, we do not elaborate further
on these technicalities at this point and put these details in appendix K.



distribution of ! to its approximating distribution determined by the state evolution and specificall
apply to the AMP algorithm using the denoiser in (9). For all order 2 pseudo-Lipschitz function
denoted ) : R?2 — R with Lipschitz constant L, > 0, we have that for € € (0,1)and t > 1,

1 " "o —ceyne?
P(‘ﬁZw(Xi,ft(xg))—E{lﬁ(Xo'aft(/‘t Xg + TZ‘Z))}\ > 6) < CG exp{ith,yt } (11
i=1 Y In
where X = (X1,...,X,,) is the true signal and C, C, ¢, ¢; are universal constants not depending

on n or €, but with Cy, ¢; depending on the iteration ¢ and whose exact value is given in theorem 2]
Finally, 7% characterizes the way the bound depends on the state evolution parameters and its exact
value is given in . We want to consider, specifically, the vector-MSE and matrix-MSE of AMP,
namely 11X — fy(a!)||? and 4| XXT — fi(@)[f(x")]7||3 for any ¢ > 1.

Theorem 2 (Finite sample state evolution). Consider AMP in (6) using the conditional expectation
denoiser in (9). Then fore € (0,1) andt > 1, let bound, = CCy exp{—ccine?/~% }, then

1
P(|=1X = £i@)IP = (b = 1830)| 2 €) < bound,, (12

P(| I XXT = fia)Ala NI — (02— (f)?)| 2 €) < bound,  (13)

where X{} ~ Px ,, and 7" is defined in (10). The values C, c are universal constants not depending on
n or e with Cy, ¢; given by Cy = CL(t1)2, ¢; = [c} (t!)°2] 1. Finally,

¢
=N ) ) ()

| (14)
x max{1, by} max{1, by} - - - max{1, by_1 },

where U™ is the variance factor of sub-Gaussian X™ (for Px , = Ber(p,) we have v < 1/4; see
lemma 14 in the supplementary material and by = E{f{(u} X + /77 Z)}.

Theoremfollows from the finite sample guarantees given in , and, in appendix K, we discuss
in more detail the proof of theorem[2]and result[11] We make a few remarks on the result here.

Remark 1: p,, normalization and all-or-nothing transition. To be consistent with the previ-
ously stated results, we could renormalize the MSEs as follows and the result still holds as

1 (i
B[ X at)? = (1= 25 ) | = ) < CCuexpl—cemple /21,

1 T 1\ 2
P(| g XX = @@ TR~ (1= (T)7)| 2 ) < CCioml—cample /21
In appendix G we show that 7", ; /p,, — 0 for A, p2 — 0 and 7/, /p, — 1 for A, p2 — +o0. This
is consistent with the numerics on ﬁgurewhere we see a transition for A, p2 = 1/¢2.

Remark 2: AMP regime and statistical-to-algorithmic gap. We apply theorem [2]in the regime
where t = o( lérl‘gln ), which, as discussed in [63], is the regime where the state evolution predictions
are meaningful with respect to the values ot Cy, ¢; and the constraints they specify on how large ¢
can be compared to the dimension n. In our work, we also have constraints related to the 'yfl value
in that appears in the denominator of the rate of concentration. Considering these constraints,
we apply theorem |[2|for signal strength and sparsity scaling like A, p2 = w and p,, = Q((Inn)~%)
with w, &« € R4, and show that the above probabilities indeed tend to zero as n — +00. Appendix

L provides the details of this calculation.

Note that since theorem and corollaryhold for p, = Q(n~?) and thus for p,, = Q((Inn)~*)
as well, then both the statistical and algorithmic transitions (and therefore the statistical-to-
computational gap) are proven for p,, = Q((Inn)~).

Remark 3: \,,, 7" dependence. The )\,, dependence in 7 defined in (14) comes from the (pseudo-)
Lipschitz constants L ¢ in (11). The dependence on the Lipschitz constants, and on the state evolution

*For any n, m € N, a function ¢ : R™ — R™ is pseudo-Lipschitz of order 2 if there exists a constant
L > 0 such that ||¢(z) — ¢(y)|| < L (1 + [[z|| + [lyl]) [|& — yl| for z, y € R".



parameters 7;°, was not stated explicitly in the original concentration bound in 63| Theorem 1] as
the authors assume these values do not change with n and, thus, can be absorbed into the universal
constants. By examining the proof of [63, Theorem 1], one gets that the dependence takes the form
in (14). More details on how we arrive at the rates in theorem[2|can be found in appendix K.

Remark 4: Algorithm initialization. We assume that the AMP algorithm in (6) was initialized
with fo(x) independent of W such that (fo(2°), X) > 0. The second condition ensures that
ug # 0 (which would mean ¢ = 0 for all ¢ > 0). If Px ,, is Ber(p,,), one could use, for example,
fo(z?) = 1, since the mean of the signal elements is positive. However, if Py ,, is Bernoulli-
Rademacher, a more complicated initialization procedure is needed since initializing in this way
would cause the algorithm to get stuck in an unstable fixed point. We refer the reader to [34] for a
discussion of an appropriate spectral initialization for this setting. However, such an initialization
violates the assumption of independence with W. The theoretical idea in [34] that allows one
to get around this dependence is to analyze AMP in (6) with a matrix A that is an approximate
representation of the conditional distribution of A given the initialization, and then to show that
with high probability the two algorithms will be close each other. We believe that incorporating
these ideas with the finite sample guarantee in would be straightforward, and theorem 2| could
be extended to the setting of AMP with a spectral initialization.

Broader impact

One cannot underestimate the relevance of sparse estimation in modern technology, and although
this work is valid within the limits of a theoretical model, it participates towards better fundamental
understanding of necessary resources in terms of energy and quantity of data when this data is
sparse. Besides radical transitions in behaviour under small changes of control parameters, we also
show that an estimation task can become computationally hard or impossible, even with (practically)
unbounded signal strengths. Broadly speaking, such results provide guidelines for better design
and less wasteful engineering systems.
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A General results on the mutual information

In this appendix we give a more general form of theorem|[l]in section[2] Our analysis by the adaptive
interpolation method works for any regime where the sequences \,, and p,, verify:

C < Appn =0(n") for some constants ~ € [0,1/2) and C > 0. (15)
Of course this contains the regime (2) as a special case. Our general result is a statement on the
smallness of
_ 1
" palInpy|
The analysis of section [B]leads to the following general theorem.

Theorem 3 (Sparse spiked Wigner model). Let the sequences \,, and p,, verify and let o > 0.
There exists a constant C' > 0 independent of n, such that the mutual information for the Wigner spike

model verifies
4 1/3
AI’!L S L max {i) A” ’ (%(1 + /\npi)) } :
| In | n®’ npp  \n'=tp}

1
—I(X;W)— inf P%q, N\, pn)l-

Al
n q€[0,pn]
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In particular, choosing A, = O(|1Inp,|/pn) (which is the appropriate scaling to observe a phase
transition),

1 1 Inp,| \1/3
AL < Cmax { L L (1ol )V
n®|Inpn|” npp, " \nt=tep]
If, in addition, we set p,, = Q(n=") for B > 0 (which is the regime in (2)), then we have
1 1 Inn 1/3
Aln < Cmax { n®lnn’ nit-28’ <n1*4°‘*6/5> } '

This bound vanishes as n grows if 8 € [0,1/6) and « € (0, (1 — 6/3) /4]. The final bound is optimized
(up to polylog factors) by setting o = (1 — 63) /7. In this case (again, when A, = O(|In p,,|/p») and
pn = Q(n"")),

(Inn)*/3

Al, < Cin(l—ﬁﬁ)ﬂ .

B Information theoretic analysis by the adaptive
interpolation method

In this section we provide the essential architecture for the proof of theorem [1| which relies on
the adaptive interpolation method [[19,{20]. The proof requires concentration properties for “free
energies” and “overlaps” which are deferred to appendices|C|and[D] When no confusion is possible
we use the notation E||A||? = E[||A]?].

B.1 The interpolating model.

Let € € [sy, 2s,], for a sequence s,, tending to zero as s, = n~*/2 € (0,1/2), for & > 0 chosen
later. Let q;, : [0, 1] X [$pn, 25,] + [0, pr] and set

t
Rn(t,e)ze—i—)\n/ ds qn(s,€) .
0

Consider the following interpolating estimation model, where ¢ € [0, 1], with accessible data

(Wij(t))ij and (Wi(t, €)); obtained through
W (t,e) =R,(t,e) X + Z,

with standard gaussian noise Z ~ N(0,1,),and Z;; = Zj; ~ N (0, 1). The posterior associated
with this model reads (here || — || is the /2 norm)

{Wi‘(t):Wji(t) :\/(1—t)/\’LX7;Xj+Zij, 1<i<ji<n,

AP, ;o (x|W (t), W (t,€)) = (W(; e (TTaPxate:)
n,t,e y , € i=1

[Edls
2

xexp{zn:((l—t)/\ i (l—t)A"xiijij(t))+Rn(t,e)

— VRt o)z - W(t,e)}.

The normalization factor Z,, ; (... ) is also called partition function. We also define the mutual
information density for the interpolating model

in(t,€) = %I(X; (W(t), W (t,e))). (16)

The (n,t, €, R, )-dependent Gibbs-bracket (that we simply denote (—); for the sake of readability)
is defined for functions A(z) = A

(A(x)): = /dP,L7t,€(a:|W(t),VV(t,e))A(az). (17)
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Lemma 1 (Boundary values). The mutual information for the interpolating model verifies

irb(07 6) = %I(Xv W) + O(pnsn) 5 (18)
in(1,€) = Lu(X: DA fy dqu(t, )}2X + 2) + O(pusn) .

where L,(X; {\, fol dt gn(t,€)}/2X + Z) is the mutual information for a scalar gaussian channel
with input X ~ Px ,, and noise Z ~ N(0,1).

Proof. We start with the chain rule for mutual information:
1 1 ~
in(0,€) = ~I(X; W(0)) + —1(X; W(0, )| W(0)).
Note that, by the definition of W (¢),
I(X;W(0)=I(X;W).

Moreover we claim 1 (X; W (0,€)|W(0)) = O(p,5n), which yields the first identity in (T8). This

claim simply follows from the I-MMSE relation (appendlx' I) and R,,(0,¢) = e
d1 1 n
T~ I(X3W(0,6|W(0)) = 5-MMSE(X|W (0,6), W(0)) < 2. (19)

The last inequality above is true because MMSE(X |W (0, ¢), W (0)) < E[lX — EX|* =
nVar(X;) < np,, as the components of X are i.i.d. from Py ,. Therefore 1 I(X; W (0, ¢)|W (0))

is £&*-Lipschitz in € € [s,,, 2s,,]. Moreover, we have that I(X; W(O 0)|W(0)) = 0. This implies
the clalm

The proof of the second identity in again starts from the chain rule for mutual information
1 < 1 N
Note that (X ; W (1)|W (1,€)) = 0 as W (1) does not depend on X . Moreover,

1 ~
—I(X;W(l,€)) = L,(X; VRu(1,6) X + 2)
n
= L(X; {An [y dt gu(t,€}/2X + Z) + O(pusn) -
because I,,(X; /7 X 4 Z) is a &*-Lipschitz function of +, by an application of the I-MMSE relation
(appendix A 1,(X; 37X + Z) = MMSE(X|/7X + Z)/2 < Var(X)/2 < p, /2. O

B.2 Fundamental sum rule.
Proposition 1 (Sum rule). The mutual information verifies the following sum rule:
1 DO )\n )\n
~I(XGW) = i "(Jy dt@a(t, )3 A pn) + T (Ra = Ro = Ra) + Olpasa) + 0(;) (20)
with non-negative “remainders” that depend on (n, ¢, R,,),

ﬁ) dt (qn(t,€) fo dsqn s e))z,
Ram [ aE((@ (O e

2

Rs = [y dt (gn(t;€) = E(Q)),

where () = w X is called the overlap. The constants in the O(- - - ) terms are independent of n, t, €.

Proof. By the fundamental theorem of calculus i, (0,€) = i,(1,¢€) — fol dti,(t,€). Note that
in(0,€) and iy, (1, €) are given by (18). The t-derivative of the interpolating mutual information is
simply computed combining the I-'MMSE relation with the chain rule for derivatives

d A, 1 Angn(t,€) 1

(-0 = =3 SEX ]+ SR @)
_ An 1 2 )‘nQn(ta€> 1 2 An
=T HEIX0X —(@oa)|f + T CEIX — (2) +0(;)~ (23)
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The correction term in (23) comes from completing the diagonal terms in the sum ), _ ; In order to
construct the matrix-MMSE for X ® X, namely the first term on the r.h.s. of (23). This expression
can be simplified by application of the Nishimori identities (appendix [H] contains a proof of these
general identities). Starting with the second term (a vector-MMSE)

CEIX — ()ul? = E[IXIP + | @)l — 2 - ()]
= LEXIP - X o] = m - B(@ 2

were we used E|| X ||?> = np, and the Nishimori identity E|[(z)||* = E[X - (z);]. By similar
manipulations we obtain for the matrix-MMSE

1 ~ 1
SMMSE(X ® X[W (t,), W(t) = SE|X @ X — (@@ )i = o) —E(Q):.  (25)
From , , , and the fundamental theorem of calculus we deduce

%I(X; W) =I, (X§ {An fol dt gn(t, 6)}1/2X + Z)

A 1 An
v {#2 — B(Q%): — 20u(t, ) (0 ~ E(Q)0) } + Olpusa) + O( ).

The terms on the r.h.s can be re-arranged so that the potential (4) appears, and this gives immediately
the sum rule (20). O

Theoremfollows from the upper and lower bounds proven below, and applied for s, = 1n=°.

B.3 Upper bound: linear interpolation path.

Proposition 2 (Upper bound). We have

1 A
— . < i jpot M I
nI(X, W) < inf P°%(q, A, pn) + O(pnsn) + O( - )

n
q€[0,pn]

Proof. Fix g, (t,€) = ¢, € [0, p,] a constant independent of ¢, t. The interpolation path R,, (¢, €)
is therefore a simple linear function of time. From R+ cancels and since R, and R3 are
non-negative we get from Proposition

1 A
- . < 4pot )
~I(X:W) < i@ Ans pu) + Olpusn) +O(22)

Note that the error terms O(- - - ) are bounded independently of ¢;,. Therefore optimizing the r.h.s
over the free parameter g,, € [0, p,,] yields the upper bound. O

B.4 Lower bound: adaptive interpolation path.

We start with a definition: the map € — R, (¢, €) is called regular if it is a C*-diffeomorphism whose
jacobian is greater or equal to one for all ¢ € [0, 1].

Proposition 3 (Lower bound). Consider sequences \,, and p,, satisfying c1 < Appn < can” for
some constants positive constant ¢y, co andy € [0,1/2[. Then

Lixsw)> it igot(q,An,pn)+0(pnsn)+o(%”) +o((Aip")1/3). (26)

n q€[0,pn] nsy

Proof. First note that the regime (2) for the sequences \,, p,, satisfies the more general condition
assumed in this lemma (this is the condition in theorem [3]of appendix [A). Assume for the moment
that the map € — R, (t,€) is regular. Then, based on Proposition [7| and identity (appendix
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@, we have a bound on the overlap fluctuation. Namely, for some numerical constant C' > 0
independent of n

A 28, A 25n 1
sf / deRgy = ? / d€/ th<(Q - E<Q>n,t,Rn(t,e))2>nAt7Rn(t7€)
n Jsy, n Jsy, 0 :

< C()ip;)l/g. @7)

Using this concentration result, and R; > 0, and averaging the sum rule over € € [sp, 28y]
(recall the error terms are independent of €) we find

. 2sn, 25, 1
1xw) 1 / dei®2t ([ dt gt ), A, p) — 2 / de / dt (qu(t, €) — E(Q))?
n Sn Js, 4 s, . 0
A, A pp\1/3
+O(pnsn)+0(?) +0(( nsﬁ ) ) (28)

At this stage it is natural to see if we can choose gy, (¢, €) to be the solution of ¢, (¢,€) = E(Q);.
Setting F), (t, R, (t,€)) = E(Q)y 4, R, (t,c), We recognize a first order ordinary differential equation
d

%Rn (t,e) = F,(t, Rn(t,€)) with initial condition R, (0,¢) =¢. (29)
As F,,(t, R,,(t,€)) is C! with bounded derivative w.r.t. its second argument the Cauchy-Lipschitz
theorem implies that admits a unique global solution R} (t,¢) = € + fot ds g (s, €), where
g’ : 0,1] X [$n,28,] — [0, p]. Note that any solution must satisfy ¢ (¢,¢) € [0, p,] because
E(Q)n.t.c € [0, pn] as can be seen from a Nishimori identity (appendix and (24).

We check that R is regular. By Liouville’s formula the jacobian of the flow € — R (¢, €) satisfies

d "4s 4
JE— * = 7F ’
TRt ) = exp { /0 ds GrTn(s: R)‘R=R;<s,e>}

Applying repeatedly the Nishimori identity of Lemmal7](appendix[H) one obtains (this computation
does not present any difficulty and can be found in section 6 of [[19]])

d I

pinsR) =~ > E[((@ij)nsr = (@idns 5 (T5)n,0.8)"] >0 (30)
i,j=1

so that the flow has a jacobian greater or equal to one. In particular it is locally invertible (surjective).

Moreover it is injective because of the unicity of the solution of the differential equation, and

therefore it is a C!-diffeomorphism. Thus € — R} (t,€) is regular. With the choice R, i.e., by

suitably adapting the interpolation path, we cancel R3. This yields

1 1 25p
EI(X;W) > s—/ deiff’t(fol dt g (t,€), A, pn) + O(-++)

n

> inf  iP°(q, Ay pn) + O(- )
q€[0,pn]

where the O(- - - ) is a shorthand notation for the three error terms in (28). This the desired result. [

C Concentration of free energy

For this appendix it is convenient to use the language of statistical mechanics.

C.1 Statistical mechanics notations

We express the posterior of the interpolating model

Pracl@W (O, Wt ) = 7 (W(; W(to)

x (HdPXm(xi)) exp { = Hopolx, W(t), W(te)} (1)

i=1
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with normalization constant (partition function) Z, ; . and “hamiltonian”

Hote (@, W(t), W(t,€) = Hppo(x, X, Z,Z) (32)
A ?2 A\, 2 .
—2(17 7“3 (1= )i, Wiy (t))Jar(t,e)@— Rtz - W(t,¢)
1<J
N D ¢9. ¢ LARIVAY
:]-_t)\n Lt e Rntek it e k] 33
( ) ;( 2n n n(lft))\n> (33)
i<j
el x-Z
F Rt (B x o 22 )
(5= Rn(t,e))

It will also be convenient to work with “free energies” rather than mutual informations. The
free energy F,(t, €) and (its expectation f, (¢, €)) for the interpolating model is simply minus the
(expected) log-partition function:

Fos (W), W(t,e)) = _% InZ,, (W(0), W(t,e), (34)
fult,e) =EF,, (W(t), W(t,¢)). (35)

The expectation E carries over the data. The averaged free energy is related to the mutual informa-
tion i, (t, €) given by through

n—1p\1-1) . pR,(t,€)

in(t,€) = fu(t,e) + 1 5

(36)

C.2 Free energy concentration

In this section we prove a concentration identity for the free energy onto its average (35).
Proposition 4 (Free energy concentration for the spiked Wigner model). We have

n

2

+ 25npn )

E[ (B WO W(t,0) ~ fult6)) | <

Conszdermg sequences An and py, verifying (15] and with s, = (1/2)n~* — 0. the bound simplifies
to C(S)\2p2 /n with positive constant C(S) < 34852 +25°.

((2sn + Anpn)? + 54)

The proof is based on two classical concentration inequalities,

Proposition 5 (Gaussian Poincaré inequality). Let U = (Uy, ..., Un) be a vector of N independent
standard normal random variables. Let g : RN — R be a continuously differentiable function. Then

Var(g(U)) < E[Vg(U)]*.

Proposition 6 (Efron-Stein inequality). Let U C R, and a function g : UN — R. Let U =
(Uy,...,Un) be a vector of N independent random variables with law Py that take values in U. Let
U a vector which differs from U only by its i-th component, which is replaced by U! drawn from
Py independently of U. Then

Var(g ZEUEU, U) - g(UD))?].

We start by proving the concentration w.r.t. the gaussian variables. It is convenient to make explicit
the dependence of the partition function of the interpolating model in the independent quenched

variables instead of the data: Z,,; (X, Z, Z) = Z,....(W(t), W(t,e)).

Lemma 2 (Concentration w.r.t. the gaussian variables). We have

SnPn

+2

1 A i
E{(*lnzn,t,e(X,ZZ) zzannt€(X Z, Z)) } g)mpn
" n
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Proof. Fix all variables except Z, Z. Let 9(Z, Z) = —% InZ,..X,Z, Z) be the free energy
seen as a function of the gaussian variables only. The free energy gradient reads E||Vg|* =
E(|Vzg|? + E||V ;9||*. Let us denote H(t) = Hn, 1, the interpolating Hamiltonian (32).

E[V0l2 = SENV2HON? = S S g )2 < LoD S maia o),

i<j i<j

N (1=t)\, )‘npgz
=3 Z]E[(Xin)2] < o
1<J

where we used a Nishimori identity for the last equality. Similarly, and using A\,p, > 1 and
Sn < 1/2,

R(e) R(e) N R(e) (28 + prdn)p

2 _ 2 2y N 2 n n/\n )Pn
E[IVzgl® = — 5 Ell@)ell” < — 5 Ell2[%): = — 5~ EI X" < —— ——.
Therefore Proposition directly implies the stated result. O

We now consider the fluctuations due to the signal realization:

Lemma 3 (Concentration w.r.t. the spike). We have

E[(- %Ez’zmzn,t,e(x, Z,7) - fult, e))Q] < 2’#52 (250 + Anpn)? + 5%).

Proof. Let g(X) = *%EZZ In2,:.(X,Z,Z). Define X as a vector with same entries as
X except the i-th one that is replaced by X drawn independently from Py ,,. Let us estimate
(g(X) — g(X))? by interpolation. Let H(t, s X + (1 — s) X )) be the interpolating Hamiltonian
with X replaced by sX + (1 — s)X (). Then

E[(g(X)—g(X®))?] = ]E[(/Ol ds%(sX +(1- s)X@'))ﬂ

~ L[( /0 1 as( (1, + (1- 9x9) )]
(

1. 1—t 2
= EE (Xi — X{)<R5(t)$¢ + T‘Tl Z ijj>t> ]
) J(#9)
27 N2 2 2 1
< B[(X = XD (f Qsn+ Aupn 4 15 D0 X Xwaas) (i)
) 3,k (#4)

IN

2
SSE[(X = X)) (S% (250 + Aupn)? + 5°)

4p77;252 ((25n n )\npn)z n S4> _

We used (a + b)? < 2(a? + b?) for the second inequality and E[(X; — X])?] = 2Var(X;) < 2p,.
Therefore Proposition |[6]implies the claim. O

IN

D Overlap concentration: proof of inequality

The derivations below will apply for any ¢ € [0,1] so we drop all un-necessary notations and
indices. Only the dependence of the free energies in R(¢) = R, (t,€) matters, so we denote

F(R(€)) = Fot .o (W(t),W(t,e)) and f(R(€)) = fn(t,e).
Let L be the R(¢)-derivative of the Hamiltonian divided by n:

o LdHaue  1/)2)? x-Z
Ll X, 2)= L= Tt _n(T z- X NW))' (37)
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The overlap fluctuations are upper bounded by those of £, which are easier to control, as
E((Q — E(Q))*), < 4E((L —E(L)1)?), - (38)

The bracket is again the expectation w.r.t. the posterior of the interpolating model (17). A detailed
derivation of this inequality can be found in appendix[E|and involves only elementary algebra using

the Nishimori identity and integrations by parts w.r.t. the gaussian noise Z.
We have the following identities: for any given realisation of the quenched disorder

dF

dR(e) (L (39)
1 d°F 1 .
ndR(e)? =—((£- <£>t)2>t + W@% Z. (40)

The gaussian integration by part formula with hamiltonian yields

E(Z -
2 — Bl ~ Bl el X el - E(X o), = E(lel?), ~nE(@). @)
Therefore averaging (39) and (40) we find
i ox 1
1 & 1
T = ~BE = 60, + Bl — (@), (@3

We always work under the assumption that the map € € [s,, 2s,] — R(€) € [R(s,), R(2s,)] is
regular, and do not repeat this assumption in the statements below. The concentration inequality
is a direct consequence of the following result (combined with Fubini’s theorem):

Proposition 7 (Total fluctuations of £). Let the sequences \,, and py, verify (15). Then

/jsn deB((L — E(L))?), < C(A"”" (1+ )\npi))l/g

NSy

Sn

for a constant C' > 0 that is independent of n, as long as the r.h.s. isw(1/n).

The proof of this proposition is broken in two parts, using the decomposition
E((L —E({L))?), = E((L — (£)e)*), + E[((L) — E(L):)?] .

Thus it suffices to prove the two following lemmas. The first lemma expresses concentration
w.r.t. the posterior distribution (or “thermal fluctuations”) and is a direct consequence of concavity
properties of the average free energy and the Nishimori identity.

Lemma 4 (Thermal fluctuations of £). We have
Zon n In2
/ deB((L— (£).)7), < 2 (14 822).

n

Sn

Proof. We emphasize again that the interpolating free energy is here viewed as a function of
R(€). In the argument that follows we consider derivatives of this function w.r.t. R(e). By

2
E<(£ - <£>t)2>t - id;(f)Q + 4n2;(e) (E<”w”2>t - E||<m>t”2)
1 d*f Pn

< __
= ndR(e)?  4dne’ (44)

where we used R(e) > € and 2E(|z|?), it E[X?] = p,. We integrate this inequality over
€ € [$pn, 25, ]. Recall the map € — R(¢) has a Jacobian > 1, is C! and has a well defined C! inverse
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since we have assumed that it is regular. Thus integrating and performing a change of variable
(to get the second inequality) we obtain

25n 1 [ d*f pn [P de
_ B < —— ™ €
[ aere— @ s [ Cdegpim i [ 7S

1 R(an) d2f P 28, d€
< = Pn =
- n /R(sn) dR(é) dR(6)2 + 4TL /Sn €

1/ df df Pn
_ 2 R(sn)) — —L_(R(2s,, Prng,
(dR(e)( (sn)) = G (B2 n)+ in "
We have |f'(R(€))| = [E(Q)+/2]| < pn/2 so the first term is certainly smaller in absolute value
than p,, /n. This concludes the proof of Lemma O

The second lemma expresses the concentration w.r.t. the quenched disorder variables and is a
consequence of the concentration of the free energy onto its average (w.r.t. the quenched variables).

Lemma 5 (Quenched fluctuations of £). Let the sequences \,, and p,, verify . Then
25y nPn 1/3
[ acrley - Eie0?) < (22 1+ a0t )

NSy

n

for a constant C' > 0 that is independent of n, as long as the r.h.s. isw(1/n).

Proof. Consider the following functions of R(e):

F(R(¢)) = F(R(e)) Z
f(R(€)) =EF(R(e)) = )+ S\/ OE|Z|. (45)

Because of we see that the second derivative of F(R(e)) w.r.t. R(e) is negative so that it is
concave. Note F'(R(e€)) itself is not necessarily concave in R(¢), although f(R(¢)) is. Concavity of
f(R(€)) is not obvious from (obtained from differentiating E(ﬂ)t w.rt. R(e )) but can be seen

from (61) (obtained instead by differentiating — 1 E(Q)) which reads 7 R(e) E(Q): = —27 R(E)Q f>0.
Evidently f(R(e)) is concave too. Concavity then allows to use the following standard lemma:
Lemma 6 (A bound for concave functions). Let G(z) and g(z) be concave functions. Let § > 0 and
define C; (z) = ¢'(x — 0) — ¢'(x) > 0 and C5 () = ¢/(x) — ¢/(x + §) > 0. Then

G'(2) =g (@) <67 D |G(w) = g(u)| + Cyf (2) + C5 (2).

uwe{r—0,z,z+0}
First, from we have
F(R(e) = f(R()) = F(R(e) = f(R(€)) + SVR(e) A, (46)
with A, = L " | |Zi| — E|Z4]. Second, from (39), (@2) we obtain for the R(¢)-derivatives

SA,

F(R() = J'(R() = (L)~ BAL) + 7o

(47)

From and it is then easy to show that Lemma [6]implies
(L) — B(L):| <67 > (1F(w) = F(w)] + S|4n|Vu)

ue{R(e)—4d, R(e), R(e)+46}

+ G} (R(0) + Cj (RO) + 57
F/(R(€) = 8) = f'(R(€)) = 0 and Cf (R(€)) = ['(R(e) — ['(R(e) +6) > 0.
r the term S|A4,,|/(2+/€). Note that § will be chosen later on strictly smaller

(48)

where C§ (R(e)) =
WeusedR()Z fo
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than s,, so that R(e) — & > € — § > s, — J remains positive. Remark that by independence of the
noise variables E[A2] = (1 — 2/m) / n < 1/n. We square the identity (48) and take its expectation.
Then using (3-7_, v;)? < p>_Y_, v?, and that R(e) < 2s,, + A, pn, as well as the free energy
concentration Pr0p0s1t10nl (under the assumption that \,, and p,, verify (15)),

SELL) ~ (L)) < 3 (ON65 + S50+ Aupn +5))
FOFROP + O (ROP + 1 9)
Recall [C5 (R(e))| = | f/(R(e) £ 6) — f'(R(e))|- By (@2), (@5) and R(¢) > ¢ we have
, | s ! S
|/ (R(e))] < §(pn+%) < §(pn+ﬁ) (50)
Thus, as € > s, 5 S
ICét(R(E))\SanrmSpn —

We reach

[ aetct e + o5 )

(s o) [ el rien + s ey

n

R(29n)
(on \/L@ ) /R N dR(e) {C (R(e)) + C; (R(e))}

(90 + =) [ (FCR50) + 8) = () =)
+ (F(R@sw) = 6) = F(R(2s0) +9)) |

where we used that the Jacobian of the C! dlffeomorphlsm € — R( Yis>1 (by regularity) for
the second inequality. The mean value theorem and (50) imply |f(R(e) — &) — f(R(e) + 6)| <
5(pn + F) Therefore

/jsnde{c;( () + C5 (R(©)*) < 20 (pu+ %)2

n n

IN

IN

Set § = §,, = o(s,). Thus, integrating over € € [sy, 2s,] yields

/ " deE[((L); — E(L))?]

Sn,

2757, S 2 9SIn2
o2 (C’)\npn + S(28, + Appn + 0 )) + 186, (pn + pap %) + in
< TP () N pd) 2
né2 Sn n

where the constant C is generic, and may change from place to place. Finally we optimize the
bound choosing §2 = sZ\,p,(1 + \np2)/n. We verify the condition §,, = o(s,): we have
(61/8n)% = O(Anpn(1 + A\up2)/(nsy)) which, by (15), indeed tends to 0 for an appropriately

O

chosen sequence s,,. So the dominating term §,,/s,, gives the result.

E Proof of inequality (38

Let us drop the index in the bracket (—); and simply denote R = R, (t, €). We start by proving the
identity

—2E(Q(L - E(L))) = E((Q — E(Q))*) + E((Q — (@))*).- (51)
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Using the definitions Q = 1z - X and (37) gives

1
2E(Q(L ~E(L) =E[ - (Qll2l*) — 2(Q) ~ ——(Q(Z
1 1 -
~E@E[(lal) - 2@) - =2 (@)]. (52)
The gaussian integration by part formula with Hamiltonian yields
1
VR

Fort the last equality we used the Nishimori identity as follows

E(Q(Z =) = ~B(Qlel?) - TE(Q(@- (=) & TE(Qllel?) ~ E[(@)7].

N 1

CE(Q( (@) = B (@ X (@) X (X @)(X - (@) = B@)?).

Note that we already proved (41), namely

n

L rizoo = Yme? -
— B2 w) = B () ~E@Q).

Therefore finally simplifies to
2E(Q(L ~ E(L))) = E[(Q)%] - 2E(Q*) + E[(Q)]?
= —(E(Q*) —E[(Q)]*) — (E(Q*) —E[(Q)?]).
which is identity (51).
This identity implies the inequality
2[E(Q(L — E(L£)))] = 2|E((Q — E(Q))(£ — E(L)))| = E((Q - E(@))*)
and an application of the Cauchy-Schwarz inequality gives
2{E((Q — E(Q))*) B((£ ~ E(£)*)}* 2 E((Q - E(Q))?).
This ends the proof of (38).

F Heurisitic derivation of the information theor-
etic phase transition

In this section we analyze the potential function in order to heuristically locate the information
theoretic transition in the special case of the spiked Wigner model with Bernoulli prior Px = Ber(p).
The main hypotheses behind this computation are 7) that the SNR A = \(p) varies with p as
A = 4v|Inp|/p with v > 0 and independent of p; that i) in this SNR regime the potential possesses
only two minima {¢q", ¢~} that approach, as p — 0., the boundary values ¢~ = o(p/|In p|) and
g™ — p. For the Bernoulli prior the potential explicitly reads

(. A, p)
_ A& +p7) —LagtvrgZ Lag+vXgZ
:7—(1—p)Eln{l—p+pe ATV A }—p]Eln{l—p—l—pe2q q }

4
We used that
1
I(X;\/7X +Z)=—-Eln / dPx (z)e™27e oy Xetyyde | 51E[X2h. (53)
Let us compute this function around its assumed minima. Starting with ¢~ = o(p/|In p|) (this

means that this quantity goes to 04 faster than p/|In p| as p vanishes) we obtain at leading order
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after a careful Taylor expansion in A\¢~ — 04 (the symbol &~ means equality up to lower order
terms as p — 04)
, Aa™)? a0t p(AaT)?  Ap°
PG A p) = - ~“— =vp/lnp|. 54
i (g5 A p) T T 5 4 = el (54)
For the other minimum ¢= — p, because A\¢q™ — oo the Z contribution in the exponentials
appearing in the potential can be dropped due to the precense of the square root. We obtain at
leading order

B g A p) = 29p|Inp| — In{1 + p' 27} — pIn{l 4 p' =7}

Here there are two cases to consider: v > 1/2 and 0 < v < 1/2. We start with v > 1/2. In this
case the potential simplifies to
-pot

(g N p) = plinp|.
Now for 0 < v < 1/2 we have

(@A p) = 2yp|Inpl.

The information theoretic threshold A. = \.(p) is defined as the first non-analiticy in the mutual
information. In the present setting this corresponds to a discontinuity of the first derivative w.r.t. the
SNR of the mutual information (and we therefore speak about a“first-order phase transition”). By the
[-MMSE formula this threshold manifests itself as a discontinuity in the MMSE. In the high sparsity
regime p — 0 the transition is actually as sharp as it can be with a 0-1 behavior. This translates,
at the level of the potential, as the SNR threshold where its minimum is attained at ¢~ just below
and instead at ¢ just above. So we equate lim,_,o, i5° (¢, A¢, p) = lim,—0, £°°(¢T, A, p) and
solve for \.. This is only possible, under the constraint v > 0 independent of p, in the case v > 1/2
and gives v = 1 which is the claimed information theoretic threshold A\.(p) = 4| In p|/p. Repeating
this analysis for the Bernoulli-Rademacher prior Px = (1 — p)do + $p(0_1 + 61) leads the same
threshold, which suggests that the transition is only related (for discrete priors) to the recovery of
the support of the signal.

Another piece of information gained from this analysis is that around the transition the mutual
information divided by n is ©(p|In p|). Therefore the proper normalization for the mutual in-
formation is (np|In p|)~11(X; W) for it to have a well defined non trivial limit in the regime
p— 0+.

Finally for v < 1 the minimum of the potential is attained at ¢~ and the rescaled mutual information
(np|lnp|)~'I(X; W) equals ~ as seen from (54). If instead v > 1 the minimum is attained at
gt and the mutual information instead saturates to 1, so we get the asymptotic singular function
My <1 +1I(y = 1).

G Heurisitic derivation of the AMP algorithmic
transition

In this section we derive the AMP algorithmic transition for the spiked Wigner model in the Bernoulli

case Px n, = pn01 + (1 — pn)do. The approach can be applied to the Bernoulli-Rademacher case as

well (and probably more generically), and leads to the same scaling for the AMP threshold. The
derivation starts from the state evolution recursion for the overlap of AMP (10), or equivalently,

i = E{XPE{XE VAT XE + VT2, =0,
which, in the Bernoulli case, reads as (recall Z ~ A/(0, 1)),

2
p
i, =E I . (55)
t+1 {pn +(1—pn) exp{—%)\nTt” — /AT Z} }

Therefore by plugging 7 = 0 in the recursion we get 7" = p2, and then

5 =E P .
pn + (1 - pn) GXP{—%/\TLP% -V /\np%Z}
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Now depending on A, p2 > 1 or \,,p2 < 1 the next step of the recursion has two very different
behaviors. When )\np,% > 1, it becomes

Anp2 > 1 ™ p,  andthus AR & Aupp, > 1.

Therefore, the recursion will remain stuck in this “reconstruction state” and converges towards
T2 & p, which yields the minimal value of the MSE:

MSEZOMP —1_ (T&)Q

(npn)? PT

When A\, p2 < 1,
Anp2 < 1: &t =T

In this case, the recursion converges towards the “no reconstruction state” 770 = p%, which
corresponds to the MSE of a random guess (according to the prior) for the spike signal-matrix, i.e.,
the MSE corresponding to take as estimator X’ ® X’ where X’ ~ Px ,, is independent from the
ground-truth X:

MSEXup _q (T&)Q ~1
(Tlpn)2 Pn '

This reasoning shows that the behavior of the state evolution must change for a scaling A, p2 = O(1).
This argument cannot catch the constant \,,p2 =~ 1/e, which was numerically approximated in [52].

H The Nishimori identity

Lemma 7 (Nishimori identity). Let (X,Y") be a couple of random variables with joint distribution
P(X,Y) and conditional distribution P(X|Y'). Letk > 1 and let x(V), ..., ™) be i.i.d. samples
from the conditional distribution. We use the bracket (—) for the expectation w.r.t. the product measure
PxW|Y)P(x@|Y)... P(x®|Y) and E for the expectation w.r.t. the joint distribution. Then, for
all continuous bounded function g we have

E(g(Y, M a:(k))> = E<g(Y7X7w(2), . ,a:(k))> _

Proof. This is a simple consequence of Bayes formula. It is equivalent to sample the couple (X,Y")
according to its joint distribution or to sample first Y according to its marginal distribution and
then to sample X conditionally on Y from the conditional distribution. Thus the two (k + 1)-tuples
(Y,zM, ... 2®)and (Y, X, 2, ..., %) have the same law. O

I I-MMSE relation

In this appendix we prove the I-MMSE relation of [58}/59]] for the convenience of the reader.

Lemma 8 (I-MMSE formula). Consider a signal X € R™ with X ~ Px that has finite support, and
gaussian corrupted dataY ~ N'(vR X ,1,,) and possibly additional generic data W ~ Py x(-1X)

with H(W) bounded. The I-MMSE formula linking the mutual information and the MMSE then reads
d d 1 1
—I(X; (Y =—I(X;Y = -MMSE(X|Y =-E|| X — 2
SLI(X (Y, W) = SLI(X; VW) = SMMSE(X|Y, W) = (B X — @)]?, (0
where the Gibbs-bracket (—) is the expectation acting onx ~ P(-|Y ,W).

Proof. First note that by the chain rule for mutual information I(X; (Y, W)) = I(X;Y|W) +

I(X; W), so the derivatives in (56) are equal. We will now look at %I(X; Y, W)). Since,
conditionally on X, Y and W are independent, we have

I[(X;(Y,W))=H(Y,W)-H(Y,W|X)=HY,W) - HY|X) - HW|X).
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With gaussian noise contribution H(Y'|X) = % In(27e). Therefore only H (Y, W) depends on R.
Let us then compute, using the change of variable Y = VR X + Z,

d

d
TRl (X (Y. W) = ZH(Y, W)

T 4R

o Y —VEX|?
(2m)n/2

o HIY —VEz|
PORE

otz

e 1Z—VR@-X)|?

(27.[-)71,/2
1

= ﬁEx,z,vmx«Z +VR(X —2)) (X —x)) (57)

where Z ~ N(0,1,,) and the bracket notation is the expectation w.r.t. the posterior proportional to

_ _% / dPx (X)dY dW Py x (W] X)
X ln/dpx(-’B)PW\X(W|w)

= _/dPX(X)dZdWPW‘X(W|X)

d

APy (@) APy x (W |2)dZ exp { — %HZ - VR(z - X)|*} .

In the interchange of derivative and integrals is permitted by a standard application of Lebesgue’s
dominated convergence theorem in the case where the support of Px is bounded. Now we use
the following gaussian integration by part formula: for any bounded function g : R +— R" of a
standard gaussian random vector Z ~ N (0,1,,) we obviously have

E[Z - g9(Z2)| =E[Vz-9(Z)]. (58)

This formula applied to a Gibbs-bracket associated to a general Gibbs distribution with hamiltonian
‘H(x, Z) (depending on the Gaussian noise and possibly other variables) yields

[dP(z)e =2 h(z)
[dP(@')eH@2)
[dPx(z)e " "@Dh(x) -V H(zx, Z)

E[Z - (h(z))] =EVz:

= -FK fdPX(m/)e—’H,(m’,Z)
—HE[f dPx (x)e @2 h(x) . [dPx(z)e M@V 21 (z, Z)
[ dPx (x')e=H(=".2) [ dPx (x')e=H(=".2)
— —E(h(z) - VzH(z, Z)) + E[(h(z)) - (VzH(z, Z))] . (59)

Applied to (57), where the “hamiltonian” is H(z, Z) = — In Py x (W) + 5[ Z — VR(z — X)||?,
this identity gives

TRV W) = 181X ~ alP) + =Yz (X ~al]
1 1
= 5EL(IX - 2l*) - (X ~2)- (2 + VEX - )
1
+ ﬁ«X —z)) (Z+VR(X —z))]
= JEIX — (z)]>

O

The MMSE cannot increase when the SNR increases. This translates into the concavity of the
mutual information of gaussian channels as a function of the SNR.
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Lemma 9 (Concavity of the mutual information in the SNR). Consider the same setting as Lemmal§
Then the mutual informations I(X; (Y, W)) and I( X ; Y |W') are concave in the SNR of the gaussian
channel:
d2 d2
—1 Y,
dR? (X (v, W) = dR?
1d

— 5 TEMMSE(X[Y, W) = Z E[((wix;) — (@) (z;))?] <0

I(X;Y[W)

,j=1
where the Gibbs-bracket (—) is the expectation acting onx ~ P(-|Y ,W).

Proof. Set Q = « - X /n where  ~ P(-|Y, W). From a Nishimori identity MMSE(X|Y, W) =
Ep, [X?] — E(Q). Thus by the -'MMSE formula we have, by a calculation similar to (59),

v w) = B gy - o) (60
where we have set L1 1
L= H(§||x||2‘ X z)

Now we look at each term on the right hand side of this equality. The calculation of appendix
shows that

“E(QL) = B(Q?) ~ LE[@)’]

so it remains to compute

E[(Q)(L)] = ﬂ«»% Q- <Q>;\</%>} |

By formulas and in which the Hamiltonian is we have

1 1
—mE[z A(x)(Q)] = _ﬁEK )Wz (x)+ (x) - V(Q)]

:—%E[ V(1) = 1) |?) + (@) - ((Qz) — (Q){=))]
N —%E[(Q)(H.@HQH + 5E[<Q>H< 2)|’] - fE[< 7.

In the last equality we used the following consequence of the Nishimori identity. Let z, (?) be two
replicas, i.e., conditionally (on the data) independent samples from the posterior (31). Then

CE[(x) - (@a)] = (@ @)@ X)) L B (@® - X)(X -2)) =BlQ)].

Thus we obtain
E[(Q)(L) — (QL)] = E(Q%) — 2E[(Q)*] + %E[<Q>H<w>||2]

= %E«w . X)2 —2(x - X)(q;(l) X))+ (x- X)(a;(2) ) w(3))>

[z

1
EE«QE 2?2 2>z 2O (2D . 2) 4 (- 2O) (2 .w(B))>

where (9, z, ), 2® £®) are replicas and the last equality again follows from a Nishimori
identity. Multiplying this identity by n and rewriting the inner products component-wise we get

dE 1 o
d;%Q> == ijzzzl E<x1x(0)xjx§0) - 2xix§0)$§_1)x§_o) + 2z’ )x§2)x§3)>
1 n
= D E[(miwy)® — 2w (zy) (wizy) + (2:)*(2;)?] (61)
Q=1

Using this ends the proof of the lemma. Note that we have also shown the positivity claimed in

of section O
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J Proof of corollary

The proof of corollary [1] follows from a combination of theorem|i]and the I-MMSE relation (see
(581591, and also appendix I). Denote

1 1
Mn(s) = WMMSE((XlX])Z<j‘W) Ap=s and In(s) = @I(X, W)|)\n:S' (62)
The I-MMSE relation in its integral formulation implies
I —1I 1 [t
0490 _ 1 / M,,(A)dA. (63)
€ € /s

Because M,,(s) is a non-increasing function (“information can’t hurt”, which is equivalent to the
concavity of mutual information in the signal-to-noise ratio, see [58l[59]] or lemma@) the above
identity implies

M,,(s + €) < I,(s+¢€) —I,(s) Mn(s)

2 - € = 2 ©4)
Set
. _ 1 pot 1 _d.
in(s) = E qel[gi)”] iv°%(q, 8, pn) so that §mn(s,pn) = £ln(5)-
Because s — my (s, p,) is also a non-increasing function (see, e.g., [15]) we obtain similarly
M (s + €, pn) < in(s+€) —in(s) < My (s, pn). (65)

2 - € - 2
Set ¢, = C(lnn)'/3n=(=68)/7/1np,|/p, which is the right-hand side of (5) multiplied by
(pn|In pn])/p2. Theorem|i|then implies

M, (s+€) _ in(s+e€)—in(s)+2c, < mp (S, pn) _’_2&

66
2 - € - 2 €’ (66)
mn(s+e€pn)  2cn < In(s+€) —in(s) — 2¢, < Mn(s) 67)
2 € € 2
Replacing p,, = Q(n~") with 3 € [0,1/13) yields the claimed inequality:
' (1 4/3 ' (1 4/3
M (s + € pp) — o (on) < Mn(s) <mn(s —¢€,pn) + ¢ (on) (68)

e n(1-135)/7 e n(1-138)/7"

K AMP algorithmic phase transition

In this appendix, we prove theorem[2} To do this, we begin by introducing a general ‘symmetric’
AMP algorithm in section and show it is quite similar to the AMP algorithm in (¢). For this
symmetric AMP algorithm, we provide finite sample guarantees like those given in [63]] for various
‘non-symmetric’ AMP algorithms. However, we have an added challenge in that terms like the
Lipschitz constant of the denoiser f; in (9) and the state evolution values in depend on n and
therefore cannot be treated as universal constants in the rate of concentration, as they were in [[63].
The main concentration result for the symmetric AMP is given in theoremin section Then,
in section [K.2| we use theorem[4]to prove result (11), from which we prove theorem 2]

K.1 Symmetric AMP finite sample guarantees

We begin by analyzing a ‘symmetric’ AMP algorithm, described now, that is similar to the AMP
algorithm in (6). Assume the matrix Z ~ GOE(n) is an n X n matrix form the gaussian orthogonal
ensemble, i.e. Z is a symmetric matrix with {Z;; }1<;<j<y 1.1.d. N(0,1/n), and {Z;; }1<i<,, 1.i.d.
N(0,2/n). Start with an initial condition h" € R™, independent of Z, and calculate for ¢ > 0,

' = Zgi(h', X") — g1 (R'T1, X7). (69)
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In the above, g; : R? — R is Lipschitz and separable (i.e. it acts component-wise when applied to
vectors) and may depend on n through its Lipschitz constant, denoted L. The function g; takes as
its second argument a random vector X" € R" with entries that are 1.i.d. Px ;, a sub-gaussian
distribution, ¢; = % o, gi(ht, X), the derivative taken with respect to the first argument, and
all terms with negative indices take the value 0 (so that, for example, h' = Zgo(h®, X™)). The key
result, stated in theorembelow, is that for each ¢t > 1, the empirical distribution of the components
of h! is approximately equal in distribution to a gaussian N'(0, o}") where the variances {o}' };>0

are defined via the state evolution: initialize with 07" = ||go(h°, X™)||?/n, calculate for t > 1,

ot = | (a(vaT2.x9)) | (70

where the expectation is with respect to standard gaussian Z independent of X ~ Px .

Before stating theorem 4] below, we give the assumptions on the model and the functions used to
define the AMP. In what follows, C,c > 0 are generic positive constants whose values are not
exactly specified but do not depend on n.

Random Vectors: The random vector X" € R™ used in the denoising functions, is assumed to
have entries that are i.i.d. according to a sub-gaussian distribution Px ,, in particular, Px ,, is
Ber(p,,) or Bernoulli-Rademacher, where sub-gaussian random variables are defined in lemma

The function g;: The denoising function g; : R? — R in is defined as g;(ht, X") = fi(h! +
VAo X™) where f; is the conditional expectation denoiser in (9). With this definition, g; is
separable and Lipschitz continuous for each ¢ > 0, with Lipschitz constant denoted L? > 0, that
depends on n. By the Lipschitz property, g; are weakly differentiable and the weak derivatives,
denoted by g}, are also differentiable.

Theorem 4. Consider the AMP algorithm in (69) for h® € R™ independent of A under the assumptions
above. Then, for any (order-2) pseudo-Lipschitz function ¢ : R> — R, e € (0,1), andt > 1.

2

p(| §¢<h§,xr) ~lo(rz x|z < cCen{ ) o0

where the expectation is with respect to standard gaussian Z independent of X{} ~ Px ,,, the state
evolution values o' are defined in (70), the constants C, ¢; are defined in theorem|[d and

t4+1
FAL = N2 L o™ (W F o + o) - (V" + ZJ?) max{1, ¢; } max{1, ¢} - - - max{1, ¢},
i=1

(72)

where ¢, = E[g;(\/07'Z, X)] and v is the variance factor of sub-gaussian X" ~ Px ,, (for Px ,, =
Ber(p,) we have v™ < 1/4; see lemma@.

The proof of theorem [4]is given in section|[K.3] The proof relies heavily on the proof of the finite
sample guarantees for various ‘non-symmetric’ AMP algorithms given in [[63| theorem 1] and we
reference this result throughout. We will use theorem [4]to prove theorem 2] but before doing so, we
make a few remarks about extensions of the result and the major differences between theorem 4]
and the finite sample guarantees in [63].

Remark 1: Spectral initialization. We assume that the AMP iteration in was initialized
with h? € R" independent of Z. As mentioned previously in section [3| for estimation with a
Bernoulli-Rademacher signal prior, one needs to instead use a spectral initialization that will not be
independent of the matrix Z. Theoretically, as introduced in [34], one deals with this dependency
by analyzing the AMP iteration using a matrix Z that is an approximate representation of the
conditional distribution of Z given the initialization and then showing that the two algorithms
are close each other with high probability. We do not give the details of this rather technical
argument here, and instead analyze the simpler case using an independent initialization, though
the generalization is likely straightforward.

Remark 2: Rate of the concentration. The rate of concentration depends on A, p,, and

the state evolution values, 07", through ?fl defined in . In particular, the term )\i(t_l) in 7!

n?

28



appears through the dependency of the rate on the Lipschitz constant of g;, where g;(ht, X") =
fe(ht + VA0 X™) and f; is the conditional expectation denoiser in (9). With this definition,
L™ = \/\,. The dependence on these values was not stated explicitly in the concentration bound
qu [63| theorem 1] as the authors assume that the Lipschitz constant, sparsity, and state evolution
terms do not change with n and, thus, can be absorbed into the universal constants.

The presence of these terms in our rate comes from the inductive portion of the proof where one
must show that the values ||g;(h, X™)||?/n concentrate to known constants. Essentially, this step
will add a term (L})*(v™ + o7') in the rate at each step of the induction. To see this, we point the
reader to three facts. First, notice that the approximate distribution of h} is gaussian with variance
o, Second, it is easy to see that a function [f ()] has the same pseudo-Lipschitz constant as f(-) if
| f(+)] is bounded (as n grows), which is the case for g; in our setting. (More generally, the Lipschitz
constant of [f(z)]* will be no more than L7.) Finally, we highlight that pseudo-Lipschitz functions
taking gaussian and sub-gaussian input concentrate as in [63, Lemma B.4] with L?(v™ + o7) in the
denominator of the rate where L is the associated pseudo-Lipschitz constant, ™ is the sub-gaussian
variance factor, and o}’ is the gaussian variance. Indeed, we restate [63, Lemma B.4] here for clarity.

Lemma 10. [63, lemma B.4] Let Z € R™ be an i.i.d. standard gaussian vector and G € R™ a random
vector with entries G1, . . . , Gy, Li.d. ~ pg, where pg is sub-gaussian with variance factor v™. Then, for
any pseudo-Lipschitz function f : R?> — R with constant L%, non-negative values 0", and 0 < € < 1,

2

P(‘% z} [0 2:,Gi) ~ E[f (V7" 2, G| 2 ¢) s2exp { 2 + 4(;37;: o7 - 4(07)?] 2

Since 0 < ™, 0™ < 1 we drop the squared terms (v™)?, (¢")? from the rate since v™, 0™ dominate.

Remark 3: Denoisers The proof of [63, theorem 1] assumes that the weak derivative of the
denoiser, g}, has bounded derivative everywhere it exists. Here, g;(h', X™) = fi,(h! + /X070 X™)
where f; is the conditional expectation denoiser in (9) and f/ is given in lemma[16] In particular,
fl(@) = VA fi(x)(1 = fi(z)), which is not bounded (in n) since \,, grows with n. However, we
can show that f/(z) is also Lipschitz, with constant Lfc = A\, and we use this fact directly in the
proof to get around the boundedness assumption originally used in [63} theorem 1].

K.2 Proving theorem

Before we get to the proof of theorem[2] we discuss how we apply the result of theorem[4]to our
problem. This will lead to the concentration result in (11), which concerns convergence within
pseudo-Lipschitz loss functions of the empirical distribution of z, the iterate of the AMP algorithm
in (6), to its approximating distribution with mean and variance determined by the state evolution.
Recall the following definition of a pseudo-Lipschitz function.

Definition 1. For anyn, m € Ns, a function ¢ : R™ — R"™ is pseudo-Lipschitz of order 2 if there
exists a constant L > 0 such that ||¢p(x) — ¢(y)|| < L (1 + ||z|| + |lyl]) [l — yl| forx,y € R™.

Now we prove (1I). Recall that in our model (I,

LW: VAn
vn n

where A, > 0 controls the strength of the signal and the noise is i.i.d. gaussian Z;; ~ N(0,1/n)
for 7 < j and symmetric, Z;; = Z;;. The AMP algorithm for recovering X from the data W is

given in (6).

Notice that the AMP algorithm in (6) is similar to (69), the only difference being that the matrix A
in (6) is our data matrix, as opposed to it being GOE(n) as in (69). If we plug the value of W' from
(73) into (6), we find the following iteration: ' = @X(X, fo(x)) + Z fo(x°), and for t > 1,

2t = \/7;\7”X<X,ft(:ct)) + Zfi(x") = bifia (2. (74)

XoX+2Z, (73)
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Now we define a related iteration to (74) as follows. Initialize with h® = z° with denoiser
go(hY, X) := fo(x°) and h! = Zgo(h®, X). Then calculate for t > 1,

R = Zg(h', X") —cga (BT X, o= =Y gi(hl, X, (75)

n
i=1

where g (h, X) = fi(h + upX™) for f;(-) the conditional expectation denoiser used in and
it calculated from the state evolution in (8) for our original iteration (i.e., the algorithm in (g)).
In the above, X" is the signal in and we drop the n superscript in what follows. Then, the

iteration in (75) takes the exact form of the symmetric AMP in (69) with state evolution given by
(70). In particular, the state evolution associated with is 7 = [lgo(h°, X)||?/n and for t > 1,

it = | (a/e72.2)) | =& |(r(voTz + 100 )

The above state evolution is exactly the state evolution for the AMP algorithm in defined in
. For this reason, we used the 7 notation.

As the AMP algorithm in takes the exact form of the symmetric AMP in (69), we can apply
theorem[4] The proof idea is to use theorem[4to give performance guarantees to the algorithm in
(75) and then to argue that the algorithm in (74) is asymptotically equivalent to the algorithm in
(75) so the performance guarantees hold for (74) as well.

We apply theorem[4]to (75) using the pseudo-Lipschitz function ¢(ht, X7*) = v (ht + up X7, X1),
where 1 is the order 2 pseudo-Lipschitz function in (1), to find that for ¢ > 1,

—ceine?

P(‘%iw(hﬁ + X, X)) — E{w(ﬁZ+M?X»X)}‘ > 6) < CC, eXP{w} (77
=1 "

We have used that Ly = 2Ly, (14 p7)?, which is shown in lemma|17] and that L = 2L, (1+u})? <
KLy, which follows from the fact that ' < x’ in the regime of interest, as discussed, for example,
h

in ) in section [K:4]
To show how follows from (77), we use the following lemma.

Lemma 11. Define bound, := CCy exp { —ccine? }7for§; in (72). Let h' be defined by the algorithm

ZED

in (75) and ' by (74). Then fort > 1, the following are true

1 —ceen
]P’(ﬁnht X > Iih> < CCe %, (78)
1 " 2 ke
P(ﬁ’ z' — k! — utXH > Ti) < bound,, (79)
]P’(%Ha:t” > Iir) < CCte%C%tn, (80)
P(| 5w (Xia) — (X0, B+ X0)| > €) < bound,, (81)
=1
1 - t n
P[> w(Xiat) ~ B{v(Xo, uy' Xo + /77 2) }| = €) < bound. (82)

i=1

In (78) and both Ky, and K, are universal constants.

The proof of lemma|11|is rather long and technical, so we include it in full detail at the end of the
appendix in section [K.4|and give a high level sketch here.

The basic idea behind the proof of lemma 1] is that the results in follow from the fact that
ht+ ppX; ~ /T7'Z + X for X ~ Px , independent of Z standard gaussian by theorem
Thus, %Hht + p X ||? will concentrate to 77* + (u})?p,,. Then we use concentration to imply

boundedness with high probability. The result follows from the same ideas since it can be
shown that x! ~ \/7]'Z + u X.
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Next, results and follow immediately from (78)-(80). To see this, first notice that
follows directly from the bounds in and using lemma [19] Next, follows from results
— (80). This can be seen by using the following upper bound due to Cauchy-Schwarz,

1 n 1 n
=D (X ah) — (K bl Xa)| £ 23 [0 0) = (X, 4 i X)
i=1 i=1

= hy = ui X (83)

Ly < n
< N (1 Il |+ (X AL+ X3 )
i=1

KLy ¢ \/ 2 1 1
< B igt — Rt X (1 ZIX)2 + = llat]2 + = | At ”X2>,
S n B e X || + X2+ llat]? + R+ pf X

and the boundedness of the term || X ||*/n. Thus, using kg = /1 + 4 + k2 + k3 > 0, a universal
constant, by the above bound it follows that
> e)

) 1 1
xt — Bt — "XH\/(1+X2+xt2+ht+ nx 2)>7)
H b 201+ el LX) 2 55)

P(\% ;W@»xﬁ) — (X, hE A+ P X)

IN

P(%

K€

IN

)+ B(2IXIP 2 201+ pu)

(oot

I{BLw
1 1
+ (S22 > 52) + P[B!+ X > 3 ).

Note, we have used p, < 1 so /%2 (1 +2(1+pn) + /ﬁi + Ii%) < 1. Considering the result in (84),
B
we notice that result (81) follows directly from (78)-(80), since by Hoeffding’s inequality (lemmal[i5),

2 w2 1, wio
— > < — — > < — .
P(ZIXIP = 201+ pu)) < P(|= X2 = pu| > 1) < 2exp{-2n} (55)

Thus, (81) (hence, (82),) follows easily from (78)-(80) and the main technical piece of proving
lemma|11|is then proving results (78)—(80) rigorously. This is done in section [K:4]

Now we show that follows from lemma [11] result (82), and then we finally prove the-
orem Notice that is recovered by applying with pseudo-Lipschitz function (X, z}) =
(X5, fi(z!)), as the only difference between (11) and (82) is that ! in (82) is replaced with f;(zf)
in (11). With this choice of pseudo-Lipschitz function, an L?c term is added in the denominator of

the rate of concentration, since L 3= 3Ly, max{1, L f}, which is shown in lemma

We note that from and it is easy to see that 3, L7 = F/\, = 7}, noting that ¢; =
Elg, (7T Z, X)) = E[f/(\/TFZ + ' X)] = b;. Moreover, the bound on the RHS of (T1) equals

bound; defined in theoremwhen L is a universal constant.

Now we prove theorem 2|using (T1). First, notice that theorem|2]result follows directly from
using pseudo-Lipschitz function ¢ (X;, fi(x1)) = (X; — fi(x!))?. This function is pseudo-Lipschitz
with constant Ly, by lemma To see how this proves result in more details, notice that

n

LY DX e = ¢ Y ) = X — A,

i=1

and

E{0(X5, fi (i X5 + /7 2)) } = B{ (X — fi(ui X5 — V77 2))°

—B{(x8)"} +E{ [f(ur X5 — VT } - X Fi (i X5 = VAZ) ) = ou =
where the final uses that E{(X')?} = p,, when Py, is Ber(p,,) or Bernoulli-Rademacher, the Law
of Total Expectation to give E{ X7 f; (VAnTP' X + V7T 2)} = E{[f: (VAT X + V7T Z)]?} in

the case of the conditional expectation denoiser as in @, and the state evolution definition in .
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Now we prove theorem 2|result (I3). Now considering the concentration result in (13), notice that

1 1 1 2
SIXXT = @)@ I = I+ 5 @) = (X fu()?.

Then we will prove the following three results: for bound; defined in the theorem statement,

P(| X~ 02| =€) <202, (56)
(‘—2||ft )4 — ?)2] > €) < bound,, (87)
P(‘?<X,ft(a: )2 — (Tgﬂ > e) < bound;. (88)

Then the final concentration result in follows from lemma[19]as follows:

p(‘%HXXT—ft( VAENIE - (02— ()] 2 ¢)

:P(‘(inxn‘* o)+ ( Ife( (Ttnﬂ)Q)_(%<X’ft(wt)>2_2(ﬂl)2)‘26)
—_ it Zg) (]—Hft I - 5 = 5)

@) - 203407 2 5):

As a final step, notice that the bounds in - applied to the above give the result in (13).
Now we prove - (88). First we prove using Heoffding’s Inequality, lemma|T5]

1 n
> ) =P(|- > (X2 - E{X2})| 2 ¢) < 2¢72
n
i=1
Then the result in (86) then follows from the above by lemma[20]

Next, for (87) we apply (11) using the function ¥(X;, f;(x!)) = [f:(x!)]?, which is pseudo-Lipschitz
with constant L, = 2 by lemma([i6), to find

1
P(|-I1X12 ~ pa

1 1<
P(| - Ifu@)? = 7| 2 €) = P(\nzl[ftum ~ 1| 2 €) < bounds,
im
where we have used the definition of the state evolution in (10) to give

E{w(X8, fi (i X0 + V7 2)) } = B{ [ X5 + V7 2)]"} = i

Then the result in follows from the above by lemmal[20]and the fact that 7;* < p,,.

Finally we prove result (88) by applying (11) using the function ¥ (X;, f;(z!)) = X, f:(z!), which
is pseudo-Lipschitz with constant Ly, = 2 by lemma to find

) 2) =23 3t 2 < b,

where

B{o (X0, fi (i X + /77 2)) } = B{XE fi(u X5+ /7 2) b = i,

where the final step uses the Law of Total Expectation to give E{ X[ f:(u? X§ + /7' 2)} =
E{[f: (1 X5 + /77 Z)]?} in the case of the conditional expectation denoiser as in (J) and the state
evolution definition in (I0). Then the result in follows from the above by lemmal[20]7/* < p,,.
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K.3 Proof of theorem

Proof. The proof of theorem [4] proceeds in two steps. In the first step, one studies the conditional
distribution of Z given the output of the algorithm up until iteration ¢, treating Z as random and
the output as deterministic. In the non-symmetric AMP studied in |63, Theorem 1], the relevant
measurement matrix has ii.d. gaussian entries and this conditional distribution was originally
studied in [27]]. The result for the case of i.i.d. gaussian Z is concisely stated in [[63, Lemma
4.2]. For the symmetric AMP of that we are interested in, the matrix Z is GOE(n) and so
this conditioning argument needs to take into account the symmetry of the matrix entries (and
consequently the added dependencies). This has been studied in other works that give asymptotic
characterizations of the performance of symmetric AMP, for example in [66, Lemma 3], and these
results apply directly to our case since this distributional characterization is already non-asymptotic
and does not change in our setting. This then allows us to characterize the conditional distribution
of the iterates h'*!, conditional on the previous output of the algorithm. We give this result in
Lemmabelow, but before stating the lemma, we introduce some useful notation.

First, denote m® := go(h%, X™),....m? := g;(h’, X") where the terms g;(h!, X") are those
used in the symmetric AMP in (69). Then we define .} to be the sigma-algebra generated by
{go(h%, X™), X"} and .7, for t > 1 to be the sigma-algebra generated by

h',.. Rt m° .. m' and X"

Using [66, Lemma 3] to characterize the distribution of Z conditioned on the sigma algebra .7, we
are able to specify the conditional distributions of h!*! given .7}, by observing that conditioning
on .% for t > 1 is equivalent to conditioning on the linear constrain

ZM,; =Y.,
where M, € R™"*! and H, € R™*? are the matrices
M;=[m’|..|m!"!] and H,=[h'|.. |~
and Y; € R™*? is the matrix Y; = H; and Y; = H; + [0|M;_1]C; for t > 2, where C; =

diag(co, ..., ct—1). Note that [¢; | ¢z | ... | ¢x] denotes a matrix with columns ey, ..., ¢.

We use the notation mﬂ“ to denote the projection of m**! onto the column space of M ;. Let

t+1 t+1 1 t+1 t+1
altl .= (ozo+ ,a1+ atHT e R (89)

P

be the coefficient vectors of these projections, i.e., mﬁ“ = ZZ:O aﬁmi, meaning ot =
(MtT_’_lMt_i_l)’lMlet*l. The projections of m**!onto the orthogonal complement of My 1,

is denoted by mﬂ_“ =m't! — m‘tl"'l. Lemma shows that for large n, the entries of o concen-

trate around constants. In what follows we show that, for ¢t > 0, the vector a!T! € R**! in (89)
concentrates to the vector

At 0149 T t+1
a’ = 10,...,0, e R, (90)

n
O¢11

for the state evolution values given in . Similarly, Lemma will show that for large n, the

norm |[m’ || /n concentrates to a constant 0", defined as oi- = o7, and for t > 2,

n
o} = af(l — U‘Tt ) (91)

With the above notation, we find the following result for the symmetric AMP in (69).

Lemma 12 (Conditional Distribution Lemma). For the vectors h'™! defined in (69), the following
hold fort > 1, provided n > t and M] M, has full column rank.

Ryl /ot Uy + Ao, and RV LATTR 4 \Jok Ui+ A, (92)

*While conditioning on the linear constraints, we emphasize that only A is treated as random.
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where Uy, U; € R"™ are random vectors with elements that are marginally standard gaussian random
variables that are independent of the corresponding conditioning sigma-algebras. The terms &' for
i €{0,1,...,t} are defined in (90) and the terms o;- in (91). The deviation terms are A; = 0 and for

t>0,
¢

t t
A= 3at -t + (B - Jod ) - Bdel, Jon

r=1
t—1
+ M (M]_ M)~ [Hg_lmg ~ M, (cth -3 ciagm“l)] (93)
=1

The second step of the proof is inductive on the iteration ¢, showing that if the result in holds up
to iteration ¢t — 1 then it will hold at iteration ¢ as well. This is done by showing that the standardized
{5 norms of the terms in the AMP algorithm in (69), like 1|/h!||* and X |lm’||%, concentrate on
deterministic values predicted by the state evolution. This is done by relating these iteration ¢
values to the iteration ¢t — 1 values through the iteration in and appealing to the conditional
distributions from Lemma [12|and your inductive hypothesis. While the proof for the symmetric
AMP is largely similar to that for the non-symmetric version, there are additional challenges due
to the dependencies created by the symmetry of the GOE(n) matrix. The details of the inductive
proof are quite technical and long and are therefore not included here but we state the result for
the symmetric AMP in (69).

Fort > 0,letk_1 =K_; =1,and

Kt = C(f + 1)5Kt71, Kt i1

o c(t + 1)1’
where C, ¢ > 0 are universal constants (not depending on ¢, n, or e). To keep the notation compact,

we use K, k, k' to denote generic positive universal constants whose values may change through
the lemma statement.

The result of theoremfollows from lemmaresult below.
Lemma 13. The following statements hold for 1 <t < T* and e € (0,1). Define

(94)

t+1
Y= (W o) (W o Ao - (V"—I—Z o) xmax{1, ¢ } max{1l, ¢} --max{l,&}, (95)
i=1

where v is the variance factor of sub-gaussian X" (for Px , = Ber(p,) we have v < 1/4; see

lemmal14).

1.
(%)

P(%HAtHQ > ¢) < K(t+ 1)K yesp{ - fike_1ne 3

(t + )ALty max{1, ¢ }

2. Denote By := E ¢y (\/07Z1,. .., /U{LHZ_H, X™). Then for pseudo-Lipschitz function
¢ : R"™™1 — R with constant L we have that

1 & Kki_1ne?
IE”(’— o(hl,.. .,ht.+1,X?L)—E¢‘ > e) < K(t+1)°K,_; exp {— }
n ; ! ! ! (t+ 1)7L§)L‘;tfyf¢+1
. } 97)
The random variables Zy, . . . , Z; are jointly gaussian with zero mean and covariance given

byE[Z,Z;] = \Jol'Jor forr < t, and are independent of X™ ~ px ..

DenotelEy,, = E ¢Lip(ﬁ21, R /Uf+12t+1, X™). Then for Lipschitz function ¢, :
R**1 — R with constant Ly, ‘we have that
> 6)

1 n
P()f b in(hl, ... W XP) — GE, .
n;mz(bLP( i i z) Oy
Kky_ 1€ }

2
(t+1)7L2LEtyn

<Kt +1°Ki exp{ _ (98)
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The random variables Z,, . . ., Z; are as above.

3. Let Ly > 0 be the pseudo-Lipschitz constant for the denoiser functions {g; }+>o0 and let
X, = ¢ be shorthand for

Kki_1ne> }

(t+ 1)Ly 25T

P(| X, —c| > ¢) < K(t +1)3K,_, exp{ -

Forall0 <r <t
Kki_1ne> }

1
B[ L) R — | 2 ) < K+ 1Ky oxp { - —210E
n( ) | =€) < K( ) K1 exp (t+1)7L§tfyfl+1

1 o L . 1 . .
E(mo) m"™* = G Elg1 (/071 Zerr, X)), g(mﬂrl) m'*! = o7,
2
. KK¢_1M€
P(‘Q-&-l —Ct+1‘ > €> SK(t—‘rl)?)Kt_l exp{ — }
(t + 1)7L3(t+1)7f1+1
1 1
E(h‘t+1)*mr+1 s ET+1UZL+2; ﬁ(hrJrl)*mtJrl o Et-&-la'?_;,_g-

Ki_1KN } (99)
(t+ 1)7L3t+2%+1 :

For &'t defined in (90), when the inverse of%M:_HMt_H exists, for1 <i,j <t+1,
2

1
P (MrﬂMtH is singular) <(t+1)Ki—q1exp { -
n

Lo - - KKi_1ME€
P(‘ [(ﬁMtHMtH) f-(e) 1]1'3‘ = 6) S KK eXp{ - L‘“Tyt“}’
: g ‘v
) (100)
t+1  att1 4 o RRt—1M€ }
P<|ai71 &> e) <K({t+1)"K;—1 exp{ o 1)9L§(t+1)7}§+1 .

In the above, the matrix C**1 € RUFDXCHY) pas elements [CHH]; ; = Omhasclijy JOT
1<4,j<t+1

5. With O'tJ‘ defined in ,

PQ}ﬂnf+ﬂ2—al ‘>e><1{@+1fﬁ' ex {— fiky_yne” } (101)
o imy t+2| =€) = t—1Xp (t+ DU LD e )

O

K.4 Proof of lemma

Proof. To begin with, we prove result then we prove the other results, (79)-(82), inductively.

Before we do so we establish upper and lower bounds on 7/ defined in (10). Notice that for the
Bernoulli case,

e

pn+ (1= pn) exp{=3 A7y = /A1l Z} |
where Z ~ N(0,1), as shown in appendix [G result (55). Therefore, trivially 77 ; < p,. We

also wish to establish a lower bound. First, by Jensen’s Inequality applied to the convex function
f(@)=1/z onx € (0,00), we have that

n o
T = E

T 2 b @ P

Pt (1= po)E[exp{=3 7" =/ Au7i' Z}]
where step (a) uses that Elexp{—2\, 7/ — \/A\,77'Z}] = 1 since Elexp{—tZ}] = exp{it’}.
Thus, p2 < 7{4 1 < pp and, in the regime of interest where \,, = xp;; 2, using that uf = /A, 7"
by (10), we find (u}")? = A\ (77%)? = p,, 2({)? and therefore

Koy < (1) = wpp 2 (11)? < K (102)
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Result (78). We first show that (78) follows 1mmed1ately from theorem[d] Applying theoremlw1th
pseudo-Lipschitz function ¢(hf, X') = (h! + u X)?, having constant L, = 2max{1, (u}")?},
as is shown in lemma

—ceine?

max{1, (u7")*}7,
where the final inequality follows since (17)* < & as discussed above in . We have also

used that E[¢(\/77'Z, X§)] = [(\/Tt Z+ X2 =1+ (u)? pn Then since (u")?p, < 1,
choosing r3 =3 > 1+ (ul")?p, + 77", we recover the first result in (78) with

1
PG—
n

Other results —. The proof is inductive on the iteration ¢t. We first show the initialization
case t = 1. Consider (79), then using the definitions of ! = @X(X, fo(z)) + Z fo(x) from
4) and h! = Zgo(hO X)) from along with the fact that fo(x") = go(h°, X),

VAn
n

1 n
B(| IR + 1 X712 = ()2 pn = 7

> e) < CCy exp{ } < bound;, (103)

Vx| = m) <2([]

W+MXH 1) pn — '

a:l—hl—,u?X:X( (X,fo(w0)>—u’f) =0,
where the final inequality follows since u7 = /A, (fo(x?), X)/n by (7). Next for result (80),

first notice that by the Triangle Inequality, || < ||zt — ht — p7 X|| + [|ht + pf X||. Then let
Kz = 2Kp + 2k and therefore, by lemma

1
Nz ) <P(slle A X +HEX | 2 2n + 2)

\fllh1

L= X = 5) + B!

1
P(—=
o
1
<P(Zle! - XN 2 ).
Then the upper bound follows by (78) and (79).

Next, notice that with the bound on P(ﬁ |x!|| > k.) established above, one can prove the ¢ = 1
case for and , as justified in the work in - along with results and .

Now assume that all results (80)-(82) hold up until iteration ¢ — 1 and we prove the results for
1terat10n t. As justified in the work in (83) - (84), the results (81) and (82) follow immediately from
78) - 50 we only aim to prove (79 and (80) here (as (78) was demonstrated above in (103)). We
begin by proving (79) which we will then use to prove (80).

Result (79). Next we consider result (79). Using the definitions of z!** and h'*™! from and
along with Cauchy-Schwarz inequality, we have that

'y
n “
=1
Syv%
nl n

2
ot — bl — ul X,

K2 K3

<X’ft—1(wt !

223 12w ) (2o e X0

2
bi_1fi—o(xt™?) — cio1gi—2(hi 2, X;)

3 n
+EZ

=32 g @) - LS X 2 2 @) gt x0)|
i=1
+ %’ bt71ft72(93t_2) - thlgt72(ht_27 X)H2

(104)
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Now we use the upper bounds in along with lemma 19 to give the following upper bound on
the probability on the LHS of (79):

(2o x> 22) <x(( - L s )
e sci 0] > )

P(%Hbtflftfﬂwt_% - thlgt72(ht_2aX)H2 > %)

1[)(105)

We label the three terms in the above 77, 75, T3 and provide an upper bound for each.
First consider term T} of (105), and recall that u}" ; = /A, 7{" . Thus, we have the upper bound

T < P(‘%(X,ft_l(mt*» T ’ \/%Lw) +IP(% iXZ >(1 +pn)). (106)

Notice that we can upper bound the second term in (106) with using 2e ~2" Hoeffding’s inequality
(lemmalT5) as in (85). We can upper bound the first term in (106) using the induction hypothesis for

result for the pseudo-Lipschitz function ¢(a, b) = afi—1(b) with constant L ; = L. Thus,

2

1 =1\ n Ky/€ —cei_1ne
Pl @) =i 2 W@)SCQ16Xp{LiL;An(1+pn)%‘l}'

Finally we notice that the desired result follows since L; = +/\,, proved in lemma and
A2 (1 = pn)¥i~t < 7! using the definition of 7%, in (72).

Now consider term 75 of (105). First notice that, conditioned on event F;_1,

sz fier(@' ™) = a0 X0) | € T2 s (@) s (6030

An

1Z][op “hentt

)
fra @) = foa (B i, X)|| 2 120

< -

< \/ﬁ‘
where step (a) uses that g; 1 (h!~%, X) = f;_1(h!~! + u? ; X) and step (b) uses the Lipschitz
property of f;_;. Therefore,

(et e o 2 )

Lw
<P(||Z Al =1 _ -t X
> 1Z]|op — Hiq = L

¥
1
<P et —ntt X > < r)w(uzuoym)
< CCy_1exp {%} + Cexp{—cn},
Ly,

where the final inequality follows from the inductive hypothesis for (79) and standard results
about tail bounds for operator norms of GOE matrices. In particular, we have used the inductive
hypothesis to find

1 -1 -1 Ke? —cct_ln‘s2
P(nH —h +u,1XH L2, ) SCCtlexp{W}
_ 2
< CCyexp{ =52
Lw'yn

where the final inequality follows since A, 7.~! < 4! using the definition of ¥/, in (72).
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Finally, consider term T of (105). We first give an upper bound using the definition of g, and the
Lipschitz property of f; with Ly = 1/, as follows:

Hbt—lft—2(-’€t_2) —ci1gi—2(h%, X o) — o1 fr—a(RT% + M?—QX)H

fi2(@'2) = froa(h™2 4 i X)) 4 bt = o fra (™2 4+ i X0 |

< Al = hT? - H?—zXH +|bi—1 — ci—1|V/n.
(107)
In the final step we use the lemma [18|results
1 — _ _ . 2
beal S =3 IfaE D VA, and[|fa b LX) <
i=1
We investigate the term |b;_1 — ¢;_1| and recall from their definitions in (6) and (75),
[bio1 =] < — Z|ft ) — g1 (i1, X)) Z!ft ) — Sl (BT = i X))
é Z fioa@T A = fioa (@) = foa (R = Xa) (1 = fooa (B! — i X))‘
®) /A — _ <c) An [ om _ N
< el = bl - )| < PnT o X
- (108)

In the above, step (a) uses lemma [18|for computing the derivative f;, step (b) uses the bound
[f(@)(1 = f(a)) = FO)(1 = )] < |f(a) = fFO)] + |[f(@))* = [f(0)*| < &|f(a) — F(b)],

for 0 < f(a) < 1forall a € R, and step (c) uses the Lipschitz property of f;, namely =V An,
and Cauchy Schwarz to give >, |a;| < y/n||a||. Plugging the bound in into (1

Hbt—lft—z(mtfz) —c1gi—2(h' 2, X)H

-2 _ ht—2

-1 _ ht—l _ MgleH
Now we have from lemma[19that

1
Ty §2]P’( ot
n

KRE
—hT 1XH _LQ)\?)

and the final bound follows from the inductive hypothesis for (81) using that A2¥/~! <3/ using
the definition of 7%, in (72).

Result (80). To complete the proof, we consider result . First notice that by the Triangle
Inequality, ||z!|| < [|z' — h' — ul X || + ||h* + uf X||. Then let Ky = 2K), + 25 = and therefore, by

lemmal|19|

1
=l >k, ) =P

1 %
]P’( X 4+ — B+ X > 2 —)
= X+ = X > 20

(%”mt - 7

1 K 1
IP’(— L S = ) IP(— Rt 4+ X || > )
— \/ﬁ”w Hy || Ll/) + \/ﬁH +Mt H Kh
Then the bound follows by and (79). O
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K.5 Useful lemmas

In this section we introduce a number of technical lemmas that are used to prove our main results.
We include proofs only where the proof is non-standard.

Lemma 14. Recall from [67], that a random variable, X, is sub-gaussian with variance factor v if
log E[e!X~EIXD] < +20/2 for allt € R. When X ~ px, we havev < 1/4 for px ~ Ber(p).

Proof. By [67, Lemma 2.2 (Hoeffding’s lemma)], any bounded random variable a < X < b is
sub-Gaussian with variance factor (b — a)? /4. O

Lemma 15 (Hoeffding’s inequality). If X1, ..., X,, are independent bounded random variables such
that a; < X; < b;, then forv = 2[3.(b; — a;)?] 7%, we have P(|1 Y"1 (X, — E{X,})[> ¢€) <
2671/7'7,262 .

Lemma 16. Recall the definition of pseudo-Lipschitz functions of order 2 given in Definition[1] The
following functions 1) : R* — R are all pseudo-Lipschitz of order 2 with pseudo-Lipschitz constant 2.

’(/)1 (a7 b) = (Cl - b)2’ 1P2(a7 b) = bza 1/13(6% b) = ab. (109)

Proof. Verifying the pseudo-Lipschitz property for the functions in is straightforward, so we
omit the details. O

Lemma 17. Recall the definition of pseudo-Lipschitz functions of order 2 given in Definition[1] Let
[+ be the conditional expectation denoiser in (9) with Lipschitz constant L and let ) : R? — R bea
pseudo-Lipschitz of order 2 function with constant L,,. The following functions ¢ : R* — R are all
pseudo-Lipschitz of order 2 with the stated pseudo-Lipschitz constants.

$1(a,b) = (a+ b, b), Lg, = 2Ly (1 4 pui)?, (110)
d2(a,b) = ¥(a, fr(b)), Ly, = 3Ly max{1, Lf}, (111)
¢3(a,b) = () ra+b, Ly, = V2max{1, (u) "'}, (112)
$a(a,b) = (a+ppb)®, Ly, = 2max{l, (u})*}. (113)

Proof. For function ¢, in (110), first notice

|61(a,b) — 61(@, b)|= |y (a+ uPb,b) — (@ + ', b)]
. . N . (114)
< Ly (14 |[(a+ pb, b) || + 1@+ pd, b)) x |[(a + pb, b) — (@ + 1, b)]].

Next notice
(a4 10, b) — @+ 1B, B < la —a] + (L + )b — B < V2(1+ 1) (a,b) — @ D)

and [|(a+ pfb, )| < |a+ ppbl +[b] < |a| + (1 + uf)|b] < v2(1+ )| (a,b)||. Thus, from (T14),
we have result :

|#1(a,b) = §(@,b)|< 2Ly (1 + ) * (L + [|(a, b)|| + 1@ b)) x [[(a,b) — (@ D).

For function ¢ in (111), first notice

[#2(a,b) = $2(a, b)| = [¥(a, fi(b)) —¥(a O] R (115)
< Ly(I+ |l(a, fe(O))] + [I@, fe(0)) DI (a, fe(b)) — (@, fr (D).
Next, notice that since f;(-) is a Lipschitz function with constant L,
(@, fo(®)) = @ F:@DI” = 1f:(0) = fo®)* + |a =@l
< Ljlb—b* + |a — @]* < max{1, L}}|[(a, b) — (@ b))%,
and since our denoiser of interest f; in (9) is such that | f;(z)| < 1,

(@, fe @) < lal + 1fe(B)] < lal +1 < (1+|a] +[B]) < V2(1 + [|(a, B)]])-
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Thus, from (116),
[¥(a.b) — $(@b)|< 3Ly max{L, L} (1 + [|(a.b)l| + | @ D) D(a.b) - @D)|.  (116)
Next, the bound for function ¢3 in is straightforward:
[9s(a,b) = ds(@b)| = | (u)"a+ b — () a1
< () "Ha — al+[b — b|< VZmax{1, (1) }|(a,b) — (@D)]|.
Finally, for function ¢4 in (113), first notice
[6a(a,) = 9a(@D)|= |(a -+ pi)? — @+ D)’
< |(a+ 1) = @+ D)@+ 1) + (@ + T
< 2max{1, (1)} (| (a, )] + 1@ (I[(a,b) — @ D)),
where the final inequality uses that |a + p7b|< v/2max{1, u?'}||(a, b)|| giving
|t pt) + @+ )| < V2max{1, 1} (l(a,B)]| + 1@ D))
and the fact that
(@t ) = @+ )| < Ja = @l+uplb — BI< VEmax{1, 4 }|(a,b) - @ D)l
O

Lemma 18. Recall the definition of pseudo-Lipschitz functions of order 2 given in Definition[1] The
conditional expectation denoiser in (9) is Lipschitz with constant Ly = \/\,, when X ~ Px ,, and
Px ,, is either Ber(p,,) or Bernoulli-Rademacher and {%ft () = VA fi(x)(1 = fi(x)). Moreover,

the Lipschitz constant can be strengthened to /A, p, on x € (—00, %) and f(0) < py.

Proof. First, recall that f;(-) is the conditional expectation denoiser given in (9),

fi(@) =B{X§ | VAT X + /T Z =z}
Notice that for either the Bernoulh or Bernoulli-Rademacher case, we have that | f;(z)| < 1 for all
x € Rsince X € {-1,0,1}.

First consider Py, ~ Ber(p,) and we show that f;(-) is Lipschitz continuous with Lipschitz
constant v/\,,. Let ¢(x) denote the standard gaussian density evaluated at z. First, by Bayes’ Rule,

fi(x ]E{Xo|\ﬁ7'tnXo+ 7 =1z}

P (* fﬁ ) (117)

S P(X] = 1| VA XS 4 = 0) =

(1= )0 () + pud(02E)
Now notice that 2 ¢(%:%) = — (Ib;a) ¢(%52). Using this and the representation above,
= AnT
)= 2 i
oz’ T Bz

(1= p)o( ) + pud ()

_ —fil=) - :E(lfpn)ﬁﬁ(\/w—n) +pn(ac—\/x¢tn)¢(%)

7 (1= pu)o( ) + m(jiw

e — v | o) [ o)

7 (1= p)o( ) + puo ()

=V fi(@) 1~ fil)).

(118)
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Therefore, using (118), we see that
with Lipschitz constant v/ A,,.

a% fi(x) ‘ < +/A, and it follows that f;(-) is Lipschitz continuous

The fact that f;(+) is Lipschitz continuous with Lipschitz constant y/\,, can be shown similarly for
the case where Py ,, is Bernoulli-Rademacher.

Finally, notice that from we have

Pn
fe(x) = (1= pn) exp{ nTt"—Qxx/E)}+pn' (119)

Then since €* > 1 + 2 (which can be seen by showing that f(z) = ¢* — (1 + z) has a minimum at

f(0) = 0),

ft(x) S T pn — - pn .
(1= pp) (X4 5Ant =22VA0)) + o 14+ 51 = pn) AT — 22V A)

The above implies that f;(0) < p,,, and further, since

VAL
(1= pn) (At — 224/ Ap) >0 when ngTt,

we find the bound 0 < f;(x) < p, when z < @
Therefore, by (118), we have l%ft(ﬂm < VA fi(x) < V/Aupy and it follows that f(+) is Lipschitz

continuous with Lipschitz constant /A, p,, on z € (—o0, ). O

The proof of the following two lemmas can be found in |63} appendix A].

Lemma 19 (Concentration of Sums). If random variables X1, ..., Xy satisfy P(|X;| > €) <
e nie® for1 < ¢ < M, then

M M
P<|Z XZ|Z 6) < ZIP’ <|XZ| > ﬁ) < M e—n(min; m)GQ/Mz.
=1 i=1

Lemma 20 (Concentration of Powers). Assumec > 0and0 < € < 1. Then, if P(|X,, — c|> ¢€) <
e~ it follows that P(|X2 — ¢2|> ¢) < e—rne’/l1+2d”

L Algorithmic AMP phase transition regime

In this appendix we show that the right-hand side of the bound in theorem 2|for signal strength and
sparsity scaling like \,,p2 = w and p,, = Q((Inn)~%) with w,« € R, tends to zero as n — +oc.
We focus on the Bernoulli prior case but the arguments generalizes to Bernoulli-Rademacher prior.

Let us first upper bound v/, in terms of \,, and p,, in the Bernoulli case. First we use the bound

If{(2)] < VAn (see lemma to bound
« . . =1
max{1,by } max{1,bo} - -max{1l,b;_1} < \,?2

From the explicit AMP iteration (see appendix G second formula for example) we have 7;* < p,,.
Since v, < 1/4 (see lemma we get (V" + T) (W H P HTE) (W ) < (24
pn)(5 +2pn) -+ (5 +tpy) < (7 + )\ Putting everything together we get:

1
UCRDIP e

Now we use the scaling (which is the correct scale for the phase transition to happen) \,, = wp,, ?
and get:

1 5t73
2
(4 +t) p5t 3

’Y
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Therefore

¢ Gt 5t—3, 2
bound; < CC}ex { = 2t =3ne }
t t p w 3 ( +t> P

Now the ¢ dependence in the constant ¢; = [C*(¢!)“]~! (from now on C is a generic positive

constant) and using Stirling’s approximation ¢! ~ /27t t' e~? this scales at dominant order as
[Ct(t")€]~1. So we have at dominant order

bound; ~ CCt exp{_CeiCt—Ct In te(5t—3) ln(pn)eln n€2}.

Now set the number of iterations to t = o( {2 ). We gettInt = o(Inn) so £Ct—CtInt = o(Inn)
and

_ Inn
u R — nlnn P
bound; ~ CCy exp{—Ce °Un™ o(mi5) nlon) glnn 2y (120)

We set p,, = 6((1nn)a) = ThenIn p, =InC — alnlnn and we get

(ln n)e”

Inn

bound; ~ C’C’texp{ Ce™ o(lnn) o(lnlnn)(C—alnlnn)elnn€2}.
This leads to

Inn

bound; ~ C'C; exp{_Ce—o(lnn)+CO(lnlnn)—ao(ln n)elnnEQ}
~ CC; exp{_c’e(ln n)—(14a)o(lnn)+Co( Lor )62}
~ CCYy eXP{—C’e(ln n)[17(1+a)o(1)]+co(ﬁ)€2}

~ CCyexp{—Cnl~0=M2},

One can check that the prefactor C; = [C*(¢!)] does not change the dominant order for t =
({81 ) This shows that the bound vanishes as n — 400 for A\ = wp;, 2 and p,, = O(

Inlnn (In n)o‘ )

for any a > 0. As seen from (120) the bound worsen with decreasing p,,. So the result extends to
i

Pn = Q( (Inn)™ )

Note also that in the case of the rescaled bound of remark 1 below theorem[2} the previous derivation

is unchanged, up to the constant appearlng in the oa( ) that is changed some other o,,(1) (for n
big enough). Indeed, because p,, = Q(7+= Mo ) the p2 or p} appearing in the rescaled bound can be

absorbed in the 0,,(1) of the previous derlvatlon, for n large enough.
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