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ss A Filtration, Additional Notations and List of Constants

s9s Filtration for L.I.D. samples

se7  The definition of filtration is similar as that in VRTD (Appendix D, [27]]). Recall that in Algorithm|T]

38 B, consists of M independent samples that are sampled from i, , and x§’”> is another independent

see sample sampled in the ¢-th iteration of the m-th epoch. Let o(A U B) be the smallest o-field that
400 includes both A and B. Then we define the filtration for I.I.D. samples as follow

Fio=009, 49, Fy=0(FoUc(B)Uc(a)),....,Fia =o(Fiu_1Ua(( )
FQ’O = O'(Fl)M U O'(é(l),ﬂ](l))),Fg,l = O'(F270 U U(Bg) U U(l‘éQ))), . ,F27M = O'(FQ)M_l U U(‘Tg\?—l))

Fro =0 (Fn1ar Uo(@™ D @"=D)) E ) = g(Foo Uo(By) Uo(zd™)), ...,
Fort = 0(Fnar 1 Uo(z7)).

401 Moreover, we define I, ,,, as the conditional expectation with respect to the o-field F ,,.

402 Filtration for Markovian samples

403 The definition of filtration is similar as that in VRTD (Appendix E, [27]). We first recall that B,,

404 denotes the set of Markovian samples used in the m-th epoch, and we also abuse the notation here

405 by letting mgm) be the sample picked in the ¢-th iteration of the m-th epoch. Then, we define the

406 filtration for Markovian samples as follows

F1,0 = O'(BO U U(é(o),’lf)(o))%Fl’l = O'(Flyo U 0'(3?(()1))), R 7F1’M = U(FLMfl U 0‘(.’135&[)71))
F270 = O’(Bl U FI,M U U(é(l),ﬁ)(l))),FgJ = O'(F270 U O'(I(()Q))), ey F27M = O'(F27M_1 U O'(l‘g\i)_l))
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Fo=0(Bpm1UFp 1 Uo(@™ D @) Fpy = 0(FpoUo(zi™), ...,
Foopt = 0(Fpr-1 Ua(aly)) ).
407 Moreover, we define [E; ,,, as the conditional expectation with respect to the o-field F} ,.

408 Additional Notations
409 Recall the one-step TDC update at Gt(m):
A0 6™ + B w = Ao+ 0™ 4+ BI™ 2 + BI™ (=C71(b + A9))
= (™ = B"MCta) o+ 6™ — BIMC b+ B
w0 Define A := A — B™ (14 and b{™ := b{"™ — B{"™)C~1b. Then, we further define
G0, 2) = A0+ b™ + B™:.
411 Moreover, we define

A= Amax(A+ A7) = —Apax(24TC714) <0
sz Similarly, recall the one-step TDC update at w!™:
A0 46 ™M w = A4 0™ 4 0z 4 O (—C (b + AB))
= (™ —cimera) e+ o™ - Mo+ o
s Define A =A™ — c"™ 1A and b{™ := b{™ — €™ C~1b. Then, we further define
H™(0,2) == A0+ 5™ + 0™

Moreover, we define
)‘C = 7/\max(c+ CT) = 7>\max(20) <0

414 List of Constants

415 We summerize all the constants that are used in the proof as follows.

416 Constants for both i.i.d. and Markovian setting:
417 o Gyr :=3[(1+7)Ro + max) Pmax (1 + %) .
418 o Hygr :=3[(1+7)Rg + "max) Pmax (1 + m) .

419 Constants for i.i.d. setting:

420 K, = [(1 +7)Ro + TmaX]zp?naX(l + %)2’

\Q Q

429

2
@ e e = [(14) Rt rmad]” (L )
_ 2027 3 2 max )2 2 1+ 2
422 o C1 = a5t - 10(1 4 7) Pax (1 + mistey) (1 +5%) - (Pmaxmmaioy)
_ 207’ 3 1 2
423 o ()= p)\AA/ 2o 10(1 + 7)2pr2nax' (1 + min\A(C)|) :
_ max )2 2 1+ 2
424 o O3 =10(1+7)*phax - (1 + sifistiyy) (L4 5%) - (Pmaxmmiaiey)
2
s o Cu=10(1+7)p2ue - (1+ mmracey)
2 a?
426 ® D:){l{ﬁ+a'5(1+’y)2p;ax(l+%) +F'Cl+/8'02}7
427 o F = MLﬁ )\l
(12 2 063
428 o F=5bloh 48104 5 109202 (14 52) - (Pmaxsmisloy)” + (5 - G+ 0B
’pa }

b)‘o >

12



430

431

432

433

434

435

436

437

438

440

441

442

443
444

445
446
447
448
449

Constants for Markovian setting:

2
o Ky = [0+ 2)Ro + Pl P (14 55057 ) - (14525,

_P_
1—-p|°

.KQZ

2
)\AA [Rg(l + '7)2 + TIQnax] : 4p3nax (1 + %) |:1 tr

o Kaim (2 (R4 )2 ] - s+ 45 ool frosrn

Ac min |A(C)]|

.K4I

12 p2
2R 1+ et

2
o Ky := [(1 —i—’y)Re + Tmax]QPIQnax (1 + m) . (1 + /ﬁl%pp)

s

) [1+ 5],

2 2
— max 2 14 96
*Ci= (1 * m) (1 + Ac) . (pmax min\A’(YC)|> " Xixe V2 P - 10(1+7)? s

2
* Cp= (1 + min |1>\(C)|) ’ /\fi)gi\c 72p?nax ! 10(1 + 7)2pr2nax’

2 2
oD:i—g[ﬁ-l—aﬁ(l—kvfpfnax(l-&-%) +%-01+6~02},
_ 1 1
.E—iﬂ o

14+

2 2
# F = R e 0107 (1535 (o) 50 12000 iy

2 2 2
max 2 1+ o? 1 2.2
|:(1+ mi’11p|)\(C)|> (1+%> ’ (pmaxmin\k’ZCH) F++(1+ Inin\A(C)|) 5:| 57 pmax:|'

B Proof of Theorem 3.1

Throughout the proof, we assume the learning rates «, 5 and the batch size M satisfy the following

conditions.
. 1 A Y Pmax 2
< A [1 202 (14 —mex ]}
O‘*mm{wg’ 60/ (1) Pmax( +min|A(C)\) ’

2
2 1-D )\2)\0

o .
?.03+B~C4Smln{wm,5(l—D),C4},
4
MpB>—
B>
Ao 9 9 9 9 202 1 1+~ 2
— B — 108" - 10 ~— =) (Pmax——~) =0,
50— 108 V2 Pma (@7 + o B) (p mm|A(C)\)
A~
. 5(1 2 9 1 Y Pmax 2< AL
aar TS e (Ut TR TG =
a  T2ph.00 1 e 720p50x7” 1
2 T Y2 Y T 2 Yy
B2M )‘E Ao )‘g e
o 7200200 1 5 2 1+ 2 60
_A'_i.&i max1+7 . max —————— +a- —
2N A L+ 55) - (maiiiion) ;

max{D, E,F} <1,

VP < 1,

3)

“4)

(&)

(6)

)

®)
€))

where C5 and Cj are specified in eq.(24) and eq.(23), respectively, and D, E, F are specified in
eq.(T8), eq.(T9), and eq.(23)), respectively. We note that under the above conditions, all the supporting
lemmas for proving the theorem are satisfied. Also, we note that for a sufficiently small target

accuracy e, our choices of learning rates and batch size v = O(e3 ), 3 = O(e5), M = O(e™ 5 ) that

are stated in the theorem satisfy the above conditions eqs. (3) to (9).
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450  Proof Sketch. The proof consists of the following key steps.

451 1. Develop preliminary bound for ||9(m 0* H2 (Lemma l

452 We bound M1 (6™ — e*||2 in terms of 327112812, [|2(m=1)||2, and [|§(m—D

453 6.

454 2. Develop preliminary bound for ol (™))12 (Lemma|D.3).

455 We bound M1 (2™ 12 in terms of STMOL0™ — 6% )J2, [|20m= D)2, and |6(mD) —
456 6*||?, and plug it into the preliminary bound of Zt]‘i 61 ||0§m) — 6*||?. Then, we obtain an
457 upper bound of Z ||0(m) 0* |2 in terms of [|Z(~ D2, and [|§(™~1) — 9*||2.

458 3. Develop preliminary non-asymptotic bound for || 2™ ||? (Lemma .

459 We develop a non-asymptotic bound for ||2(™) |2,

460 4. Develop preliminary non-asymptotic bound for ||§™ — 6*||> (Lemma D.4).

461 We plug the bound in Lemma into the previous upper bounds. Then, we obtain an
462 inequality between E||#(™) — @*| and E||#(™~1) — #*||. Telescoping this inequality leads
463 to the final result.

a64 5. Develop refined bound for ||2(™ ||* (Lemma D.5).

465 We bound 37! 12712 in terms of SM6s (m) _ g2, |12 m_1)||2 and [|9(m—1) —
466 6* ||2. Then, we apply Lemma|D.1|and obtain an upper bound of >+ U1128™)12 in terms
467 of |Z(m=1 |12 and [|§(™~1) — 6*||2. Moreover, we apply Lemmaand the preliminary
468 non-asymptotic bound of [|§"™ — 6* |2 to obtain an upper bound of ZM |2 (m) |2 in terms
469 of ||2(™=1)||2. This gives the desired refined bound of ||z |2.

470 6. Develop refined bound for ||6™ — 6*||* (Theorem [3.1).

471 We use the refined bound of ||2™||? instead of the preliminary bound obtained in the step 4.

472 First, based on Lemma|[D.I] we have the following result

N M-l N
Ty Enolle™ 67|

t=0
< [1 +a2M - 5(1 4 7)2p2a (1 + kﬁ”)')z]Emvoné(m—l) — 0|2+ a2 5K,

min [A(C

2 max m ~(m—
. ” ZEmonz 2 4 020 - 57202, o ol 202,

473 Apply Lemmato bound the term Ei\i 51 E ™) || in the above inequality, re-arrange the
474 obtained result and note that ’\TC B —108% — 107%p2 .y (0 + 207 1) (pmaXM) > 0. Then,

Ac B
475 we obtain the following inequality,

)\A M—1 (m)
— E ]E’m 0 o 0* 2
12 poard 10|| t H

2
)2+aM-(%

Y Pmax

< 2 ) 2 2 —_—
7{”@ M- 5(1+7)%p2 (1 + min A(C)]

:C1+ B+ Ca) JE |60 — 0|

a 2p2..7° 3 [ 9 2 1+v 202 9 9 9
{/B )\A )\C + 6 + ’-Y pmax( + )\C) (p a; mln|)\(C)|) 6 +O[ 'Y pmax
Epm ol 2" V1?
60p2,..7° a® 6002, .72 14+ |2 2 9
max K _ max . max - K 1 _ . 5K X
+ap- 7)\ Y 2+ 3 7)\ e (Pma 7m1n|)\(0)|) 1(1+ )\C)—FOé 1
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476 where C; and C5 are specified in eq. and eq., respectively. Dividing /\—éaM and taking
477 total expectation on both sides of the above inequality, and applying Lemma to bound the term

a8 E|2(™=1)||2, we obtain that

E[|6™) — 6*||?
SD . ]Emp”é(mfl) _ 0*H2
147 )20%72
min |A(C)|” 8
pm—1_ pm-1 pmol_pm-l  pm-1_pm-1
Z 7 E16O) _ g2 D-F E-F 5(0))12
T O o) + ——— Bl

1 1 1152 p%, 4% a2 1 a? 9 9 2 1+v 2
max? (X o450 [— 20+ 220 1+ =) - (Pmax ——7mms }
T1-Fi-D XL ( 318 C) TA-20+ (1 50) - (0 m1n|)\(C)|)

12 1 202 .. 2
{8 BT S (1082 1109 (1 1) - (s | ] + 020592020}
C

+ —
)\ECVM ﬂ )\g >\C

x {Fm1 B0 +

p? pM p?

<[ g+ G5 (4 )5 ey

gl Geke t O3+ g Gl iiey) 01+ ) + &S5}
479 Note that the second coefficient in the above inequality can be simplified as

voair (5 R 1 105+ 1074 32 s ) 1] M)

12{a 2p2 723[1 5 o 2 l+v 202 9 9
= {S L 2 [ 108410922 (L )« (pmax ) 5| + @ 5720}
A UB T A Ao lBM 7 P (1 50) - (oma o ay) R
a  T2pp.,0° 1 72005.,0° 1 o T20ph,7" 1 2 L+v 2
= s e T T ety Pe(U+ ) (Pmax o)
B2M )\2 Ao AE A B )\2 Ac Ao min |A(C)]

60
+a- ;72p12naxa
A

480 and note that we have assumed that

v 8 720p30x7° 1
JURDYe

a 120,77 1
M N A
o’ T20p5.,7" 1

2
— 2 —_— .
+ BQ )\% >\C Pmax (1 + /\C) (pmax

I+~ 2 60 5 ,
_ity 80 <1 0
o) T N, Pmax = 1 (0)

481 Then, we obtain that

E[§™ — 67|
_ pm—1_ pm-1 _
<D B0V = 67| + F™ 1 B2 + ———— -E§) —¢"||?
D—-F
pm-1_pm-1 _ Em—l_pm-1
+ D—F 5% E—-F ]EHE(O)HQ
a  T2ppa7 1 720p5,7° 1
Haomr et
B Iy c 2 c
o 1200270 1, 2 1+~ 2
—_ .2 FPmax’ - 14+ ) (pruax———— 22 }

1 1 1152 p2,.7% o2 1 a? 9 9 2 1+~ 2
X{l—Fl_D A% )\20 (@Cj+ﬁ04)[w+ﬁ20+ﬁ207 pmaxt‘-"‘%)(pmaxmln|>\(c)|):|
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482
483
484
485

24 a? 2 2 1+~ |2
(B =Hi + — - (1+ —)  — (pmax—————) G2
5 S et gz (14 500 5 (omas vy Gl
1 1 15} 80 600 Ky o? 1 80 1+~ 2 2 600 K,
— = [ (Err ) L (E pma——— L VK (14 ) 4 Oy L
+1—F1—D[M (AC 2+ oo )\g)—i_BQM ()\C(pdmln\)\(Cﬂ) at +)\C)+ 3)\0)\2)”
12 1 6002,V o’ 60p2,.7° 14+~ |2 2 9
Lt 2 Pwmax¥ e @ P Pmax T 2T N2 g £ 5K
+AgaM{O‘B e TR TG (P m1n|>\(C)|) (1450 +e 1}
Gim—1) _ p¥(2 m—1 =(0) ]2 o 500) o2
<D -Epmllf — 0" T+ F B2 +W'E”9 =07

D'mfl_mel E7n71_F7n—1

+ D—F

E—-F

E[z©)?

D-F

20p207° 1

a 720292 1
{BZM' S TS
1 c a ¢
a? 72002911, 2 14+ 2 60 5 o
= 2 Pmaxt - T+ -2 (prax ————t L
FEERDYA noPmax(1450) (0 mm\A(O)|) ey pmax}
1 1 115202, 4% a2 1 a? 9 9 2 1+ |2
- max] (2 .03+ 8-C [—+ 20+ — 20722 (1 + )+ (Pmax———m }
{l—Fl—D PURNPYE (G2 Gt 0-Ca)| 537+ g2 207 P (14 5) (0 mm|A(C)\)
24 o2 2., 2 T+y 2
. = g2 — 1+ ) (pmaxr—————)G? }
B 3o vt g (1 50 5 (oma e ayy) el
1 1 (B8 ,80 600K, o1 80 1+ 2 2 600 K,
— L (Kt S = (2 (pma———— ) K (14 077]
1—F1—D{M (Ac 2+ Gy )\A)+ﬂ2M ()\C(pamln\)\(Cﬂ) i +)\C)+ 3)@/\2)
1 1 B 7200272 o 1 7200272 14+v 2 2 a 60
- -y Zhmax] g o 8 hmax ], L VR (14— 7.7[(}
+1—F1—D{M Mo 2Ty Mo (P m1n|)\(C)|) at +Ac)+M A
~ Dm—l_Fm—l ~
=D -Ep o)™V —0*|2 4+ F* L E2O)2 4 T——F— - E[0© — 672
: D—F
pm-l_pm-1  pm-1_pm-1
D—F E_F £(0))12
+ D E ENZ7
{ a  T2p2.° 1 v 8 720p3ax7° 1
& D 2 g ISP
BM X% A M e
o 1200270 1, 2 1+v |2 60
— 2 Pmax ! 2 14+ —) - (prmax ———————— L A2p2 }
Dt no P (14500 ( min\)\(C’)|) Ty Pmex
1 1 11522, . ~% a2 1 a? 5 9 2 1+ 2
: max O34 8-Cy)| = 48204 — - 2072920 (1 + ) - (Pmax——re
{1—F17D PERDYS (52 s 4)[51\4 g2 rp (1+55) @ m1n|/\(C’)\>}
24 a? 2 2 1+~ (2
g 22 — 1+ ) = (ppax——————) G2 }
B S et gz (14 500 5 (omas ) Gl
1 1 B 1720027 80 600 K,
- - | 2 Pmax g~ Ko+ Oyt
+17F17D{M [ M2c 2+(>\c 2+ 4/\0A2)}
a2 1 [720p2,.7> 1+ 2 2 80 1+ 2 2 600 K,
S e (e e ) K (1 ) (5 (s o) K (14 1) + G )|
B2 M { A2 % am1n|)\(C)|) (5 )+ (5 am1n|)\(C)|) (1450 + Gy /\g)
a 60
o g }
+M )\g 1

where we use eq. in the first step, use 1 < = —L

1-D 1-F

in the second step, and rearrange the terms

in the last step. Next, we telescope the above inequality over m. To further simplify the result, we

choose the optimal relation between « and 3, i.e., 5 = (’)(aQ/ 3). Then, for sufficiently small « and
B, wehave D > E and D > F, and we obtain that

E[§™) — 6%
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~ D™ mD™~1
<p™. 9(0) —B* 2 Dmfl -E 5(0) 2 m .E 90) — B* 2 E 5(0) 12
< | -+ 121" + —5—= - Ell I” + D_E)D-F) 1211
1 a  7202..7° 1
+ { 5 . 23 I
B2M M Ao
+ﬂ 720p12nax’y2i+a72 720pr2nax’y4i 2 (1+i) ( ]-+'Y )2+Oé V2.2 }
)\} 62 )\21K )\Cpmax /\C pmaxminp\i( )| )\Z"}’ Pmax
1 1 1152 p2, ~2 2 1+7 2
max C C 20 + — - 20 14+ ) (pmax ——
{17F17D N2 (52 s+ b 4)[[3M+5 +ﬂ2 (14 30) - (0 m1n|)\(C)|)}
24 a2 2. 2 1+ 2
S HaR 4 S (14 ) - (max—— ) G
<8 St Fa - (15 530) 55 (o) Gl }
1 1 B 1720027 80 600 K,
£ max |y, Ko+ Cy——1
+17F(17D)2{M [ M2Ac 2+(/\ 2t Ao A )}
a? 1 [72002,.7° 1+~ 2 2 80 1+~ 2 2
S [ (pmax ) K (14 <) + (1 (pmax——er) K (14—
B2 M { A2 (P m1n|)\(C)|) (14 50) + (5 (ma m1n|)\(C)|) 1+ 50)
600 Ky a 60
Cy— — =K
TOsN, Ag)} M A; 1}

ass  The first four terms in the right hand side of the above inequality are dominated by the order O(mD™).
47 Also, under the choices of learning rates, the fifth term is in the order of (9(54) and the last term (in

gz the last three lines) is in the order of (9(%) To elaborate this, we note that the fifth term is a product
ag9 of two curly brackets: the first one is in the order of O( g +) + O(B), the second one is in the

o order of O(8) x (Oz57) + O(B)) x O(B) = O(£) + (9(63) So, their product is in the order of
1 (O 3)+0(8) x (O(£7)+0(8%) = O(§ 1) +0(57 HTO(52)+0(8Y) = O(5)+0(8).

492 The last term is in the order of % Therefore, the above inequality implies that

4

©

4

©

B

E||60) — 6% < O(mD™) + O(8*) + O(M).

493 Next, we compute the sample complexity for achieving EHé(m) — 0*]|* < e. The above convergence
494 rate implies that, for sufficiently small 5 and sufficiently large M, there always exists constants
495 Iy, I, I3 such that

E||6™) — 0*||? < mD™I, + B*I, + %Ig.

496 We require

497 () BiL < ¢/3 = B < I}/*el/4 = O(€/4).
498 (i) %.[3 <e/3=M> O(%)
499 (iii) mD™I; < ¢/3. We notice that this inequality implies D™ I; < ¢/(3m).

500 We choose m = O(loge™!) so that m < O(log e~2). Using the upper bound of m, the requirement
so1 in (iii) suffices to require that D™ < O(e/log e ?2), which further implies that m > O(loge™! +
so2 logloge=2)/log D=1 = O(log e~ !) (note that D < 1). Hence, it is valid to choose m = O(log e 1).
s03  Also, since a = O(f%?), then D < 1 requires that M > O(~3/2), which combines with (ii)
s04 further requires that

M > max{@(g),o(ﬂfg/z)}-

sos Let O(2) and O(B~%/?) be of the same order, i.e., 3 = O(2/?), which satisfies (i). So overall we
s06 require that M > O(e=3/5), which leads to the sample complexity

mM > O(e 35 loge™).
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C Proof of Corollary 3.2

Corollary C.1. Under the same assumptions as those of Theorem[3.1} choose the learning rates ., 3
and the batch size M such that all requirements of Theorem[3.1| are satisfied. Then, the following
refined bound holds.

EJ|z0™) |2
R pr_pm pm_pm
<FmIE ~(0) 2 IE ~(O) _ p*|12 D—F E—F IE ~(O) 2
<Fm O + 2SI 6O — 0|+ P _F g0
1 1 1152 p2 . 72 o? 1 a? 9 9 2 I+ |2
+ max 70_’_50 |:7+ﬂ20+7207 max1+7 A pmax ————= }
I-F1-D 3% A2 (52 5 1) BM 32 Pima /\C) ( m1n|)\(0)|)
24 a? 2 2 1+~ (2
CEHZ - — - (1+ ) S (e —————) " G?
1B et gz (T 50) - 5 (oma min\A(C)|) vl
1 1 (8 .80 600K, o>1 80 1+7 2 2 600 K,
2 Ty Y (S pma——— L VR (14— 077]
+TFToDr GOy T Go remmey) M0+ 50+ G50 %)

where K is specified in eq. in Lemma K, is specified in eq.(32) in Lemma[E2| D and E
are specified in eq.(I8) and eq. in Lemma

Proof. See Lemma Next, we derive its asymptotic upper bound under the setting 5 = O(a?/3).
We note that all the conditions of Theorem@ on the learning rates «, 8 and the batch size M can
be satisfied with a sufficiently small « in this setting. The first three terms are in the order of D™
(because D > E, D > F'). Here we mainly discuss the order of the fourth and fifth term in the above
bound, and note that this term is a product of three brackets. Since we set § = O(a?/?), the first
bracket of this product is in the order of O(/3), and the second bracket of this product is in the order
of O(ﬁiM) + O(p). The last bracket of this product is in the order of O(/3). Therefore, the fourth
term in the above bound is in the order of O(%) + O(B3). Also, the last term of this upper bound is
in the order of (9(%) Overall, we can obtain that

B
M) +0(B°).

By following the same proof logic of Theorem 3.1} we obtain the desired complexity result.

E[z™|* = O(D™) + O(

D Key Lemmas for Proving Theorem 3.1]

Lemma D.1 (Preliminary Bound for 31" ' E,,, 165™) — 0%||2). Under the same assumptions as
those of Theorem[3.1] choose the learning rate o such that

1 )\A\ 2 2 Y Pmax 2
%7@ |:(1+7> pmax<1+m) :|} (1])

Then, the following preliminary bound holds, where K1 is specified in eq.(26) in Lemmal[E7]]

M—-1
Ba Y Enlof™ - 07|
t=0

agmin{

< |:1 + oM - 5(1 +7)2p12nax<1 + 7Y Pmax )|)2]]Em70||9~(m—1) _ 6*”2 +a?- 5K

min [A(C

2(7”_1)H2.

2{)2 72 — (m) 2 2 2 2
To- % Z Em:OHZt || +a M : 57 pmaxEmuO
A t=0

Proof. Based on the update rule of VRTDC for i.i.d. samples, we obtain that

agfl) _ HRg [agm) + Q[Ggm)(et(m)’ ng)) _ Ggm) (é(mfl)7 é(mfl)) + G(m) (é(mfl)’ g(mfl))]]'
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529
530
531

532

533
534

535

536
537
538

539
540

541

The above update rule further implies that

HeETE 0" |2

100 — 0% 4+ alG{™ (0™, 2™ — G @), 50m=D) 1 G (@), om0 2
_ ”9(7”) _ 9*”2 2HG§m)(0§m)vzt(m)) _Ggm)(e(mfl),é(m 1) )+G(m ( (m— 1) ~(m 1))H2
+ 2@(9 _ o G,Em) (elgm)7 ng)) . G&m) (é(m—l),g(m—l)) + G(m)(e(m_l), é(m—l)»7 (12)

where (i) uses the assumption that Ry > ||6*|| (i.e., 6* is in the ball with radius Ry) and the fact
that IIg, is 1-Lipschitz. Then, we take the expectation [, o on both sides. In particular, an upper
bound for the second variance term is given in Lemma [E.I] Next, we bound the last term. Note

that Gﬁm) € Fou,t—1 by the definition of the given filtration. Also, the i.i.d. sampling implies that

B g1 [-G™ (60m=1) | z(m=1)) 4 G(m) (§(m=1) z(m=1))] = 0. Therefore, for the last term of the
above equation, we obtain that

Em (0™ — 0%, G™ (0™, 2™y — g™ (§0m=1) 5(m=1)y 1 G(m) (g(m=1) z(m=1))
:Em,0<9§m)_9*7 Epm i 1[G(m)( tm) Zt( ))—GE )(9(’” D zm=1y 4 glm)(gim=1) z0m= 1))]>
B0 (0™ — 0% Epp o1 G (0™ 20

+Em,0<9§m) — 60" E m,t71[—G§m)(§(m_1)72(m b )+G ( glm—1) ~(m_1))]>
=Epn o (0" = 07, B G (0, 2(™)

=Erm0 (0" = 0 -1 [A{ 0™ + 0™ + B 2(™])
=R, 0(0™ — 07, Emt_l [AT™ 0™ £ 50™)) + By (8™ — 0%, BI™ ™). (13)

Note that Emi_lﬁgm) = Aand Af* +b = 0, the first term of eq. 1) above can be simplified as
B0 (0™ — 0% B 1 [AT™0™ 450 ]) = B, (0™ — 0%, A6™ + 1)
= By (0™ — 0%, A6 — 0%) + A0" + 1)
= Epo(6™ — 0%, A(6™ — 6%))
A m .
< S B0 - 071,
where the last inequality uses the property of negative definite matrix (6 — 0*)T2(9 —0%) <

Amax(A)[|6 — 6% |2 and the definition that Agi= —~Amax(A + AT). The last term of eq. can be
bounded using the inequality 2(u, v) < ||ul|? + ||v]|? as

m % m 1 Az m % m
Enol6f™ — 6, B={™) < = ZAR 00" — 0| 4 7,

2
2 2 A pmax’y “Ep, OHZt

where we have used the fact that ||B§m) Il < pmaxy- Substituting these inequalities into eq. , we
obtain that
E,, 0<9(m) 0", Ggm) (Ht(m)’ Zt(m)) . Ggm)(g(mq)’ 2(m71)) + G(m)(é(mfl)’ 2(m71))>

A m * 211 X 2 m
— CAR, o™ — 67|24 PoaT g o122,
4 Az

Substituting the above inequality into eq. (T2) yields that

Eool057] — 67|

. Ad . max)”
<Enmolltf™ = 6|2+ a[ = ZEmoll6(™ — 0%[2 + 22T, o]| ™ |?]

Ad
Y Pmax

2 * n(m— *
o? [5(1 +7)2P?nax(1 + — |)\(C)\) (]Em70||9§m) -0 ||2 + Em70||0( D_p ||2)]
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5K

+ 0[5 (Bl =™+ B g2 D]2) + 2513
Ax P
—Epm o]l 0™ — 672 = (FAa — 1 2 (14 —Pmax _AHE 0™ — 6%
,OH t || ( 4 « Oé 5( +7) pmax( +m1n\)\(C)|) ) OH ||
2
2 2 2 YPmax 2 G(m—1) %112 «
-5(1 1+ ———F)"E,,0ll0 —0 — 5K
+a 5( +’Y) pmax( +m1n\A(C)|) 70H H +M 5 1
2 2
pm'x’y m
+ (o B 4 0259200 ) Bl |
A

s42  Summing the above inequality overt =0, ..., M — 1 yields that

AA max M_l m
(Fha —a? 5(1 +9)2 P2 (1 + — 2222 )2 ST R, 060 — 672
t=0

4 min [A(C)]
<[1+a2M -5(1 +7)2p2 (1 + —2Lmex g 1180m=D — 9|12 + 2 - 5K
<[1+ P M 501+ 9) (14 5 ) TEmol 1P +a®- 55,
Pinax?? —
(o P 0?50 000) D Emolls™ P+ 0 M 5970 B o2V
A t=0

53 To further simplify the above inequality, we choose a sufficiently small v such that o - 5y2p2,. <

I A <
mezj and —Aa —a?-5(1+7)%p2 . (1+ %)2 > 24, Then, the above inequality can

544 (- ¢

545 be rewritten as
Ao M-
Loy Bnolo™ - 0°|
t=0

§[1+a2M-5(1 +,y>2p§nax<1+Lax)|)z]E

Gom=1) _ g*112 £ 02 . 5K
min [A(C 0 I +a !

2pmax’y m ~(m—
Z Enmoll2™ 12 + a2M - 5922 0B 0|2V 2.

546 O

547 Lemma D.2 (Preliminary bound for E||2™)||?). Under the same assumptions as those of Theorem
548 choose the learning rate 3 and the batch size M such that 5 < 1 and M > %. Then, the following

s49  preliminary bound holds.
1 2

z(m) 2 5(0) 12
BJZ < (375 o) "B
2
g L 2y 2, LY 2
+2 [6 )\CHVR+ /62 (1+ )\C) )\C (pmaxmln\)\(Cﬂ) GVR]'

ss0  where Hyg, Gy is defined in Lemmal[I.3|and Lemma

s5s1  Proof. First, based on the update rule of wt(m), we have

wgrl) _ HR [wgm) + A§7rL)0§7rL) + bgnb) + CénL)wEm)],
s52 which further implies the following one-step update rule of the tracking error z(m).
21 =g, [w™ + A6 6™ 4 M wl™] + 07 b+ A@™)).
553 Then, its square norm can be bounded as
m © m m m m m) (n(m— z(m— m) (p(m— z(m—
20> < =™ + BLH™ (6™, 24™)) = H{™ (8D, 20m=D) 4 B0 (gm0, 20m 1))
+ 07 AW - 0™
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554

555

556

557
558

559

560

= ™ 4+ 268 1 (07, 21™) — H (D, 20D e B, 2
20" 1A(9(m) 9(771))“2

t+1
i 25<Ztm) H m)(e(m) (m)) . Ht(m) (é(m—1)7é(m—1)) + H(TYL)(é(m—1)7§('rn—1))>
+20™, AT — 6™y, (14)

where (i) uses the assumption that R,, > 2||C~ ||| A||Re Gi.e., C~1(b + A9§m)) is in the ball with
radius I?,,) and the fact that I is 1-Lipschitz. For the last term of eq. @), it can be bounded as

m m A m 21, m m
20", CTIAG - ) < TP + -G Ie Tt AG - oI,

Substituting the above inequality, Lemma[J:4and Lemma[J:3]into eq. (T4), we obtain that

(m) 12 (m) 2 2 172 207 1 1+~ (m) 2
llzenill” < llzg N7 + 28" Hyg + (04 + TB) Q(Pmaxm) Gig + 75” |
+ 25<Z§m),Ht(m)(9t(m)’ Zim)) B I;It(m)(e(mfl)7 g(mfl)) + H(m) (G(mfl)’ 2(m71))>.

15)

Next, we bound the inner product term in the above inequality. Notice that ztm) € Fm,—1 and by
i.i.d. sampling we have ]Em,t,lf_lgm) = A. Therefore,

7Zlgm)) _ Ht(m) (é(m—l)7 é(m—l)) + H(m) (é(m—l)7 2(m—1))>

=K., 0(2 m),]Em,t—1(A,(gm))9§m) + Bt (0T™)) + Em,0<z§m)aEm,t—l(Ct(m) —C)z, (m )> +E,., 0< ™) CZt >

(
(z
=Enm,o(z™, A0 + 5™ + 0™ ™)
(2
(

<—29R,, 0|l (’”’HQ

where the last inequality utilizes the negative definiteness of C' (recall that A := —Apax(C + C’T)).
Substituting the above inequality into eq. (T3] (after taking expectation) yields that

1+’Y 2 9
min|)\(0)|) Cr

m 202 1
Emoll471 17 < B o™ P + 28 Hig + (0 + 5= 3) - 2(pmar

Ac
— S BEmoll=™ .

Summing the above inequality over one batch yields that

m 202 1 1+
A2+ 282 M HZy + (0 + 5 ) M - 2(pima 7

Emoll2hy”I* < B, v

)

min [A(C

)\C M—1
=58 Emoll™ I
t=0

Re-arranging the above inequality and omitting E,,, o Hz](\T) ||? further yields that
200 2
Ac B

D1v1d1ng 2& B M on both sides of the above inequality, we obtain the following one-batch bound.

147+

)\C 2 1
2C BME,, < Z0D)2 4 28> M H2 M - 2(pmax———7 7w ) Gr-
£ AME,, |2 < [P 4 28 M H + (02 + 5 2)M - 2ozt o) Gl

1 4 a? 2 o? 4 147

E (m) 2 ]E z(m—1) 2 '7H2 bt Z ) — (e —————— )
” H Mﬁ )\ ” ” ﬂ )\C VR+(IB Jr)\c 52) )\C (P min\)\(C)|) GVR
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s62 Finally, we recursively unroll the above inequality and obtain

1 2
z(m)2 < (—_. 2 m 5(0)12
BN < (375 1) "EIEC
1 24 a? 2 a? 2 1+ 2
— [ —HZ — 4+ =) (pmax————) G2 ].
il L vl G T v L vl G ey AR CY

se3  To further simplify the above inequality, we assume 8 < 1 and M3 > %. Then, we have

1 2

z(m)|2 I 5(0))2
E[z0]2 < (Mﬂ AC) Ef|2)|
24, a? 2 2 L+y 2 0
+2. [Q.EHVRqL@ . (1+E) : E(pmaxm) GVR]'
564 D

se5 Lemma D.3 (Preliminary Bound for Zt]\i 81 ||z£m) |1®). Under the same assumptions as those of
566 Theorem@ choose the learning rate 5 and the batch size M such that 5 < 1 and

e
3

202 1 1+~

)‘76‘ _ 2 2 2 2 2 Ly L R Y-
5 B = 1087 = 107" plax (0 + ) (pmaxmme”) > 8. (16)

567 Then the following preliminary bound holds.

\ M—-1

C m

58 Enoll™?
t=0

2 1+ 2 o
<[1+[108? 41070014 5) (pmaxm)Q%]M} Ep ol 2"V
202 . _Pmax 2y 2y 14y 2a?
10049 e [+ SR 1 30 meimyiey) 5
M-—1
# 252 (m) _ pxp2 Gm—1) _ ge|2
+(1+ min\)\(C)|) p }( ; Emmoll6; 0*))* + ME, 00 0*|| )
I+ 2 2 | o?
+ 10K252 + 10(pmaxm) Kl(l + E)F’

ses  where K is specified in eq.(26) in Lemma[E ]|

s6a Proof. Following the proof of Lemma the one-step update of zt(m) implies that
211 < [l28™ 12 + 2821 ™ (0™, ™) — HI™ (@01, 20m=1) 4 glm) (glm=1) zm=1)y|2
+2)CTTAWB) - 0|2 + 2(2™ LA - 07™))
+28(z™ =™ (0™ ™) — HY™ (6D, 2 0) 4 g0 (90D, 2m 1))

< Nla™ 1P 4 282 [ H (05, 2™ — B (60mD, 20 4 B Om (0D, 2 |2
+ 200G — )P + 22BN + 1= 1O A — 80
+28(™ H™ (0™, 4™ — H™ (6D, 20m=0) 4 g (glm=D), zm=1)))
< NP+ 2E B | 4+ 282 (O, ™) — B (@m0, ) g o (gm0 2

2, 20%1, 14y
+(Oé + Ao ) Q(pmaxmln|>\(c)|

_ G§m>(§<m71), g(mfl)) + G(m)(g(mfl)y g(mfl))H?

I o, zm)
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i 2ﬁ<zt(m)’Ht(m) (9§7ﬂ)7 Z?n)) _ Ht(m) (é(m—l)7 2(m—1)) + H(m) (é(m—l)7 5(m—1))>.
a7
570  For the last inner product term, we still have

Ac

Em0<2§m)7Ht(m)(9t(m)7Z§m)) _ Ht(m) (é(m—1)72(m—1)) + H(m)(é(m—l),é(m—l)» S _7Em,0 ng)

s71 Instead of bounding the variance term in eq. (T7) using Lemma[J"4]and Lemma [J3] we apply Lemma

[E-J]and Lemma [E2Jto get a refined bound. Combining these together, we obtain from eq. (I7) that
Emoll 217 I
B o™ 2E BB ol| 2™ + 262 [5(Emn 2™ + Euno =

M

s m—l)H2) +

+5(1+7)hoax (1 + MWEMM’") = 0"[[2 + B o6 — 07|12
(074 22 2 L) 57 (Bl + Bl 07) + 282
+5(1+7)?p2ax (1 + %)Q(E,,L7O||9§m) — 0|2 + Epn 0|00 — 0*”2)}
573 Re-arranging the above inequality yields that
E, 0||Zt+1 H2
Bl = [ 5105 <107 (02 4 52 5) - (e ) ol
+ (1082 + 10202 (0 + QAQ;) (pmaxﬁf] ol 2 D2
1001+ e [+ 2022024 20y (T
+(1+ mfﬁ] (B oll6™ = 07| + Epn o |8V — 7))
+ % - [10K,8% + 1o(pmax7miir;30)| ) K1 (a® + 2%%)]
s74 Telescoping the above inequality over one batch yields that
M-
(556105~ 1072 efo® + 2%%) (pmaxmljl;” )] Z@ mollz™ |1
<[1+ 1082 + 107203, o (02 + A;;) (pmximirll&7 )|)2} M| By ol 20702
+10(1+7)2 P2 - {(1 + %)2( + 2%%) (pmaxﬁf
+(1+ W "8 ( Z Eun 0|6 — 6°|* + ME, ol|§" — 6°]2)

1+v 2 5 2221
— 'K —=).
mln\)\(C)|) o+ Ac B)
To further simplify the above inequality, we let 8 < 1 and

Ao 9 9 9 202 1 147 2 _ Ao
—p—-10 - 10 ~N _ a2/ max__. N/, ] Z M-
58— 108 72 o (@7 + o ﬁ) (p m1n|)\(C)|) B

+ 10K2ﬁ2 + 10<pmax

575 Then, we finally obtain that

N M-l

C m

?5 Z Em,onzé )H2
t=0
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1+~ )2a2
)|

2 2 2 l . z(m—1)2
<[1+ [105 4107 (14 32) - (omam ) 7 | M [ Emo |20

B
YPmax 2 2 1+ 202
10(1 R e B e
FL00 4 ome [+ Z i) (30 e iey) 3
M—1
(14 )] (X Bl — 6717 + My o0 — 67]?)
min [A(C)] = ’
1+ 2 2, a2
2 il el
+ 10K —|—10(pmaxmm|/\(c)‘) K1(1+)\C) 5
576 O
577 Lemma D.4 (Preliminary bound forz m,0||19t(m) — 0*||?). Under the same assumptions as

578 those of Theorem@ LemmalD.3| Lemma and Lemma|D.2) choose the learning rates o, 3 and
579 the batch size M such that
2

12 1 YPmax 2
D= _—=¢— 5(1 2 (1 —— — - C ye 1, 18
Az {aMJra (1+7) pmax( Jrmin|)\(C’)|) +ﬁ2 18 2}< (18)
580 and
1 2
— <1, 1
TMB e (19)
581  where
20207 3 VPmax |2 2 1+ 2
C,=—"2_—— .10(1 1+ —F—F =) (1+ —) (pmax—————+—) ", 20
1= T 00 s (1 e ) (O 3 0) - (e ) @0
582 and
2p2..7% 3 1 2
Cop = =2max = .10(1 22 (I + ———=)". 21
2 )\A\ o ( +7) Pmax ( +m1n\)\(C)|) 21
583 Then, the following preliminary bound holds.
E[60 — 672
SDm . E”é(o) _ 9*”2
12 (202,72 3 11 2 14+~ 2 9 9
N e S|+ 10+ - 10 max 1++—)- max __. +a-5 max
Ag{ Ax Ao [51\4 p-10+ 5 7 e (1 5) (0 m1n|/\(C')\)} e }
D™ — E™ 2 a? 2 2 1+~ |2
=z EEO2 . 2. ~—H2 — 1+ ) (pma———————)G?
{FoF BIEOP + =5 18 S et g (1 5) 50 min|A(0)\)GVR]}
1 6 12 6OPmax7 a1 12 60p2,.7° 1+~ 2 a 60K,
T N AT N N K N N max_~_ . (x| K 1 I
1 D{M i Aihe BM A; Ao (r a‘mm\A(C)|) 450+ 57 )\A}

sss  where K is specified in eq.(26)) in Lemma[E1} and K> is specified in eq.(32)) in LemmalE.2)

585 Proof. First, recall that Lemma gives the following preliminary bound for Zi\ial ||0§m) — 072

N M-l
a3 Enmollti™ - 07|
t=0

<[142M 51+ 7)1+ e

2 H(m—1) _ p%||2 2
G |Emolld 0% + a? - 5K,

2 m'}x m
p i ZEmoHZt( N2+ 02 M - 59292, 0 B,

ss6 Then, we combine the above prehmmary bound with Lemma|D.3|and obtain that
E *(12
s Z Enmoll6™ — 67|
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7Y Pmax

<[ 14 a?M -5(1 4 7)2p2u (1 B |0 — 07|% + 02 - 5K
<1 M54 (1 )| Bl I? +a 5K,

a 2p2..7% 3 2 14 202 m—
g =R 1 (105 41070 (1 32) - (oma ) | M| B o202

R va min N B
22 _Vpmax 200 2 14y ea?
100049 - (1 IR (0 50 - (o)

Ht(m) _ 9*||2 + MEm,OHé(m_l) _ 9*||2)

1 y 1, Mo
+(1+HW)B}(;E :

) 1+~ 2 2, 0o’
+10K25 +10(pmaxm) K1(1+%>F}

+ 0’ M - 5722 B o 27V

YPmax 2i|]E é(mfl) _ 9" 2 2, 5K
m1n|)\(0)|) m70|| || T '

2
(14 (108 4 107 (14 52) - (e

=[1+a®M -5(1 +7)*phax (1 +
a 2ph.70° 3
B A; A
a 2p0.7° 3
B Az Ao
1
min [A(C)]

1+ o?
*35 q D F

min |[A(C B
1+~ )20572
min [A(C)[7 5

| M] B o202

Y Pmax

2 2
: 10( +7) pma,x [(1 + m1n|)\(C)|) (1 + %) ' (pmax

M-—1
+(1+ ) 82] (32 Emollf™ — 07|12 + MEy o]} 0 — 02)
t=0

2 . a?

2 3 2 3 1
o . pmax’}/ 10K2ﬁ2 o . pmax’y + v 7)
Ac’ B

-10 max . 1\ /|
BT A e BT\ A % min [MC)]
(m— 1)”2

)KL (1+
+ Oé2M . 572pr2nax m OHZ

=[1+a2M 50 14 —Pmax _y2Tg o16m=D — %2
{ + o ( +'7) pmax( +min|/\(C)|)} ;OH ||

+ {/8 /\ - e

+ QM - 572 [ Eom 2077

Tl

2
[1 + [1052 + 10y pmax(l + %) ‘ (pmaxm) 3

o 2k’ 3 VPmax 2, 2 _ 14y ea?
+B.TAC 10(1 4+ 7)o - [(1+min|)\(0)|) (1+Ac) (pmaxmin\)\(cﬂ) B

oﬁm) o 9*”2 + MEm,o||9~(m71) - 9*”2)

1 - M—1
+(1+HM|A(C)|)5}(;E ,

60 360 14
+ O‘B pm'}x’y K2 =+ a . pmaxry ( i

382 axm1n|)\(C)|)

As )\c ﬂQ Az )\C
ss7  where in the first equality we expand the curly bracket and in the last equality we combine and

sss  re-arrange the terms. Then, we move the term Zf\i 81 Emo ||0t(m) — 6*||? in the last equality to the
ss9 left-hand side and obtain that

2
Ky (14 ) + o 5K,

Ac)

ﬁ « 2pmax7 2 2 . Y Pmax 2 i . 1+7 20472
{Fa- 5 ;s o 004 ma [(1+min|)\(0)\) (4 50) e i) 3
M-—1
* 112
+ (1 ) }}ZEmone _a
2M - _ JPmax 2
S{[lJFOZ M -5(1+7) pmax(1Jr min\)\(C)|) }
a 208,97 3 Vomax N2y 2 1+y 20?2
T3 TN e 10(1 +9)% e (14 o)) () e ) 5
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# 202] H(m—1) _ p*||2
1+ ) ] M Emold al
o 2007 3 5 2. L+y 207
+{5 Az AC{H{IOB 107 e (14 57) - (P i) MM}

+a’M - 57%3,1%}% ollz0" 12

6002, 7> a® 60p2,.7° 147 2

Thlmax e, O P max T, 2T T VAR (1
oo et s ey B0 )

s90 Now we define the following constants to further simplify the result above.

+ap- +a?-5K; (22)

_ 207’ 3 2 2 max )2 2 1+ 2

591 o Oy = F10(1+9)?pfa - (14 mifsitey) (L4 55) - (Pmaxmmpatoy) -
202 ~? 2
592 o Gy = Syl s 1001+ 7)*Phax - (1 + mmpaceny) -

se3  Then, eq.(22) can be rewritten as

)\A M-—1 (m)
{Za-a (62 CL+ B Ch) }Z:Em,onat — 67
2
207 2 )2 _ YPmax 2 (L : jim=1) _ p*|2
§{1+a M -5(1+7) pmax(l+min|/\(0)|) +aM (62 Cy+8 Cg)}]Em,ollﬂ 0*||

|31 + 020 59207 e [ B o2V

2 1+ 2
{1 + {1062 +1072p2 . (1 + %) : (,omaxiwﬂ)m

min [A\(C)] 8

+a? 5K;.

{ a 2ph.,0° 3
3

B Az Ao
600272 « 60p 2 14+~
max K _ max max
Tl et e e o)

se4 Apply Lemma|[D.2]to the inequality above and taking total expectation on both sides, we obtain that

2
2K1(1+%)

Az M-1
{?a_a (BQ Cl +6 02)} Z EHQt(m)—H*lF
t=0

Y Pmax

2
2 (0]
mnpoy) M (G

B

2
(14 [1082 + 109202 (1 + 3o) (P

S{l +a”M - 5(1 4+ 7)o (14 Cy+ B Cz)}lEllé"’”‘” — 0|

{a 20max” 3 H7)|)20§}M} +a?M - 5’72P12nax}

B A: Ao
1 )12 2%, 2., 2 L+ (2.
X {(Mﬁ )\ ) ]E” || + 2 [ﬁ . THVR + ? . (1 + E) ° E(Pmaxm) GVR]}

min [A(C

60pmax a® 600307
max K max max
+af- N )\C 2+ 62 N )\C (P a

1+7
min [A(C)]
s05  Let %a —a- ( C1+8-Cy) > 2 4 and divide 2 Z4aM on both sides of the above inequality.
se6 Then, apply Jensen’s inequality to the left-hand side of the inequality above, we obtain that
E[§™ — 67|
12

1
—)\7{7 +o- 5(1 +7) p?nax(l +

i) +a? - 5K;.

)KL (1+ "

2
_Pmax 2 4 : jm=1) _ g*||2
i)t Cits Cs |0 Al

{ 1 2pmaxv 3
B

1+~ )2a2
M A A )|

B
24 2 2. 2 1+

2
2
i 1+ [1082 + 104 P (14 3=+ (Pmax
77%1 02 4 9. (14 =)= T 22
{M C BRI +2- (5 Ac ro e B2 (1+)\c) )\C(pmaxmin|)\(0)|) GVR]}
12
Az

:|M:| +a- 5’Y2p12nax}

min O]

2 o 60K,

E)JFM- N

60p2,,.7> o’ 1 12 60p%,, 1+ 2
+% P2axY Do’ 7)‘)K1(1+

Xode  PTEM N Ahe (p“‘a"minu(c
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2 a
se7  Next, we define D 7—{QM+04 5(1 4+ )2pfnax(1+m) + 7= -Ci+8- Cg} and

s08 I := MB )\ . Telescoping the above inequality yields that

E[60) — 672
SDm . E||9~(O) o 9*”2

12{ 1 2pmaxfy2 3 1+~ )2a2

{1 + [1052 + 10y pmax( ) (Pmmxw F} M} +ao- 5’Y203nax}
2

BM A; Ac
D" = BT o012 L. 2 2 1Y e
A SF B + =5 N R 52 (1+>\ ) 36 P aey) Gl
1 12 60 21 1260 1

+7{£ 12 60077 a 12 60p7.x7” 0 Vs

DM ; Ahe  2TBEM N A '<pm'°"‘min\A(C)|
D" B[O — o

2 « 60K1
s TR val

12 12p7,7° 3 1 1 2 2 2 I+y 2 2 2
)\72{ )\,\ %[ﬂiM +6 10+ 52 107 pmax(1+ %) : (pmaxmlnp\(c)‘) i| +Oé5’7 pmax}
D™ —E™ 2 a? 2 1+ 2
Z T EIFO124+ 2 _ . [g. 22 (2 i Y L 2
X{ p_p PV ACHVR+5 S +/\C) )\c(pmaxrnin\/\(Cﬂ) GVR]}
1 B 12 60pmaxv a® 1 12 60p7.,7° I1+v 2 2, o 60K
froplar oo et E N e Preanne) B0 A 2

599 where in the last equality we re-arrange and simplify the upper bound to get the desired bound.
600 O
s01 Lemma D.5 (Refined Bound for E||2("™)||?). Under the same assumptions as those of Theorem

602 Lemmal[D.3| Lemma[D.1} Lemmal|D.4|and Lemma[D.2] choose the learning rates «, 3 and the batch
603 size M such that

471 2 147 2
— == 10 10 14+ —) (Ppmax—————
e bM*ﬂ +52 7 P (L 5 0) - (o)
(BQ Cs+apf- 04))\ v pmdxj| <1 (23)
604 and
o e gy (L ey <
AZA
606 ° g—j Cs+B-Cy <224 - 32,
607 0%2~C3+6~C’4§5(17D),
608 Where
. 2 1+~ 2
C3:=10(1 2p2 - (1 M21 3 /) max . |\ /| 24
3 ( +'7) Pmax ( +min|)\(C)|) ( +>\C) (p min|/\(C’)|) 24)
609 and
1 2
Cy:=10(1 202 (T —— 25
4= 10004 ) e (1 ey (25)
10 and D is specified in eq.(I8) in Lemma[D.4] Then, the following refined bound holds.
E||20™)|1?
pm_ pm DT"—F™ _ E™_F™
<pm w502 - CmA0) g2 D—F E—F (012
< B0 4 22T g0 g DT ET g0
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11 1152 2,42 1 2. 1+y 2
+1—F1—D )\,247 )‘QC (62 Cs+5- C4)[ﬁM+6 20+62 20y pmax(1+)\c) (pmaxgmin|)\(0)|):|
24, o 2 2 1+7 (2.,
<t 0 0) s ey O
1 1 8 ,80 600K,, o*1 ,80 14+ 2 600 K,
1—F1—D[M'(AC o) T e G ey F 0 g HC‘""’KT)}

611 where K is specified in eq.(26) in Lemma[E7l| K is specified in eq.(32) in Lemma[E2] D and E
s12  are specified in eq.(I8) and eq.(I9) in Lemma|D.4

613 Proof. From Lemma[D.3] we have the following inequality
., M
C m
S8 Emoll™ I
t=0

2 1 2
< {1 + [1062 + 10’)/2p12nax(1 + )\—) . (pmax;’y”)Qi} M} " 0||Z(m 1)”2
C

min |A(C B
7Y Pmax 2 1+~ 2a2
+ 10(1 +’Y) pmax |:(1 + m) (1 + E) . (pmaxm) ?
M-—1
L e (m) _ pxj2 Gm—1) _ g2
+(1+ min\)\(C)|) B }( Z En0l0; 0*||* + ME,, 0|6 0*|| )

t=0
1+~ 2 a?

2 R D
+10K26 +10(pmaxmln|)\(c)‘) K1(1+ )\C) B .

614 Note that we have already bounded 31 o' E,, 16 — 0*||2 in Lemma Then, we plug the
s15 result of Lemma|D.T]into the above inequality and obtain that

M-1
ﬂ Z Enm oll2™ |1
2 1 2
C

min [A(C g
22 [ MPmax g 2y 149 yea?
+10(1 + ) Prax {(1+min\/\(0)|) (1+)\C) (pmaxmmwc)‘) 5

b 261 217 . 2 9 _ VPmax 2 Gm—1) _ pgel12 o o2 .
min|)\( )|) 5}()\1304{[14’0‘]\4 5(1+7) pmax(1+min|)\(c)|) ]IEm,OH‘9 0% + o~ - 5K,

+(1+
2 ~
2 Z Ennoll ™ I + 62 M - 572020 Bon o2 D2} + ME 0|0 D — 6°)2)
ENS
Ae’ B
0 2 2
ste  Define C3 = 10(1 + v)?pZ,, - (1 + %) (1+ %) : (pmaxm) and Cy = 10(1 +

617 ¥) 202 k- (1 + m) 2, then the above inequality can be re-written as

1+~ |2
10K56% + 10(pax ——————) K5 (1
10K 10 (pmas ooy K (1

\, M-l

C

?5 Z Em,0||zt(m)H2
t=0

2 102 (1a 2 (g L¥T 207
2

1
n (% s+ B2 04)(;32&{[1 +a® M- 5(1+7)%0% . (1+

| M By ollz0n=0 )2

0|0 —6%||2 + o? - 5K,

YPmax 2
min |)\(C)\) }
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2 “FPmax | 2 = m ~(m— n(m— *
o 2 > Enmollz™ I + a2 M - 5922 B ol 207V |2} + MEy |60 — 6%|%)

o Sr;
147 2 | o?
10K28% + 10(pmax—————=-7) K1 (1 .
+ 2% +10(pma m1n|)\(C)|) 11+ Ac )ﬁ
e18  Simplifying the above inequality yields that
Ac o? 2pmax’y m)
[?5— (FCS +5%-Cy } Z Enmollz™ |
2 1+W 202 a? (i
<[1+ (1082 4109220 (14 52) - (Pman o) | M Cy+B2-C M|E,, o] 57012
7|: + B + 10y pmax( + >\C) (p mln\/\(C)|) ﬂ + ( /B 3+B 4) 'Y pmaxa ,()HZ ”
a? 6 1 vp 2 5
L o2 ——[1 2N B+ )22 (1 + —Pmax } M)E, 0] 6 — g7||2
+ ( 3 3+ 4)()\204 +a ( +7) pmax( + m1n|)\(C')|) + ) 70H ||
14+ |2 2 . a? o 30

C3+4 4% Cy)a- —K;.

+ 10K28% 4 10(pmax
Aq

minpey) *10 3 G

619 Let ’\TCB - (O‘T; O3+ (204 )12p)\va > 2¢ 3. Dividing 2¢ 8M and taking total expectation on
620 both sides, and applying Jensen’s 1ne?]uahty to the left-hand side, we obtain that

E||20™)|1?
4 2 . 147 2 al =(m—1)|2
<7 [W + ﬂ 10 + 62 107 pmax(l + E) (pmaxm) + (52 CV?) + O‘ﬁ 04) )\ 'V pmax}E”Z ||
( O3+ 8- C’4)(£—[1+0¢2M-5(1+v)2p2 (1+ 2P )?) )R — g7
c B2 Az aM max min |A(C)]
40 B 40 1+v 2 2. a21  a,a? 4 30
+%K2M+%(pmax7min|)\(c>|) K1(1 )ﬂ2M+M(B2 Cs+ (- 04) ACEKL

2 3
621 Define F := Ai{ﬁM +5-10+ 2 52 107202 (1 + %) : (pmaxm) + (% O3 +af -
o2z Cy) 3L 72 pfnax} The above inequality can be simplified as
E[z™|?
<p-BJ O

b1 277 . 2,2 _JPmax )2 jim—=1) _ g2
(52 Cs+ - 04)(AAQM[1+04 M -5(1+7) pmax(Hmin\A( )|) } +1)E| 6 0% ||
40 B 40 14+~ 2 2.a0% 1 a o 4 30
+ %KQM-F%(pmaximinp\(C”) K1(1 )ﬂ2M + M(ﬂZ Cs+ (- 04) )\chKl.

623 Lastly, recall that we already have the preliminary convergence bound of ]E||9(m_1) —6*||? in Lemma
s24 [D.4] Apply this result to the above inequality yields that

E[z(™)|?
<F-E|z"V|?

+ i(@ Cs+ B Cy) (iojw [1402M - 5(1+9)22, (1 + %)2} +1)[D L EJ6O — o2
+ )1;{ 2prj’\2"7 % [BLM + 510 + @ 107 s (1 + %) : (pmaXM)Q] +a- 572p3nax}

. {%EHMM%~ 8- iiH+ 5 1+ 2 (L))}
i e e e i h e (e 0+ )+ i )
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40 B 40 L+v 2 2. 021  a o 4 30

—Ky— N \Pmax K 1+ -C C T K
v TR v e o A U vl S A VA R R A wh e
e25 Telescoping the above inequality, we obtain the final non-asymptotic bound of E||2(™)||? as
E[z™|?
<F™-Ef ~(°)||2
4 6 7Y Pmax 2 D™ —Fm ~
Ne: C (1 020 - 514 7)208 0 (1 4+ L0025 )2] 4 1) [Z = B0 — 02
+ — (52 3+6 4)( AQM +« ( +’Y) pmax( +m1n\)\(C)|) + ) D_F || H
12 (202 ..7% 3 [ 1 2 1+~ 2 9 9
—_— max = ___ | 10 — - 10 1 <~ ) max . /N :| 5 m. }
/\2{ N e DAL +ﬂ2 72 P ( +)\C) (p mmwc)‘) + 57 Pax
DM_F™ _ Em_F™ 2
- = - 1 2 24 e 2 2 1+~ |2
D—F E—F o2, + 4 . EAYES e 2}
E — 3 1 max 7
x{ D—E I+ =F1=p - o Rtz (+AC) )\c(p m1n|)\(C)|)GVR]
1 1 12 60 a? 1 1260 1+ 2 a 60K
+77{£ 12 60phax” pe o 12 60p7x7° (max.iv)zKl(Hin. 1
1-F1-DWM X3 Mz)Ac B2M Az AzAe mln\)\( )| Ac M A3
1 8 40 a? 1 40 147~ 2 4 30
— = — —  — (Pmax———=—) Ki1(1 22 e C ——K]
e o2ty )\C(pammp\(C)\) 450+ (52 3+0-Ca) oy I
626 Lastly, we make the following assumption to further simplify the inequality above. We note that these
627 requirements for the learning rate «, 8 and the batch size M are not necessary; they are only used for
628 simplification.
629 . A%%w[l + oM - 5(1 4 7)?pfa (1 + W)Q} +1<2,
8 (o 1 1 B 12 60p5,,
630 o 5o (fm Cs+B8-Ch) Tt na fAACW K2 < thpgp e Ko
o« S (% Cy+8- c).7¢aj;.12609¢ﬂ ( 1+7W)2K(1+l)<
631 PRV AN 4) "TZFT-DBIM " A; Azro Pmax min [X(0)] 1 o) S
1_o® 1 40 1+
632 S 2 (pmamtiey) K1 (1 + 2).
633  Apply these conditions to the above inequality yields that
E[z(™|?
8 D™ — Fm ~
<F™.E[zO)2 + | == -EI0 - 6|1]
12 + (ﬂQ Cy+8-Cy) [ =5 El [
8 a? 12 (2p2..72 3 1 1 2 14+ |2
.C Ca) - { el = B0 10 1 =) - (pmax )|
g GG T e la T +62 o (14 30)  (omax i)
+a- 5’7 p?nax}
DM_F™ _ Em_F™ 2
- = - 1 2 24 e 2 2 1+ |2
D-F E_F o2y -2 . . i I T 2}
E —H? 1 max
{5 I = 1P S et - (1 50) 50 e ) G
a ol 1 1 8 60K 4 30
+ — Cs+p3-C — ——K
(52 ’ ) F(l—DAC Ai  AoA; 1)
1 B 80 a2 1 80 147 2
L2 O L ) (14 2]
troFla o 2+ﬁ2M o Py K0 5g)
e3¢ Further note that 1 < ;=5 and a < 1, the above inequality implies that
E[z™|?
8 D™ — Fm ~
<F™ . E|Z0|? + C C1) [ EI - 0]
O + (% 0o+ ) [P Bl [
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8 a? 12 2p12nax72 3 1 o? 2 2 2 1+7 2
a0 s O g e+ 10 107 14500 Gy

+ o 572p12nax}
D™_F™ _ Em_pm

= = i 12 24 a? 2. 2 T+v 2
D-F E-F o2, - = Ry = . 2y, 2 L 2
X{ D_E EIEP+ 515 1P o IR T (1+57) )\c(pmaxmin|)\(0)|) GVR]}
1 1 I5) 80 600 K, a? 1 80 147 2 2 600 K4
Frrp i Goet O 3 + g Gg ey B0+ 50) + G350

2,2 2 2 2
635 Assume that - 5y%p2 . < % = [ﬁ 10+ G- 1072 ph (14 55 ) - (pmaXM) } . Then,
636 we further obtain from the above inequality that

E||2(™)?
8 o D™ —Fm
m 302 4 B Lo [PE BT Ra© g2
<P IO + (G5 Cs +6-C0) [T IO — 0]
8 a? 12202923 1 1 2 2 1+
Fre (G B OO T [ 8 0 G 20 (14 5 (o))
D™ —F™ Em"—F™
—— — 5o ) 1 2 24 a? 2. 2 T4+ 2
D—F E—-F 0) 12 e iy & 2] = . i W e 2
X{ D-FE BEPIE+ —p1—p P ho VR 52 (1+)\C) )\c(pmaxmin|/\(0)|)GVR]}
1 1 K 21 1 2 K
FTp i Gt O )+ frar G i) a1+ 30 + 632 3]
A A
8 a? D™ — Fm™ ~
=F" . E|ZO)2 + = (= - C3+8-Cy) [7 E|6© — 9*||2}
A B2 D-F
576 p2 .72 o 1 a? 2 1+~ |2
A
N g
—— — & 3 1 2 24 a? 2. 2 T4+ 2
D—F E—-F 0) 12 - Rl = 2] = . i Y L 2
X{ D-FE BRI+ —pr—p P ho VR 52 (1+Ac) Ac(pma"mmu(cn)GVR]}
1 1 (B8 ,80 600Ky, a?1 80 1+7 2 2 600 K
T rr ol Gt O )+ gaar G oy K1+ 50) + Cos o300

2 2 2 2
637 Lastly, assume that i—gi%(gﬁ - C3+ B Cy) {ﬂLM + 620 + G - 2077 PR (1 + =) -

638 (pmax%)z] < 1 and %(% +C3 + B+ Cy) < 1, the above inequality further implies
639 that

E[|z™)2
Dm Fm DM _fpm o Em_Fm
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641

E Other Supporting Lemmas for Proving Theorem [3.1]

642 Lemma E.1 (One-Step Update of Gt(m)). Under the same assumptions as those of Theorem the

643 Square norm of one-step update of Ht(m) in Algorithmcan be bounded as

]Em,o||G§m) (9t(m)’ ng)) . Ggm) (é(m—l)7 Z(m_l)) + G(m) (é(m—l)’ 2(m—1))||2
<5(1 22 YPmax |2 E,, g™ _ p* )12 E,, o601 — g%
= ( +7) pmax( +m1n|)\(c)|) ( 10” t H + ,0” ” )

m ~(m— 1
57 o B | + B |2 V) 4 57 - 5K,

644 where

Kl — [(1 +’)/)R.9 +Tmax]2p12nax(1 + Y Pmax )|)2

min |[A(C (26)

845 Proof. Substituting the definitions of Ggm) (-) and G™)(-) into the update of Hgm) yields that

IGO0, 2™y — Gi™) (@D, z0m=D) 4 gm) (gom—1) z0m—1)y12

o~

:HA\gm)gt(m) +/b\£m) + Bt(m)zgﬂﬂ _ A\Em)é(m—l) _ bgTIL) _ Bim)g(m—l) + A\(m)é(m—l) +/b\(m) + B(m)é(m_l)HQ

JrBt(m)zt(m) _ Bt(m)é(m‘l) + B(m)g(m—l)HQ

+ 5B 2 )22 + 5| B zm =1 - g zm=1)2, @7)

646

where the last inequality uses Jensen’s inequality || Y1 a;[|> = |1 Y7
647

i1 (na)|? <n 37 lail®.
Next, we bound the third term of the right hand side of the above inequality as follows:
| Ae" 4+ 5|2
M-1

M-1
< ST Ao+ 3 b
t=0 t=0
1 2(m) e | F(m) 2m) g | T(m) Z(m) pe | F(m)
:W[ZHAz 0" +b; ||2+Z<Ai 0" +0b; 7, A0+ b; )]
i=j i
1 2 9 VPmax 2 1 Nm) g | 2(m) Fm) px | (m)
< — [(1 4R + Tmax| 2o (1 + —1Fmax 2~ N7 qlmge o plm) 4lm)ge 4 pim)y
< ap L DB+ Tmas] e (14 [ P + g 2 AAT07 467, A0+ 67

i#j
(28)

where in the last inequality we use Lemma to bound ||gl(»m)9* + Bgm) l. Next, consider the
649

conditional expectation of the second term of the above inequality, and, without loss of generality,
650 assume ¢ < j, we obtain that

Ey o A0+ 5™, A g 450
_ A(m) g | 7(m) T Am) px | 7(m)
=B o (A0 + 5™ B,y i [AT™ 0" +B0™])

=R 0 (A0 + 5™ A9 4 D)
:()7

65t which follows from the i.i.d. sampling scheme. Substituting the above result into (28)), we obtain that

=~ A 1 2 Y Pmax 2

E,, Almgs L pm) 12 < — L [(1 R x| P2 1+ —FF)". 29
,OH + ” =M [( +7) o+ T ] pmax( +m1n|)\(0)‘) ( )

62 On the other hand, note that VarX < EX?2, we have

B o (A50 — A7) — (A0 — Ao
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:Val'm)t,1 (A\Em)é(m_l) — A\Em)e*)
SEm,t—l (;{gm)é(M—l) _ E}(&m)e*)z
<Ep | A7 2160 — 6| (30)
653 and similarly,
B o1 || B 270 — B zm=|2 <R | B |22, 31)
654 Substituting eqs. (29), (30), (BI) into yields that
B o| G (00, 24™)) = G (00—, 20m=D) 4 Glm) (gtm=1), 50m=1)|2

7Y Pmax 2 m * A(m— *
<5(1+9)*poax (1 + m) (B oll0™ = 67| + Ep o]0 — 67)12)

2 2 (m)2 z(m—1)2 i 2 9 Y Pmax 2
Em IEm, N ]- max ]. T =< .
+5'Y pmax( ,OHZt ” + ,OHZ || ) + M 5[( +7)R9 +r ] pmax( + m1n|)\(0)|)

655 O

656 Lemma E.2 (One-Step Update of zt(m)). Under the same assumptions as those of Theorem the
657 square norm of one-step update of zt(m) in Algorithm is bounded as

Em,OHHt(m)(egm) Zt(m)) _ Ht(m) (é(m—l),é(m—l)) + H(m)(é(m—l)’ 2(m—1)>||2

)

1 2 ~
<51+ 1) (1 + ) (Emo|05™ = 0% + B 0|00 — 072
— ( +7) pmax( +H11I1|>\(C)|) ( ,0” t H + ,0” || )
m ~(m— 5K.
+ 5 (Emollz™ 17 + Emol 2" V17) + 57
6s8  where
2 1 2

K :=[(1 max] (14 ————)". 2
2= [(1+7)Ro + rmax] " ( +mm|AC|) (32)

59 Proof. Follow a similar proof logic as that of Lemma[E.T] we obtain the following bound for the

660 square norm of the one-step update of zt(m)

||Ht(m) (9t(m)7zt(m)) - Ht(m)(é(m—l),z(m—l)) +H(m)(é(m—l)72(m—1))H2
<5I| AT |Pl6™ — 6 * + 5| (A8 — A7) — (AmgenD — Al |* 4 5] A g* 450 |
+51CI™M 222 4 5l o™z - otmzm=b) 12, (33)

es1  Then, we take IE,,, o on both sides, follow the same steps in the proof of Lemma and notice that
sz B0l A0 + 50|12 in eq. is bounded by

_ _ 1 _ _
(m)gx L p(m))|2 <« — (m)g= | 7(m)2
B0l A0 + 500 < S 37 A 1 5|
i=j
b
min |A¢|

1 2 2
S M N [(1 +7)R9 +Ttnax] (1 + )

663 using Lemma[J.3] Finally, we obtain that
Enm ol H{™ (0, ™) — H™ (607D, 20m0) 4 HOM (=D, 20m D) 2

1
) (Emo

- (m) _p* 2 E N(m—l) _ 0* 2

<5(147)%phax (1 +

1
min [A¢|

)

664 O

+5(Em,oll 2™ |2 + Epm ol 2™ D12) + % (14 7) Rg + rmax) (1 +
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F Proof of Theorem 4.1]

We assume the learning rates «, 8 and the batch size M satisfy the following conditions.

: AK 2 2 7Y Pmax 2131
agmm{%/[(l—l—v) pmax(l—Fm) },gg}, (34)
p<1, (35)
Mp > % (36)
Ac 9 9 9 147 2/, 221
Eﬁ —108° — 107 priax (Pmaxm> (04 + EB) >0, (37)
W6y 96 5, [ 1 2 2 2 L+ 202 2 2
/\Z{/\ﬁcv pmax{ﬂM + 108 + 10y pmax(l + Ac) (pmaxminwcﬂ) BQ} + 57 pmaxa} <1,
(38)
_YPmax NP, 2L 14y a2 IR S S
(1+ min|)\(C)|) (1+ )\c) (pmaxmin\)\(C’ﬂ) gt (1+ min\)\(C’)|) p
(A3 9% 5, ) 2 2 Ac 2 2 1
S min {T8 [AA\)‘C’V Pmax 10(1 +ﬁY) pmax]’@/[l20(]‘ + 7) pmaxrﬁ\] }7 (39)
max{D,E,F} < 1, (40)

where D, E, F are specified in eq.(@4), eq.(@0), and eq.@9), respectively. We note that under the
above conditions, all the supporting lemmas for proving the theorem are satisfied. We also note

that for a sufficiently small e, our choices of learning rates and batch size o = O(e), 3 = O(e2),
M = O(e~!) that are stated in the theorem satisfy egs. to (40).

Proof Sketch The proof consists of the following key steps.

1. Develop preliminary bound for ?igl ||0t(m) —0%|2. (Lemma
We first bound STMEL16™ —6% |12 interms of M5 (12012, 12(m =112, and ||6m 1) —
0* .
2. Develop preliminary bound for 315" | 20m))12. (Lemma
Then we bound Zi\ial ||zt(m) | in terms of Zﬁal HG,Em) — 6*12, ||12(™=1]12, and
[0(™=1) — 9*||2, and plug it into the preliminary bound of Zt]\ial ||0t(m) — 6*||%. Then, we
obtain an upper bound of Zt]\ial ||0t(m) —0*||2 in terms of [|2(™=1)||2, and ||§( D) — 6*||2.
3. Develop non-asymptotic bound for ||Z™||?. (Lemma|H.2)
Lastly, we develop a non-asymptotic bound for ||2|? and plug it into the previous upper

bounds. Then, we obtain a relation between E|[|§(™) —#*|| and E||§(™~1) —#*||. Recursively
telescoping this inequality leads to our final result.

By Lemma[H:I] we have the following result:

A~ M—-1 (m)
A m * (12
0 > Enoll™ — 67|
t=0
<[1+OFM.5(1+«y)2p2 (1+&>2}E 16D — 0% |12 + o - 2K + 0% - 5K,
- max min [A(C)] ™0
6 M-—1
o e D Emoll#™ P+ a?M - 557 0B o127V, (41)
A t=0

where K is specified in eq. (63) of Lemma|[T} and K is specified in eq. (67) of Lemma|[[2} By
Lemma[H:3] we have that

A M—-1

C m

T68 2 Emoll™|?
t=0
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1+~ 2 202 1
2 2
+ (2K + 2K0)8 + 10K55° + 10 (prae— L IA(O)I) Ky (a?+ - b’) 42)

ess Combining eq. and eq., we obtain the following upper bound of thgl Hﬁtm) —60%|% in
ss7 terms of |2~ 1|2 and |91 — 6|2,

M—1
A (m) %112
-4 E,.ollé -0
30 2 Enoldf” - 0|

<{1+a2M-5(1+7)2p2 (1+M)2}E 16D — 0%|12 + o - 2Ky + o - 5K
= max min [A(C)[/ 7™ 2 !

o 96

20[ 1 1 + Y 2
2 2 2 2 2 M| E m—1)(2
6 A ’\q)\C max{ |: 7 Prmax >\C 5 @ min |)\(C)| OH ||

2

L ? — (m) * ~(m— "
+ (1 + m) 52]( ; ]Em70||9t ) ||2 + MEmpHe( D _p Hg)

2
+ (2K3 + 2K4)6 + 10K5ﬁ2 + 10(pmax1—’—7’y>2Kl (042 + 2&1)} + OCZM . 572p2 m OHZ(m 1)H2‘
min [A(C)] Ac B max

688 Re-arranging the above inequality yields that

A\~ s 2
{1—‘304 - % : )\zicvgpfnax -10(1 +7)*PPax - Kl + mi1’)|A2LC)|)2(oz2 + 2/\%%) : (pmaxmy

Ly en 'y (m)
2 m .2
@) P 2 Bl =)

2
< 207 .5(1 2 9 7Y Pmax

aM - 96 5o 22 _VPmax (2, 2071\ _1ty N2
T g P 100 i [(1+min|/\(0)|) (o2 + o ﬁ) (”ma"min\x(cn)

+(1+

1 2 ~
1 - 2 E (m—1) _ p=*|2 9K 2, K
+( +mm|/\(c)|) ﬁ” molld 0|2 + o - 2K + o? - 5K,

+ {% : A;ic 72 Do [1 + [10ﬂ2 + 107%Plrax (a + )\i%) (pmaxm)j M}

QM - 5722 B |20

+a- 72pr2nax(2K3 +2K4)+af-

AzAe AzAe
« 202 1 96

L+ \?
= (a? 2P L0 pmax ——— a7 ) K1 43
AR v b we vl (o) )

72pr2nax 10K5

689 To simplify the above inequality, note that we assume that ﬁa — % . gic Y2 P2 s 10(1 +9) 202
2 2
max 2a° 1 1+ 2
so | (1+ mttyy) (o2 +3258) - (pmomiten) + (1+ macon ) ) > famd g < 1.
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691 Applying Jensen’s inequality to the left-hand side of the above inequality, we obtain the following
692 simplified inequality.

Az N
ZAGME,, o|0™ — 6*||?
16 ol |

2
< |1+ a0 51+ 7) 2 (14 %)
({1 )0 5) - Goey) 5
+ (1 + m)Qﬂ] : A;icfpfnax -10(1 + 7)21)3%4 Eon ol 001 — 07|
{% : /\iicfpﬁmx [1 + {1052 + 1072;)1211&)((1 + %) : (pmaxnmllr;(vc)')zog}M]
+a’M - 572p§1ax}lEm,ollé(’”‘” I?
ta- [}\iicfpfnax(zl(g +2Ky) + QKQ] +af- pyss 7 Pinax 10K'5

3 2 96

@ 147
+ S 42, 2 3nax10< -
ﬁ( Ac) ol p

min [A(C)]

2
) K, +a? 5K,

2 2
693 Define Cl = (1 + %) (1 + %) . (Pmax minll-;'(yc)‘) : )\gic ’szanax : 10(1 + 7)2pr2nax and

694 Co = <1 + — \{\(C)I) : /\zic V202 o - 10(1 4 7)2p2,..., and assume that

2

+%-01+6-02} <1 @

695 Taking total expectation and dividing %aM on both sides of the previous simplified inequality, we
696 obtain that

E[6™) — 6*|?
<D - Ep o]0 — 07|
16{ 96 5 5 { 1

161 1
D:=— |:7 +a- 5(1 + ’Y)Qp?nax (1 +

Y Pmax )2
)\g aM

min [A(C)]

2

s Uing ™ Puax| g #1105+ 1072 P2 ax (1 + %) : (pmafogQ} +a- 572pffﬂax}El|«5(’”’1)||2
+ % : ii [ )\iic VP2 (2K + 2K,) + 2K2] + % : ii )\zic V2p2 10K
;}; : iz(l + %) : Azicffpimlo(pmaxmi;WC))2 1o 8(1? (45)
so7 By Lemma[H.2] we have that
BIZIE < (55 1) EIEOI?
2o Pag s g (1+2): fﬁ(ﬂmw%f% b (K K.

98 where K is specified in eq. (7T of Lemma[[.3] and K is specified in eq. (73)) of Lemma|[[:4] Here
699 we assume that

1 12
E = -— < L 46
MB e (46)
700  Substituting the above result of Lemma [H:2]into eq.(d3), we obtain that

E[60™) — 672
<D- ]E”é(mfl) _ 9*H2
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16 (96 1 2 14+ \2a?
1 1 1 I max .
3y Ui P 7 109+ 107 (14 50 - (0 mmw) 7
2
, a 2\ 24 T4+ \2 ., 1
= =5 (14 =) - = (Pmax K3+ K
+2 {B )\CHVR+52 (1+)\0) /\0(p m1n|)\(C)|) G +]\4/\ ( st 4)}}
1 167 96 o , p 16 9622
- .= (2K 4 2K,) + 2Ks | + — - — 10K
+ M >\2|:)\A\>\C’y pma,x( 3+ 4)+ 2:| + M )\ 2~ )‘C Pmax 5
1] (S PO . L
BM X;' X’ Aihe Nong Pl Poacnin A (C)]) P M A,

701 Furthermore, we assume that ){6{)\ 5o Prax {T}W + 108 + 1072;)?[1&}((1 + %)

2
702 (pmaxm) g—i} +a- 572 pmax} < 1. Then, telescope the above inequality yields that

E[|§™) — 6%|?

<D™ .E[§© — 6| + LEHZ 012

= D-E
320 96 2 149 \2a?
22 4108410 T+ =) - (L)X
AK{AEACV pmax{5M+ 8107 +)\C) (v min MO )|) 52}

+a-572p12nax}{ﬁ.%H\2,R+g ( +E) .%(pmaXM) 2 + ;4/34 (K3+K4)}

1 167 96 o , ﬁ169622
= .= 2K+ 2K1) + 26| + 1o 1

M /\Z |:AA\)\ pmax( 3+ 4) + 2| + M )\ A\~ )\C Pmax
a? 16 2 96 1+ 2 a 80K

_ 7(1 + 7) . /7 pmaxlo(pmax.i’y) 1 _ 71.

M X; A’ AzAe min [A(C)] M Xz

703 To further simplify, note that the first two terms are in the order of D™. Also, the third term
704 is a product of two curly brackets, and it is easy to check that this term is dominated by O(3?)
705 under the relation 8 = (’)(aQ/ 3). To further elaborate this, note that the first bracket of this
706  product is in the order of O(ﬁ) + O(B) and the second term of this product is in the order of
707 O(B) (by E < 1, we have ﬁ < O(B)). Therefore, asymptotically the product is in the order of
18 (O(g57) +O(B)) x O(B) = O(57) + O(5?). Moreover, under the setting = 0(a??),D > F
709 for sufficiently small o and 3. Therefore, we have the following asymptotic bound

10Ks

E|§ —6*[2 = O(D™) + O(5%) + O(37).

710 Now we compute its complexity. For sufficiently small 5 and sufficiently large M, there always
711 exists constant I, I, I3 such that

- 1
E||6™) — 6*||? < DI, + 521, + 17

712 Now we require

713 () B*L <e¢/3=p3< 121/261/2 = 0(e'/?).
714 (i) 713 <€/3=M > O(e™).
715 (iii) D1 <¢€/3 = mlogD <log 3% =m > O(loge™1).

716 Note that in (iii), we have used the condition that D < 1 and hence log D is a negative constant.
717 Since o = O(3%/3), the condition that D < 1 requires that M > O(33/2), which combines with
718 (ii) requires that

M > max{O(e),0(87%?)}.
719 Taking into account the constraint on 3 in (i), we just require that M > O(e_l), which leads to the

720 overall complexity result
mM > O(e tloge™ ).
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221 G Proof of Corollary{4.2]

722 Lemma G.1 (Refined Bounds of E||Z||?). Under the same assumptions as those of Theorem
723 choose the learning rate o, 3 and the batch size M such that all requirements of Theorem[d.1]are
724  satisfied. Then, the following refined bound holds.

E|z™)|?

pm—1_ pm—1 pm—1_pm-1 Em—1_pm-1

2T R8O _ g2 D—F — E—F El50)2
55— EI6© — 07| + 5 E 12
2

**{”Kﬂ)(ﬂ(ﬂw
(1 ) ] 120 Dy [ ) () (o) 5
A

} min [A( min [A(C)|/ 32
Lt m1n|)\ )2/8 { 514 7) (1 + 'prmax )|)2}}
a7

<F™.E||Iz9)? +

2

+( min [A(C
X {;’\52 {/\ AC Y202 o i+105+107 pmax(l-i,-%) . (l)maxnﬁlnr;(yc)')zgz] a5 pmax}
X {ﬁ- /\CHVR 22 (1+ >\2c> '%(pmaxﬁ) G2+ %%(Ks +K4)}

1 167 96 o , 16 96 5,
- 2K + 2K 2K] L 10K,
+M )\ |:)\ )\ pmax( 3+ 4)+ 2 +M A\~ )\A\)\ Y Pmax 0 5
a® 16 2 ) s 1+7 \2 a 80K,
TN TTARE S W Y L LA
MY )\A\( %) Mg | Pmax B\ Pma i X)) TP M A
1 {i48K3+48K4 B 240K, aji@( 14~ )K<H 2)
1-F\M ¢ M e | BMac P mim ey U T e

1 2880 Y Pmax 2 2 1+~ 202
(1 22.7.[0 73‘) 1 7).(m,X7 il
T e (U S o) (1+ o) \Pma min|>\(C)|> 7
1 2
1+ ———) 8] - {2Ks +a 5K } .
+( +min|)\(0)|> p { 2 ta 5k }
M-1 (m),2

725 Proof. Based on the preliminary bound of >°,” " E,, o[|z; " ||* (Lemma ,We have

)\C' — m
ant: S Bl
t=0

202 1 1 2
< |1+ (1082 410922 (02 + -5 - (pmiﬂ) | M B ollz0m=0 2

Ac B min |A(C

max 2 2 2
0 [+ ) (5 )- )
+ (1 + ﬁ) } ( Z Eooll6™ — 0%||2 + ME,p 0|61 — 9*\|2)

+7 2a21)

2
2K3 + 2K 10K53% +1 — ) Ky (a®+ 4
+ (2K5 + 2K1)8 + 10K58° + o(pmaxmmwcﬂ) (o0 +553) )

726 where K is specified in eq. of Lemma [T} K3 is specified in eq. (71) of Lemma|[[.3] K, is
i a[l.4] and K is specified in eq. (76) of Lemmall.5] Note that by Lemma

727 specified in eq. (73) of Lemm
728 we have the preliminary bound of "M 1 R, 6™ — 6%||2:
M-1

2 Z Epn o6 — 672
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0 é(m—l) - H*HQ +a- 2K2 + Oé2 . 5K1

2 2 2 Y Pmax 2
S[l—i_a M5(1+’Y) pmax(1+7(j)|> }E

min |A(
6 M1
a7 P D Emollz™ [P+ 0*M - 5929} B |27V, (48)
A t=0

720 where K is specified in eq. of Lemma|[[1} and K is specified in eq. (67) of Lemma|[[.2} Now
73 we combine eq.(@7) and eq.(@8) to obtain that

A M-—1

C m

T68 D Emoll™|?
t=0

2071 1 2
<[1+ [1082 4+ 10722, (0 +i—) (s 1) [V Bl

Ac B min |[A(C
2 2 2
g 1200 s (1 ) (04 5 5) - (o)
o ) 5] {50 e oo
M—1

6 m
a2 +0 5K+ a1 Pk Y Emollzf™ |2 4+ 0®M - 592080 B o2V}
A

2
+10(1 +7)* P - Kl + %)Q(GQ + %%) ' (pmaxm)rz
1

(C)|>2ﬁ2] . ME 7 H(m—1) _H*Hz

min |\

+(1+

T4+ 2 202 1
9K + 2K 10K 532 10( max7> K ( 2 77).
+ (2K3 +2K4)8 + 587 +10(p min M (O] 1| +>\c[3
731 Next, we simplify the above inequality. We first expand the curly brackets and simplify, we obtain
732 that

2
{560 - 1200 42 [ Giieny) (04 555) - (omarac)

(1 ) ] }MZIE BRIk
min [A(C)] Az 7 Pmax — m,01l%¢

2021 1 2
<[1+[1082 + 10922 (0P + 52 (pmiﬂ) [m

Ac B min |A(C
2 2 )
1200+ (1 ) (024 20 (e )

A

2

+ (1 ) ] ~aM - 5’yzpr2nax] Epmol 2™ V)2
1n1n|)\

o e [ 2+ S0 i) )

x [21{2 fa- 5K1]

2
et [ lif) (4 303) i)
2
+(1+mm|A WQ] [HGW 1+ pmax(”m;pﬁ?xn)]}Em,ollé‘”‘”—e*w

+(2K3+2K4)5+10K562+10<pmax 1+7 ) ( +2%%)
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2 2
A 2 2 1 max 2, 24%1 1+
7w Assume 3€ 5 — 120(14+7)2p2 0 it - [(1+mgf‘x(c)|) (a 12 E) (pmaximmuzc)‘) +(1+

2
734 m> 52} 7 P2 > 553 and define

:% [ﬁLM + 108 + 10~ pmax(l + %) . (pmaxmnll;(fyc))%;z
max 2 2 42
a0 (14 ) (0 50) - (i)
(i minlA(C)l)%} 57 P (49)

735 Also, assume that F < 1. Applying Jensen’s inequality on the left-hand side of the above inequality
736 and dividing 2 55 BM on both sides, we obtain that

moll 202

SF B 20" V)2

2
(L4 7)2P2 fSi() Kl + Hmr(l + %) . (pmaxmiit\(’YCﬂ)zg? + (1 + minl)\(cﬂ)zﬂ}

1
x [21{2 +a~5K1]M

2
#3100+ e (14 20) (14 52) - (o)
2

(1 mm|1A(C)|)26} +120(1 +7) pmx;g [(1+ %) (1+ AQC) . (pmaxrmrllr;(yc)')zgz
ﬁ)%} {ij +a-5(1+7) pmax(l + ﬁ)z} }Em,o”é(m—l) e

min |A(C

+(1+

1 48K; + 48Ky B 240K; o 1 240 1+ 2
k) B O e Vo (14 2 50
TN M e T BEMi (v m1n|)\(C)|) (14 57) (50)

737 where we also use the fact that 5 < 1. Recall that we have obtain the final bound of E||§(™~1) — §*||2
738 in Theorem @Il as follows:

6 — o)
" D™ — g
<D™ -E[6) - ¢7|]* + ﬁEH 20
%{/\?i 7 Pinax [5}\4 +108 + 10722, (1 + %) : (pmaXM)ng} +a-5y pmax}
X {5' 2! A ﬁg : (1 + %) : fé(ﬂmaxM)zG%R ]\1/[ §4 (K5 + K4)}
+ % : ;z [Aiic 202 (2K + 2K1) + 2K | + % i6 Agic 252 10K
a? 16 2. 96

147 )2 Lo 80K 1)
)|

BfME(l—’—%) )\ A lypmax10<pmaxmin|A(C M )\Z .

739 Taking total expectation on both sides of eq.(50) and applying eq.(5T), we obtain that
E||20™)||?
<F-E|zt" )2

- 2
0o (1 2 ) (1 52 (o) o+ (1 i)
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1
X {2K2 +045K1}M

2
#1100 [(14 ) (0 30) - (omeeiiien) 2
1 1 VPmax 2 2 1+ 202
+(1+ m) 8] +120(1 +)? pmaxg [(1+ m) (1+ E) : (pmaxm) i
2 2
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1 16 96 516 96,
— - — 2Ks3 4+ 2K 2K — - — 10K
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s o6 14y 2 a 80K,
— . — (1 — ) 2p2 10<max7 Ty
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2

+

m1n|)\ min [A(C
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{ {)\ >\C rﬂax + 1Oﬂ + 107 pmax (1 + E) : (pmax
24 a? 2\ 24
il = ¢ (1 ) s
{ Ac v+ B2 * Ac/  Ac
116 [ %2
M ;e
a® 16 2. 96 L, 14~ a 80K,
s N N /) 10 max . K v
BM /\A( o) Agho | Pmax (v m1n|)\(C’)\) BN VAR }
1 48K5+ 48K, [ 240Ks o 1 240 1+~
ar a7 9 A N max N K 1
M e M e TBEM e (v m1n|)\(0)|) (1 )\c)

X

1+v \2a?
) 7

2Kyt K4)}

min AC)] FARRR

( 14~ ) a 1 24
Pmax i) TR T M e
f16 96,

(2K3 + 2K4) + 2K2} + =

+ M Xgaghe | Fmax

10K

2
740 where in the second step we assume %{10(1 + V)P [(1 + %) (1
2 2 2
1+ a? 1 1 max
741 (pmaxm) B2 + (1 + m) Bi| + 120(1 +7 pmaxr |:( mllp\)\(C)l) (
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Lastly, we telescope the above inequality and obtain that

E[|20™)|1?
D‘rrb—l F7n—1 D'mfl —F”L71 . Eanl _F'mfl
<™. z(0)12 z = . n(0) _ px2 D—F E—F z(0)12
<m0+ 2 o g _ |2
1 24 VPomax )2 2 1+ \2a?
— 2 foa {(1 e (1 =) max.i) o
1 —F Ao { (1+7) o + min [A(C) + Ac P min [A(C)]/ B2
1 YPmax 2 1+
) A (1 2 1 2)- (e
* ( + ) + L+9) Pde)\ * m1n|)\(C)|) + Ac fma
2 2
’ypmax
1 [ s (1 + e 1)
+ ( + m1n|)\ ) Al 5L+ 7) P (1 min |A(C)]
32 22 [ 2 1+v \2a?
—_— 10 10 (1 7) : ( max%)
X{/\ {)\ A Pmax +108 + 107 p7 )\ min AC)]) B2
o? 2\ 24 147 \2 1 24
DU OV C B PN TP
x{s o et gz (U 50 ) - 50 e i) Ove T a7 (e + K9)
1 167 96 o, §16 %,
= (2K + 26K0) + 2K | + - 10K
+ 7 Ag[Ag/\c7 Pinax (2K(3 +2K4) + 2Kz | + -7 - g | Pmax 10K
o® 16 2 96

T4v 2 a 80K,
o 16, 2 10—V 4 . BB

e by ( +/\C) A hc Toag ! Pmax10(pma minMNC)/ TP Mg

1 48K5+ 48K, B 240Ks o> 1 240 ( 14~ ) 2

L BUOKy o L0 Ak g 2

M Ao M e T P mmpoy) U TR

2

+ {50+ V)QPrQnaxfjii 0+ %) (1+5)- (me%)% + (1 s

To further simplify, note that the first three terms in the right hand side of the above inequality
are in the order of D™ (D > E,D > F). For the fourth term, it is easy to check that under

the relation 3 = O(a?/?), it is in the order of O(5%) + O(%) The other terms are dominated

by 7. Therefore, the asymptotic error is in the order of O(3%) + O(5;). To further elaborate
this, note that the fourth term is a product of three curly brackets. The first bracket is in the order

of (’)(6) +0(B) x (O(54) + O(@) = O(B) + O(2 L), the second one is in the order of

a M
O(7 7a7) T O(B) and the last one is in the order of O(j3). Hence their product is in the order of

(0B) + O(Bﬁ)) x (O(/aM) +0(8)) x 0(B) = O( )+O(o¢]\/[2) +0(8%) + 05 o M) =

(’)(%) (’)(g +rz) + O(B?). In summary, we have the following asymptotic result:

1
E||2™|* < O(D™) + O(8%) + O(7)-
By following the same proof logic of Theorem [3.T]and Theorem[4.1] the sample complexity under
the optimal setting is O (e~ log e~ 1).
O

H Key Lemmas for Proving Theorem {4.1]

M-1 m
He( )

Lemma H.1 (Preliminary Bound for ) _,” — 0*||?). Under the same assumptions as those

of Theorem 3.1 choose the learning rate o such that

Ag Yp 2731
< min { 22/ [(147)28 (14 20m )] 2= L 52
o < min {3/|0+ %1+ B |55 62
Then, the following preliminary bound holds,
M—1

2 Z Epn o6 — 672
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0 é(m—l) - H*HQ +a- 2K2 + Oé2 . 5K1

2 2 2 Y Pmax 2
§[1+a M-5(1+7) pmax(1+.7c)|) }E

min |A(
6 M1
+ 0 =7 e D Em,oll 2™ |2 + a2 M - 5% 02, o o] 2" |2,
A t=0

760 where K is specified in eq. (63) of Lemmal[l 1) and K is specified in eq. (67) of Lemma([.2].
761 Proof. Based on the update rule of VRTDC for Markovian samples, we have that
925111) = IIp, [at(m) + Q[Ggm)(egm), Zt(m)) . Ggm) (é(mfl)7 g(m—l)) +Gm (é(mfl)’ g(m—l))]}_

762 The above update rule further implies that

()
167 — 6%[12 < 19 — 6" + o[GE™ (0™, 2™) — G (B0, zm=1y gl (glm=1) | zm=1))))12
= - + z - T2 )+ T2
10 — 6%||2 + 2| GE™ (0™, ™) — G (80D =1y gl (gim =D zm =Dy 12
i 2a<9§m) i 0*,G§m)(9t(m)’zt(m)) . Ggm)(é(mfl)’g(mfl)) + G(m)(é(m*1)7§(m71))>’

(53)

763 where (i) uses the assumption that Ry > ||0*| (i.e., 6* is in the ball with radius Rg) and the fact
764 that IIp, is 1-Lipschitz. Then we take E,,, o on both sides. An upper bound for the second term of
765 €q. @) is given in Lemma|[.6] Next, we consider the third term of eq. (53) and obtain that

o (0™ — 0% G (™) L)y _ Gm) (gm=1) s(m=1)y L Glm) (m=1) z(m=1)y)

=Emo<9(m) 67, G (6™, z;")))
“E, (6™ — 0%, AT LB 4 Bl ()
“Ep0(0™ — 0%, Ao — 0™ + A0\™ 1+ 50 — 51 B) + Epo(0™ — 0%, B ™)
B0 (0 = 07, (AT — D)™ + (B =) + B 006" — 0", AGE’”) — A0* + A0 + 1)

+ B o (0™ — 0%, B (™))
=B o (0™ = 0%, (A0 = D)0I™ + (B = B) + Emo (0 — 0%, A(6/™ — )

+ B o(0™ — 6%, BU™ (™) o

The first term of eq. (54) is bounded by Lemma[[.2] The second term of eq. (54) can be bounded
by using the property of negative definite matrix: Apax( (A)]|6 — 6712 > (6 — 6")T A — 6%) >
Amin(A)[|0 — 0%]|2. Recall that —X 7 := Apax(A + A7), and we obtain that

m x 1 m % )‘A m *
Epno(6™ — 67, A6 — 7)) <~ o6 — 67|

766 The third term of eq. (54) is bounded using the polarization identity,

N A m 1 s m . 1 3 m
Eno(0™ — 6%, B™2{™) < = ZAE,, o|[0™ — 6%[ + = - -=42p2 B ollz™ |12
3 2 Az

767 Substituting the above bounds into the third term of eq. (53), we obtain that

Em,0<9t(m) — 0, Ggm) (ng) Zt(m)) . Ggm)(é(m—l)’ Z(m—l)) + G(m)(é(m—l)’ 5(m—1))>

A~ m « K2 1 3 m
<= A g0 — 02 + T2 + 5 - Bl

M2 Az (55)

768 Then, substituting eq. (53)) into eq. (53) and re-arranging, we obtain that

m O”atfl) - 9*”2
<Enoltf"™ =01 +af = EEn ol — 0" + S5 + % Bl I
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4025014 9) e (14 ) (Bl = 0 + B} =077

min |A(
m — 5K,
0[5 e (B o122 + Eomol| 20 2) + 22

m * Ax Y Pmax 2 m *
=B o6 — 67117 = (T = 0% 5149 e (14 B ) B ol — 67|

2

jom=1) _ g2 4 % 2Ky + O‘M 5K,

0251+ 7)1+ LB >2E
max min [A(C)] ’
3 ~(m—
+ (0 =7+ 0% 572000 ) B 2™ 2 4 @ - 57202 B |22
A

769 Summing the above inequality over ¢ = 0, ..., M — 1, we obtain the following desired bound

(ﬁoﬁa 51 +7) pila)((l*Lax\) ) Z .

(’m) 0* 2
6 min [A\(C I

o0 —6*||2 + a - 2K5 + o2 - 5K,

<1 M 50470 (14 %)Q}E

3 n o
(0 s+ 07 57 ) ZEmon§ P+ %M - 5922 0B ol 2.
A
(56)

770 Lastly, we simplify the above bound by choosing sufficiently small « such that —oz —a?-5(1+

2
oY) 02 (1 + %) > %a, and o?-5v2p2.. < a- /\7,27 02 .- Note that these requirements

772 can be implied by

o< {33/ 4 1+ e Y] L

min [A\(C

773 Applying these simplifications, eq. (36) becomes
N M-l
Hay Enol6f™ -6
t=0

2 ~
< [1 +a?M - 5(1+ )22, (1 + 7’)&) }Em,o\w(m*l) | 2Ky +a? 5K,

min A(0)]
6 M-—1
0 37 P Y Bmollz™ P+ a”M 59 ph B ol| 2V,
A t=0
774 O

775 Lemma H.2 (Convergence of E|2(™)||2). Under the same assumptions as those of Theorem |4
776 choose the learning rate (3 and the batch size M such that 3 < 1 and M3 > 5=. Then, the followmg

777 preliminary bound holds.

o 1 12ym
BIZI < (575 3,) BIEVI°

+2- s i4HVR 22 (1+A20).§i(pmaXM)2aaR A14§4(K3+K4)}

778 where K3 is specified in eq. (TI)) of Lemma|l3| and K is specified in eq. (T3)) of Lemmal|l[4]

779 Proof. Similar to Lemma we can obtain the one-step update rule of ztm) based on the one-step

780 update rule of wgm). Combining this update rule with the assumption that R, > 2||C ||| A|| R,
781 we obtain that

=500 < 2™ B H O, 2™ = B (@D, 200 4 g (o), 500 |
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782

783
784

785

786
787
788

789

790

791
792

+CTAGT - o)
= |22 + 282 H™ (™), 2™)) — H{™ (9D, zm=1)y 4 gom) (gim=D) 5m=1)y|12

+2lCmtAaEr - om)|?

t+1
+ 2B< (m) H(m)(a(m) (m)) _ Ht(m) (é(mfl)vg(mfl)) +]_I(m)(é(mfl)’2(m71))>
2™ oAl - 6m).) (57)

For the last term of eq. (57), we bound it as

m m )\ m 2 1 —
20", AW = 07 < TP + -G ICT A 001 58)

Then, we apply Lemma[J.4]to bound the last term of eq. (58). Also, we apply Lemma[J.3]to bound
the second term of eq. . Then, we obtain that

2
(m) )2 (m) 12 2 72 o 2071 L+y N2 | AC o m)2
125002 < =02 + 282 g + (o2 + - B>'2(pmmmwc>\) Gz + 22 Bl

n 2ﬁ<zt(m)’Ht(m) (egm)7 ng)) . Ht(m) (é(m—l)7 2(m—1)) + g m (é(m—l)7 5(m—1))>
(59

Next, we further bound the last term of eq. (59).

<Zt(m) H(m) (Q(m) (m)) _ Ht(m)(g(mq)’g(mq)) JrH(m)(é(mq)’g(mq)»
=E m,0<z§m H<m> <9( L™
=Emo{z™, ATG™ 4 5™ 4 ™)™
‘

—Epno(z m>,A< 0™ 450 4+ B,y (2™, (C™ — €)™ + B o (2™, €™, (60)

Then, we apply Lemma[[.3]to bound the first term of eq. (60), apply Lemma [[4]to bound the second
term of eq. (60) and apply the negative definiteness of C' to bound the last term of eq. (60). We obtain
that

Em0<ztm) H (G(m) (m)) _ Ht(m)(é(mfl)yz(mfl)) +H(m)(é(mfl) 2(m71))>

/\C 2 KB /\C (m)2 K4 /\C 2
<(2R ) (—Em —) aiely)
<(% MNP+ 57) + (T BmollZ ™I+ 57) = 5 ™
7)\0 (m);2 . K3+ Ky
=——FE, _. 61
Substituting the above inequality into eq. (39) yields that
)2<E 249522 ( 2&5) 2( 1_’_7,},)2 2
Enm 0||Zt+ [ m OHZt || + 28" Hyg + o B Pmax = INO)] Gyr
— —pE, ——F.
12 PEmaollze P
Telescoping the above inequality over one batch, we further obtain that
202 1 1+7
Enn oll247” 12 < B oll 2™ 2 + 282 M B + (02 + =2 ) M -2 prax——t) G
;OHZM H = 70”20 || + ﬁ VR+ + AC ﬂ p Il’llIl|)\(C)‘ VR
M—1

B Z Epoll2™ |12 + (2K + 2K4)B.

Next, we move the term tho m.0 ||ztm) 1% i

Jensen’s inequality, we obtain that

in the above inequality to the left-hand side and apply

Ac ~(m ~(m—
ﬁﬂMEm,ollz( N2 <1z Y)1? + 282 M Hg

202 1 T+ \2
+ ( + TB)M * 2(pmaxm> GVR + (2K3 +2K4)6
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793 Lastly, we divide %BM on both sides of the above inequality and obtain that

BISI < s Bl O+ 8 S+ (54 2 8) B Y,
+%%(K3+K4)7
794 which, after telescoping, leads to
BIZIE < (55 1) EEOI?
+ 1_23 - %H%z + (Og + fcgi) : ii(pmaXM)zG%R + %%(Kg + )|

795 To further simplify the above inequality, we assume 3 < 1 and M3 > . Then, we have
1 12
E|l50m) 2<< ) 5(0))12
1271 < (575 52) EIEO
1+~ ) 1 24
N max . 1~/ N G K K :|
Ao (p min o)) G T Ao Ke Ky

796 ]

24 2 2) 24

+2-[,@ HVR+52-<1+E

77 Lemma H.3 (Preliminary Bound for EMA ||ztm |1®). Under the same assumptions as those of
798 Theorem[.1| choose the learning rate « and 3 such that

Ac 2 2 2 202 1 1+y VA
Ao, B o Ly — ) > —=3.
58— 108"~ 10y pmax(a e 5) (Pmaxmmu(cﬂ) 36"

799 Then, the following preliminary bound holds.
N M-l
C m
TGB Z Em,OHng )H2
t=0

202 1 1+ 2
<[t [1057 41070 (o + 5 5) - (masnieyy) JM]Emollz 012

Ac B min [A(C
max 2 2 2
#1002 e [ (14 25 ) (084 3 5) (o)
M-1

+ (14 mm&(cﬂfﬁﬂ ( ; B0 — 02 + MEy o000 — 67)2)

14+ \2 202 1
2K + 2K 10K58% + 10( prpax —————— ) K (a® +
+ (2K + 2K4)5 + 10K55” + 10 pma min|)\(C)|> (o4 o 5)

goo Proof. Similar to Lemma we firstly consider the one-step update of z,gm):
=20 < Nl2™ 17 + 287 2™ (0™, 2™)) = H{™ (60D, 20m71)  H O (@Um Y, 2ty 2
+2[CTMAB) - o) + 20, 0 AT - 6™))
+28(z™ 1™ (07", ™) — HY™ (6D, 2 m0) 4 g0 (0D, 2m 1))
< Hztm)||2+252”H(m)(9t(m)a (m)) H(m)(e(m 1) ~(m 1))+H(m)(9(m 1) ~(m 1))H2

+2)CrA@ - 02 + 5|| 2 HC YAf1 — 6,)]
+2ﬁ<z§m>,H£’"><e£m%z§m>>—H,fm)(wm*”,zm D)+ HOW(eD, 2

m AC' m m m m m) /1 A(m— ~(m— m) s A(m— ~(m—
< Nla™ 1P+ 5Bl I + 262 H™ (0, 7™) — B (60D, 2 1>>+H< (@D 2= 2
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202 1 1+ 2 _ i X |
(024 S5 2) 2 (pmax ) G (O, 27) = G0, 2 D) - GO (), 50D |

Ao B min [A(C)]
i 2ﬂ<zt(m)7Ht(m) (ggm)’ Zt(m)) - Ht(m) (é(m—l)’ 5(m_1)) + Hm (é(m—l)’ 2(m—1))>

(62)

so1 where the second inequality applies the polarization identity to (z,gm) Cc- 1A(0(m) G,Em)» . For

g2 the last term of eq. (62), it is bounded by eq. (61) as

E,, O<Ztm) H('rn)(e(m) (m)) . Ht(m)(e(mfl)’ g(mfl)) + g™ (é(mfl)’ 2(m—1))>
TAc (m)yy2 , K3+ Ky
<2, A3t Ba

sos To further bound eq. (@, we apply Lemma [[.6] to bound its fourth term and apply Lemma [[.7] to
804 bound its third term. Then, we obtain that

Emoll2¢31 11
m )\C m 2K3 —|— 2K4
<Emoll™ | — 75 FBmollz™ I + =575
m (e 5K,
+ 2825 (Emoll 4™ |I? + Emo |2 )2) + 252

1 2 -
1 22 (4 E (m) _ pxp2 E (m—=1) _ p*2
5047 e (1+ i) (Bmolli™ = 6717 4+ B o]0 — 6712 |

202 1 14 2 m o 5K
+ ( + 7*) 2<pmax . 77 ) [5’}/2pilax(]Em,O”Z§ )||2 +Em0”2(m 1)”2) + =1

Ac B min [A(C)] M
2 .
5(1 2 92 (1 Y Pmax ) (Em p(m) _ g2 E,, (m—1) _ p= 2)}
+ ( +7) Pmax + mll’l‘)\(C” ,OH t H + ,OHH 0 ||
gos Next, we re-arrange the above inequality and obtain that
m0||Zt+1H2
Ao 202 1 1+ 2
<Enmoll™2 - | 1082 = 107200 (0? —f) (Pmax ) [ Emo 2™ |1
— ,OHZt H 12ﬁ ﬁ Y Pmax | & + A 5 p mln\)\(C’)| 70||Zt ||
202 1 149 2
10 2 10 2 2 ( 7) . < i > i|]Em z(m—1)2
2 202 1 1+~ 2
10(1 2,2 {(1 _ YPmax (2 77.<mxi)
1001 +7) P +min|)\(C)|) e 5) Pmax ETNO)]
1 2 -
1 ) 2] (Em o(wn) _ p* 2 E,, e(mfl) —H* 2)

2809 10 0 2]

gos Telescoping the above inequality over one batch, we obtain that

)‘C 20[ 1 1+’Y m
ool 353 o V)3 el

2
M—-1
+ (1 M)Zﬁz} (3 Emoll6™ = 672 + My 0|81 — 67)2)
t=0

1+v 2 202 1
2K5 + 2K 10K568%2 +10( pyay ————— ) Ki(a? +>—=
+ (2K +2K4)5 + 50+ (p min\)\(C)|) 1( + Ao ﬁ)
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807

808

809

810

811

812

813
814

815

816

817

818

819

820

To simplify the above inequality, we assume 2353 — 1082 — 10v%p2, (a? +

2 . .
2/\0‘6 %)(pmaxm)2 > /;—g B and obtain the desired result. O

I Other Supporting Lemmas for Proving Theorem {4.1]

Lemma L1. Under the same assumption as those of Theorem[d.1] the following inequality holds.
~ ~ K
E,, ol A™e* +pm)|2 < 21
oll A + B < 22,
where K1 is defined as

K, = [(1 +v)Rg + Tmax]Qp?nax (1 + mf : (1 + H12_pp)' 63)

Proof. Recall that A(™) = S M A and pm) = M 313§m). We expand the square as follows:

R N M-1 R ]Mfl/\
R A N DR DU
t=0 t=0
1 (m) px ~(m (m) Hx T(m) F(m) Hx (m
= 5| L IA0T 52+ S (A0 5, A0t + 5|
i=j i#j

1 2 YPmax 2 1 T(m) 7(m) Z(m) 7(m)
< — (1 R m X} 2 (1 7) — E A0+ b AT O + b,
=M [( + fY) 0 + Tma Pmax + min |>\(C)| + M2 Z;l£j< i + % j + j >

where in the last step we apply Lemma[J.2]to bound the first term. Now we consider the conditional
expectation of the second inner product term. Without loss of generality, we assume ¢ < j, then

B o{A™0" + 5™, A7 0% + (™)
~Eon o (A0 + 5™ B | A" + 5™

< [(1 +~)Ro + rmax} Prmae (1 + ﬂ) B o[ Enm, s [(ﬁ§m)9* - fw*) + Ap* + (Zg.m) —Z) +3} I

min [A(C)]
<[4 0 Ro + o e (1 2 - [ (s A = A Ro) + B ([ B~ )]
(64)

where in the last inequality we apply the equation A6* = (A—BC~tA)(—A~') = —b+BC b=
—b. Moreover, by Assumption we have

(B s AT = Al = | [ A(s) a2Cls) ~ [ A(s) dpn|

< ||A(s)|| - dist(B(-|s$™). fim,)

j—i
A’/pmax 1 —1
< T NN .
< (14 7)pmax (1 + minwc”)mﬁ (65)
Similarly,
pm Y Pmax g
H]Emyibj - b” < PmaxTmax (1 + m)l‘épj . (66)

Substituting eq. (63) and eq. (66) into eq. (64) yields that
B0 A 1307, A 3
i#]
2,
<[+ DR + o] PR (1+
which leads to the desired bound

A T 1 2 Y Pmax 2 2p
Bl A0 T = L [0 ] (1 22 (1)
oll HOP < 4 (M) By 4 P2 +min|)\(C)| +f-:17p

O

YPmax )2%21\4/)
min [A(C)] 1—p’
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s2t Lemma L2. Under the same assumptions as those of Theorem[.1| the following inequality holds:

m x A Ny T(m N Az m * K
Enm,o(6;™ — 0", (A™ = D™ + B —5)) < B oll6;™ — 0" + 37
822 where Ky is deﬁned as

KQZ

A R+ 207 + ] e (1 o) [ en ] @)

min [A(C

823 Proof. By the polarization identity and the Jensen’s inequality, we obtain that

E,, 0<9§m) —0*, (A\(m) _ A\)gﬁm) + (E(m) _B)>
1
2

)\ 2 -~
(m) %112 R2F.
> 0”9 -0 ” 0 ,0|
4 7” )\A\ m

Ag -~ -~ ~ ~
FEn, (AT — D)o + (6™ — )2

12
o™ — %> + = - =E
¢ 2 )‘ﬁ

~ 2 ~ ~
- A||2 + ;Em,OHb(m) - b”2
A

s2¢  Next, we further bound E,, o || A(™ — A2 and E,, o|[6(™ — b||2, respectively.

Enm ol AT — A2 < B,y of A — A2

< ]\;2 mO[Z”A(m) AH2 +Z A(m) A A(m) A\>}
i i£]j
< B[40+ ) (14 il ) M+ ; A - ).

g25  For the last inner product term, without loss of generality, assume 7 < j and we obtain that
Alm) & a(m) A
E, 04" — A, A — A)
<Emo(A™ — A E,,;A™ — 4)

§2(1 + ’Y)pmax (1 + %)Em,onlﬁdm,i;ﬁm) - A\HF

in |A(C)|
<2(1 + 7)2p? (1 n M)Qmﬂ’—i. (68)
- max min [A(C)]
826 Summing the above inequality over all ¢ # j yields that
—~ ~ ~ 2 Mp
E,, A(m) _A A(_m) _A) < 4(1 2 2 (1 Y Pmax )
,OZ< 3 y 414 >— ( +7) Pmax +m1n|/\(C’)| Hl—p
i#]
827 which implies that
~ -~ 1 Y Pmax 14
E,, o[ A — A2 < — - 4(1 4+ ~)2p2 (1 7) {1 } 69
,OH || — M ( +fY) pmax + mln|A(C)| +I€17p ( )
s28 Following the same approach, we obtain that
—~ ~ 2
E,, o0 — B2 < = - 4p2 (1 M) [1 p } 70
70” H M max max +m1n|)\(C)| +H]—7p ( )
s20 Combining eqs. (68), (69) and (70), we obtain that
ENWM—WMW)AWM+@M—W
Ad 1 VP P
<24, o6™ — o%| + [R 1 } 4 (1 ﬁ) [1 }
=74 ,OH t || M )\ 6( +’Y) +r Tmax pmax + m1n|/\(C’)\ +H1—p
830 O
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834
835

836

837

838

839

840

841

842

843

Lemma L.3. Under the same assumption as those of Theoremd.1} the following inequality holds:
m A m 7 A m K
Enm,o(z™, A6 +5) < S oll=™ I + 37
8 M
where K3 is defined as
32 16 pmax(l + ’Y)Re + PmaxTmax P
K= (5 [0+ ]+ 52 J1+e55)
3 )\C 9( +"Y) Tmax /Dmax+ )\C m1n|)\(C’)\ +’€1 —p

(71

Proof. Note that the following equations hold.
En (2™, AMe™ 4 50y = R, o(z{™, (AU — M1 4)™) + pm) — 0™ o= 1p)
= Emo{z™, (A™ — )0 + 0 — 1)

— B0 (2™, (C = C)CTTAB™ 4 (C) — C)C M),
(72)
For the first term of eq. (72), we bound it using the polarization identity and Jensen’s inequality as
follows.

Em0< (m) (A(m) _ A)G(m) b(m) _ b>

L Aop omype 1 (m) (m) | pm) _ p)2
<. = Z. _ _

Ao (m) 24 2 (m) 2 (m) 2
<ZE - - .
<ZCEnoll2™ 2 + AC(R(,Em,o\m Allf 4+ En o6 = )

Then, following a similar proof logic as that of Lemma[[.2] we obtain that

1
Ernoll A ~ Alff < 374042 [+ A7),

and

1
Eono][6™ — b||2 < i 4p3 R [1 +n1 fp]

Combining the above bounds, we obtain the following bound for the first term of eq. (72)
Epno(z™, (A<m> — A)p™ + b0 — b)

Ac 24 1 2 p
< 1 1 . 73
= 16 || M )\ RG( + ’Y) + max:| pmax|: + Kl — p:| ( )

For the second term of eq. (]7_7[) we have
— Epo(2™, (0™ — 0)0—1A9§’"> + (c<m) —C)C )

<1 Ao 8 Pmax(]- + ’Y)RG + PmaxTmax
—2 A min [A(C)]
Moreover, note that

—E

Epno|C™ —ClI% -

S Emol=™ | + 5

(m) _ < = P

and therefore we have
CEpo(z™, (C™ — YO A9™ 1 (¢ — 0)C 1)
)\

C (m) 2 1 16 pmax(l + ’Y)RG + PmaxTmax |: P :|
E,, = .= 1 74
<76 Emollze I+ 570 30 min [A(C)] T 74)
Combining eqgs. (72), (73) and (74), we obtain that
Enm ("™, A6 45
)\C (m) 2 1 ( 32 [ 2 2 2 2 ]-6 pmax(]- + 7)R0 + pmaxrmax
8 0” || M )\C 0( +7) + Thax| * Pmax T )\C m1n|)\( )| + K
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Lemma L.4. Under the same assumptions as those of Theorem[d.1| the following inequality holds:

m m )\C m K4
Emofz™, (C™ = 0)2™) < T0Emolls™ I + 37
844  where K, is defined as

Ky = %RQ[H lf] (75)

85 Proof. The proof is very similar to that of Lemma|[[.2]and Lemma|[[:3] and we only outline the proof
g6 below.

1A m m
Enolzf™, (O = )™ < L 2B oll ol + 5 1 REmo|C™ — C}
26 2 )\
)\C 1 14
=12 Emoll™* + T TRZ [1+ 1—p}
847 O
Lemma L5. Under the same assumptions as those of Theorem[d.1] the following inequality holds:
_ . K
E,, oA 6* +p(m)|2 < 25
oll + < Vi
sas  where K5 is defined as
K= [(1+)Ro +r ]22 (1+71 )2 (145 2 ) (76)
o PO Pmax ] Pmax (5 i TN(O))] 1-p)

ss9  Proof. The proof is similar to that of Lemma|[.I|and we outline the proof below. We obtain that
m 0||A(m)9* b(m)H2

1 m) nx m) nx m ™m) nx m
<+ mo{ZHA Yo+ B2+ S (AT 4 5™, A0 45 >>]
i#]
1 ? 2 (m) g pm)_ gm) g p(m)
SW[M. (14 7)o + Tima pmax(lerm‘)\ ) +§:]E o (A 4 5™ A g 4 5]
i#j
)
5o Cconsider the last term of eq. (77). Without loss of generality, assume that ¢ < j. Then
A(m) g« | p(m) F(m)gx | 7(m)

EnL,0<Ai 0 +bz 7Aj 0 +bg >

=Er,0(A™ 0" + 5™ B i A0 + Ep i0™)

<Enn ol| A0 + 5™ B [ (B i AT = A)0° | + [ B, 5™ —

1 R 2 (1 ! Y e

< S R

*[( +7) 0+Tmax} pmax( +min\/\(C)|) i
g5t Summing the above inequality over all 7 # j and substituting it into eq. (77), we obtain that

Epn,ol| A% + 5|2
1 2 1 2 2p

<ap (0Bt ran (U i) ()

=M [( +7) 0 1 Tma Pmax +m1n|)\(C’)| +’€1 p
852 O

853 Lemma 1.6 (One-Step Update of ng)). Under the same assumption as those of Theorem the
854 square norm of one-step update of Gt(m) using Algorithm E| is bounded as
Eom.o Ggm) (9?’07 Zt(m)) _ Ggm)(é(m—l)’ 5(m=1) ) G(m ( (m— 1) F(m— 1))H2

2
< 2 2 7Y Pmax (m) )2 Gim—1) _ (|2
<501+ 2 (1 S ) (Emo 667 = 071 4 B o070 — 67]?)

5K,

+ 592 (Emoll 4™ |2 + Enm o127 2) + 2

855 where K is specified in (63) of Lemmal|l]}
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86 Proof. By the definitions of G(m)( -) and G("™)(-) and the one-step update of Qt(m),we obtain that
IGE™ (6™ 2™) = G (1, 20m D) 4 G (Bl 5 2
:”ggm)ggm)ergm)JrBt( )Zt(m)_gg )e(m—l)_b(m) B(m) m— 1)+A(m0~m D 4 plm) 4 gim) z(m— 1)H2
= (A6 — Aer) + (A7 — AgnD 4 Amgen=1) — Atmgr) 4 (A 45
+Bt(m)zt(m) _ B(m)é(m—l) + B(m)~(m—1)”2
<5IA 20 — 072 4 5] (A9 — A ) — (AFnD — g ) |2 45 A 4502
+ 5B Pl P + 5| B 2 — Bomzm D2 (78)

es57  where the last step applies Jensen’s inequality. Next, we bound the third term of eq. ( ||A (m) g+ 1
gss b(™) | using Lemma . and note that the second term of eq. can be bounded as

]Emt 1||< m)e(m D Atm)e*) — (A(m)g(m—l) _ A(m 9*)“2
Vg, (A4 — A7)

~ ~ —~ 2
<Eom,i-1 (Agm)“m_l) - Agm)e*)

S N A (79)
sso and similarly, the last term of eq. (78) can be bounded as
Bt [ B2 — BV DIE < By BP0 (80)

g0 Combining Lemmal[[.1] (80), (79), and (78)), we get the desired bound

Em,O Ggm) (9§M)7 ng)) _ GgTIL) (é(m—l),é(m—l)) + G(m) (é(m—l)7 2(7n—1))”2
2 ~
<5(1 2 2 (1 7 Pmax ) (Em Q(m) _p* 2 Em e(mfl) _p* 2)
= ( + FY) Pmax + min ‘)\(C>| 70” t H + 70” ||

459 s (B o™ 4 Bl 507 4 - 5.
861 O
g2 Lemma 1.7 (One-Step Update of ztm)) Under the same assumption as those of Theorem the
863 square norm of one-step update of zt uszng Algorzthmlzs bounded as
B, ol H{™ (0, 2™) = H{™ (607D, 20m70) 4 HOM (0=, 20m=0) 2

1 2 )
st *pi (1 7) (E’m, g(m) —0* 2 E"L H(mfl) — o 2)
<5490 P (1 i v O] 0l19; 12 + Enmoll I
m ~(m— 5K,
+5(Ennoll#f™ 2 + Enngl20)2) + 253

sss where Kj is specified in eq. (T6) of Lemma|[3]

865 Proof. The proof is very similar to that of Lemma[[.§|and we outline the proof below. We obtain that
B (O 2™ — B @, 200 4 B (o) 2Dy 2
<5IA 20 - 072 4 5] (A9 — A ) — (AIFnD — g ) |2 45| A 4502
+ 5GP =™ P + sl Cp 2 - gL,
ses Taking IE,, o on both sides of the above inequality yields that
Epn ol H™ (6™, 2™) = H™ (60"~D, 20m1) 4 B0 (60m D, 20m0) 2

1

2
- (m) _n*12 ~(m—1) |2
min\)\(C)|> (Emoll68™ = 0%12 + Enm,olld o°|1)

m (o 5K,
+5(Emoll#™ I + Emoll2"72) + 222,

867 O
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gss J Other Lemmas on Constant-Level Bounds

seo Lemma J.1. The following constant-level bounds hold.

o AT < (1+7)pmax (1 + 525y
o (B0 < prmaxtmax (1 + 2235
o A7) < (14 pmax (1 + mmrice)
o 5™ < pmaxrmax (1 + mi ki)

g74 Proof. We prove the first inequality as an example. For the rest of them, we omit the proof details.
e7s Recall that A'™ := A{™ — B™ (~14, from which we obtain that

1A =A™ — Bi™ e A
< 1A+ 1B e Al

1
< ]- max max_ . [N/, N ]- max
< (14 7)Pmax +7p mm|/\(0)|( +7)p
7Y Pmax
=1 max (1 + —— A7)
(1 7)pma +m1n|)\(0)|)
s76 where the third step applies Assumption [2.2] to the definitions in eq. (I), more precisely,
o A = Hlp(si™ 0™ )o(s™) (v(si3) = é(s™)TI < (14 7)pmax and [|B™ = || —

878 ’yp(sgm), agm))gb(sgfl))gb(sgm))T ||. Similarly, we can obtain the following results:
™ = [[p™ = B{™ |
< [B8™ |+ 1B [[lC o]

§ pmaxrmax + ’ypmaxmpmaxrmax

= PmaxTmax (1 + Jomax )| );

min [A(C

879

JA™ ) =A™ — ciM et A

< (1 + 'Y)prnax + . 1+ ’Y)pmax
mi

1
DYk
1

= (1 +7>pmax(1 + m),

880
168 = 6™ = ¢ e
1
mpmaxrmax
1
min |)\(C)|)
881 O

< PmaxTmax +

= pmaxrmax(l +

ss2  Lemma J.2. The following constant-level bound holds.

A% £ B < [(1 4 1) Ro + Tonae] prmae (1 + — 222y
883 Proof. Combining LemmalJ.1]and the assumption that [|6*|| < Ry, we have
|6 + 5 < AT R + 113
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YPmax Y Pmax
< 1 max 1 T N/ N R max’ max 1 T NN
< (L pmenc (1 S Py o pmasrmas (1 2 )
Y Pmax
= (1 R max | Pmax 1 )
(1) R0+ ] P (14 T2
884 O
sss Lemma J.3. The following constant-level bound holds.
_ _ 1
Amg* 4 pm)| < [(1 R + Tmax | pmax (1 + ——————
” + ”—[( +7) o+ a]p a( +m1n|)\(C)|)
ss6  Proof. Combining Lemma[J-1|and ||6*|| < Ry, we have
|ACDg" 4 5| < | A | R + 1™
1 1
< 1 max 1 T N NN R max’ max 1 . N N
< (1 pmanc (1 o) Ho o pmatmas (14 Loar)
1
= 1 R max | Pmax 1 Y72 A
[( +Y)Re+r ]p ( +m1n|)\(0)|)

887 O

sss Lemma J.4 (One-Step Update of Gt(m)). The upper bound of one-step update of Q,Em) given in both
sso  Algorithm[I|and Algorithm[2)is given by

G (O™, 2™y — I (@D, 50m=D) 4 g (§Om=1) Z0m=1))|| < Gy,

890 where Gyg is defined as

= _ Pmax
Gvr = 3[(1 4+ 7)Ro + rmax] Pmax (1 + — |/\(C)|)' (81)

Proof. Recall that G{™ (0, z) := A" 0 + 5™ + ™ w. Using Lemmaand Lemma we
obtain that

(m) < YPmax
||Gt (97 Z)” = [(1 + PY)RG + Tmax] pmax(l + min ‘)\(C)| )

By the definition of G("™) (é(mfl), 2(m=1)) and Jensen’s inequality, we obtain that

G(m) é(m_l) ~(’m—1) < 1 R max | Pmax 1 M .
IGem @, 2 < [ 49 Ro + Pina] o (14 2w

sor  Combining the above upper bounds for [|G{"™ (6, z)|| and ||G(™ (§(m=D) (M=) we further
g2 obtain that
||G7£m)(9t(m)7 Zt(m)) _ Ggm) (é(m—l)’ 2(m—1)) + G(m) (é(m—l), Z(m_l))H
<IGE™ O, =) + Gy @, 2D | 4 G @) 2|

Y Pmax
<3 [(1 —+ ’y)Rf) + Tmax} pmax(l + m) .

893 O

so4 Lemma J.5 (One-Step Update of wt(m)). The upper bound of one-step update of wt(m) given in both
sos Algorithm[I|and Algorithm[2]is given by

||Ht(m)(6t(m)’2£m)) . Ht(m)(é(m—l)’é(m—l)) + H(m)(é(m—1)72(m—1))“ < Hyg

896 where Hyy is defined as

1

Hyg := 3[(1+7)Ro + Tmax | pmax (1 + m)

(82)
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so7  Proof. The proof is very similar to that of Lemma[J.4]and we omit the proof.
| H (6, 2™ = H™ (@1, 20m70) 4 HOW (Gl 2m D))

<JH™ (O™ 2N | 4 | HI (@D 2Dy || 4 [ HOW (0D 2m=Dy)|
1

§3[(1 + ’Y)R() + Tmax]ﬂmax(]- + m)

898

899
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