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Figure 1: (a) Achievable bounds of Algorithm 1 in the adversarial setting for different choices of
window length . (b) Excess overall utility of the shifting benchmark sequence with respect to the
static benchmark for different numbers of allowed shifts.

Appendix
Additional plots

Figure [T[a) demonstrates the achievable adversarial static regret and total constraint violation by
Algorithm 1 for different choices of the window length W. The black curves indicate the Pareto
frontier for different values of W and all the points north-east of the frontier are achievable. In
particular, we can observe that for W' = T, both the regret and total constraint violation of Algorithm
1 are linear.

In Figure[T(b), we have plotted the excess overall utility of the shifting benchmark sequence [T]] with
respect to the static benchmark action for different number of allowed shifts for experiment 2. In
other words, we consider the dynamic benchmark sequence {x} }7_; which changes at most m times
(i.e., x; # xf,, for at most m values of t € {1,...,T — 1}) and we plot the excess overall utility
for different choices of m. Note that the adversarial static and dynamic regret defined in the paper
correspond to m = 0 and m = T — 1 respectively. Figure[T{b) verifies that the dynamic benchmark
sequence achieves much higher utility compared to the static benchmark action and therefore, for the
settings where the environment is changing, dynamic regret is a more suitable performance metric.

A Examples of DR-submodular functions

Continuous extension of submodular set functions. A discrete function f : {0,1}"" — R over
the ground set V' is submodular if forall j € V and A C B C V' \ {j}, the following holds:

fLAU{j}) = f(A) = f(BU{j}) - f(B).

DR-submodularity is the continuous counterpart of the submodularity property of set functions [2].
Indeed, the multilinear extension [3]] and the softmax extension [4] of submodular set functions are
DR-submodular.

Indefinite quadratic functions. Let f(z) = 127 Hz + h”x + c. If the matrix H is element-wise
non-positive, f is a DR-submodular function.

Concave functions with negative dependence. If h; : R — R is concave for all i € [n] and

0;; < 0Vi # j, the following function f : R} — R is DR-submodular:

n

f(z) = Z hi(z;) + Z 05225

=1 1,J:1F#7

Note that indefinite quadratic functions are a special example of the above where all the concave
functions h; are quadratic with negative coefficients.



Log-determinant function. Let the function f : [0, 1]™ — R be defined as
f(z) = log det (diag(x)(L — I) + 1),

where L > 0 is a positive semidefinite matrix and diag(x) denotes a diagonal matrix with vector = on
its diagonal. This function is extensively used as the utility function in Determinantal Point Processes
(DPPs). It was proved in [4] that f is a DR-submodular function. In fact, f is the softmax extension
of the submodular set function log det(Lg) over the ground set V' where Lg is the submatrix of L
whose rows and columns are characterized by the set S C V.

B Proof of Lemma 1

Denoter =VVfi_ (xgk)l) )\(k)Vgt 1(v, (k )) We have:

= arg max ((rt(k)

reX

= argmin (— (r{", z) + al|z — v}", |?)
reX

k
o ,z) — allz — ol |1?)

(k)
. T
= argmin (- (%—, ) + [|lz — o™} |?)
reX (6%
(@ Tt(k) (k) (k) 12 Tt(k) 2
= argmin ( — (e =)+ e =057 + 5 )

reX
(k)
(k) Tt g2
= argmin |z — v
e || t—1 2a H

(k) 75)
= P (v;- 1+T)

() (k)
where in (a), we have added the constant term (“—, (k) )+ 15 |? to complete the square norm
which does not affect the minimizer.

C Proof of Lemma 2

Using the update rule of the algorithm for A, +)1, we can write:

k k k k k
Aiﬁl —/\§ ) > gr—1 (v~ () 1)+ (Vg 1(Ut( )1) Ut( ) Ut( )1>
> g1 (o) = Bl — o™

(k)

B k k k k
= 0a0f) = 5~ VI o+ o = Tl o1
>0
k B k
> g1 (o) = 35 = Vil — 0B,

where we have used [-Lipschitzness of the constraint function g;—; and the Cauchy-Schwarz
inequality to obtain the second inequality.
Taking the sum over ¢ € [T], we obtain:

T
k k k k k
AL B >3 g 0P - vZn ) _ o812,
M t=1
=0

T g2r T

k k k) k
thfl(vt(—)ﬂ < )‘EFL + 4V + VZ ||U£ Ut( )1||2~
— t=1



Therefore, we have:

IN
==
M=
[M]=

2
|
Tz

K K T
1 w BT |V (k) _ (k) 2
S?;)\T-‘rl—i_ 4V +EZZH’U1$ = Vg 1” )

D Proof of Lemma 3

Using the update rule of the algorithm for )\Ei)l, we have:

AP = A+ g1 (o) + (Vgeaa (o), 0™ = of)12
< (A + g1 @) + (Vg (), o™ = o))
= M)+ (91 (o) + (Vama (0f). 0" = o)) 120 (g2 (o) + (Vgema (o), 0" = 0fPh)
< )Y+ (G + BR? + 207 (g (v >1> (Vg (v2)), 0" = o).

So, we can conclude:

A~ ) _ (G +BR)?

Al = 2 5 = 2

k k
F AT (g () + (Vgema (), 0 — o).

E Lemma4

Lemma 4. The following holds for allt € [T| and k € [K]:

1 VB2 G + BR)?
(frms(@) = fma(@E5Y) < <1——>(ft 1) = frma (o 1>>——KVA£’“>+4QK+( * %)
®) (W) g2 _ @ o e LR?

Proof. Combining the result of Lemma 3 with the update rule for vgk), we have:

k k k k
AP (W i (@), 0 — o)+ afol® — ol |2

(G + BR)? k k k k k

< T = VA @) = MOV (0) 0 = o)+ AP g () + ol — o
G+ SR

<G PRY (0 faal®™) - AOVga )2~ o) + Mg a 0 + alle — o2 - e — o)
G + BR)?

< OHBRE 9 g s, = o) + AP g (@) + ol — o7 — adle — o7,

2)
where the second inequality is due to the optimality condition of the optimization problem for

updating ng) and the last inequality follows from convexity of the constraint function g;_1.

We have:
k k k k k
—(VV fia (@), 0 — o)+ afol® — o) 12 = [Va@!® — o)) ~

292
>—VB.
- 4o

2
fwt V@I~ IV a2




Using L-smoothness of the utility functions, we can write:

k 1, & k
FrG0) > a4 ol VA ) - S,
LR?V
Vo Vi @) < KV (fia @) = fia @) + =5

Using the DR-submodularity and monotonocity of the reward functions, we have:
fe—1(z) — ftfl(xgli)l) < fealz \/xgk)ﬂ - ft—l(xgli)l)
<(Vfi- 1(% 1) zV xgk)l) - mgk)ﬁ
= (Vi (™)), (e =22 v 0)
< (Vi) a).
Putting the above inequalities together, we have:

202 2
V<GP gy aa) — fraf) + BV (Fa(e1Y) — fir(af))

LR?*V
+ 27 ge-1(@) + alle — s |P — alle — o |P + =

—~

AR

Rearranging the terms, we can write:
V232 G + BR)?
KV (fir (@)~ fir (a41)) < (K~ DV (fa(a) — fra (o) - a0 4 VI (G200
LR?*V
2K
Dividing both sides by KV, we obtain the desired result. O

k k
F AN g1 (2) + alle — o |12 - afle — o) +

F Lemmas5

Lemma 5. The static regret of Algorithm 1 against x € X is bounded as fOIZOWS'

) 1 VBT (G+BR?PT 1 R? LR2T
Z((1_g)ft71($>_ftfl(xtfl)> < fa +( 2@ KVZZ)H& ge—1( av + K
t=1 k=1 t=1

3)

Proof. Using inequality|1|and taking the sum over ¢ € [T'], we obtain:
T

> (fmrl@) = fea (@)
t=1
T
1 (k) (k) \2 L e VBT  (G+BRPT
<(1-= - — fi— — —=(A —— (A
=0r tz—; (im2@) = firl@im) = gy o)™ + e QU+ o 2KV
- =0
T 2
(k) 12 8|2 LR°T
; t gt 1 KvHx_UO H KV”:I; H 2K2
T T
VBT (G + BR)*T 1 (%) aR? LRQT
1_7 Z fimr@) = fma @) + S + Ty +K7V§)\t 91+ Ty T e
Applylng the above inequality recursively for all & € [K], we have:
T
1 VBT (G + BR)T
S (ea@) = a5 < (1= 95 (a0 — fiaafty) + V2L I
t=1 ~—— N - 0/ o
Tt—1 S% =
K T
1 (k) aR? LR?>T
Rearranging the terms, we obtain the desired result. O



G Lemmaé6

Lemma 6. Forallt € [T,k € [K], we have )\gk) < 0V where

(G+BR)? VB2 9
+ (BR+ =)V aR (G + BR)(V +2)
0 = R 2 4o .
max{G + SR, VBr/T * V(V +1)Br/T * 2V }

In particular, if we choose o < O(V?), we have /\Ek) < O(V).

Proof. Plugging in = 0 in inequality [2} we obtain:

V282 _ (G+BR)? k Br | & k (k
AP = < (VA (@) ) =AY el — allof)?,
<BRV
¥ _ (G+BR)? Vﬁ k k
Al < POy (4 Z0W - DEAO ool 1 — a2
Therefore, settingn = —=+, B = (G+26 R)* and R = SR + % in Thoerem 2 of [5]], we obtain the
desired result. ]

This O(V) bound on the dual variables is crucial in obtaining improved total constraint violation
bounds compared to [6]. Note that 5] requires the extra assumption that there exists an action z € X’
such that g:(z) < 0Vt € [T] (Slater condition) to obtain Theorem 2 in their paper. However, in

our framework, since g;(-) = h;(-) — 2= and h;(0) = 0 for all ¢ € [T7], the Slater condition holds
naturally with z = 0.

H Proof of Theorem 1

First, using the result of Lemma 2, we have:

K T
k k
o™ — o |12,
k=1 k=1t=1

Therefore, in order to bound the total constraint violation, we need to bound /\(T 4, and ||vt vf(k)l |2

forall k € [K] and t € [T]. Lemma 6 provides the bound )\T 11 < 0V for the dual variables. Thus,
it suffices to obtain upper bounds for the terms Hvt(k) - vt(]i)l ||* which is done in the following.

(k)

Using the update rule of the algorithm for v; ", we have:

k k k k k k

(VY fima @) = APVg, 1 (0), o) — aflol® — o2 > (v £ (@) = AP Vg1 (0), o))
k

+afol® — o) |2,

Equivalently, we can write:
k k k k k
2allvi” — v |12 < (VV fima (27) = APV g1 (o)), 0 — o))
k k k
< VY foor (@) = AP Vg, (0] ’nnuvt — o,

where we have used the Cauchy-Schwarz inequality to obtain the last inequality.
Dividing both sides by 2a||vt( vt(k)l || and using the triangle inequality, we obtain:
k k k k
[of — w11 < o (V9 a2+ N Tg 1 )1

B
5o (VA NY)

B(1+0)
2 v

IA

IN



Therefore, the following holds:

Plugging the above inequality in the result of Lemma 2, we obtain the total constraint violation bound
as follows:

K K T
1 BT |V k) (k) 2 BT | F(L+0VT
Cr < ZHV+ +7ZZHU v )P <OV + T + o2

I Proof of Theorem 2

First, note that in the adversarial setting with window size W = 1, since for all ¢t € [T'] and k € [K],

ge(z*) < 0 holds and A\* is non-negative, we have DD Sy ¥ g, 1 (2*) < 0. Thus, in
this setting, the result follows immediately from inequality
For the case where W > 1, plugging in ¢ <— ¢ + 7 and x = zJj, in inequality we have:

1 1 V32
(rrra (i) = frara @) < (U= ) (e (ote) = frera () - 200 + 00
(G+BR)*> LR? 1 (k) 2 -

2KV 2K +KV)\t+Tgt+T 1(xW) KVH:EW Ut-‘rT 1

KV ||x¥/V - Ut+‘f‘ ||2

Taking the sum over all t € [T —W +1],7 € {0, ..., W — 1} and applying the inequality recursively
for all k& € [K], we obtain:

1 —-W+1W-—
(Fror1(xy) = frpra(25])) Sg z:: 2:: ferr1(@ly) = frrra (@t 1))

t=1 7=0 v

=Tpqr—1 =0

1 iw 1T§W:HA<’“> LVPW(T-W A1) (GHBRPW(T - W +1)  LRPW(T - W +1)

KVigo &5 4o 2V 2K

1 K T-W4+1W-1 a K W—-1T-W+1
k % * k)
v D M) + 5 2 (et = oo 1P =l = o 12).
k=1 t=1 =0 k=1 =0 t=1
Equivalently, we can write
T-W4+1W-1 1 1 K W—-1T-W+1
* k
(1= D) frrra(@iy) = fror1 (@) < =555 > AL
t=1 7=0 € k=1 7=0 t=1

(2) (b)

L VEW(T W 1) | (GHFRPW(T-W 1) | 1 iT—W WZ |
4o 2V KV &= = t+7'gt+7' 1@y
©
K W—-1T-W+1 )
+ KV Z (||9CW Uiy I” = [l — v | ) + K . 4

k=1 7=0 t=1

(d)

The main challenge in obtaining regret bounds for the W > 1 case is to bound terms (a), (b), (c) and
(d) in the above inequality. We exploit ideas from the analysis in [6}/7] to obtain these bounds.



We bound term (a) in the following:
W—1

@ =WRp— > (W-i)([(1- é)fi—l(xa/) — fim1(z;)]

i=1

F10 - D i) — froior )

(zw

WwW-1
>WRyp —2F ) (W -
=1

=WRr— FW(W —1). (®)]
For the term (b), we have:
| K wWarwi
k k
by=-5 > D (N )? = (E)?)
k=1 7=0 t=1
| K owa
k k
= om0 2 (O = (57
k=1 7=0
| K owa "
k) \2
< —_
=9 Vk; TZO()\T+1)
| K w-
< 21,2 2 2
< 5%V VZ min{f°V=,7°(G + BR)*}
k=1 7=0
1 w1
_ 21,2
= 3RV min{#*V2KW, (G + BR)*K ;)
_ 1 21,9 W(W — 1)(2W — 1)
—QKlen{HVKW (G + BR)*’K 5 }
1 —1)2W -1
=37 min{#*V2W, (G + ﬂR)QW(W é( w )}, (6)

where we have used the dual variable bounds in Lemma 6 and the fact that )\gk) changes by at most
G + BR over one slot to obtain the second inequality.
In order to bound (c), we use Lemma 8 of [7]] to obtain:

K T—-W+1 w—1
1 k «y, (G+BR)?
© < Vil Z (Aﬁ ) Z Gerr—1(23y) +fW(W -1)))
k=1 t=1 =0
<0
K T—-W+1
1 (G + BR)?
<STv O W(W —1)
k=1 t=1
(G+BR*WW —1)(T — W +1)
= . (7
2V
Finally, for the term (d), we can write:
o Kow-l
* * k
O =gy 22 2 (leiy =PI iy~ i)
k=1 7=0
K W—
=%V Z Z 5y — o2
k=1 7=0
o K-t
< @ 2
Sqv i LR
k=1 7=0
aR?W
= . 8
% (&)



Combining inequalities [} [5] [6] [7] and [8] dividing both sides by W and rearranging the terms, we

obtain the regret bound as stated.

J Proof of Theorem 3

Set 2§ = 0. Plugging in x = x;_; in inequalitym we have:

2
1 A(k) Vi

(G + BR)?

(fim1(@i1) = fia(afE1))) < (1 - %)(ft_mx:_l) — fra (@) -

(k) H27

a *
+ >\( )gt 1(ry_q) + ﬁllwt 1~ Y%

KV

Kv 't 4aK

ﬁ”fg 17

+

Taking the sum over all ¢ € [T'] and applying the inequality recursively for all & € [K], we obtain:

VBT (G + BR)T

N—— 4o

=T 1 70

T
Z (ftfl(xitkfl) - ftfl(xii{iﬂ) < - Z fe—1(xi_1) — fi- 1(@”1))
t=1 €=

| KT 0 K11
. k
o oM g1 i) + o 30 (et = o)
k=1t=1 k=1 t=1
K K 9
o * k)2 * k)2 , LR°T
JFKiV;H%*”o ° - VZHIT—l = +7-
-0 =
C ideri that *_(k)Z_ * ( 2 __ 2 2 2(k) ot <
onsidering that [z} — v, || lzi_1 — v 17 = llzf]] lzi_1ll® + 2( ri_q —xf) <

HxIHQ —|lz;_1]I* + 2R||lz}_; — 2} || holds, we can write:

VBT (GHBRPT 1 &
;ftiﬂftl — fie1(zi-1)) thla?tl 4a+ 2V Tkzgtgtlxtl)

K T-1

2V

2KV
(k LR?
o2 +

2K

—|lzf_y — v

57 2 |:c*:;||2 @Jﬁm > iy —ail) + Ler
Denoting the drift of the benchmark sequence Pj = Z ||zf 11—
bound as desired.
K Proof of Theorem 4
Taking expectation of both sides of inequality [[] we have:
E[fir(0) — fr( )] € (1= mIE[fma(o) — fir ()] — L B(A®] 4 V0 (G4 OR)
b BN g (@) 4 Bl — o - B — o9+ 2

Let F; = {gT} 0 Considering that )\( is F;_1-measurable and g;_1 (z*) is independent of F;_1,

we can write:

ENM g1 (2)] = E[EDMM g1 (@) Fim1]] = EAF Elge—1(2*)]] < 0.
<0

Combining the above inequalities, taking the sum over ¢ € [T'] and applying the inequality recursively

for all k € [K], we obtain:

Z]E fioa(@) = fia(e)] < (1 -

— N | 7

T
) EL () = iy WZE

=Tt—1 <1
=%

VBT (G+BR)??*T aR* LR*T
+ + + .
4o 2V % 2K
Therefore, the expected regret bound is derived as stated.

k)||2)



L Proof of Theorem 5
Considering the regret bound in inequality |3} in order to obtain a high probability regret bound, we

have to bound A S P A¥ g, 1 (z*). Denote Y, = DD D AN g,y (2*) and let
Fi={g-}' =0 Consrderrng that g;—1 (z*) is independent of F;_;,We have:

K
1
E[Y;|F,_1] = E[Y;_ 1+K—V;A<’”gt (@) Foa]

K

=Y -HE Z Jgi—1(a™)| Fica]
k:

K
1
=Y+ ?;A(k)E gt— 1 )|-7:t—1]

=Y, 1+fZA<’“>Egt 1(2)]

<Y 1.

Therefore, {Y;, F; }+>0 is a supermartingale. Also, note that for all ¢ € [T, we have:

(k) (k) *
e = Yer| = | 7z ZA g1 (@ |<KVZA lge-1(")] < 6G.

Thus, using the Azuma-Hoeffding inequality, we can conclude that with probability 1 — d, the

following holds:
L ¢ Z (k) /
k
Ki £ A gi— 1 < 0G 2T10g(6)

k=

Combining the above inequality with the regret bound in inequality [3] with probability 1 — §, we

have:
1. VBT (G+BR?T aR® LRT
R < 9a/2Tlog(= .
v 206G\ 2Mog(5) + —p = Tt e g

Algorithm 2

We present our second algorithm for online DR-submodular maximization with adversarial or stochas-

K
tic constraints in Algorithm Note that in the algorithm, we denote g,(z) = M Vg €

Q] k € [K].

M Proof of Theorem 6

Using an analysis similar to Lemma 1, we have:

Q 2 Q

_ BQ : k
D92 (v™) < Xgh g+ VI Bl
q=1 q=1



Algorithm 2
Input: X is the constraint set, T is the horizon, V' > 0, « > 0 and K.
Output: {z;: 1 <t <T}.
Initialize \{") = v§* = 2" =0k € [K].
for g =1to ) do
(1) -0
for fij L to K do (k) ) *) *)
vg = argmaxzex ((VV oy, ) = A Vig-1(v,2h), ) — allz — v, [1P),
z((zk+1) (k) + (k)

end for
Let (tg1,...,tq k) be arandom permutation of {(¢ — 1)K +1,...,¢K}.
fort = (¢— 1)K +1to gK do

Setx; = xthH) and play x;.

end for
for 5= L to f do *) RGN
Aq+l = [)\‘1 +gQ*1< q ) <v9q 1( q 1)7’()(1 - vq71>]+'
end for
end for

The constraint violation bound follows immediately from the result of Lemma 2 and it is provided
below:

K Q
k B2QK k
By + + VS STE® — o), ©)
k=1 k=1q=1

where the first inequality is due to Jensen’s inequality.
Plugging in ¢ <— ¢ and using the dual update of Algorithm 2 instead of Algorithm 1 in Lemma 3, we
have:

(M)’ )2 _ (G+BR)
: <

AR =
a 2 2

+ A (G () + (Vg1 (o)), 0l — o)),

)

Combining the above inequality with the update rule for v( , we have:

AR (W fo @), 08 — o) 4 afo® — o) |12

q

(@)

G + BR)? )

< G 9 aal?, ) = AOVE, )0 o) + A5, ) + ol — ol
G + BR)? . ) . )

= %—<VVftq,1,k<x£qL,k>—Aé’“ng-l(véJl) = o®)) + 230 g, 1 ) + aflz — o)
G + BR)? . )

< % — <vatq71,k(x§q) s —v 9+ + A5, 1 (2) + |z _“((1—)1”2 — aflz — |2,

10

k) H2
1

—allz—v

(k)||2
q



where we have used convexity of g, to derive the last inequality.
For the term (a), we have:

@ = VAl o)~ 5=

292
>—VB.
- 4o

2
Vo@D = IV kDI

Using L-smoothness of the utility functions, we can write:

(k) HQ

k k k k
Fro e @) 2 foy 20 4 020 V@) — Sl

K<q 1
LR?*V

Vg Vi @l20)) < KV (fipn @) = fiy @) + =5

Using the DR-submodularity and monotonocity of the reward functions, we have:

Frorn(@) = fryrn @) < foui i@V aP)) = o @8
<Vftq lk(x((] (
= (Vi @), (@ — 2Py v o)

< (Vg @), ).

Putting the above inequalities together, we have:

V28 _ (G +BR)?
A - VO PR (g, 0) — foyh@0) + KV (o (680) — foy o 2))
_ LR?V
+A0g,1(2) + allz — o2 P — allr — o P + =

Equivalently, we can write:

V(ftq—l,k( ) ftq 1, k(m kﬁl))) < (K - 1)V(ftq—1,k( ) ftq 1k( (k) )) - Az(zk) + V2/82 + (G+BR)2

4o 2
AP g,-1(0) + allo = o = alle — o)+ LY.
Dividing both sides by KV and taking the sum over ¢ € [(Q)], we obtain:
1 ixk) o2 = — 2 4 LR
(95-1(2) + ool = o2 = 2l — o + S

Applying the above inequality recursively for all k£ € [K], we have:

Q 9 )
1 3 1% G+ BR
Z ftq 1k ftq 1k( +1)))§(1_ ) (ftq 1k( )_ftq—l,k(x((lljl))+ ﬁQ+( +5 )Q
q=1 \WIL/qzl —— 4o 2V
<1 =0
1 &AL aR?  LRQ
— 33 AWy
+KV1;q:1Aq R T O

Therefore, the regret against the benchmark with window length W € [1,T %] is derived as stated.

11



N Proof of Theorem 7

For all ¢ € [Q], k € [K], using a similar analysis to Lemma 6, we have /\gk) < 0V where

(GHBR1T | (3R 4 YOy aR2T (G + BR)(V +2)
0= G+ SR 2 .
max{G + GR, VBr V(V+0Br 2V }
Using the update rule of the algorithm, we have:
k _ k k k k
(VY i, @) = AV, 1 (0f2)), ) — alol? = of 17 > (VV £, @8)) = APV 1 (o), 05

)q]
k
+afol® — o) )12,

Equivalently, we can write:
2aful) — M2 < (VY @) = ABTg, (o)), 00 - o®))

k _ k k
sHVVﬁWM<§%> MOV Gt (o) [0 ‘)H

Dividing both sides by 2a||v£ - vf 1 || and using the triangle inequality, we obtain:

0§ ~ o1 < oIV iy 20N + NV, 2)1)

8 (k)
< =
- 2a(V+)\q )

B(1+0)
2a

IN

V.
Therefore, the following holds:

k BA(1+0)°
[of) — ol | < ==V

Plugging the above inequality in inequality [9] we obtain the constraint violation bound as follows:

BQQ k BT | B*(146)°VPT
E[Cr] <Zov+ +VZZIE||vt — oM 12 <oKV + T e .
k=1q=1
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