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S1 P-spline basis

We model the individual response functions f;, k;, h; using a penalized spline basis expansion. We
use a finite and local basis set of splines (piece-wise polynomials) of order m, interpolating between
a fixed set of knots. Each k-dimensional spline basis of order m with support between [z, 2, Zxt1]
is specified by selecting k + m + 2 interpolation knots 1 < z2 < ... < Tyy4k+2. Given the knots,
the basis set is defined recursively as [1]:
B™(z) = MBlmfl(x) + MBZ&?(@"%
Titm+1 — T4 Titm+2 — Ti+1

1 T < < Tig1

such thati = 1,...,k and BY = .
' 0 otherwise

The basis has full support on [z, 12, 2;41), where ). B/"(z) = 1, this interval will be the spline
evaluation domain. ,,42, ..., z;4+1 are called internal knots, while the first and last m + 1 knots,
which are outside the evaluation domain, are needed only to define the first and initial spline basis
element, and can be chosen arbitrarily.

S2 The effects of penalization: effective degrees of freedom and the
smoothing bias

In this section we reparametrize a LS objective so that the estimator parameters have spherical
covariance in the absence of penalization [2[]; thanks to this parametrization it will be easy to describe
how adding a penalty term constrains the model space. This will lead to the definition of the effective
degrees of freedom [9]] that are used for the statistical testing of covariate significance [4]]. For this
discussion, X will be the model matrix for a single smooth with penalization parameter A and penalty
matrix S. Let’s suppose that we want to fit the smooth as a penalized least-squares (LS) objective:

ly — XBII* — 28" SB.
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Let’s first decompose QR decompose the model matrix X = QR, and set 3” = RJ3, so that the
model matrix will be @ and the penalty becomes R~7 S R~'. We can further apply an eigenvalue
decomposition to the penalty:
R "SR'=UDU',

and the eigenvalues D;; are arranged in decreasing order. Finally, we can apply a second
reparametrization 3’ = U " 3", so the corresponding model matrix becomes QU , and the penalty
reduces to the diagonal D. Since U is orthogonal and the columns of @) are orthogonal vectors,
under this reparametrization, the unpenalized ML covariace matrix will be:

Va=UTQTQU)'0* = Io?, (1)

where o2 is the data variance.
If we apply the penalty, the bayesian covariance matrix becomes:

Vg = (I+AD) ‘o 2
The penalized estimator is then
B'=I+AD)'UTQ"y, 3)
and the unpenalized is just B’ =U"Q'y.
We can interpret the penalized estimate as a shrinked version of the unpenalized problem,
B = (L+ D) 5. @)
The factor (1+AD;;) ! lies in (0, 1], and can be viewed as the effective degrees of freedom (EDF) of

B; Reversing the reparametrization, the total effective degrees of freedom can then be computed as:

> 1+ AD;i) " = (I + D)™
=t ((QU'(I+AD)"'UQ"))
tr(Q(I + \UDU)7'QT)
=uw(QR TR'"Q"QRR '+ 18)7!'Q")
(QR(R'Q'QR+)\S)"'R'QT)
(
(

tr
(X (XX +A9)71XT)
=t((X"X +A8)'XTX) = u(F). (5)

If A — oo, then the effective EDF will be the multiplicity of the zero eigenvalue of the penalty matrix,
and the maximum EDF will be the number of parameters when A = 0.

Since the unpenalized estimator is unbiased, E[3/] = (1 + ADy;)~1;, so the penalty represents
the relative smoothing bias. Reverting again the reparametrization we see that F' represents the
smoothing bias. Using 3’ = UTRﬁ, therefore,

E[8] = R'UE[]
=R 'U(I+A\D)'p
=R 'Y I+\XUDU")'UB
=R I+ R TSR ) U
=(R"R+)\S)"'RTUp
= (X"X +)S)'RTUU'RB
=(X"TX+)9)'X"Xp
= Fg.

In the natural re-parametrization, the degree of penalizaiton of each parameter do not affect others
and D;; directly indicate the relative penalization of the i-th model component. Fixed the penalty S,



D is uniquely defined, and the penalty’s action is to suppress some dimensions of the model space.
Which dimensions are effectively more suppressed depends on the penalty matrix, the penalty we
are using affects the wiggliness of the smooths, so that increasing A lead to increasingly smoother
models.

In general, for a Poisson GAM with penalty matrix Sy the EDF can be computed as:

tr(F) = (XWX +8,) ' X"TWX, (6)

which as the same form of , but substituting X with VW X and AS with S\ and W is the weight
matrix from the PIRLS algorithm at convergence.

S3 Gradient and Hessian of the GCV

Here we provide gradient and Hessian of the GCV score, following the derivation proposed in [9]].
First of let’s set y = VW z and X' = VW X, so that,

nlly — Ayl
GCV(A\) = ———
) {n —tuw(A)}?’
and A = X'(X'" X’ + 8,) 1 X’T. We will drop the primes for what follows.

Let’s QR-decompose X = QR, and find a square root of the matrix S\ = BT B, for example using
Cholesky decomposition.
After augumenting the matrix R with B, and applying a singular value decomposition we obtain:

R| T
2 o

The rank deficiency of the problem is dealt by removing the singular values that are too low, in respect
to the maximum singular value (if D;; < max(diag(D) - +/¢) , with € the machine precision, remove
column and row ¢ of D, and remove columns ¢ of V and U).

Defining U; as the sub-matrix of U such that R = U DV'T, we have

X =QU,DV"
G=X"X+8,=VD?V'
A=XG'X"=Qu,U/Q".
This immediately leads to
tr(A) = (U U). (7)

The only computationally expensive step is the QR decomposition, that has to be performed once,
but the rest is cheap. Setting p; = log A;, we will find the gradient and hessian of the GCV in this
transformed parameters in order to force positive weights and handle more easily large penalties. We
first note that G~ = VD2V, Using standard multivariate calculus,

-1
oG~ _ G’lg—GG’l:—/\jVD’QVTSjVD’ZVT

0p; N Opj
A G~ !
oA _ Xa X" =-\QU,D'VTS,vD'U'Q". ®)
Ip; Ip;
Using the chain rule, the second derivatives can be obtained as:
21 2
UG _106g1%%g1 g1 PG g1y g8 198
p;Opx Opj Opk 9p;Opy Ipx Ipj
?G
=5\ S,
dpjopr 7 35
2 2~v—1
0°A _ X8 G xT.
9p;0pk 9p;0py,



Finally, we get:
0?A
p;0p.
where Mf = M + M7, 5}“ = 1if j = k and 0 otherwise.

Let’s define a = ||y — Ay|?, and 6 =n — tr(A), y1 = U1Q "y, M; = D'V S;V D!, and
F; = MleTUl, we have,

= MQUID VT[S VD VTS VDU QT +

96
= = A\tr(F
apj J ( J)
9%
= 2\ \tr( M Fj
apjapk j Nk I'( k J)
da
5, =Nyl (2M; — F; — F}')
P
0%a
T ~\\ey! (2MM; +2M; My, — M;F, — M, F;

— F/ M; — F;' M, — 2F, M)y,
ol (M~ F BT
Finally, we obtain:
no
GCV = 5z (10)
dGCV 28704 2na 06
dp;  620pj 53 8p]
0°GCV _ 2003 0o n Fa 200a 03 6na 05 05 ma 0%
9p;Opy 63 Opr Op; ~ 62 0p;Opr 63 Dpr Op; 6% Opr Op; 83 DpjOpr

(1)

12)

S4 Confidence interval average coverage probability

Here, we sketch the proof of the average coverage properties of the Bayesian confidence intervals
following the argument in [7]. What we want to show is that we can choose some constants
¢, t=1,...,n and d such as,

%ZP(W@) — flz)] < ed) =1 —a, (13)

for some level o, where f (x;) is the estimated smooth component at x; and f(x;) is the true value.
The same problem can be formulated by defining a variable I ~ Uniform({1,...,n}) and asking
requiring that

P(|f(z1) — flar)| < crd). (14)

The following discussion holds for Gaussian distributed y with error variance o2 and identity link;
the general exponential family case follows exactly the same steps with X’ = VW X in place of X
(where W is the weight matrix from the PIRLS), and the scale parameter in place of o2 [[7].

Let’s define two random variables V := { f () — E[f(x1)]}/cr and B := {E[f(x1)] — f(x1)}/er,
so that the variable whose distribution we want to find is V' + B. Due to the results on the estimator
distribution, defining X such as f = X3, we have that 3 is Gaussian (asymptotically Gaussian in
the general case), and therefore so is f X ,6 Since [ is uniformly distributed, we can conclude
that V' is a Gaussian mixture with O mean. If we choose ¢; appropriately, so that each Gaussian in
the mixture component has the same variance, V' will be Gaussian. The confidence intervals are
computed under two main assumption:

"Modified from the original reference [9].



e the bias B ~ 0

e Var[B] is very small with respect to Var[V].

Under this assumptions, we can approximate the distribution of V' 4 B as a Gaussian with mean
approximately 0. Due to the gaussianity, in order to fully specify the distribution of V' + B, all we
need to do is compute Var[V + B]. Setting C' = diag(c;) we have,

Var[V + B] = E [Z WP(I = i)}

= “E[lC7(f - H)IP)
“E[le X3 - s, (1s)

n

where the expectation is over the distribution of B.
For any matrix B, we have that

E[IB(B-8)I2] =E [IB@ - EA)2] + |BEB| - B)|
=w(BV3B") + || B(F - I)8|?
~w(BVyB") + E[| B(F - I)8||’], (16)

with FF = (XTX + 8)) ' X X and V3 = (XTX + §)) ' X X(XTX + S)) "0 and

7 ~ N (0, Sx0?) is the prior over the parameters. Noting that F — I = —(X ' X + §,)71S,, we
can conclude that

E[IB(B-B)P| = «(BV3BT) + B [w {B(F -1)8T(F-1)'BT}] (7
=w(BV3B") +o*u{B(F - I)S;'(F-I)'B'}
=2 {B[(X X +8) ' XTX(X"X + 8"
HXTX +8)7'S\XTX +8,) BT}
=c’r{B(X'X+S,)"'B"}

=t {B'"B(X"X +8,)"}. (18)

Now, using and setting B = C~1X, we obtain,
E [||B(B - ﬂ)||2] ~tr {XTC—QX(XTX + SA)‘l} o2/n (19)
—tr {C—2X(XTX + sA)—lXT} o2/n = o2, (20)

where the last equality holds by setting C' = diag(X (X "X + S,)~'X 7)/2, this choice also
equalizes the variance of the mixture components. Finally, in order to satisfy (T4), all we need to
doissetd = —0?z, /2> With 2, /5 the /2 critical point of standard normal distribution. Since GCV
is asymptotically optimal in the MSE sense, the assumptions about the bias variance of estimates
should hold when of smoothing penalties are selected by GCV optimization.

SS Statistical significance for individual input dimensions.

We want to test if individual response functions f;(z) are non-zero, and thus should be included in
the minimal model. Given the marginal posterior for 3, f =X 5’ ~ N(f, X ng( ™), we start from
the standard approach using chi-squared statistics T} = fT Vfr ~f, with Vi = X ng( T, r the rank
of the covariance matrix and V; ~ its rank-r pseudo-inverse. This statistic is known to up-weight the



dimensions of the response space that are most heavily penalized to zero [8]], so we further correct
the estimate by setting  equal to the effective degrees of freedom of the response function [8]].

The resulting test statistic is: T} = fT M™ f , with

At
.'. ~ _1 ~
M- =U \-1 UT, B = ABA, A = |1 Ql,lep,
k—2 0 A p v
0

5 )‘I;_l1 0 5 L p
B=ABA, A= 4|, B= ,where k = [r] +1,and A\ > Ay--- > A, >0

0 A p v
the sorted non-zero eigenvalues of Vy, with v =7 — k + 1 and p = y/v(v — 1)/2 and U the matrix

of eigenvectors sorted according to the eigenvalues magnitude. Under the hypothesis that f(x) = 0,
T~ X3 5+ vix? +vex?, withyy = v+ 14+ V1 —v2]/2and vy = v+ 1 — 1.

S6 Confidence interval quality

We tested the coverage properties of the approximated confidence intervals by means of numerical
simulations. In particular, we simulated a thousand 30 minutes long spike count vectors at 6ms
resolution according to the GAM generative model for the toy problem described in the main text.
We then fit the GAM to each independent spike count vector, and computed the corresponding
empirical 95 % confidence intervals as a bootstrap estimate of the ground truth. Results show that the
approximate confidence intervals estimated through our proposed procedure match very well to these
numerical estimates, (Fig. @])
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Figure S1: Confidence interval quality. Approximate confidence intervals estimated by our theoretical
procedure (red shaded area) overlapped with bootstrap estimates (gray lines).

S7 Multidimensional filters.

P-spline based GAM can be readily extended to multidimensional response filters such as spatio-
temporal responses, or any other multivariate interaction. For notation simplicity we will describe
the case of a bivariate response function f(x,y). The approach that we take here is to expand the
function using a tensor product of the basis set {a;(z)} and {b;(y)} covering the = and y domain
respectively [6]. The expansion takes the form of,

fz,y) = Z Bijai(x)bj(y).



As in the univariate case, we assume that the likelihood of the GAM is that of a Poisson with mean,

M N
log(p¢) = Z Z Bija; (xt)bj (ye)

i=1 j=1

= Xtﬂ7

where X € RT*MN s the model matrix and can be derived by the model matrix of the marginals as
X = X, ©® X, with © being the row-wise Kronecker product, see ﬁgure@
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Figure S2: Two-dimensional tensor product basis element.

In order to measure the wiggliness of the response function we could use,

02 o2
J(f) = )‘x/ <€)xJ;) dxdy + Ay/ <8y]20) dzdy,

Following [3]], this integral can be approximated as,
J(f)=XB (Se®@T)B+2\08" (I®S,)8,

where ® is the Kronecker product and S, and S, are the penalty matrices of the marginals (e.g.
S, = [a"a"Tdx).

We tested this approach on published data from tetrode recordings from rat CA1 neurons during
open field exploration (one example cell from the supplementary material of [3]; data includes spike
counts, LFP phase, speed and position recorded at 1250Hz, for a total of 18sec of activity). It is
well known that CA1 responses are modulated by both LFP theta phase and the position of the rat
on a linear track. Moreover, the interaction between the two variables can have significant effects
on neural responses [5]. Fitting a two-dimensional P-GAM on this data, we were able to correctly
capture this interaction (Fig. [S3). Furthermore, model selection excluded additional contributions
of the animal’s speed on neural responses (p-value, 0.26), supporting the hypothesis that the speed
modulation of hippocampal responses can be explained by the speed modulation of theta alone [5].

More concretely, we fit two GAMs, one fully additive and another including the interaction between
phase and position,

log pa = f(x) + g(¢) + h(v) 21
log p2 = f(z,¢) + h(v), (22)

where z is the rat position, ¢ is the LFP phase and v is the speed.



While the fully additive model clearly fails to capture phase-position interactions, the bivariate GAM
correctly reconstructs the tuning function of the unit, obtaining a filter that resembles closely the
one in [5]] (Fig. [S3). The fit results readily summarize some of the findings described in the original
paper, such as the presence of joint phase-position tuning and the absence of modulation due to speed,
without the need to make detailed parametric assumptions about the response shape.

B
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Figure S3: Multidimensional nonlinear filters. Fits on data from rat CA1 single unit for (A) the fully
additive model and, (B) a P-GAM with interactions. (C), Speed modulation of neural responses, not
significant.

S8 Filter comparison: PGAM vs. regularized GLM

We compared the tuning estimates obtained based on the monkey PFC neural responses for our
PGAM and the elastic net regularized GLM. We randomly selected a 50 minutes long recording
session and fit both models to this data with all task variables as regressors; we did not include the
coupling terms, as fitting a coupled model would be too time consuming for the GLM. We found
that response functions estimated over the full 50 minutes session look similar between the two
models (Fig.[S4A, compare black lines in top and bottom rows). Overall, the fit quality, measured as
cross-validated pseudo-R?, is comparable between the two models (Fig. @B). However, when we
restrict the data to the first 20 minute, GAM fits are more stable, consistently matching those obtained
from the full session (Fig.[S4A top, compare red vs. black lines), whereas GLM fits are more noisy
(Fig. top, compare blue vs. black lines) and sporadically underfit, see movement stop and target
(Fig. @: bottom). To compare and summarize these difference across cells, we computed a stability
index as:

[l farm,s0 — farm,2oll2 — || faam,s0 — faam 202
| farms0 — farm2oll2 + || faam,s0 — faam,2oll2”

stability index = 2 (23)

where faam/arm,20 and feam/cru,so are the P-GAM/GLM estimated responses using 20 and 50
minutes of recording respectively; the higher the stability index, the more robust are the tuning
functions estimated from the P-GAM relative to the GLM. Indeed, at the level of the population GLM
systematically results in more robust estimates with limited data (Fig.[S4A).
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Figure S4: Filter stability. (A) Example of response filters estimated with GAM (top row) and GLM
with elastic net regularization (bottom row) for a full recording session (black lines) or a subset of 20
minutes (colored lines, red P-GAM, blue GLM, yellow shaded area represent time interval of the
target presentation). (B) cross-validated pseudo-R? difference, not statistically significant. (C) Fit
stability. Percent variation of the stability index, equation (23), for the P-GAM estimates relative to
GLMs.
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Figure S5: Comparison of cross-validated pseudo-r? values for P-GAM relative to a GLM with L1
regularization. Equivalent to Fig.2B, but for the L1-regularized GLM.
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Figure S6: Coupling probability as a function of tuning similarity for well-isolated single units.
Coupling probability and tuning similarity are estimated as described in the main text.
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