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Abstract

Low-precision training is a promising way of decreasing the time and energy cost
of training machine learning models. Previous work has analyzed low-precision
training algorithms, such as low-precision stochastic gradient descent, and derived
theoretical bounds on their convergence rates. These bounds tend to depend on the
dimension of the model d in that the number of bits needed to achieve a particular
error bound increases as d increases. In this paper, we derive new bounds for
low-precision training algorithms that do not contain the dimension d , which lets
us better understand what affects the convergence of these algorithms as parameters
scale. Our methods also generalize naturally to let us prove new convergence
bounds on low-precision training with other quantization schemes, such as low-
precision floating-point computation and logarithmic quantization.

1 Introduction

As machine learning models continue to scale to target larger problems on bigger data, the task
of training these models quickly and efficiently becomes an ever-more-important problem. One
promising technique for doing this is low-precision computation, which replaces the 32-bit or 64-bit
floating point numbers that are usually used in ML computations with smaller numbers, often 8-bit or
16-bit fixed point numbers. Low-precision computation is a broadly applicable technique that has
received a lot of attention, especially for deep learning, and specialized hardware accelerators have
been developed to support it [2} 3} [14].

A major application for low-precision computation is the training of ML models using empirical
risk minimization. This training is usually done using stochastic gradient descent (SGD), and most
research in low-precision training has focused on low-precision versions of SGD. While most of this
work is empirical [4-7] 11} [12} [15} 16} 18] 20} 122} 23], significant research has also been done in the
theoretical analysis of low-precision training. This theoretical work has succeeded in proving bounds
on the convergence rate of low-precision SGD and related low-precision methods in various settings,
including for convex [} 21]] and non-convex objectives [1}19,[17]. One common characteristic of these
results is that the bounds tend to depend on the dimension d of the model being learned (equivalently,
d is the number of parameters). For example, [17] gives the convergence bound

— * (1 + log(T + 1))01211ax Umaxé\/a
B[f(r) - f(u")] < T y ZomOVE 1)
where the objective f is strongly convex with parameter p, low-precision SGD outputs w after T’
iterations, w* is the true global minimizer of the objective, o2, is an upper bound on the second
moment of the stochastic gradient samples E[|| f(w)]||3] < 02, and § is the quantization step, the
difference between adjacent numbers in the low-precision format. Notice that, as T' — oo, this
bound shows convergence down to a level of error that increases with the dimension d. Equivalently,
in order to achieve the same level of error as d increases, we would need to use more bits of
quantization to make ¢ smaller. Similar dimension-dependent results, where either the error or the
number of bits needed increases with d, can also be seen in other work on low-precision training
algorithms [} [8, 21]]. This dependence on d is unsatisfying because the motivation for low-precision
training is to tackle large-scale problems on big data, where d can range up to 10® or more for
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Table 1: Summary of our dimension-free results compared with prior work. The values report the
number of bits needed, according to the theoretical bound, for the LP-SGD [[17] algorithm to achieve
an expected objective gap (f(w) — f(w*)) of € in the convex case, and an expected gradient of € in
the non-convex case, when we let step size a — 0, epoch length T — co. Here we let R denote the
radius of the range of numbers representable in the low-precision format and assume ||w*||, = O(R).
The rest of the parameters can be found in the assumptions to be introduced later.

OBJECTIVE CLASS CONVEX NON-CONVEX

NUMBER OF BITS NEEDED FOR  E [f(w) — f(w*)] < e E[|[Vf(@)|3] <e

PRIOR DIMENSION-
DEPENDENT BOUND log, O(RomaxVd/e) —

OUR DIMENSION-
FREE BOUND log, O(Ro1/€) log, O(LRo1 /¢)

DIMENSION-FREE WITH
LOGARITHMIC QUANTIZATION  log, O(% -log (1 + %1))  log, O(L2 -log (1 + 1))

commonly used models [19]. For example, to compensate for a factor of d = 10% in , we
could add bits to decrease the quantization step ¢ by a factor of v/d, but this would require adding
log,(10%) = 13 bits, which is significant compared to the 8 or 16 bits that are commonly used in
low-precision training.

In this paper, we address this problem by proving bounds on the convergence of LP-SGD [17] that do
not contain dimension d in the expression. Our main technique for doing so is a tight dimension-free
bound on the expected quantization error of the low-precision stochastic gradients in terms of the
£1-norm. Our results are summarized in Table|l} and we make the following contributions:

e We describe conditions under which we can prove a dimension-free bound on the conver-
gence of SGD with fixed-point, quantized iterates on both convex and non-convex problems.

e We study non-linear quantization schemes, in which the representable low-precision numbers
are distributed non-uniformly. We prove dimension-free convergence bounds for SGD using
logarithmic quantization [[16], and we show that using logarithmic quantization can reduce
the number of bits needed for LP-SPG to provably converge.

e We study quantization using low-precision floating-point numbers, and we present theoretical
analyis that suggests how to assign a given number of bits to exponent and mantissa to
optimize the accuracy of training algorithms. We validate our results experimentally.

2 Related Work

Motivated by the practical implications of faster machine learning, much work has been done on
low-precision training. This work can be roughly divided into two groups. The first focuses on
training deep models with low-precision weights, to be later used for faster inference. For some
applications, methods of this type have achieved good results with very low-precision models: for
example, binarized [} 12} 18] and ternary networks [23] have been observed to be effective (although
as is usual for deep learning they lack theoretical convergence results). However, these approaches
are still typically trained with full-precision iterates: the goal is faster inference, not faster training
(although faster training is often achieved as a bonus side-effect).

A second line of work on low-precision training, which is applied to both DNN training and non-deep-
learning tasks, focuses on making various aspects of SGD low-precision, while still trying to solve the
same optimization problem as the full-precision version. The most common way to do this is to make
the iterates of SGD (the w; in the SGD update step wy+1 = wy — 'V f(w;)) stored and computed
in low-precision arithmetic [4, (8,19} [11}[17]]. This is the setting we will focus on most in this paper,
because it has substantial theoretical prior work which exhibits the dimension-dependence we set out
to study [, 8,17, 21]. The only paper we found with a bound that was not dimension-dependent was
De Sa et al. [9], but in that paper the authors required that the gradient samples be 1-sparse (have
only one nonzero entry), which is not a realistic assumption for most ML training tasks. In addition
to quantizing the iterates, other work has studied quantizing the training set [21]] and numbers used
to communicate among parallel workers [1l]. We expect that our results on dimension-free bounds
will be complementary with these existing theoretical approaches, and we hope that they can help to
explain the success of the exciting empirical work in this area.



3 Dimension-Free Bounds for SGD

In this section, we analyze the performance of stochastic gradient descent (SGD) using low-precision
training. Though there are numerous variants of this algorithm, SGD remains the de facto algorithm
used most for machine learning. We will start by describing SGD and how it can be made low-
precision. Suppose we are trying to solve the problem

minimize: f(w) = %Z fi(w) over: w € RY, (2)
i=1

SGD solves this problem iteratively by repeatedly running the update step

Wep1 = wy — aV fi, (we) 3)
where « is the step siz or learning rate, and i, is the index of a component function chosen randomly
and uniformly at each iteration from {1, ..., n}. To make this algorithm low-precision, we quantize
the iterates (the vectors w;) and store them in a low-precision format. The standard format to use lets
us represent numbers in a set

dom(8,0) = {=0-2°"1 ... —=5,0,6,---,8- (271 — 1)}

with § > 0 being the quantization gap, the distance between adjacent representable numbers, and
b € N being the number of bits we use [8]. Usually, J is a power of 2, and this scheme is called
Jfixed-point arithmetic. It is straightforward to encode numbers in this set as b-bit signed integers,
by just multiplying or dividing by § to convert to or from the encoded format—and we can even
do many arithmetic computations on these numbers directly as integers. This is sometimes called
linear quantization because the representable points are distributed uniformly throughout their range.
However, as the gradient samples will produce numbers outside this set during iteration, we need
some way to map these numbers to the set of numbers that we can represent. The standard way to
do this is with a quantization function Q(x) : R — dom(d, b). While many quantization functions
have been proposed, the one typically used in theoretical analysis (which we will continue to use
here) is randomized rounding. Randomized rounding, also known as unbiased rounding or stochastic
rounding, rounds up or down at random such that E [Q(z)] = = whenever x is within the range of
representable numbers (i.e. when —¢ - -l < <4 (21’*1 — 1)). When z is outside that range, we
quantize it to the closest representable point. When we apply @) to a vector argument, it quantizes
each of its components independently.

Using this quantization function, we can write the update step for low-precision SGD (LP-SGD),
which is a simple quantization of (3)),

w1 = Q(wy — aV fi, (wy)) S
As mentioned before, one common feature of prior bounds on the convergence of LP-SGD is that
they depend on the number of dimensions d, whereas bounds on full precision SGD under the same
conditions don’t. This difference is due to the fact that, when we quantize a number w, it increases
its variance by E [(Q(w) — w)?] < §%/4. Observe that this inequality is tight since it holds as
an equality when w is in the middle of two quantization points, e.g. w = /2, as illustrated in
Figure When quantizing a vector w € R?, the squared error can be increased by
o 52d
E [|Q(w) —wl}] = Y B (@) - wi)?] < 2, 5)
k=1
and this bound is again tight. This variance inequality is the source of the d term in analyses of
LP-SGD, and the tightness of the bound leads to the natural belief that the d term is inherent, and that
low-precision results are inevitably dimension-dependent.

However, we propose that if we can instead bound the variance in (3]) with some properties of the
problem itself that is not inherently dependent on d, we can achieve a result that is dimension-free.
One way to do this is to look at the variance graphically. Figure[I(a)]plots the quantization error
as a function of w along with the bound in (5). Notice that the squared error looks like a series of
parabolas, and the bound in (5) is tight at the top of those parabolas, but loose elsewhere. Instead,
suppose we want to do the opposite and produce a bound that is tight when the error is zero (at points
in dom(é, b)). To do this, we observe that E [(Q(w) — w)?] < §|lw — 2| for any z € dom(6, b). This

"Usually in SGD the step size is decreased over time, but here for simplicity we consider a constant learning
rate schedule.
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Figure 1: A figure of actual quantization variance E[(Q(w) — w)?] and the tight upper bound that
we introduced in one dimension. We plot this bound when taking the minimum over all possible z.

bound is also tight when z is adjacent to w, and we plot it in Figure[[(a)|as well. The natural vector
analog of this is

E[[|Q(w) — w]3] < ¥y Slwy — 2zkl= 6 lw — 2|}, , ¥z € dom(3, b)"? ()
where ||-||; denotes the ¢;-norm. This is a dimension-free bound we can use to replace (5)) to bound
the convergence of LP-SGD and other algorithms. However, this replacement is nontrivial as our
bound is now non-constant: it depends on w, which is a variable updated each iteration. Also, in
order to bound this new ¢;-norm term, we will need some new assumptions about the problem. Next,
we will state these assumptions, along with the standard assumptions used in the analysis of SGD for
both convex and non-convex objectives, and then we will use them to present our dimension-free
bound on the convergence of SGD. ~
Assumption 1. All the loss functions f; are differentiable, and their gradients are L-Lipschitz
continuous in the sense of 2-norm, that is,

Vi€{1,27~~~,n}, Vm,yGRd, ”vfl(x)_vfl(y)HQSLHx_yHQ

Assumption 2. All the gradients of the loss functions ﬁ are Ly -Lipschitz continuous in the sense of
1-norm to 2-norm, that is,

Vi € {1725 o '777‘}’ V;my € Rd7 HVﬂ(.’I;) - Vﬁ(y)lhﬁ Ly H‘T - y||2

These two assumptions are simply expressing of Lipschitz continuity in different norms. Assumption[T]
is a standard assumption in the analysis of SGD on convex objectives, and has been applied in the
low-precision case as well in prior work [8]]. Assumption[2]is analogous to[T] except we are bounding
the ¢1-norm instead of the ¢o-norm. This holds naturally (with a reasonable value of L) for many
problems, in particular problems for which the gradient samples are sparse.

Assumption 3. The total loss function f is p-strongly convex for some p > 0:

V’U}7’U7 f(’U}) - f(’l}) - g ||’LU - UHE > (’LU - U)TVf(’U)

This is a standard assumption that bounds the curvature of the loss function f, and is satisfied for
many classes of convex objectives. When an objective is strongly convex and Lipschitz continuous, it
is standard to say it has condition number k. = L/, and here we extend this to say it has LI condition
number r1 = L1 /p. And for our analysis on the non-convex case, we don’t have this assumption.
Assumption 4. [f the objective is convex, we assume that the gradient of each loss function is
bounded by some constant near the optimal point w* in the sense of Iy and l5 norm, that is,

E[|[V fi(w")|3] < 0%, E[|Vfi(w)|h] < oy

If the objective is non-convex, there is not necessarily a single optimal point, so we just assume each
loss function has a global bound on its gradient: for any w,

vw,  E[|[Viw)3] <o®  E[Vfi(w)|h] <o
This assumption constrains the gradient for each loss function at the optimal point. We know
Vf(w*) =13, Vfi(w*) =0, so it is intuitive that each V f;(w*) can be bounded by some value.

In the non-convex case, however, we need a global bound on the gradient instead of just at the
optimum. This is a natural assumption to make and it has been used in a lot of other work in this area.

Note that this assumption only needs to hold under the expectation over all ﬂ

For non-convex cases, we need the following additional assumption.



Assumption 5. The variance of the gradient of each loss function is bounded by some constant o:
Vw, Var(Vfi(w)) = B[|[Vfi(w) — Vf(w)|3] < of

With these assumptions, we proved the following theorems for low-precision SGD:

Theorem 1. Suppose that we run LP-SGD on an objective that satisfies Assumptions[IH4) and with
step size a < 1/(2x2p). After T LP-SGD update steps (E]) select wr uniformly at random from
{wo,w1,...,wr_1}. Then, the expected objective gap of wr is bounded by

_ . 1 2 ot 4oy 8%R3pu
_ < = _
E [f(r) — fw)] < 5o o — [ + T -

Theorem 2. Suppose that we run LP-SGD on an objective that is non-convex and satisfies Assump-
tions[I} B} B] with constant step size o After T' LP-SGD update steps, select wy uniformly at random

from {wo, w1, ..., wr_1}. Then the expected squared gradient norm of wr is bounded by
_ 2 flwo) — f*  «aodL + Lioy
E[IV/(@)]3] <
IVF(@)llz 200 — 2L T 2—al

The first theorem shows a bound of the expected distance between the result we get at T'-th iteration
and the optimal value for a convex objective, and the second shows a bound of the expected gradient
at T-th iteration, where f* is the global minimum of objective f. By choosing an appropriate step
size we can achieve convergence at a 1/7 rate, while the limit we converge to is only dependent
on dimension-free factors. Meanwhile, as mentioned in the first section, previous work gives a
dimension-dependent bound @) for the problem, which also converges ata 1/T' rateE] Therefore our
result guarantees a dimension-free convergence limit without weakening the convergence rate.

It is important to note that, because the dimension-dependent bound in (5) was tight, we should not
expect our new result to improve upon the previous theory in all cases. In the worst case, k1 = Vd - K
and similarly o1 = \V/d - o; this follows from the fact that for vectors in R¢, the norms are related by
the inequality ||z||, < v/d - ||x||,. Substituting this into our result produces a dimension-dependent

bound again. This ﬁlustrates the importance of introducing the new parameters x; and o7 and
requiring that they be bounded; if we could not express our bound in terms of these parameters, the

best we could do here is recover a dimension-dependent bound.

Experiments Next, we validate our theoretical results experimentally on convex problems. To do
this, we analyzed how the size of the noise floor of convergence of SGD and LP-SGD varies as the
dimension is changed for a class of synthetic problems. Importantly, we needed to pick a class of
problems for which the parameters L, L1, u, 0, and o1, did not change as we changed the dimension
d. To do this, we chose a class of synthetic linear regression models with loss components sampled
independently and identically as ~ 1

filw) = 57w - )?

where 2 is a sparse vector sampled to have s nonzero entries each of which is sampled uniformly
from {—1, 1}, and § is sampled from A/ (27 w*, 32) for some variance parameter 3. Importantly, the
nonzero entries of Z were chosen non-uniformly such that Pr[Z; # 0] = p; for some probabilities
p; which decrease as 7 increases; this lets us ensure that p remains constant as d is increased. For
simplicity, we sampled a fresh loss component of this form at each SGD iteration, which is sometimes
called the online setting. It is straightforward to derive that for this problem

1= pq L=s Li=svs o?=p% o1 = \/2s/70.

We set « = 0.01, 5 = 0.2, p; = 0.9, pg = 0.001, and s = 16, we chose each entry of w* uniformly
from [—1/2,1/2], and we set ¢ such that the low-precision numbers would range from —1 to 1.
Figure[2(a)|shows the convergence of SGD and LP-SGD as the dimension d is changed, for both 8-bit
and 6-bit quantization. Notice that while changing d has an effect on the initial convergence rate for
both SGD and LP-SGD, it has no effect on the noise ball size, the eventual loss gap that the algorithm
converges to. Figure 2(b)| measures this noise ball size more explicitly as the dimension is changed: it
reports the loss gap averaged across the second half of the iterates. Notice that as the dimension d is
changed, the average loss gap is almost unchanged, even for very low-precision methods for which
the precision does significantly affect the size of the noise ball. This validates our dimension-free
bounds, and shows that they can describe the actual dependence on d in at least one case.

2Previous work (1)) used a decaying step size while ours uses a constant step size to achieve a better result.
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Figure 2: (a) Convergence of full-precision (fp) SGD and LP-SGD; (b)(c) Plots of the asymptotic
loss gap from (a) as a function of model size d and o7;.

Figure [2(c)| validates our results in the opposite way: it looks at how this gap changes as our new
parameters o1 and L1 change while d, u, and o are kept fixed. To do this, we fixed d = 1024 and
changed s across a range, setting 3 = 0.8/+/s, which keeps o constant as s is changed: this has the
effect of changing oy (and, as a side effect, L; and L). We can see from figure 2(c)] that changing o4
in this way has a much greater effect on LP-SGD than on SGD. This validates our theoretical results,
and suggests that o and L, can effectively determine the effect of low-precision compute on SGD.

4 Non-linear Quantization

Up till now, most theoretical work in the area of low-precision machine learning has been on linear
quantization, where the distance between adjacent quantization points is a constant value §. Another
option is non-linear quantization (NLQ), in which we quantize to a set of points that are non-uniformly
distributed. This approach has been shown to be effective for accelerating deep learning in some
settings [[16]. In general, we can quantize to a set of points

D= {_q’nu 741,490,491, 0, qnfl}a
and, just like with linear quantization, we can still use a quantization function @ (w) with randomized
rounding that rounds up or down to a number in D in such a way that E [Q(w)] = w for w €

[—qn, gn—1]- When we consider the quantization variance here, the natural dimension-dependent
bound would be

d
E[[Q(w) — w|l3] < 7 max(g; — gi—1)”.

This is still a tight bound since it holds with equality for a number in the middle of two adjacent
quantization points. However, when applied in the analysis of LP-SGD, this bound induces poor
performance and often under-represents the actual result.

Here we discuss a specific NLQ method and use it to introduce a tight bound on the quantization
variance. This method has been previously studied as logarithmic quantization or u—law quantization,
and is defined recursively by

q =0, git1 — ¢ =0+ (g @)
where § > 0 and ¢ > 0 are fixed parameters. Note that this includes linear quantization as a special
case by setting ¢ = 0. It turns out that we can prove a tight dimension-free bound on the quantization
variance of this scheme. First, we introduce the following definition.

Definition 1. An unbiased quantization function () satisfies the dimension-free variance bound with
parameters §, ¢, and 7 if for all w € [—¢y, ¢n—1] and all z € D,

2 2
E[|Q(w) —wl3] < dw = 2], + Cllzlly - lw = zlly + 0 llw = 2[5
We can prove that our logarithmic quantization scheme satisfies this bound.

Lemma 1. The logarithmic quantization scheme ([7) satisfies the dimension-free variance bound with

parameters 0, (, and n = 4({47_7_1) < %.

Notice that this bound becomes identical to the linear quantization bound (6) when ¢ = 0, so this
result is a strict generalization of our results from the linear quantization case. With this setup, we
can apply NLQ to the low-precision training algorithms we have studied earlier in this paper.



Theorem 3. Suppose that we run LP-SGD on a convex objective that satisfies Assumptions[IH4} and
using a quantization scheme that satisfies the dimension-free variance bound|l} If { < é, then

|2 2 * * 2

For non-convex objectives, we need to assume a bound for the iterates we deal with, that is,
Assumption 6. The scale of the iterates is bounded by some constant Ry, i.e. Vt, |w||, < Ro.

Theorem 4. Suppose that we run LP-SGD on a non-convex objective thatsatisfies previous assump-
tions EI— with constant step size o < and using a quantization scheme that satisfies the

dimension-free variance bound([I} then

2] o 2(f(wo) — f7)
B [|V/(@)]5] < ===
If we fix the representable range R (the largest-magnitude values representable in the low-precision
format) and choose our quantization parameters optimally, we get the result that the number of bits
we need to achieve objective gap or expected gradient ¢ is log, O((Ro/¢) - log (1 4+ 01/0)) and
logy O(LR/+\/€ -log (1 + o1 /+/€)) (as is shown in table[I). These bounds are notable because even
in the worst case where we do not have a bound on o7 and must use o1 < v/d - o, which recovers the
dimension term, the bounds still manage to “hide” it within a log term. This greatly decreases the
effect of the dimension, and suggests that NLQ may be a promising technique to use for low-precision
training at scale. Also note that, although the first bound holds only when { < % = £ which to some
extent limits the acceleration of the strides in logarithmic quantization, the bound % is independent
of o and o1, thus this effect of “pushing " o3 into a log term is independent of the setting of (.

1
2(n+1)L

1
+ oL + Léoy + 5(LCRO)2

Floating point. Next, we look at another type of non-linear quantization that is of great practical
use: floating-point quantization (FPQ). Here, the quantization points are simply floating-point
numbers with some fixed number of exponential bits b. and mantissa bits b,,,. Floating-point numbers
are represented in the form

(_l)sign bit 2exponent7bias . (1-m1m2m3 o mbm) (8)
where “exponent” is a b.-bit unsigned number, the m; are the b,,, bits of the mantissa, and “bias” is a
term that sets the range of the representable numbers by determining the range of the exponent. In
standard floating point numbers, the exponent ranges from [—2%¢~1 42 2%~1_1], which corresponds
to a bias of 2°~! — 1. To make our results more general, we also consider non-standard bias by
defining a scaling factor s = 2~ (bias—standardbias). the standard bias setting corresponds to s = 1.
We also consider the case of denormal floating point numbers, which tries to address underflow by
replacing the 1 in (8) with a 0 for the smallest exponent value. Under these conditions, we can prove
that floating-point quantization satisfies the bound in Definition [I]

Lemma 2. The FPQ scheme using randomized rounding satisfies the dimension-free variance bound
with parameters S,ormal, C, and 1 for normal FPQ and 0 genormai, C, and n for denormal FPQ where
2

6n0rmal = 22;1%7 5denormal = 22be§7f+bm7 g = 2_bm7 n= ﬁ
This bound can be immediately combined with Theorem |3|to produce dimension-free bounds on the
convergence rate of low-precision floating-point SGD. If we are given a fixed number of total bits
b = b, + b,,, we can minimize this upper bound on the objective gap or the expected gradient to try
to predict the best way to allocate our bits between the exponent and the mantissa.
Theorem 5. When using normal FPQ for a convex objective, given b total bits, the optimal number

of exponential bits b, such that the asymptotic upper bound on the objective gap given by Theorem|3|
is minimized is in the interval between:

log, {2 log, (%727“:1) + Qb} and log, {2 log, (%ﬁjﬁ;) + Zb} .
Theorem 6. When using denormal FPQ for a convex objective, given b total bits, the optimal number
of exponential bits b, such that the asymptotic upper bound on the objective gap, as T — oo and
a — 0, given by Theorem [3|is minimized is in the interval between:

logy {1 - ZW (“’"“w*‘b)] and  log, [1 2w (M)}

8s01 In2 8sL1
where e denotes the base of the natural logarithm and W stands for the Lambert W function. In
cases where neither of these two values exists, the noise ball size increases as b, thus b = 2 would
be the optimal setting, which is equivalent to linear quantization.
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Figure 3: Plots of noise ball size vs. b, when running SGD with 16 bits FPQ on synthetic data set
and MNIST. Note the use of two y-axes in Figure[3(b)|to make the series fit in one figure.

Theorem 7. When using normal FPQ for a non-convex objective, given b total bits, the optimal
number of exponential bits b. such that the asymptotic upper bound on the gradient, as T — oo and
a — 0, given by Theorem[|is minimized, at:
2 2b
o [t 7 (225722 ) |

These theorems give us an idea of where the optimal setting of b, lies such that the theoretical
asymptotic error or the expected gradient is minimized. When using normal FPQ, this optimal
assignment of b, is O(log(b)), and for denormal FPQ the result is independent of b. Also, we found
that for de-normal FPQ used in non-convex objectives, the optimal setting of b, is the solution to a
transcendental equation, which may not exist. This suggests that once the total number of bits grows
past a threshold, we should assign most of or all the extra bits to the mantissa.

Experiments For FPQ, we ran experiments on two different data sets. First, we ran LP-SGD on
the same synthetic data set that we used for linear regression. Here we used normal FPQ with 20
bits in total, and we get the result in Figure In this diagram, we plotted the empirical noise ball
size, its theoretical upper bound, and the optimal interval for b, as Theorem [5|predicts. As the figure
shows, our theorem accurately predicts the optimal setting of exponential bits, which is 5 in this case,
to minimize both the theoretical upper bound and the actual empirical result of the noise ball size,
despite the theoretical upper bound being loose.

Second, we ran LP-SGD on the MNIST dataset [10]. To set up the experiment, we normalized the
MNIST data to be in [0, 1] by dividing by 255, then subtracted out the mean for each features. We
ran multiclass logistic regression using an L2 regularization constant of 10~* and a step size of
a = 10~*, running for 500 total epochs (passes through the dataset) to be sure we converged. For
this task, our (measured) problem parameters were L = 37.41, L1 = 685.27, 0 = 2.38, o1 = 29.11,
and d = 784. In Figure[3(b)] we plotted the observed loss gap, averaged across the last ten epochs,
for LP-SGD using various 16-bit floating point formats. We also plot our theoretical bound on the
loss gap, and the predicted optimal number of exponential bits to use based on that bound. Our results
show that even though our bound is very loose for this task, it still predicts the right number of bits to
use with reasonable accuracy. This experiment also validates the use of IEEE standard half-precision
floating-point numbers, which have 5 exponential bits, for this sort of task.

5 Conclusion

In this paper, we present dimension-free bounds on the convergence of SGD when applied to low-
precision training. We point out the conditions under which such bounds hold, for both convex
and non-convex objectives. We further extend our results to non-linear methods of quantization:
logarithmic quantization and floating point quantization. We analyze the performance of SGD under
logarithmic quantization and demonstrate that NLQ is a promising method for reducing the number
of bits required in low-precision training. We also presented ways in which our theory could be used
to suggest how to allocate bits between exponent and mantissa when FPQ is used. We hope that our
work will encourage further investigation of non-linear quantization techniques.
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A Algorithm

In our work, we presented dimension-free bounds on the performance of low-precision SGD, here we
present the algorithm in detail.

Algorithm 1 LP-SGD: Low-Precision Stochastic Gradient Descent

given: n loss functions fi, number of epochs 7', step size «, and initial iterate wo.
given: low-precision quantization function Q).
fort =0toT — 1do

sample i; uniformly from {1,2,---,n},

quantize w1 < Q (wt —aVfi, (w)

end for
return wr

B Proof for results in Table[T]

As mentioned in the caption of Table[I] here only we consider the convergence limit, that is, we
assume o — 0,7 — oo, and we compute the minimum number of bits b we would require in
order for the limit to be less than some small positive . Meanwhile, we denote the radius of the
representable range by R and we assume R = ||w*||, without loss of generality, as this is the worst
case for all our bounds that depend on ||w*||,. Then in linear quantization, we have:

g1 =06 (21 =1)>R

and in non-linear quantization, we need:

5 _
do = ¢ (O —1) > R ©)
In the following proof we’ll take the equality for these two inequalities.
First, for convex objectives.
B.1 LP-SGD in previous work
In previous work Li et al. [17], we have

(1+1log(T +1)G*  Gévd
ouT 2

flwr) = f(w") <

2

here we re-denote G as oymax for concordance with our result. Here o7, . is an upper bound on the

second moment of the stochastic gradient samples E [H f (w)||§} < 02 . Substitute § with 55—

and set the limit (as & — 0 and 7" — o) to be < ¢, and notice that 2b=1 _ 1 > 202 then we have:

O'maxR\/a _ a'maxR\/g> GrrlaxRﬁ>
3 3

2(21771_1)—(9(5) :>b§10g2< +1:10g2(9<

B.2 LP-SGD in our work

In Theorem [T} we know that

ac? + 601 0%KIp

B[f(8) - f)] < g lwo — 0| + 27 .

- 2aT

Set the limit (as « — 0 and 7" — o0) to be < ¢, then we need:

T o6,

ki

1 O (e).
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Then for sufficiently small e, more explicitly, € that satisfies MLT?QO(E) < 1, setting
1

-o(2)

will satisfy the requirements, and we will get

R _s_of= _ ok
21)_1—150<0'1>:>b10g20<5>

This is the expression that we wanted. Notice that even if we did not invoke small ¢ in the above
big-O analysis, we can set
6=0 <min (6, '€'u>)
o1 Iy
Then our number of bits would look like

01R RL1
b=1 -
og20<max< € ’\/E/J))’

which shows explicitly that we have replaced the dimension factor with parameters of the loss
functions.

B.3 LP-SGD in our work using NLQ

In Theorem we know that, if { < %, then

2 * * 2
B{(/(0) — fw)] < g o — w4 EETEon 2o [l O 2 I, £ C0)

Set the limit (as &« — 0 and 7" — 00) to be < ¢ and replace ||w*||, with R; then we get

do1+ (oR N (60Ly + (LR + (o)?

5 ” =0 (e).

So, in addition to our requirement that { < k~1, it suffices to have

52L2 2 L 2

b1 = 0(), (R=0(), K _oE), SEEED 5.
0 0

If we set 0@ 0@

€ €

5 - o1 ’ C - oR ’

then all our other requirements will be satisfied for sufficiently small €. Specifically, we need ¢ to be
small enough that

K L? (LR +0)?
—0@E)<1, =+ ——=—0() < 1.
oR () =1, o?u o2R%u (€)=
As is standard in big-O analysis, we assume that ¢ is small enough that these requirements are
satisfied, in which case our assignment of ¢ and ¢, combined with the results of Theorem E], is
sufficient to ensure an objective gap of €. Next, starting from (9}, the number of bits we need for
non-linear quantization must satisfy

0(6) < 17

1+ V1> %
which happens only when
(217*1 —1)log(1+¢) > log (1 + Cf) )

Since we know that 0 < ¢ < 1, it follows that log(1 + ¢) > (/2. So in order for the above to be true,

it suffices to have ¢ R
271 1) 2 >log (142 ).
@ -1) g o (145

12



Since 20-1 — 1 > 2b=2 it follows that it suffices to have

2b~2210g<1+cf>.

bzlogQO(élog (1—1—@?))

Finally, using our assignment of ¢ and { gives us

b =log, O (UeRlog (1—1—(701)).

This is the expression that we wanted. Notice that even if we did not invoke small ¢ in the above
big-O analysis, we would still get a rate in which all of our ¢;-dependent terms are inside the double-
logarithm, because none of the requirements above that constrain ¢ are ¢;-dependent. To be explicit,
to do this we would set ¢ and ( to be

_ (€ VER B (e o1
6O(m1n<al,L1 )), <O<mm(aR’LR+U’H>>'

Then our number of bits would look like

b=1log, O (max <(TR,LR+U,/4> -log <1+CR)>,
€ VER 1)

which shows explicitly that any ¢;-dependent terms are inside the double logarithm.

And this will be true if

Next, for non-convex objectives.

B.4 LP-SGD in our work for non-convex objectives

In Theorem 2] we know that

2 flwo) — f(w*)  «@olL + Lioy

E (V@] <

200 — 2L T 2 —alL
Set the limit (as & — 0 and 7" — o0) to be < ¢, then we need:
Lo
=00

thus

3
5_0<L01)

will satisfy the requirements, and we will get

R €

B.5 LP-SGD in our work using NLQ for non-convex objectives

LRO’l)

1
2m+DL

E [||vf(@)||§] < 2(f(wo)a;f(w*))

Set the limit (as @« — 0 and T" — o0) to be < ¢ and replace Ry with R; then we need

In Theorem @ we know that, if o < then

1
+ ol + Léoy + 5(LCRO)2

Loy + %(LCROF =0(e)

it suffices to have
Léoy =0 (), (L{Ro)*> =0 (e)

13



so we let
5_06  _VOE
Lo 1 LR
then all our other requirements will be satisfied. Next, starting from @), the number of bits we need
for non-linear quantization must satisfy

1+ 1> &8

which happens only when

(271 — 1) log(1 +¢) > log (1 + Cf) .

Since we know that 0 < ¢ < 1, it follows that log(1 + ¢) > ¢/2. So in order for the above to be true,

it suffices to have ¢ (R
2071 1) 2 >log 14+ 22 ).
( )3 > log < + 25 )
Since 261 — 1 > 2°=2 it follows that it suffices to have

2b~gzlog<1+cf>.

blogQO(élog <1+Cf>)

Finally, using our assignment of ¢ and ¢ gives us

And this will be true if

01
€

b=log, O (I\//};log <1+ \[D

C Proof for theorems

Before we prove the main theorems presented in the paper, we will prove the following lemmas that
will be useful later, as well as the lemmas we presented before.
The proof of lemma|T|can be extracted from the proof of lemma 5 that we will show later.

Proof of Lemma[2] Here we consider the positive case first, then symmetrically the negative case
also holds. First, for normal FPQ, the set of quantization points are:

D:{O}U{s- <1+ﬂi> il | x=0,1,-+- ny, —1, y:_7§+27...77;e_1}
and we set the parameters for the nonlinear quantization bound to be:
4 1 2 1
628.2_74_2:78"7(:7777: ¢ =
(\@) e N, 41+4+¢)  4dnp(ng +1)
For any w within representable range, we can assume it is in [g;, ¢;+1), then
qi+1 — W —q;
E [Qw) —w]’] = — - (w— )" + ——— - (g1 —w)*
di+1 — 4i Qi+1 — i

= (w—qi)(giy1 — w)
So now we only need to prove that
Yo e D, (w—a)(giy1—w) <5+ |w—v|+¢ - |v]-|w —v+n - [w —vf?
First, we consider a special case where ¢; = 0. In this case, ¢;41 =s-1- 2= T2 = §. Ifv = 0, it is

obvious that
LHS = (w—¢;)(¢gi+1 —w) = w(d —w) < éw < RHS
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and similarly for v = 4,
LHS = (w—¢;)(¢i+1 —w) =w(d —w) <0(d —w) < RHS
and for v > 6,
RHS > 6(v—w)>0(0 —w) >w(d —w)=LHS

Next, we consider the case where ¢; # 0. In this case, we can assume ¢; = s - (1 + ni) - 2Y, then

Git1 — @i = 5-2Y < ¢ = Cqi.

Ifv > ¢;+1,denote y = q;41 — w, then
LHS = (w—=q)(¢i+1 —w) =y (¢it1 — ¢ —y) =y - (Cq — Y)
RHS > (- qit1 (git1 —w) = Cqit1y = Cqiy = LHS
Secondly, if 0 < v < ¢;, denote y = w — ¢;, then
LHS = (U}*Qi)(qz‘H*w):y’(qz'+1*qz'*y):y'(<qz'*y)
RHS = §-(w—v)+(-v-(w—v)+n-(w—0)?
= —(C—n)- v+ (=0 +Cw —2nw) - v+ dw — §?

observe that { — 7 > 0, so the right hand side is a concave function of v, thus it achieves minimum at
eitherv =0orv = q;. Atv = g;:

RHS = by + Cqiy +ny* > Cqiy > LHS
and at v = 0, since ¢;11 < (1 4+ ¢)g; and ¢; < w,

RHS —LHS = §-w+¢-0-w+7n-w? — (w— q)(gis1 — w)

(L+nw? + (6 — ¢ — qiy1)w + Gigia

(L+nw? = (g + git1) - w + ¢igi

(1 +nw? = [(2+ Ogiw + (g1 — (1 + Og)w] + [(1+ O gF + (g1 — (1 +€)gi)a]
= (L+nw’ = 2+ w+ (1 +0g + (gir1 — (L + Oai) (g — w)

> (L+nw? = 2+ g - w+ (1+ Qg

>

which is a positive parabola. Recall that n = 4(57_11) = % — 1, thus the determinant is

(24 ¢)%¢? —4(1 +n)(1 +¢)g? = 0, therefore RHS — LHS > 0.
Now we extend this conclusion to the case where v < 0. In this case,
RHS =6-(w—v)+¢-(—v) - (w—v)+n-(w—0v)?

since w, ¢, §, ny are all positive, this is apparently a decreasing function of v, thus it achieves minimum
at v = 0, which is what we have already proven.

So far, we’ve proven the lemma in the case of w > 0,v > 0 and w > 0,v < 0, and symmetrically
it holds for w < 0,v < 0 and w < 0,v > 0, which indicates that we can extend D to be a set
containing both positive and negative numbers.

In the de-normal FPQ case, the set of quantization points are:

D= {S.x.g”;H | xO,l,m,nml}

T
Uds- (14 -) 2% | 2=0,1,,np—1, y= -2 43,...,0¢ 1
Nyn, 2 2
and we set the parameters for the nonlinear quantization bound to be:
2
bos. gy 8 eme . Lo ¢ 1
N, C (\/i) € N, 414+¢)  4dnm(nm, +1)
The proof for this case follows the exact same structure as the normal FPQ case. O
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Lemma 3. Under condition of linear quantization when using low-precision representation (9,b),
for any w,v € R% where Qs (w) = w,
|2 * (12
E [[|Qu)(w+v) = w”[3] < llw+v) = w3+ o]l

where Q) is the linear quantization function.

Proof of Lemma[3] (This proof follows the same structure as the proof for lemma 1 in [8]]) First,
observe that this lemma holds if it holds for each dimension, so we only need to prove that for any
w,v € R where Q5 (w) = w,ie. w € dom(d,b),

E [(Qupy(w +v) —w*)?] < (w+ v —w*)? + d]v|
then we can sum up all the dimensions to get the result.

Now we consider the problem in two situations. First, if w + v is within the range representable by
(6,b), then E [Q(s5)(w + v)] = w + v. In this case,

E [(Qsp)(w +v) — w*)?]

= E[[(Qunw+v) = (w+v)) = (w+v) —w)]
E [[Qes.p) (w +v) — (w + 0)]* = 2[Q (55 (w + v) — (w + v)][(w + v) — w*]]
+{(w +v) —w]?

= E [[Qun)(w +v) — (w+0)°] = 2[(w+v) = (w+0)][(w+v) - w']

+{(w +v) —w]?

= [(w+v) —w +E [[Qep(w +v) - (w+v)]
Since (w + v) is within representable range, E [[Q s (w + v) — (w + v)]?] is equivalent to
E [[Q(5,00)(v) + w — (w 4 v)]?], which equals E [[Qs,00)(v) — v]?] since Q5. (w) = w.

Now we only need to prove that E [[Q (5 «)(v) — v]?] < 6]v|. Observe that this trivially holds for
v = 0, and is symmetrical for positive and negative v. Without loss of generality we assume v > 0,
let 2 be the rounded-down quantization of v, then we have z > 0. Then Qs (v) will round to

v—Zz

2z + 0 (the rounded-up quantization of v) with probability *5=, and it will round to z with probability
Z""%“. This quantization is unbiased because

v—z z+0—v vz —224+vd—20 22420 —vz

E [Quoo(w)] = —5—(s4+0) + ———2= : " : .
Thus, its variance will be
v—z z2+6—v
E [(Q(s,00)(v) — )] = (24— v)? + e v)?

<v—@u+a_@<z+§—v+v;z>

S(v—2)— (v—2)?
<dé(v—2) <dv.

therefore
E [(Q(é,b) (w+wv) — W*)Q] < (w+v—w)? 46|

In the other case, when w + v is on the exterior of the representable region, the quantization function
Q(5,b) just maps it to the nearest representable value. Since w* is in the interior of the representable
region, this operation will make w + v closer to w*. Thus,

(Qeo,py(w +v) —w*)* < (w4 v —w*)?,
and so it will certainly be the case that
E [(Qun) (w +v) = w*)*] < (w+ v —w*)* + 8Jv].
Now that we’ve proven the inequality for one dimension, we can sum up all d dimensions and get
* 2 *(12
E [||Qu)(w+v) = w*[l3] < llw+v) = w3+ 6 o]l
O
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For completeness, we also re-state the proof of following lemmaf] which was presented as equation
(8) in [13], and here we present the proof for this lemma used in [8].

Lemma 4. Under the standard condition of Lipschitz continuity, if © is sampled uniformly at random
Sfrom {1,..., N}, then for any w,

E [|Vfi(w) - Viw")3] < 2L (f(w) - fu).

Proof of Lemmad] For any 4, define
gi(w) = fi(w) = fi(w*) = (w — w*) "V f;(w")

Clearly, if 7 is sampled randomly as in the lemma statement, E [g;(w)] = f(w). But also, w* must
be the minimizer of g;, so for any w

gi(w") < mingi(w —nVgi(w))
2
. n°L
< o (ssw) — 1 Vw1 + ZE V0,01

1
= gi(w) = 57 [IVas(w)lly-

where the second inequality follows from the Lipschitz continuity property. Re-writing this in terms
of f; and averaging over all the ¢ now proves the lemma statement. O

Lemma 5. Under the condition of logarithmic quantization, for any w,v € R% where v € D¢,
2 2 2
E ||Q(w) - w*\lz} < lw = w*[ly + 6 [lw = vlly + Cllvlly [[w = vlly + 7w — vl
where @ is the non-linear quantization function.

Note that the proof this lemma naturally extends to lemmal[I] thus we omitted the proof for lemmal[T]
and just present the proof for lemma 5]

Proof of Lemmal[5] Here we only consider the positive case first, where

D= {QO7QIa o 'aQ’n—l}

with [0, g,,—1] being the representable range of D. As for the negative case, we will show later that it
holds symmetrically.

Observe that this lemma holds if it holds for each dimension, so we only need to prove that for any
w,v € Rwhere v € D,

E [[Q(w) —w ] < Jw = w* P+ - |w = v+ - [o]]w — v]+n - [w — v]?
then we can sum up all the dimensions and use Cauchy-Schwarz inequality to get the result.
Now we consider the problem in two situations.

First, if w is outside the representable range, the quantization function () just maps it to the nearest
representable value. Since w* is in the interior of the representable range, this operation will make w
closer to w*. Thus,

Qw) — w'? < (w - w)?,
and so it will certainly be the case that

E [[Q(w) — w*]Q] <|w-— w*|2—|—6 w = v|+C - ] w — |4y - |w — v|2

Second, if w is within the representable range, then E [Q(w)] = w. In this case,

E [[Q(w) — w*]’]



Since w is within representable range, we can assume it is in [g;, ¢;+1), then
di+1 — W W —q;
E [[Q(w) —w]’] = “F— (0 — ;)" + ——— - (gi+1 — w)’
di+1 — 4i di+1 — qi
= (v —q)(qi+1 —w)
So now we only need to prove that
(W = ¢:) (i1 —w) <6+ |w —v[+¢ - ol|w — v +n - [w - v]?
Note that v € D, so itis either v > ¢;11 or v < g;.
Firstly, if v > ¢;41, denote y = ¢;+1 — w, then
LHS = (w—=4i)(¢i+1 —w) =y (Gi+1— @ —y) =y - (6 +Cqi — y)
RHS=6-(v—w)+C-v-(v—w)+7n-(v—w)?
> 6 (qig1 —w) + ¢ Gig1 - (gip1 —w) + 7+ (g1 — w)?
8y + Cqisry +ny?
> 0y +<Caiy —y° = LHS

Secondly, if 0 < v < ¢;, denote y = w — g;, then
LHS = (w—qi)(gi41 —w) =y (g1 — ¢ —y) =y~ (6 +Cq — y)
RHS =6 (w—v)+C-v-(w—v)+7n-(w—0)?
= —(C—n)-v*+ (=6 + Cw—2nw) - v + Sw — §?

observe that ( —n > 0, so the right hand side is a concave function of v, thus it achieves minimum at
eitherv =0orv = q;. Atv = ¢;:

RHS = 6y + Cqiy + ny* > 0y + Cqiy —y* = LHS

and at v = O:
RHS —LHS = 6-w+(-0-w+n-w?—(w—q)(giy1 —w)
= (1+n)w”+ (6 — ¢ — ¢is1)W + ¢iGi41
= (L+nw’ = 24+ g - w+ ¢gis1
> (T+nw? = 24)g-w+ (1+()q;
hich i iti rabola. Recall that —L—M—lth the determinant i
which is a positive parabola. Recall that n = ;05 = 35 , thus the dete ant is

(24 ¢)2%¢? —4(1 +n)(1 +¢)g? = 0, therefore RHS — LHS > 0.
Now we extend this conclusion to the case where v < 0. In this case,
RHS =6-(w—v)+¢-(—v) - (w—v)+n-(w—0v)?

since w, ¢, d,  are all positive, this is apparently a decreasing function of v, thus it achieves minimum
at v = 0, which is what we have already proven.

So far, we’ve proven the lemma in the case of w > 0,v > 0 and w > 0,v < 0, and symmetrically
it holds for w < 0,v < 0 and w < 0,v > 0, which indicates that we can extend D to be a set
containing both positive and negative numbers, and we can reset D to be

D= {_Qna"'7_q17q07Q17"'7qn71}
where
0 =0, ¢it1 —¢ =9+
O

Now we have proven all the lemmas we need. Next, we make some small modifications to the
assumptions (weakening them) so that our theorems are shown in a more general sense. For
assumption 2] we change it to:
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Assumption 7. All the gradients of the loss functions f; are L, -Lipschitz continuous in the sense of
1-norm to p-norm, that is,

Vie{l,2,---n}, Va,y, [Vfi(z) = Vi)l < Lille —yll,

While in the body of the paper and in our experiments we choose p = 2 for simplicity, here we are
going to prove that a generalization of Theorem [T]holds for all real numbers p. We also need a similar
generalization of Assumption 3]

Assumption 8. The average of the loss functions f = % >, fi is pi— strongly convex near the
optimal point in the sense of p-norm, that is,

v, Bl —w'|} < fw) - fw)

with p being any real number.

This assumption is essentially the same as the assumption for strong convexity that we stated before,
since in practice we would choose p = 2 and then p; and p would be the same. But here we are
actually presenting our result in a stronger sense in that we can choose any real number p and the
proof goes the same.

Now we are ready to prove the theorems. Note that the result of the following proof contains g, since
we are proving a more general version of our theorems; substituting them with p will lead to the
same result that we stated before.
Proof of Theorem[I] In low-precision SGD, we have:

U1 = wy — oV fi(wy), wepr = Qury1)
by lemma 3] we know that

B [Jures - w'l] = B |Qw: - aViiw) - w [

IN

- ) ) )
E Hwt - avft(wt) - W*H2] +JE [Havft(wt)

|

=E :||wt - w*||3} —2aE [(wt — w*)TVft(wt)}

o . _
+o’E _vat(wt)HQ_ + a0k [vat(wt)HJ

IN

B [lws — 3] - 20B [(f(wr) = fw") + & s — ]

. ) B
+o’E _vat(wt)Hz_ + a0k [vat(wt)HJ

(1= o) [Jus — 0] + @2 ||Witwo)}] + 0B [ ¥ iwn)
— 20E [(f(w) — f ("))

where the second inequality holds due to the strongly convexity assumption. According to the
assumptions we had, we have:

E[|Vfi(w)3] = B [IVfiw) - VAiw") + Vfilw)]3]
E [|V/i(w) = Vfi(w) ] + 2V fi(w) = Vi )T fi(w") + [V fi(w") 3
(

E [|Vfi(w) = Vfi(w)3 + |9 fi(w) 3]

< I*.E [\w w*|| ] +o?

E[|Vfi(w)|,] = E[|Vfi(w) = Vfi(w") + V f;(w")]],]
< E [Hsz( ) = Vfilw)ly + IV fi(w)][]
< Li-Bffw—uwly) + o
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where the last inequality holds due to assumption 2 where we let p = 2. Applying this result to the
previous formula and we will have:

E [|wiis _w*||§] < (1-apE [Hwt—w*Hg} +o’E {Hvﬁ(wt)Hz] + adE [Hvﬁ(wt)m
—2aE [(f(wi) — f(w"))]
< (1= ap+0®LB [, - w' 3] + 6Ly B [y — w*|l

—20E [(f(wy) = f(w*))] + a?0® + ado

Here we introduce a positive constant C' that we’ll set later, and by basic inequality we get

026212 26212

AOLLE [[lwy —w"|,) < OB [[lw, — w[l,]* + = ic

< CE [Jw, — w|3] +
thus

B [[we — ' [2] < (1= ap+ 0L + OB [l — w 3] — 20 [(f(w0) — f(w")]

+a20? + adoy + aif;L%
one setting C' to be ap — a? L2, we will have:
) ) 2622
208 [(f(w) = ()] < B [llw — 5] B [Jus = w5 +ato™rador o s

since we can set o to be small enough such that al? < %, then the result will become:

ad?l?
2p

20E [(f(we) = f(w)] < E [Jwr = w}] —E [llwers —w[] +a%? + ador +
now we sum up this inequality from ¢ = 0 to £ = T' — 1 and divide by 2aT', then we get:

%112 * |2
lwo = w3 B [lwr —w*l}]  a0? 450, 202
2aT + 2 4u

1 T-1
T Y E[(f(we) = fw)] <

|lwo — w*||§ n ac? + 0oy 8%KIp
- 2aT 2 4

and since we sample @ uniformly from (w,, w1, -+ -, wr_1), we get

ac? + 60y 02K
2 4

B [(f(8) ~ fw")] € goms o — w3 +

Proof of Theorem[Z] In low-precision SGD:

Ut41 = Wy — atvfit (wt), W41 = Q(Ut+1)
thus
f(wit1) = f(Qur11))
= f(urt1 + (Quw41) — us41))
= flur1) + (Qurt1) — Ut+1)T Vf(us1)
)

+ % (Q(uet1) — ue1)” (V2 £(&)] (Q(ueg1) — uegr)

< ) + (Quegr) — wpsr)” Vf(uggr) + %L 1Q(ues1) — ursally
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Since E [Q(uty1)] = uty1, by taking the expectation, we get:
1
E[f(wis1)] < E[f ()] + 0+ SLE [[Qurs1) = uesa ]

= B[f(w— oV fi, ()] + 5LB [[Quesr) w2

among which,
Jwg — .V fi, (wy))

2
F(we) = eV f (w) "V fiy(we) + SV i ()" [V2F(€D)] Vi, (wr)
2
< ) — V()9 fi () + 2L |V 7, ()
2
Fl) = 0 F ()9 fo () + L9 F(w0) + (9 fi () — V7 ()
since E [f;,] = f, by taking the expectation of previous terms we have:

E [f(wi — a; Vi, (wt))]

= B{f(w)] - o [V + 225 {B [||Vf<wt>||§ + IV i (w) = VF ) 3] }

= B 7(w)] — (o~ L) B [1 @) 2] + LB 97, (wr) - V5w
2

meanwhile, according to previous lemma and assumption E[, we know that

E [;L 1Q(uig1) — ut+1|§:|

N

1
S L0 B [l 1 — il

%L(SE eV fi, (we)l4]
1

< —ap Lo
20(,5 g1

now according to the assumption of the variance of V f;, (w;) and substitute the results into previous
expression, we will get:

B [f(we1)] < B7(w — aVfi, (w)] + gacLio,

< Blf(u)] - (o0 “) B [I9/0w)2]

2
2L 1
* atTE [”vfit (we) = Vf(wt)||§} + iatL5U1
a7 L oo3L + a; Lo
< Bl7(wo] - (a0 - 208 ) B[V 7wo]3] + SEREZ LT

then we can sum the result from ¢ = 0 to 7" — 1, and we have:

5 : 2 2
tz:; (at — a;L) E [”Vf(wt)\@} < f(wo) — E[f(wr)] + T - aijo5L —;atL(Sal

if we set oy = o and select wr uniformly at random from {wo, w1, ..., wr_1}, we get:

E[|Iv/@)3] = 7 Z E [V £ ()]
2 {f(wo) — E [f(wT)] —I- 262L + aLéo, }

200 — 2L T 2
2 flwo) — f*  a?02L + aLéoy
< +
200 — 2L T 2 — 2L
. 2 f(’wo) - f* n OZUOL—i-L(SUl
 2a— a2l T 2 —alL
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Proof of Theorem [3]. In low-precision SGD, we have:
U1 = wy — aV f(we), wirr = Q(ugr1)
by lemma 5] we know that

E [Juwii—wl}] = B [H@(wt —aVfu(w)) - w*Hz]

< B [ur - aViw) - u|[]

+8 [|aviw]| ] + 6B [luslly oo ] + w8 {ov Fwn) [
< B [ - 0 ] - 208 (w0 — ) Viw)] + B || Vi)

+adk [||Vfi(we)| | + B [(hwn = w'lly + wll) - ||V fi(wn)| | +n0®E :vaxwt)Hj
< B [ - 0] - 20E [(fu) — Fw)) + § s = 0] + o7 [ |9t

| +ne’E [\ Vfilw)

+ adE [vat(wt)

|+ acB [( — v, + ) [Vt

)

(1— ap)E [||wt - w*||§] +(1+7)a’E Mvﬂ(wt)

.| - 20B (w0 - )

+ aCE [(lwe = w*lly + [w*lly) | VFatwn) || + a0E [|[ Vi) |

where the third inequality holds due to the strongly convexity assumption. According to the assump-
tions we had, we have:

E [IVAiw)l}] = B [IVfi(w) - Viiw") + V fi(w")]3]

= E [IV/i(w) = Vi(w) [} + 2T fi(w) = V fi(w )T fi(w) + [V filw")]l
E [V fi(w) - Vfl<w*>||2+||wz< ol
L2-E [Jw—w'[3] +0

IN

IVfi(w)lly = [V fi(w) = Vfi(w®) + Vfi(w")]l,
< [Vfi(w) = Vfi(w)lly + [V fi(w)]l,
< Leflw—wtfly+o

IVfiw)lly = IV filw) = Vfi(w®) + V fi(w?)lly
< IVFi(w) = Vi(w?)lly + IV falw)l;y
< Ly flw—wfly + o

where the last inequality holds due to assumption 2 where we let p = 2. Apply this result to the
previous formula, denote ' = 1 + ), and then we will have:

E [Jws1 — I}

< (1= B [[lw, — 3] +/0?E [vat<wt>Hj —20E [(f(w)) ~ f(w"))

|

< (1—ap+1na’L?E [||wt - w*Hg} + adL1E [|lwy — w*||,] +n'a?0? + adoy
+ aCE [([lwy — w*|[y + |w[[)(L - [w — w*[|, + 0)] = 2B [(f (wi) — f(w?))]
— (1— i+ aCL+ LA [Jlur - w* 2] - 20B [(F(wr) — F(w))

+ (adLy + ol L ||w* ||, + aCo)E [|lwy — w*|,] + n'a?o? + adoy + alo ||w*||
2 2

+aCE [(Jwr = w'lly + ') |V falwe) | ] +adE |

22



Here we introduce a positive constant C' that we’ll set later, and by basic inequality we get
(@0Ly + aCL [|w*||, + aCo)E [[wy — w™||,]
(@6Ly + ol L |w*|, + alo)?

< o 2
< CE [[lwy —w*|l,]" + 10
2 * 2
ap2] L @ (0Ly + L [[w[|y + ¢o)
< CE [|lw, —w*|3] + e

thus
E [Jwi = w' 3] £ (1= ap+ alL+7/0®L2 + C)E [[lwy = w*|l3] = 2B [(f () — f(w"))]

a®(0Ly + CL |w*|ly + ¢o)?
4C

+n'a?0? + adoy + alo ||w*|, +
one setting C'to be ap — a(L — n'a?L?, we will have:

20 [(f(we) = f(w )] < B [Jwr —w' 3] =B [Jwess - w”]

a®(0Ly + (L [Jw*]ly + ¢o)®
4(ap — alL — n’a2L?)

+n'a?0? + adoy + alo |w*||, +

since we can set « to be small enough such that oy — oL — ' L? > %a,u, then the result will
become:

20B [(f(wr) = f(w)] < B [Juwr = w5 = B [Jwia - w]

a(0Ly + CL |lw*|l, + ¢o)®
2u

now we sum up this inequality from ¢ = O to ¢t = T' — 1 and divide by 2aT’, then we get:

+n'a?0? + adoy + alo ||w*|, +

1 T-1
7 2 Bl(f(w) — f(w))]

(12 %112
lwo —w*[l; — E [IIwT —w IIQ} L e’ + oo+ (o, | (0L + (L [wr ]y + (o)

<
- 2aT 2 4u
lwo — w*|[5 | W'ao®+d01 + o w*lly | (OL1 + CL|Jw*|ly + ¢o)?
< + +
2aT 2 dp
and since we sample @ uniformly from (w,, w1, -+ -, wr_1), we get

10 + 801 +Col|wl, , (0L + L [w]l, + (o)’

~ * 1 *
E[(f(@) — f(w"))] < 5 llwo — w5+ 5 m

= 2aT
O

Proof of Theoremld} In the case of non-linear quantization:

E [[Qur1) = walls] < 0B [unss = well] + CB [l s — wla] + 08 [luesr = wl3]
< O [ fi, (w)lly] + CB [Ro | f (wo)lly] + 7 [l fi (o) 1]
< b1 + arCRoE [V fi, (w) ] + aZnE IV £, (w) ]

similar to the analysis in convex case, we introduce a positive constant C' that can be decided later,
and we have: )
(CRo)

R [V fi, (we)lly < Caf |V fi, (wh)ll3 + ic

thus

R, 2
B [1Q(ue) ~ wesrl2] < o+ OB [V 1, (wolF] + oy + 00
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substituting into previous results, denote ' = 7 + 1, and we have:

B (f(wen)] < Blf(w)] - (o - L) B {197l +

2 2
oiogL
2

+ 5B [1QGurrs) — w3
' C)all
< Bl7w)] - (o - TEDUEY B (197w
a?odL + ayLéoy  L(CRy)?
LA MTe)

Next, we sum the result from ¢t = 0 to 7" — 1, set a; = « and select wr uniformly at random from
{wo, w1, ..., wr_1}, then we get:

E [IVf(@)]3] = ZE 197 (wo)l3]

< 2 f(wo) —E[f(wr)] n a’of L + aLéo, n L(¢Ro)*
= 2a— (0 + C)a2L T 2 8C
o 2 flwe) — f* N a?0¢L + aLéoy L(¢Ry)?
= 2a— (0 + C)a2L T 20 — (" + C)a2L  4C(2a— (' + C)aL)
B 2 flwe) — f* n oL+ Léoy L(CRo)?
20— (' +C)alL T 2—(n +C)al  4C(2a— (0 + C)a2L)
One possible setting of C'is C' = % 7, then we get:
flwo) = f* L(GRo)?
B (IVA@] < S+ ardlo Lioy+ ey
_ fwo) — f~ L*(¢Ro)”
- lar +aogl + Lioy + 41— (n+ 1)al)
and if we set o small enough such that o < m, then we get:
2(f(wo) — f7)

E [|IVf(@)]3] < +aod L+ Looy + 5 (LCRo)?

oT

This is the result we stated in the theorem.

Next we show the reasonability of our choice of constant C' in the process of proof. Alternatively, we
consider the optimal setting of C' which minimizes the size of the noise ball (when 7" approaches
infinity), that is:

O — aremin ol L + Léoy L(¢Ry)?

Bl DY (" +C)aL  4C(2a — (n' + C)a?L)

— aremin CKO'OL + L50’1 L(<R0)2/4Oé

T e (2—n'al)—aLC  C[(2—-nal)— aLC)|
denote o o

_ 1 2
5= A= Bz " 2(A- B

where

A=2—-nal, B=alL, C; =aciL+601L, Cy= L((Ry)?/4a
then the optimal setting of C' can be solved by

9S8 _ BCGy N C2(2Bzx — A)
0r (A— Bz)2  22(A— Br)?

=0
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the solution to this equation is

—BCy + \/(302)2 + ABC1Cy
BC,
C, [ AC, G
2" _ 2
aV'"Be o
Cof,  AGY G A 1 1,
a \' T aBa,

¢ 2B oL 2"

%

the approximation in the last step is based on the fact that the term inside the square root:

ACy 42 —n'al)(aog + do1)

BC, L(¢Ry)?
is a small number. Meanwhile, since « is small, O%L is large, and 7’ = 1 + 7 is small, we can see
that our choice of C' = ﬁ — 1’ is close enough to the optimal setting ﬁ — %77’ , thus is a reasonable
setting. O

Proof of Theorem[5] In the normal FPQ case, the set of quantization points are:

D:{O}U{s- <1+x> 2 | 2 =01, nm — 1, y:_ne_‘_z...?”e_l}
Nyn, 2 2
then the parameters for the nonlinear quantization bound can be computed as:
_ _ 1
(\/Q)ne 7 m B 4(1+Q) B 4N (N + 1)

4 1 2
6:5.2_T+2: 5 C:77’[7 C

For NLQ-SGD, the noise ball size according to theorem E] is:

do1 +Co flwlly | (6Ly + CL [Jw*[l, + Co)?
+
2 4u

Denote this as %A + ﬁBQ. When b is large, 6, ¢, n are small, then the dominating term for the noise
ball is

N 1 N 1 1 e Me
A =do1+ (o ||[wlly = 4s01 me o wlly = = dsor = o [wtlly

(v2) i (v2)™
let the derivative over n. to be 0 and we get:
0A 1 1 ne  2(In2)so1C
= —2(n2)s0;—— +olw|,= =0, (V2) =""1TF—-—
on, ( ) 1 (\/?)ne H ||2 C ( ) 0||w*||2
2(In2 C 2(In2
ne = 2logy <(n)>s:cr1> , be = log, <2b+ 2log, (W))
o [lw*|l, o [lw*{l,

And when b is small, 4, {, n) are large and the dominating term for the noise ball is

1 .
= 4sL,——+(L ||w*\|2+o)%

(v2)"™

1 1
B = §L1+C(L ||w*||y+¢o = 4sL1 ———=+(L ||w* |y +0)

V" .

let the derivative of n. to be 0 and we get:

oB
one

_ 2(In2)sL,C
Lfw*lly+o

_2(1n2)sL1(\/;)nc + (L ], + a)% =0, (\/i)n

2(In2)sL,C 2(In2)sLy
. =21 S22 ) b =1 2b + 21 Skl S
" °g2<Lw*||2+a R S Y TPy B
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For b such that neither the terms dominates the result, we know the noise ball size is:
L1 St Cofurlly, , (OLy+ L[+ Co)?
2 4u 2 4u

then the derivative of n. is:

) (1A 1BQ>_13A B 9B

ane \2" T au” ) T 2om, " 2p0m,

and since both % and gTB are increasing functions and we know that:

0A 0B

5 =0, 5 =0

Te n2)so Te n2)s
n6=210g2(%) ne=2 log2<%)
then we know the solution of % (%A + ﬁB2) = 0 is in the interval between 2 log, (%)
e 2
2(In2)sL,C
and 2 log, (7L|‘11}*|‘2+0 )
O
Proof of Theorem[6] In the denormal FPQ case, the set of quantization points are:
D= {s-x-z’?+3 | x:0,1,~-~,nm—1}
Nim
J<s- 1_~_i .2y|I:O71’...7nm_1’y:_E_A'_g’...’&_l
Nyn, 2 2
then the parameters for the nonlinear quantization bound is:
2
§os. Logwes 8 sme .1 & 1
N, C (\/i) € N, 414+¢)  4dnm(nm, +1)

For NLQ-SGD, the noise ball size according to theorem ] is:

501+CU||W*||2 (6L, +CL||UJ*||2+CU)2
Jr
2 4u

Denote this as %A + ﬁBZ. When b is large, 6, ¢, n are small and the dominating term for the noise
ball is

N 8so1 n w1 8so1  n, ey
A= o1+ Collw], = e o fwtfl, — = e T o llwlly

oy e
let the derivative over n. to be 0 and we get:
0A  8s011— (Inv2)n.
one C (V2) Tre
denote V(z) = z - €”, and Lambert W function W (y) = V~!(y),y > —1. then we need
0A  8s011-— (ln\@
One C (\/5)"

thus we have:
2 eo ||lw*|y 2 eo |lw*|l,
e=1—-——W/|———=1, b.=1 1-—W(—-=
e In 2 < 8s01 082 In2 8s01

And when b is small, d, (, n are large and the dominating term for the noise ball is
8sL4 Te
¢ (v

+U||7~U*||2* =0

e 1 8sop «
olwly g = SV~ (V3 + 0w, 5 =0

Te

B=6L +(L|w"|, +¢o = 8

+ (Lw]ly + o)
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let the derivative of n. to be 0 and we get:
OB 8sL;1— (Inv2)n, 1 8sL;

= L ||w* — = V(1—(Inv2)ne)+(L ||w*
o o vyl = Va2 + (L)

thus we have:

_ 2 e(Lwlly +0)\, _ 2 e(L [|w*]ly +0)
nel—anW(&glq be—210g2 1—ﬁW T

1
C

For b such that neither the terms dominates the result, we know the noise ball size is:

Ly 1 St Cofwrlly , (6Ly+CL ]+ o)?
2 4u 2 4u

then the derivative of n, is:
0 1 1 0A B 0B
A —BQ = - —
one ( + dp ) 2 One + 204 One

and since both 6A and aB are increasing functions and we know that:

0A
one

0B

et -0
One

= O7
12 (ol
ne=1-Z W (£

s

- 2 e(Lllw*lla+o)
”e—l_mw( STo )

then we know the solution of % (%A + iB 2) = (is in the interval between 1 — 2 W (

In2
2 e(L|lw”|l,+0)
andlme< 88L12 )

Proof of Theorem[/] In normal floating point quantization, we know that

4s —b <2
normal = 1 =27, = .
1) ormal 2217e 1 C n 4(< ¥ 1)

same as before, denote n, = 2%, n,, = 20, C = 20 = 2%<+bm then
5 _4s = 1 ne _ 1
normal — (\/i)nga - N - 07 n= 4nm(nm ¥ 1)

and the noise ball size we wish to minimize (as 7" — oo, & — 0), according to Theorem [ is:
1
Léoy + = (LCR())

denote this result as .S, then
4sLoy n L?R3n? 0SS ~ 2(In2)sLoy n LzR(Q)n
V@)™ 20t ame () R

the noise ball is minimized when = 0, that is:

S:

ne 2(ln2)30102 1 1mom,  (In2)%s0,C?
Ne (\/5) :T7 (511’12'7745)62 n :T

let V(z) = _and Lambert W function is W (y) = V~1(y),y > —1, then the solution is

2 (In2)%s0,C? (In2) 30122b
Ne = —W
In2 LR2 ln 2 LR2

(In2)2s0,2%
LR3

thus
2
b =1 e =1 —W
0go N 0gs {1112 (

27

eollw™|l,
8so1

=0

)
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For de-normal FPQ on non-convex objectives,

8sLoyne ~ L*Rin? 0S8  8s0iL1— (Inv2)n. LR}

S:c(ﬁ)"e 202 " on.  C V2)™ cz e

let % = 0, then we have:

Ne (\[2) . + 82(2(2)0 (1 — (In \/i)ne) =0

this is a transcendental equation, which does not have an analytical solution, or does not have solutions
at all. If there does exist a solution, we can solve it numerically and use it as the optimal setting of
exponent bits.
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