Appendix A Proofs

A.1 Proofs of Section[2]

The proof of Proposition [2.2]relies on the following auxiliary lemma, which we state first.

Lemma A.1 (Upper semicontinuity). For any z € X C R™, the functional F(v) = v(z) is upper
semicontinuous over M (X').

Proof. We denote by 1,(+) the indicator function at x, thatis, 1,(§) = 1if = xand 1,(§) =0
otherwise. By definition, F'(v) = [ 1,dv. Moreover, let {1y }ren be a sequence of probability
measures converging weakly to v € M(X). Since 1,(-) is upper semicontinuous, the weak
convergence of v implies that

limsup F(v) = limsup/ﬂggdylC < /ﬂwdu = F(v),

k—o0 k—o0
which in turn shows that the functional F' is upper semicontinuous. [

Proof of Proposition[2.2] If € = 0, the ball Bk, (7, ¢) contains a singleton 7 and the claim holds
trivially. We can thus assume that € > 0. Since Bk, (7, €) is not necessarily weakly compact, the
existence of the optimal measure v* is not trivial. To show that v* exists, we first establish that

sup v(z) = sup v(z), (A.D)
vEBKL(V,€) VEIBKL(U €)
supp(v) C(SU{z})
where S = supp(¥). To establish (&), it suffices to show that for any 7 € Bk, (7, ) that assigns a
non-zero probability on X'\ (S U {x}), there exists v/ € Bky, (7, €) satisfying supp(v') C SU {z}
such that v/ attains a higher objective value than 7, that is, v/(z) > 7(x). Because U assigns a
non-zero probability to X'\ (S U {z}), we have

0<k® > pz)<lL
zeX\(Su{z})
‘We now construct the measure v’ explicitly. Assume that x & S. In this case, consider the discrete
measure ' supported on S U {z} given by
Vi(z) =p(z)+k and V(Z;) =0(T;) Vje[N].
Intuitively, v’ keeps the probability of ¥ on S, and it gathers the probability everywhere else and

puts that mass onto x. We first show that v/ is a probability measure. Indeed, since x > 0 and 7 is a
probability measure, we have v/ > 0. Moreover, we find

SNV = D v@E)+u@) +r= Y w@)+u@)+ Y. we)=> #(z)=1,
zeX JE[N] JE[N] zeX\(Su{z}) zeX
where the first equality exploits the definition of 7, and the second equality follows from the definition

of k. Thus we conclude that 2/ is a probability measure. We now proceed to show that v’ satisfies the
KL divergence constraint. Indeed, we have

KL@IIV’)ZZf(y H)ve)

zeX

) (z) (A.2a)
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( ) o(%;) + v(z) + & (A.2b)
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Equality (A-2a) holds because f(0) = 1 for the function f defined in Definition[2.1]and supp(v') C

S U {z}. Equality (A.2b) follows from the construction of v/, and equality holds due to
the definition of s and the fact that f(0) = 1. Finally, the inequality in follows from
the feasibility of 7, and it implies that v/ € By, (V,e). Furthermore, because x > 0, we have
V'(x) = p(x) + K > p(x) which asserts that 7 is strongly dominated by v/, and thus 7 cannot be an
optimal measure.

Consider now the case x € 3\ . Without loss of generality, we assume that © = Z. In this case, it
suffices to consider  satisfying 7(Zy) > Uy because any ¥ with 7(Zy) < Dy is already dominated
by the nominal measure 7. Since £ > 0 and 7(Z) > Uy, there must exist K € [N — 1] atoms
denoted without loss of generality by {Z1, . .., Tk } that satisfy 7(Z;) < ; for all k € [K]. Due to
the continuity of the function f, there exists € € (0, k) that satisfies

f <V@Z;+e) ((@n)+€) < f (V(”;NN)> 7(ZN) + K.

~

We now consider the following measure v’ supported on S:

P(E3) + (5 — ) % (75 — 7(33))) Seps) Pk — #(@) V) € [K],
V@)= v ¥j € (I — 1K),
v(TN) + € j=N.

We can verify that v/ is a probability measure supported on S and that o/ (Zn) > v(Z ). Furthermore,
we have

KLE 1) = 3 £ () @)

JE[N]
= 4% 7. ﬁj = Un /i~
21 (76) 7@ PN () @+ (50 ) )
<Yy (%Q 5(&,)+ k=KL | 7) <e,
JE[N]

where the first inequality follows from the definition of +/, the definition of €, the fact that for any
U; > 0 the function ¢ — ¢f(7;/t) is non-increasing in ¢ over the domain (0, 7;) and that 0 <
v(z;) < V'(z;) < U; by construction. We have thus asserted that o is dominated by " € Bk, (7, ¢),
and we conclude that holds.

We now consider the supremum on the right hand side of (A.I). By Lemma[A.T] the objective
function of (A.I) is upper semicontinuous. Furthermore, the feasible set

{v e M(x) : supp(v) € (SU{a}), KL || v) <&}

is weakly compact because it only contains measures supported on a finite set [[1, Theorem 15.11].
By the Weierstrass maximum value theorem [[I, Theorem 2.43], the supremum in (AT} is attained
and there exists v, € Bk, (7, €) such that

swp  w(a) = vie (@),
vEBKL (V,€)

This observation completes the proof. [

Proof of Theorem[2.3] Consider first the case when x € S, where & = supp(D). As a result
of Proposition [2.2] the distribution that maximizes the probability at point = subject to the KL

divergence constraint will be supported on at most /N points from the set S. The probability measures
of interest thus share the form
v= Z Y59z

JE[N]
for some y € RY, 37y y; = 1. The optimistic likelikood (3) satisfies

- - v;
Vi (x) = sup Z y;1,(3;) :y e RY,, Z vjlog (J) <eg, Z yi=1p, (A3)
j€lN] j€lN] ! J€lN]



which is a finite dimensional convex program in y.

Next, we consider the case where = ¢ S. To this end, for any N € N, we denote by A the simplex

AyESyeRY:0<y; <1Vje[N], Y y;<1p. (A.4)
JEIN]
The relevant measures in By, (7, €) then share the form
v=> b+ 10— D y)d
JEIN] JE[N]

for some y € Ap. In this case, the optimistic likelihoodE]evaluates to

o) = 1= 2w 3 f(Z)- - Zow) o=

y>0 JEIN] J FEIN]

Since f is convex, the above program is a finite convex program in y. We now show that the above
optimization problem admits an analytical solution. Consider the equivalent minimization problem

OPT}; £ Jnin Sy > ilogh;— Y Dilogy; <ep. (A.5)
y>0 LJEN]  je[N] J€lN]

Suppose that € > 0. By a standard duality argument, the above program is equivalent to

OPTg,, = yénAfN st;p Z Y+ Z v;ilogV; —e — Z v; logy; (A.6a)
720 JEIN] JEIN]

=supy v Z vilogv; —e | + énAf Z Yj — Z v; logy; (A.6Db)
720 jEN] Yyso Liem jElN]

> sup {7 Z vilogv; —e | + inAf Z Yi — Z vjlogy; (A.6¢)
1270 JE[N] Y5s0” Liem JEIN]

= sup {7y Z vi—e| — Z viylogy p, (A.6d)
1270 jelN] jElN]

where the equality follows from strong duality since the Slater condition for the primal
problem is satisfied. The inequality follows directly from the restriction of the feasible set of
~ and because the objective function is continuous in v. For any v € (0, 1], the inner minimization
admits the optimal solution ¥ = 77, and this leads to the last equation (A.6d). The maximization
over 7y is now a convex optimization problem, and the first-order condition gives the optimal solution
~v* = exp (—¢). We can thus conclude that

OPTyy, > exp(—¢).
By substituting the feasible solution
yj =exp(—e)v; Vj € [N]
into (A.6a), we see that OPTy;, < exp (—¢). Hence,
OPTy, =exp(—¢) Ve> 0.

Consider now the optimal value OPT%y, defined in (A.3) as a parametric function of the radius &
over the domain R.. One can show that OPTy, is a continuous function over ¢ € R using Berge’s
maximum theorem [[I, Theorem 17.31]. Furthermore, the function exp(—e¢) is also continuous over
€ € R,. We thus conclude that

OPTg, =exp(—e) Ve >0.

The proof for this case is completed by noticing that v (z) = 1 — OPTxy,. O



A.2  Proofs of Section [

Proof of Proposition[d.2] When ¢ = 0, Bw (7, ¢) is the singleton set {¥'} and the claim is trivial.
It thus suffices to consider ¢ > 0. Since By (7, ¢) is weakly compact [8, Proposition 3] and the
objective function in () is upper-semicontinuous in ~ by Lemma[A.T] a version of the Weierstrass
maximum value theorem [[I, Theorem 2.43] implies that there exists v* € By (7, ) such that

sup  v(z) = yy(z).
vEBw (V,e)

Suppose that 7 is an optimal measure that solves (§), that is, 7 € By (v, ¢) and 7(z) = 15, (x). Since
the ground metric distance d(-, -) in the Wasserstein distance is continuous, there exists an optimal
transport plan A that maps ¥ to & [10, Theorem 4.1]. Since 7 is a discrete distribution with N atoms,
this optimal transport map can be characterized by N functions \; : X — R, j € [N], which
satisfy the balancing constraints

N
D XNi(2) =7V €[N] and > Xj(z) =w(z) V2 € X

zeX 1

<.
Il

as well as the Wasserstein distance constraint

> d@E 2)N(z) <e. (A7)

JjE[N] z€X
Define x; and 7); as
RpE Y N(z) ad g2 YT d(@,2)N(2) Vi€ [N].
zeX\(SU{z}) zeXx\(Su{z})

By construction, we have 0 < k; < 7; < land 0 < n; for all j € [N]. Suppose that 7 assigns

non-zero probability mass on X\ (S U {z}), where 8 = supp(¥). In that case, there exists j € [N]
such that x; > 0 and n; > 0. We will next show that & cannot be the optimal solution.

Assume first that # ¢ S, and define the transport maps A1 X — Ry for j € [N]as

Xj(@)—&-(l—min{l,d(z"ij@)})mj if z = 7,
iy = 4 Xi(@k) if 2 = Ty, k # j,k € [N],
Aj(z)_ - "

)\j(x)—i-min{l,d(m’i%j)}nj if z =z,

0 otherwise.

By this construction of )\;, we obtain

YN =Y N =9  Vjie[N].

zeX zEX

We now construct a measure v’ explicitly using the transport map )\’ from 7 as

V(z)= > Ni(z) VzeX. (A.8)
JE[N]

Notice that ¢/ is supported on Su {z},v' > 0and

VR =D D NE) e @) ) = DD N =Y g =1,

zEX FE[N] \k€[N] jE[N] z€X JE[N]



which further implies that v/ is a probability measure on X Moreover, we have

Z Z d(Tj, T) N (Th) Z d(z;,x (A.92)

j€[N] ke[N] JE[N]

= Z Z d(fj,fc\k)/_\j(./fk) + d(fj,iE)/_\j(I) + min {d(fj,x)nj,njnj}

JEIN] \ke[N]

IN

S DD d@moN @) + d@, )N () + k5

JE[N] \k€[N]

IN

S DD d@s, @o)N (@) + d(@), )X () + (A.9b)

JE[N] \ke[N]

=3 Y d@naoN G +d@L )N @)+ Y d@ )N ()

JEIN] \k€[N] zeX\(SU{z})

= > > d@;,2)A(z) <e. (A.9¢c)
JE[N] zeX
Inequality (A.9a) holds because of the definition of the Wasserstein distance and the fact that
{\.} e constitutes a feasible transportation plan from o to v/'. Inequality (AZ9D) holds due to the
non- negat1v1ty of both 7); and and the fact that k; < 1. Inequahty is a consequence of (A.7).
The last inequality implies that v/ € Bw (7, €), and thus ¢/ is a feasible measure for the optimistic
likelihood problem. Finally, we have

:jgiA;(x):Z]<Aj($>+mm{l’d(:z }> ZA -

JEIN

where the strict inequality is from the fact that there exists j € [N] such that k; > 0andn; > 0.
Thus, v/ € Bw (7, €) attains a higher objective value than 7, and as a consequence 7 cannot be an

optimal measure. Notice that supp(’) C (S U {z}) by construction, and thus we conclude that
when z ¢ S, the optimal measure 13, satisfies supp (3, ) C (S U {x}).

Assume now that z € S. , and assume without loss of generality that x = Z . Consider now the
transport plan \); : X — R, for any j € [N] defined as

Ni(@5) + (1= min {1, 525 ) vy iz =3,
Vi€V —1]: X() =4 MO | if 2= B,k £,k € [N - 1],
)\j(l’)+min{1ad(;]7]§j)}ﬁj ifZ:ZL'\N,
0 otherwise
and
An () if 2 =3, k € [N — 1],
My(z) =13 An@y) +ry  ifz =Ty,
0 otherwise.

One can readily verify that using the collection {\}} jc[n) to define 1" in (A.8) results in a probability
measure ' € By (7, ) that attains a strictly higher objective value than ©. Notice that this construc-
tion satisfies supp (') C S, and hence we can conclude that when = € S, the optimal measure 2
satisfies supp(5y;) € S. This completes the proof. O

Proof of Theorem As aresult of Proposition[.2] we can restrict ourselves to probability measures
that are supported on supp(7) U {«}. Thus, it suffices to optimize over the set of discrete probability

measures of the form
vV = Z yjégj + 1-— Z yj 693
JE[N] JE[N]



for some y € Ay, where Ay is the simplex defined in (A-4). Using the Definition ] of the type-1
Wasserstein distance, we can rewrite the optimistic likelihood problem over the Wasserstein ball
Bw (7, €) as the linear program

sup 1-— Zyj

JE[N]
s.t. yeAn, A€ RNX(NH)

Z Z dm]’$3 )‘JJ + Z dx]? ](N-H) <e

JEIN] J'€[N] JE[N]
sup  v(z) = N = Vj €N
VB (7,6) Z Jg’ j J [ ]
J'€[N+1]
> N =y vj' € [N]

JE[N]
Yo Ny =1->
JE[N] JE[N]

From the last constraint, we can see that maximizing 1 — ) jeN) Yi is equivalent to maximizing
> jen] Aj(v+1)- In particular, we thus conclude that it is optimal to set A;;; = 0 for any j €
[N],7" € [N] such that j # j'. We thus have

sup Z Aj(N+1)
JEN]
s.t. yE€ AN, AE RfX(NH)
Sup v(r) = Ajjr =0 Vje[ ,j" €Nl j#35
vEBw (V,e) Z d l'j, (N+1) <e
JE[N]
Ajj T AN+ = Vi Ajj =Y Vj € [N].

By letting T; = Aj(n41) and eliminating the redundant components of A, we obtain the desired
reformulation. This completes the proof. O

Proof of Proposition .4 By a change of variables, we define the weight @w; = d(Z;, z)v; and the
decision variables z; = 1/ T for every j € [N]. The optimal value of problem (9) then coincides
with the optimal value of’

max Zujzjz RY, Zw]zjge zj <1VYj€e[N],, (A.10)
J€[N] JEN]

which is a continuous (or fractional) knapsack problem. The special structure of (A:10) guarantees
Vi

ﬁ}\j B d(:/fja l‘)

Vj € [N,

and hence the continuous knapsack problem (A.T0) admits an optimal solution z* that can be found
by sorting the support points Z; in increasing order of distance from x and then exhausting the budget
€ according to the sorted order (see [3]] or [6, Proposition 17.1]). Since sorting an array of N scalars
can be achieved in time O(N log N), problem (A:10) can be solved efficiently, and the optimal
solution 7™* of () can be constructed from the optimal solution z* of (A:10) by setting

T: =025 Vje[N].

This completes the proof. O

Corollary A.2 (Comparative statics). If the radius € of the Wasserstein ball is strictly positive, then
vy () > 0. Moreover, if the radius satisfies € > 3|y d(@, T;)V;, then vy (z) = 1.

The proof of Corollary[A-2]follows directly from examining the optimal value of the linear program (@)
and is thus omitted.



A.3  Proofs of Section 5]

In the proofs of this section, we denote by v{™ the unknown true probability measure that induces
the probability mass function p(+|6;) for each i € [C].

Proof of Theorem[5.3] Define for each i € [C] the set
®; £ {v; € M(X) : KL(v; || i) > &},

where the dependence of ®; on ¢; and /™ has been made implicit. Under Assumption [5.2} the

empirical measure 7" satisfies the large deviation principle with rate function KL(- || 1/‘“’6) 4
Theorem 6.2.10]. Sanov’s theorem then implies that

hmsupﬁlogPo" BN ed)<-e <0 VielC] (A.11)

N;—00 i

This in turn implies that there exist positive constants x; < oo such that
PN ( te P, ) < K4 exp(—Niei) as NV; — oo.

‘We now have

PX(T™ > Tan) > P® (1™ € Byo (07, €3) Vi € [O)) (A.12)
= [ P¥ (v™ € Bx(@),2))) (A.13)
i€[C]
=1 (1-p" (@Y e 2) (A.14)
1€[C]
>1-— Z PV (D) € ;). (A.15)
i€[C]

Here, equality (A-T3) follows from our i.i.d. assumption. Equality (A-T4) follows from the fact that
the event 1™ € B (7', ¢;) is the complement of the event 7'* € ®;. Inequality (A.15), finally, is
due to the Weierstrass product inequality. Thus, for each ¢ there exists C; < oo such that as V; — oo,
we have

P (J™ < T Z ]P’N vE D) Z rkiexp (— Nje;) < kCexp (—nmin{e;})
i€[C] i€[C] i€lel

for some £ = max;¢(c) ki < 00. This further implies that

n—oo

lim sup — log P®(J™ < Fan) < — m[lél]{sz} < 0.
i€
This observation completes the proof. [

Proof of Theorem[5.3] 1f £; is chosen as in the statement of the theorem, then the measure concentra-
tion result for the Wasserstein distance [S, Theorem 2] implies that

N; t'rue /\N > 5
BV (W, 5) > 2i(8,C, N)) < .
Thus, by applying the union bound, we obtain
PV (Wi, 5%) > (8,0, V) Vi ) = ZPN( (v, 7 > 4(8,C,Ny)) < 5,

which implies that

]P’N("“"'GIB% ( ,sZ(B,CN)) )zl—ﬁ.

We can now conclude that jBN < J'"™e with probability at least 1 — (. O



Proof of Theorem[5.6] For every i € [C], let v} € BY*(7V*) be an optimal solution of the problem

sup v (z), (A.16)
vi€B, (2,)
where the dependence of v} on the number of samples IV, has been omitted to avoid clutter. The

existence of v € BN (0V1) is guaranteed by Proposmon By [[7, Lemma 3.7], for every i € [C)]
it holds (v/ “”'e)"0 almost surely that

lim W( true *) =0.

vy
N;—o0

Therefore, by [10, Theorem 6.9], v/} converges to v/ weakly as N; — oco. Since 1,(-) is a bounded,
upper semicontinuous function, the weak continuity implies that (v{"¢)>°-almost surely as N; — oo,
we have that

vi(z) — v (z) = p(x|6;). (A.17)
Let u'™ € [0,1]¢ be the vector defined by (u™¢); = (:E|9 ) for i € [C]. Since (u™¢); > 0 for
i=1,...,C, there exists u > 0 such that u'™® € [u, 1]“. Consider the parametrized optimization
problems

j*(U) £ min j(q;u) £ Z Qi(log% - logﬂz Z gilogu; p, uwe€ [Ma 1]C

7€Q 1€[C] 1€[C]

We observe that 7 (-, -) is jointly continuous on Q x [u, 1], Q is compact, and the level sets

g€ Q:J(q,u <—Zmlogu

1€[C]

are non-empty and uniformly bounded over all v € [u,1]°. By [2, Proposition 4.4] and the
discussion following its proof, J*(u) is continuous on [u, 1]¢. The continuity of J*(-) and the
convergence (A.T7) together imply that (1) x --- x (v{&'¢)>°-almost surely, and we thus have

Ten = T (v (), .. LrE(x)) = T (W) = J™ as Nq,...,Ng — oo.

This observation completes the proof. O



Appendix B Additional Material

B.1 A Measure-Theoretic Derivation of the Evidence Lower Bound Problem

To keep the paper self-contained, we present in this section a derivation of the evidence lower bound
(ELBO), which is a fundamental building block of the variational Bayes method.

Consider a standard Bayesian inference model where the random vector Z, supported on a sample
space X, is governed by one of the distributions Py parameterized by § € ©. We assume that there
exists a measure r on X’ such that Py is absolutely continuous with respect to v for all § € ©.
Moreover, we denote by fz |y the Radon-Nikodym derivative of Ps with respect to 7, that is

dP
fa10(2]0) = d—;(m) Ve e X.

Finally, we denote by 7 the prior measure on the parameter space ©, while IP,, denotes the posterior
measure on © after observing x.

Consider an optimal solution Q* of the optimization problem
* € argmin KL P.),
Q" € arg min KL(Q | P,)

where KL(- || -) denotes the KL divergence defined in Definition If the feasible set Q is the
collection of all possible probability measures supported on ©, then Q* = P,.. The objective function
of this problem can be re-expressed as

KL(Q || P.) :/@bg (;S)dQ (B.1a)
B dQ dP,
= /elog (d7r> dQ — /@log ( T ) dQ (B.1b)
=KL(Q || m) — /@10g (ﬂ?(m)) dQ + log/9f5|9(x|9)d7r, (B.1c)

where the equality (B.Ta) follows from the definition of KL divergence, and is due to the chain
rule for the Radon-Nikodym derivatives because P, < 7 [9, Theorem 1.31]. Equality (B.1c), finally,
holds since

= — c— (T s
drm Jo fa1o(x]0)dn(0)  [q fajo(x|0)dn(0) dv

where the first equality follows from Bayes’ theorem [9, Theorem 1.31] and the second equality is
due to the definition of f;4. Since the last term in (B.Ic) does not involve the decision variable Q,
the measure Q* can be equivalently expressed as the optimal solution of

dP
miy KL 7) - [ 1og (dj@c)) aQ.

If we define the conditional density p(x|0) with respect to v of & given the parameter 6 [9 Sec-
tion 1.3.1], that is,

p(x]0) = fz0(]0),
then Q* solves
in KL — Egll 0)].
min KL(Q | ) — Eq[log p(x|0)]
The function p(z|6), considered as a function of the parameter 6 after z has been observed, is often

called the likelihood function. If p(x|6) is considered as a function of x given the parameter 6, then it
is often called the conditional density.

B.2 Generalization to f-Divergence Ambiguity Sets

In this section, we consider the class of ambiguity sets described by f-divergences, which generalizes
the KL ambiguity set from Section 2]



Definition B.1 (f-divergence). The f-divergence D, between two measures v1 and v, supported on

X is defined as
Din ) = [ 7 (25 ) o)

where f : R — R is a convex function satisfying f(1) = 0. More specifically,

If f(t) = tlog(t) — t + 1, then Dy is the Kullback-Leibler divergence.

If f(t) = 1 — /1, then Dy is the Hellinger distance.

If f(t) = (t — 1)?, then Dy is the Pearson’s x*-divergence.

If f(t) = |t — 1|, then Dy is the fotal variation distance.

We now consider the f-divergence ball B¢(7, ) of radius ¢ > 0, which contains all probability
measures in the neighborhood of 7 as measured by the f-divergence:

B;(D,e) £ {ve M(X): DV ||v) <&} (B.2)

Moreover, we assume that the nominal distribution 7 is supported on N distinct points Z1,. .., Ty,
thatis, U =3,y Vj0z; withD; > 0Vj € [N]and 3, 75 = 1.

In analogy to Section 2] we first provide a generalized version of Proposition 2.2}

Corollary B.2 (Existence of optimizers; f-divergence ambiguity). For any € > 0 and = € X, there
exists a measure V5 € By (7, €) such that

sup  v(z) =vj(x). (B.3)
veB; (D))

Moreover, v/} is supported on at most N + 1 points satisfying supp(v) C supp(¥) U {z}.

The proof of Corollary [B.2]follows from the proof of Proposition [2.2]and thus it is omitted.

Theorem B.3 (Optimistic likelihood; f-divergence ambiguity). Suppose that 7 = Zje[ N] U0z,
For any data point z € X', the optimization problem in can be reformulated as a finite convex
program. Moreover, if « # Z; for all j € [N], then:

L. If Dy is the Hellinger distance, then for any ¢ € [0, 1], we have Vi jjpge () =1 — (1 — €)%

2. If Dy is the Pearson’s x2-divergence, then for any € € R, we have via(z) =1—(1+ e) .

3. If Dy is the total variation distance, then for any ¢ € R, we have vy (z) = /2.

Proof of Theorem[B.3] The reformulation as a convex program follows directly from the first part of
the proof of Theorem [2.3|using the general function f, and it is thus omitted. We now proceed to

consider the case when z ¢ S, and we derive the optimal value v} (z) for each divergence f.

1. Hellinger distance. Following the same approach as in the proof of Theorem we employ the
definition of the Hellinger distance to obtain the equivalent minimization problem

OPTﬁellinger = min Z Y- Z i/\j - Z \/i/TJ\/E <e

VEAN | je jem] sem]

10



Suppose that e € (0, 1]. Using a duality argument, we have

OPTyejjinger :ymin max Z Y+ Z v; — Z VUi — €
JEIN]

€EAN v2>0 ) .
JE[N] JE[N]

_glgéiv Zy]—e —|—min Zy] ’YZ\/»\/E

YEAN
JE[N]

> sup <7 Zﬁj—e + min Zy] fny\/@

2>~>0 , yeAn
=7 JEIN] N1 JEIN]

where we have used the optimal solution y; = 72D /4 to arrive at the last equation. The
supremum over  admits the optimal solution v* = 2 (1 — £). We can thus show that

OPTﬁellinger 2 (1 - 5)2 Ve € (07 1]'
The rest of the proof is analogous to the proof of Theorem 2.3]

. Pearson’s y2-divergence. By definition of the divergence, we obtain

OPTz—min ZyJ.ZVZ_l Z'ﬁjga
JEIN]

YEAN
JE[N] JEIN

Suppose that ¢ > 0. Using a duality argument, we have

~2 1
OPTz—yrengIlvrilgéc Zyj—i—v Zuy] Z’/J_E

JEIN] JEIN JE[N]
~ . 2—1
=ma — Vi +¢e |+ mmn + vy
IR PILEL RS XPIWACIY
J

> sup -y ZZ/JJrE +min Zijr'yZVyJ
127>0 jEN] et e J€MN]

= sup < —v ZI/JJrE +2f21/] ,
=70 JEIN] jEIN]

where we have used the optimal solution y7 = /77 to arrive at the last equation. The supremum
over « admits the optimal solution v* = (1 4 5)72, which implies that

OPT}> > (1+¢)"" Ve >0.
The rest of the proof is analogous to the proof of Theorem 2.3]

. Total variation distance. We have

OPTgvzyrgg}V Sy D> -yl 1= )y <e

JE[N] JEN] JE[N]
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Figure 1: Approximations of the likelihood p(z|f) under two different nominal measures. The

approximation offered by the mean-variance ambiguity set is the same for both (1) and 7(?). In
contrast, the approximation offered by the Wasserstein ambiguity set produces a fatter tail under the

nominal measure 7(?), whose support is more spread out.

For any ¢ > 0, the optimal solution y* satisfies yj* < ﬁj, and thus we have

OPTjy = min ¢ > gt > (D —y)+1— > y;<e

YEAN e jem) JEIN]
13
~ mi 9_9 T
amin 9 Y y;i2-2 ) yj<e 5
JE[N] JE[N]

which finishes the proof for the total variation distance.
These observations complete the proof. O

B.3 Comparison of Moment and Wasserstein Ambiguity Sets

In this section, we empirically demonstrate that the approximation using the Wasserstein ambiguity
set can capture the tail behavior of the nominal distribution 7 better than the approximation using the
moment ambiguity set. To this end, consider the two univariate discrete nominal measures

1 1
l//\(l) = 55_1 + 551 and l//\(2) =0.16_2 + 04(5_% + 045% + 0.195.

Notice that both (1) and 7(2) share the same mean 0 and the same variance 1, and thus we find that

sup v(x)= sup v(x) Vr e X.
vEBMy (P(D) vEBMy (P(2))

However, if we use the Wasserstein ambiguity set By (-), then in general we have

sup v(x)# sup  v(x).
vEBw (D) ¢) vEBw (P ¢)

Figure illustrates the approximations p(xz|@) offered by the optimal value of the optimistic likelihood
problem (3) over these two ambiguity sets. If we choose 7(?) as the nominal measure, we would
expect the true distribution p(-|#) to be more spread out than when we choose 7(*). Nevertheless,
this structural information is discarded by the moment ambiguity set, and the optimal value of the
optimistic likelihood problem is the same for (1) and 7(?). In contrast, the Wasserstein ambiguity
set produces a fatter tail under the nominal measure 7 than under 2V, which better reflects the
information contained in the nominal distribution.
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Interestingly, if x = 0, then we have

sup v(0)= sup v(0)=1.
veEBMy (M) vEBWy (D)

Indeed, consider the family of discrete measures {v }ren . defined as
1 1
Vp = (1 ) 0o + —= T (0 +9-k) Vk € N,

By construction, v has mean 0 and variance 1, and thus {1} }ren, belong to By (01) and attain
the optimal value of 1 asymptotically.

B.4 Approximation of the Log-Likelihood for Multiple Observations

In many cases, the update of the posterior is carried out after observing a batch of L i.i.d. samples

ol & {z1,... 2.} In this case, the log likelihood of the data z¥' can be written as
log p(zX(0) = log H p(xe]0) = Z log p(x,|6).
telr) telr)
When p(-|6) is intractable, we propose the optimistic log-likelihood approximation
logp(zF|0) ~  sup Z log v(xy) (B.4)

vEBy (Tp) =T

for some ambiguity set By(7y) defined below. Note that the optimistic log-likelihood approxima-
tion (B.4) follows the spirit of the optimistic likelihood approximation (3).

Because the log function attains —oo at 0, we need to restrict ourselves to a subset of M (X') over
which the objective function of (B.4) is well-defined. For any batch data ¥, we denote by M (X)
the set of measures supported on X’ with positive mass at any =, € x1, that is,

My (X) ={v e M(X) :v(zg) >0Vl e [L]}.

We first establish the upper semicontinuity of the objective function in (B.4).
Lemma B.4 (Upper semicontinuity). For any batch data 21, the functional G(v) = 3_, elL log v(xy)
is upper semicontinuous over Mz (X).

Proof. Let {v}ren, be a sequence of probability measures in M, (X)) converging weakly to
v € M,r(X). We have

lim sup G () = lim sup Z log v (2¢) Z log (hmsup vi () ) Z logv(xp) = G(v),
ko0 k=0 yoim) e(L) k te(L)

where the first and last equalities are from the definition of G, the second equality is from the

continuity of the log function over /\/lmf (X), and the inequality is due to the upper semicontinuity of

the function F(v) = v(z) established in Lemma[A.1] This completes the proof. O

Given batch data z¥, we now consider the Wasserstein ambiguity set centered at the nominal
distribution 7,

Bw(7,e) = {v € M, (X): W(v,v) <e},
where the dependence on @ and ¥ has been made implicit to avoid clutter.
Theorem B.5 (Optimistic log-likelihood; Wasserstein ambiguity). Suppose that Assumption ??
holds. For any batch data x" and radius £ > 0, the optimistic log-likelihood problem under the
Wasserstein ball By (7, €) is equivalent to the finite convex program

Z log Z Te
Le[L] JE[N]
NxL
sup Z logv(z) = s.t. T eRI™Y, Z d(zj,z0)Tje < e (B.5)
vEBw (V,e) e[L] JZE[[JE]]
> Ty <D VjeN].
Le[L]

13



Proof. We first combine the fact that the logarithm is strictly increasing with the proof of Prop051-
tion4.2{to show that there is an optimal measure 135, that is supported on supp(yw) C supp(v)Uat,
a ﬁmte set of cardinality N + L. Notice that the existence of this optimal measure is guaranteed by the
upper semicontinuity of the objective function established in Lemma[B.4]and the weak compactness
of Bw (7, ) established in [8] Proposition 3]. The details of this step are omitted for brevity.

Since the optimal measure is supported on supp(7) U 2%, it suffices to consider measures of the form
v = Z yjé@ —+ Z chsm
JEIN] te[L]

for some y € Rf, z € Ri satisfying Zje[N] yj + ZZG[L] z¢ = 1. Using the Deﬁnitionof
the type-1 Wasserstein distance, we can rewrite the optimistic log-likelihood problem over the
Wasserstein ball By (7, ) as the convex program

ap 3 log(z)

Le[L]
s.t. yeRY, zeRE, A e RYXVHD)

Z Z d(Z;, T )N + Z de],l“z J(N+e) S €

JE[N]j €[N N] te[L]

> )\ P =7 Vj € [N]

J'E[N+L]

Z Ajit = Yj Vi’ € [N]

JE[N]

Y Ny = 2N ¥’ € [N + L)\[N]
JE[N]

e Y T ey 2 =1

By letting T, = Aj(n4¢) and eliminating the redundant components of A, we obtain the desired
reformulation. This completes the proof. O
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