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S1 More details on Assumption A 6

In this section, we provide the precise expressions of the constants given in Assumption A 6.

For a given δ > 0, t = Kη, and for some C > 0, the step-size satisfies the following condition:

0 < η ≤ min
{

1,
m

M2
,
( δ2

2K1t2

) 1
γ2+2γ−1

,
( δ2

2K2t2

) 1
2γ

,
( δ2

2K3t2

) α
2γ

,
( δ2

2K4t2

) 1
γ
}
,

where ε is as in (7), the constants m,M, b are defined by A3– A5 and

K1 ,
CM2+2γ3γ

ε2σ2
max

{
(2(b+m))γ

2

, 2γ
2

B2γ2

, dε2γ
2

R1, dε
2γ2

R2

}
,

K2 ,
CM2+2γ3γ

2ε2σ2

(
E‖W (0)‖2γ

2

+B2/M2
)
,

K3 ,
M23γε2γ−2d2γ

2σ2

(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
,

K4 ,
M23γε2γ−2d2γ

2σ2

(
2γΓ(

2γ + 1

2
)/
√
π
)
,

with

R1 ,
(22γ

2

Γ((1 + 2γ2)/2)Γ(1− 2γ2/α)

Γ(1/2)Γ(1− γ2)

)
, R2 ,

(
2γ

2

Γ

(
2γ2 + 1

2

)
/
√
π
))
.

S2 Proof of Theorem 2

Proof. Note that (W 1, . . . ,WK) ∈ A is equivalent to τ̄0,a(ε) > K. Hence, from Lemma S4, the remaining task is to
upper-bound P[(W (η), . . . ,W (Kη)) ∈ A]:

P[(W (η), . . . ,W (Kη)) ∈ A] ≤P[(W (η), . . . ,W (Kη)) ∈ A ∩B] + P[(W (η), . . . ,W (Kη)) ∈ Bc]
≤P[τξ,a(ε) > Kη] + P[(W (η), . . . ,W (Kη)) ∈ Bc],

and to lower-bound it:
P[(W (η), . . . ,W (Kη)) ∈ A] ≥P[τ−ξ,a(ε) > Kη]− P[(W (η), . . . ,W (Kη)) ∈ Bc].

By Lemma S1, the final result follows.

Lemma S1. There exist constants C, C1 and Cα such that:

P[(W (η), . . . ,W (Kη)) ∈ Bc] ≤C1(Kη(dε+ 1) + 1)γeMηMη

ξ
+ 1−

(
1− Cde−ξ

2e−2Mη(εσ)−2/(16dη)
)K

+ 1−
(

1− Cαd1+α/2ηeαMηεαξ−α
)K

,

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.



Proof. We have for t ∈ [kη, (k + 1)η],

‖W (t)−W (kη)‖ ≤
∫ t

kη

‖∇f(W (s))‖ds+ εσ‖B(t)−B(kη)‖+ ε‖Lα(t)− Lα(kη)‖

≤
∫ t

kη

‖∇f(W (s))−∇f(W (kη))‖ds+ η‖∇f(W (kη))‖+ εσ‖B(t)−B(kη)‖

+ ε‖Lα(t)− Lα(kη)‖

≤
∫ t

kη

M‖W (s)−W (kη)‖γds+ η(M‖W (kη)‖γ +B) + εσ‖B(t)−B(kη)‖

+ ε‖Lα(t)− Lα(kη)‖.

For γ < 1, using that ‖W (s)−W (kη)‖γ ≤ ‖W (s)−W (kη)‖+ 1, we get:

‖W (t)−W (kη)‖ ≤
∫ t

kη

M‖W (s)−W (kη)‖ds+ η(M‖W (kη)‖γ +B +M)

+ εσ sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖+ ε sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖.

Then the Gronwall lemma gives:

sup
t∈[kη,(k+1)η]

‖W (t)−W (kη)‖ ≤eMη
[
η(M‖W (kη)‖γ +B +M) + εσ sup

t∈[kη,(k+1)η]

‖B(t)−B(kη)‖

+ ε sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖
]
.

Hence,

max
0≤k≤K−1

sup
t∈[kη,(k+1)η]

‖W (t)−W (kη)‖ ≤eMη
[
η(M max

0≤k≤K−1
‖W (kη)‖γ +B +M)

+ εσ max
0≤k≤K

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖

+ ε max
0≤k≤K−1

sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖
]
.

By Lemma 7.1 in [1], Lemma S4 in [2] and Markov’s inequality, for any u > 0, we have:

P[ max
0≤k≤K−1

‖W (kη)‖γ ≥ u] ≤ E[max0≤k≤K−1 ‖W (kη)‖γ ]

u
≤ C1(Kη(dε+ 1) + 1)γ

u
,

where C1 is a constant independent of K, η, ε and d. By Lemma S3, we have:

P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u] ≤ 1−
(

1− Cde−u
2/(dη)

)K
and

P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ u] ≤ 1−
(

1− Cαd1+α/2ηu−α
)K

.

2



Finally, we get:
P[(W (η), . . . ,W (Kη)) ∈ Bc] ≤P[ max

0≤k≤K−1
sup

t∈[kη,(k+1)η]

‖W (t)−W (kη)‖ > ξ]

≤P[eMηηM max
0≤k≤K−1

‖W (kη)‖γ ≥ ξ/4]

+ P[eMηη(B +M) ≥ ξ/4]

+ P[eMη max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ (εσ)−1ξ/4]

+ P[eMη max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ ε−1ξ/4]

≤C1(Kη(dε+ 1) + 1)γeMηMη

ξ
+ 1−

(
1− Cde−ξ

2e−2Mη(εσ)−2/(16dη)
)K

+ 1−
(

1− Cαd1+α/2ηeαMηεαξ−α
)K

.

Now we prove the following lemma.
Lemma S2. There exist constants C and Cα such that:

max
k∈[0,...,K−1]

P[ sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u] ≤ Cde−cu
2/(dη).

max
k∈[0,...,K−1]

P[ sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ u] ≤ Cαd1+α/2ηu−α.

Proof. To prove the results, we begin with the known results for Brownian motion and α-stable Lévy motion:

P[|[B(1)]i| ≥ u] ≤ Ce−u
2

,

P[|[Lα(1)]i| ≥ u] ≤ Cαu−α,
where C and Cα are positive constants, [B(1)]i and [Lα(1)]i denote the i-th component of the motions respectively, for
i from 1 to d. By reflection principle for Brownian motion and α-stable Lévy motion, we have

P[ sup
t∈[kη,(k+1)η]

|[B(t)−B(kη)]i| ≥ u] ≤ 2P[|[B(η)]i| ≥ u] = 2P[|[B(1)]i| ≥ u/η1/2],

P[ sup
t∈[kη,(k+1)η]

|[Lα(t)− Lα(kη)]i| ≥ u] ≤ 2P[|[Lα(η)]i| ≥ u] = 2P[|[Lα(1)]i| ≥ u/η1/α].

Since supt∈[kη,(k+1)η] ‖B(t)−B(kη)‖2 ≤
∑d
i=1 supt∈[kη,(k+1)η] |[B(t)−B(kη)]i|2, we have

P[ sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u] =P[ sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖2 ≥ u2]

≤
d∑
i=1

P[ sup
t∈[kη,(k+1)η]

|[B(t)−B(kη)]i|2 ≥ u2/d]

≤
d∑
i=1

2P[|[B(1)]i| ≥ u/(dη)1/2]

≤2Cde−u
2/(dη).

Similarly, we have

P[ sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ u] ≤
d∑
i=1

2P[|[Lα(1)]i| ≥ u/(d1/2η1/α)]

≤2Cαd
1+α/2ηu−α.

The constants C and Cα do not depend on k, hence we have the conclusion.
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Lemma S3. The following estimates hold:

P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u] ≤ 1−
(

1− Cde−u
2/(dη)

)K
P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ u] ≤ 1−
(

1− Cαd1+α/2ηu−α
)K

.

Proof. We have
P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u] =1− P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ < u]

=1−
K−1∏
k=0

P[ sup
t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ < u]

=1−
K−1∏
k=0

(
1− P[ sup

t∈[kη,(k+1)η]

‖B(t)−B(kη)‖ ≥ u]
)

≤1−
K−1∏
k=0

(
1− Cde−u

2/(dη)
)

=1−
(

1− Cde−u
2/(dη)

)K
.

Similarly, we have

P[ max
k∈[0,...,K−1]

sup
t∈[kη,(k+1)η]

‖Lα(t)− Lα(kη)‖ ≥ u] ≤1−
(

1− Cαd1+α/2ηu−α
)K

.

Lemma S4. Suppose that assumptions A3 and A4 hold. Then, for any δ > 0, we have:

P[(W (η), . . . ,W (Kη)) ∈ A]− δ ≤ P[(Ŵ (η), . . . , Ŵ (Kη)) ∈ A] ≤ P[(W (η), . . . ,W (Kη)) ∈ A] + δ,

provided that

0 < η ≤ min
{

1,
m

M2
,
( δ2

2K1t2

) 1
γ2+2γ−1

,
( δ2

2K2t2

) 1
2γ

,
( δ2

2K3t2

) α
2γ

,
( δ2

2K4t2

) 1
γ
}
,

Proof. By optimal coupling between two probability measure ([3], Theorem 5.2), there exists a coupling M of
(W (s))0≤s≤Kη and (Ŵ (s))0≤s≤Kη such that

PM[(W (s))0≤s≤Kη 6= (Ŵ (s))0≤s≤Kη] = ‖µKη − µ̂Kη‖TV ,
where TV denotes the total variation distance. By Pinsker’s inequality, we also have

‖µKη − µ̂Kη‖2TV ≤
1

2
KL(µ̂Kη, µKη).

Then,
PM[(W (η), . . . ,W (Kη)) 6= (Ŵ (η), . . . , Ŵ (Kη))] ≤PM[(W (s))0≤s≤Kη 6= (Ŵ (s))0≤s≤Kη]

≤
(1

2
KL(µ̂Kη, µKη)

)1/2
.

From the following inequalities

PM[(W (η), . . . ,W (Kη)) ∈ A]− PM[(W (η), . . . ,W (Kη)) 6= (Ŵ (η), . . . , Ŵ (Kη))] ≤ PM[(Ŵ (η), . . . , Ŵ (Kη)) ∈ A]

PM[(Ŵ (η), . . . , Ŵ (Kη)) ∈ A] ≤ PM[(W (η), . . . ,W (Kη)) ∈ A] + PM[(W (η), . . . ,W (Kη)) 6= (Ŵ (η), . . . , Ŵ (Kη))],

we arrive at

P[(W (η), . . . ,W (Kη)) ∈ A]−
(1

2
KL(µ̂Kη, µKη)

)1/2
≤ P[(Ŵ (η), . . . , Ŵ (Kη)) ∈ A]

P[(Ŵ (η), . . . , Ŵ (Kη)) ∈ A] ≤ P[(W (η), . . . ,W (Kη)) ∈ A] +
(1

2
KL(µ̂Kη, µKη)

)1/2
.

By Theorem 3, we have the desired inequalities.
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S3 Proof of Theorem 3

S3.1 A Girsanov-Type Change of Measures

In this section we will derive a Girsanov-type change of measure [4, 5] for the SDE considered in (6). Let P denote the
law of W (t) and Q be an equivalent measure defined by

dQ
dP

∣∣∣
FT

= exp

(∫ T

0

φtdBt −
1

2

∫ T

0

φ2tdt

)
, (S1)

where FT denotes the filtration upto time T . Then the processBφ defined byBφ(t) = B(t)−
∫ t
0
φsds is a Q-Brownian

motion. With the choice of φt given in A2, we see that W satisfies dW (t) = b(W )dt+ εσdBφ(t) + εdLα(t). Since
this equation has a unique solution (constructed explicitly with the Euler scheme), we conclude that W has the same
law under Q as Ŵ under P.

We thus have:

KL(µ̂t, µt) = KL(Pt,Qt) = EP
[
log

dP
dQ

∣∣∣
Ft

]
=

1

2ε2σ2
EP
[∫ t

0

‖b(Ŵ ) +∇f(Ŵ (s))‖2ds

]
(S2)

By using the same steps of the proof of [6][Lemma 3.6], we obtain

KL(µ̂t, µt) =
1

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E‖∇f(Ŵ (s))−∇f(Ŵ (jη))‖2 ds (S3)

≤ M2

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E‖Ŵ (s)− Ŵ (jη)‖2γ ds. (S4)

S3.2 KL Bound for the Discretized Process

Theorem S1. Under assumptions A3 and A4 we have, for 0 < η ≤ min{1, mM2 },

KL(µ̂t, µt) ≤
M23γ

2ε2σ2
kη

(
CM2γη2γ

(
E‖Ŵ (0)‖2γ

2

+
k − 1

2

(
(2η(b+m))γ

2

+ 2γ
2

(ηB)2γ
2

+ ε2γ
2

η
2γ2

α d
(22γ

2

Γ((1 + 2γ2)/2)Γ(1− 2γ2/α)

Γ(1/2)Γ(1− γ2)

)
+ ε2γ

2

ηγ
2

d
(

2γ
2

Γ
(

2γ2+1
2

)
√
π

))
+
B2

M2

)
+ (εη1/α)2γd2γ

(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
+ (εη1/2)2γd2γ

(
2γ

Γ
(
2γ+1

2

)
√
π

))
≤K1k

2η1+2γ+γ2

+K2kη
1+2γ +K3kη

1+ 2γ
α +K4kη

1+γ ,

where

K1 ,
CM2+2γ3γ

ε2σ2
max

{
(2(b+m))γ

2

, 2γ
2

B2γ2

, ε2γ
2

d
(22γ

2

Γ((1 + 2γ2)/2)Γ(1− 2γ2/α)

Γ(1/2)Γ(1− γ2)

)
,

ε2γ
2

d
(

2γ
2

Γ
(

2γ2+1
2

)
√
π

))}
,

K2 ,
CM2+2γ3γ

2ε2σ2

(
E‖Ŵ (0)‖2γ

2

+
B2

M2

)
,

K3 ,
M23γε2γ−2d2γ

2σ2

(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
,

K4 ,
M23γε2γ−2d2γ

2σ2

(
2γ

Γ
(
2γ+1

2

)
√
π

)
.
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Proof. Let us consider the term Ŵ (s)− Ŵ (jη), for s ∈ [jη, (j + 1)η]:

Ŵ (s)− Ŵ (jη) = −(s− jη)∇f(Ŵ (jη)) + ε(Ls − Ljη) + ε(Bs −Bjη) (S5)

, T1 + T2 + T3 (S6)

Using this equation and (S4), we obtain:

KL(µ̂t, µt) ≤
M2

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E‖T1 + T2 + T3‖2γ ds (S7)

≤ M2

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E
(
‖T1 + T2 + T3‖2

)γ
ds (S8)

≤ M2

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E
(

3‖T1‖2 + 3‖T2‖2 + 3‖T3‖2
)γ

ds (S9)

≤ M23γ

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E
(
‖T1‖2γ + ‖T2‖2γ + ‖T3‖2γ

)
ds (S10)

where (S9) is obtained from (a+ b)γ ≤ aγ + bγ since γ ∈ (0, 1) and a, b ≥ 0.

Since 2γ > 1, we have by Lemma S6

E‖T2‖2γ =E‖ε(s− jη)1/αLα(1))‖2γ

≤(εη1/α)2γE‖Lα(1)‖2γ

≤(εη1/α)2γd2γ
(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
,

and by Corollary S1,

E‖T3‖2γ =E‖ε(s− jη)1/2B(1))‖2γ

≤(εη1/2)2γE‖B(1)‖2γ

≤(εη1/2)2γd2γ

(
2γ

Γ
(
2γ+1

2

)
√
π

)
,

By definition, we have

E‖T1‖2γ = E‖(s− jη)∇f(Ŵ (jη))‖2γ (S11)

≤ η2γE‖∇f(Ŵ (jη))‖2γ (S12)

≤ η2γE(M‖Ŵ (jη)‖γ +B)2γ (S13)

≤ CM2γη2γE

(
‖Ŵ (jη)‖γγ +

( B1/γ

M1/γ

)γ)2γ

(S14)

≤ CM2γη2γE

(
‖Ŵ ′(jη)‖γγ

)2γ

(S15)

where we used the equivalence of `p-norms and Ŵ ′(jη) is the concatenation of Ŵ (jη) and B1/γ

M1/γ . We then obtain

E‖T1‖2γ ≤ CM2γη2γE‖Ŵ ′(jη)‖2γ
2

γ (S16)

≤ CM2γη2γE‖Ŵ ′(jη)‖2γ
2

2γ2 (S17)

= CM2γη2γE
(
‖Ŵ (jη)‖2γ

2

2γ2 +
B2

M2

)
(S18)

≤ CM2γη2γ
(
E‖Ŵ (jη)‖2γ

2

+
B2

M2

)
. (S19)
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By combining the above inequalities and Lemma S8, we obtain

KL(µ̂t, µt) ≤
M23γ

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

E
(
‖T1‖2γ + ‖T2‖2γ + ‖T3‖2γ

)
ds

≤M
23γ

2ε2σ2

k−1∑
j=0

∫ (j+1)η

jη

(
CM2γη2γ

(
E‖Ŵ (0)‖2γ

2

+ j
(

(2η(b+m))γ
2

+ 2γ
2

(ηB)2γ
2

+ ε2γ
2

η
2γ2

α d
(22γ

2

Γ((1 + 2γ2)/2)Γ(1− 2γ2/α)

Γ(1/2)Γ(1− γ2)

)
+ ε2γ

2

ηγ
2

d
(

2γ
2

Γ
(

2γ2+1
2

)
√
π

))
+
B2

M2

)
+ (εη1/α)2γd2γ

(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
+ (εη1/2)2γd2γ

(
2γ

Γ
(
2γ+1

2

)
√
π

))
ds

=
M23γ

2ε2σ2
kη

(
CM2γη2γ

(
E‖Ŵ (0)‖2γ

2

+
k − 1

2

(
(2η(b+m))γ

2

+ 2γ
2

(ηB)2γ
2

+ ε2γ
2

η
2γ2

α d
(22γ

2

Γ((1 + 2γ2)/2)Γ(1− 2γ2/α)

Γ(1/2)Γ(1− γ2)

)
+ ε2γ

2

ηγ
2

d
(

2γ
2

Γ
(

2γ2+1
2

)
√
π

))
+
B2

M2

)
+ (εη1/α)2γd2γ

(22γΓ((1 + 2γ)/2)Γ(1− 2γ/α)

Γ(1/2)Γ(1− γ)

)
+ (εη1/2)2γd2γ

(
2γ

Γ
(
2γ+1

2

)
√
π

))
.

By defining the constants K1,K2,K3 and K4 as in the statement of the Theorem, we directly have the conclusion.

S3.3 Proof of Theorem 3

Proof. By Theorem S1, we have

KL(µ̂t, µt) ≤K1k
2η1+2γ+γ2

+K2kη
1+2γ +K3kη

1+ 2γ
α +K4kη

1+γ .

We can easily check that, for example, if 0 < η ≤
(

δ2

2K1t2

) 1
γ2+2γ−1 , thenK1k

2η1+2γ+γ2 ≤ δ2

2 . By the same arguments,
we finally have

KL(µ̂t, µt) ≤
δ2

2
+
δ2

2
+
δ2

2
+
δ2

2

=2δ2.

This finalizes the proof.

S4 Technical Results

Lemma S5. Under assumptions A3 and A4 we have

‖∇f(w)‖ ≤M‖w‖γ +B, ∀w ∈ Rd.

Proof. By assumption A3 we have

‖∇f(w)−∇f(0)‖ ≤M‖w − 0‖γ .

Since ‖∇f(0)‖ ≤ B by assumption A4, the conclusion follows.
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The next lemma is the result on the moments of the noise Lα(1).

Lemma S6. The quantity E‖Lα(1)‖λ is finite for 0 ≤ λ < α. For details, we have

(a) If 1 < λ < α, then

E‖Lα(1)‖λ ≤ dλ
(2λΓ((1 + λ)/2)Γ(1− λ/α)

Γ(1/2)Γ(1− λ/2)

)
.

(b) If 0 ≤ λ ≤ 1, then

E‖Lα(1)‖λ ≤ d
(2λΓ((1 + λ)/2)Γ(1− λ/α)

Γ(1/2)Γ(1− λ/2)

)
.

Proof. This is exactly Corollary S3 in [2].

For the moments of the noise B(1), we first have the following lemma.
Lemma S7. Let X be a scalar standard Gaussian random variable. Then, for λ > −1, we have

E(|X|λ) = 2λ/2
Γ
(
λ+1
2

)
√
π

,

where Γ denotes the Gamma function.

Proof. The result is a direct consequence of equation (17) in [7].

Corollary S1. The quantity E‖B(1)‖λ is finite for λ > −1. For details, we have

(a) If 1 < λ < α, then

E‖B(1)‖λ ≤ dλ
(

2λ/2
Γ
(
λ+1
2

)
√
π

)
.

(b) If 0 ≤ λ ≤ 1, then

E‖B(1)‖λ ≤ d

(
2λ/2

Γ
(
λ+1
2

)
√
π

)
.

Proof. Since B(1), by definition, is a d-dimensional vector whose components are i.i.d standard Gaussian random
variable Bi(1) for i ∈ {1, . . . , d}, we have

‖B(1)‖ ≤
d∑
i=1

|Bi(1)|

(a) 1 < λ < α. By using Minkowski’s inequality and Lemma S7,

(E‖B(1)‖λ)1/λ ≤
(
E
[( d∑

i=1

|Bi(1)|
)λ])1/λ

≤
d∑
i=1

(E|Bi(1)|λ)1/λ

=d

(
2λ/2

Γ
(
λ+1
2

)
√
π

)1/λ

.

Thus, we have

E‖B(1)‖λ ≤ dλ
(

2λ/2
Γ
(
λ+1
2

)
√
π

)
.

8



(b) 0 ≤ λ ≤ 1.

E‖B(1)‖λ ≤E
[( d∑

i=1

|Bi(1)|
)λ]

≤
d∑
i=1

E|Bi(1)|λ

=d

(
2λ/2

Γ
(
λ+1
2

)
√
π

)
.

Lemma S8. For 0 < η ≤ m
M2 and s ∈ [jη, (j + 1)η), we have the following estimates:

(a) If 1 < λ < α then

E‖Ŵ (jη)‖λ ≤

((
E‖Ŵ (0)‖λ

) 1
λ

+ j
(

(2η(b+m))
1
2 + 2

1
2 ηB + εη

1
α d
(2λΓ((1 + λ)/2)Γ(1− λ/α)

Γ(1/2)Γ(1− λ/2)

) 1
λ

+ εη
1
2 d
(

2λ/2
Γ
(
λ+1
2

)
√
π

) 1
λ
))λ

.

(b) If 0 ≤ λ ≤ 1 then

E‖Ŵ (jη)‖λ ≤E‖Ŵ (0)‖λ + j
(

(2η(b+m))
λ
2 + 2

λ
2 (ηB)λ + ελη

λ
α d
(2λΓ((1 + λ)/2)Γ(1− λ/α)

Γ(1/2)Γ(1− λ/2)

)
+ ελη

λ
2 d
(

2λ/2
Γ
(
λ+1
2

)
√
π

))
.

Proof. The proof technique is similar to [2]. Let us denote the value E‖Lα(1)‖λ by lα,λ,d < ∞ and the value
E‖B(1)‖λ by bλ,d <∞. Starting from

Ŵ ((j + 1)η) = Ŵ (jη)− η∇f(Ŵ (jη)) + εη
1
αLα(1) + εη

1
2B(1),

we have either, by Minkowski, for λ > 1,(
E‖Ŵ ((j + 1)η)‖λ

) 1
λ ≤

(
E‖Ŵ (jη)− η∇f(Ŵ (jη))‖λ

) 1
λ

+ εη
1
α

(
E‖Lα(1)‖λ

) 1
λ

+ εη
1
2

(
E‖B(1)‖λ

) 1
λ

, (S20)

or for 0 ≤ λ ≤ 1),

E‖Ŵ ((j + 1)η)‖λ ≤ E‖Ŵ (jη)− η∇f(Ŵ (jη))‖λ + ελη
λ
αE‖Lα(1)‖λ + ελη

λ
2 E‖B(1)‖λ. (S21)

Consider the first term on the right side:

‖Ŵ (jη)− η∇f(Ŵ (jη))‖λ = ‖Ŵ (jη)− η∇f(Ŵ (jη))‖2×λ2

=
(
‖Ŵ (jη)‖2 − 2η〈Ŵ (jη),∇f(Ŵ (jη)〉+ η2‖∇f(Ŵ (jη)‖2

)λ
2

≤
(
‖Ŵ (jη)‖2 − 2η(m‖Ŵ (jη)‖1+γ − b) + η2(2M2‖Ŵ (jη)‖2γ + 2B2)

)λ
2

, (S22)

where we have used assumption A5 and Lemma S5. For 0 < η ≤ m
M2 ,

2ηm(‖Ŵ (jη)‖1+γ + 1) ≥ 2η2M2‖Ŵ (jη)‖2γ . (since 1 + γ > 2γ and ηm > η2M2)

Using this inequality we have

‖Ŵ (jη)− η∇f(Ŵ (jη))‖λ ≤
(
‖Ŵ (jη)‖2 + 2η(b+m) + 2η2B2

)λ
2

≤ ‖Ŵ (jη)‖λ + (2η(b+m))
λ
2 + 2

λ
2 (ηB)λ. (S23)

9



Consider the case where λ > 1. By (S20) and (S23),(
E‖Ŵ ((j + 1)η)‖λ

) 1
λ ≤

(
E‖Ŵ (jη)‖λ + (2η(b+m))

λ
2 + 2

λ
2 (ηB)λ

) 1
λ

+ εη
1
α

(
E‖Lα(1)‖λ

) 1
λ

+ εη
1
2

(
E‖B(1)‖λ

) 1
λ

≤
(
E‖Ŵ (jη)‖λ

) 1
λ

+ (2η(b+m))
1
2 + 2

1
2 ηB + εη

1
α l

1
λ

α,λ,d + εη
1
2 b

1
λ

λ,d

≤
(
E‖Ŵ (0)‖λ

) 1
λ

+ (j + 1)
(

(2η(b+m))
1
2 + 2

1
2 ηB + εη

1
α l

1
λ

α,λ,d + εη
1
2 b

1
λ

λ,d

)
.

For the case where 0 ≤ λ ≤ 1, by (S21) and (S23),

E‖Ŵ ((j + 1)η)‖λ ≤ E‖Ŵ (jη)‖λ + (2η(b+m))
λ
2 + 2

λ
2 (ηB)λ + ελη

λ
α lα,λ,d + ελη

λ
2 bλ,d

≤ E‖Ŵ (0)‖λ + (j + 1)
(

(2η(b+m))
λ
2 + 2

λ
2 (ηB)λ + ελη

λ
α lα,λ,d + ελη

λ
2 bλ,d

)
.

By using Lemma S6 and Corollary S1, we have the desired results.

S5 Details of the Simulations

We run the experiments for different values of the other parameters of the problem. The detailed settings of the
parameters are as follows.

Figure 2(a) d = 10, α ∈ {1.2, 1.4, 1.6, 1.8}, ε = 0.1, σ = 1, a = 4× 10−4.

Figure 2(b) d = 10, α ∈ {1.2, 1.4, 1.6, 1.8}, ε ∈ {10−3, 10−2, 10−1, 10}, σ = 1, a = 4× 10−6.

Figure 2(c) d = 10, α ∈ {1.2, 1.4, 1.6, 1.8}, ε = 0.1, σ ∈ {10−2, 10−1, 1, 10}, a = 4× 10−5.

Figure 2(d) d ∈ {10, 40, 70, 100}, α ∈ {1.2, 1.4, 1.6, 1.8}, ε = 0.1, σ = 1, a = 4× 10−4.

S6 First Exit Times of Non-linear Dynamical Systems in Rd Perturbed by Multifractional
Lévy Noise [8]

In this paper, the authors study a dynamical system which is perturbed by a d-dimensional Lévy process with αi-stable
components. The authors investigate the exit behavior of the system from a domain G in the small noise limit and they
prove that the system exits from the domain in the direction of the process with smallest αi. The main results of the
paper are presented in Theorem 1, Proposition 1, Proposition 2 of the paper.
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