A Matrix Estimation Literature Review

Over the past decade, matrix estimation has spurred tremendous theoretical and empirical research
across numerous fields, including recommendation systems (cf. [38} (39, 42| 28| 25/ 40, 23| 144 30]),
social network analysis (cf. [3}4} 15, 12, 34]), and graph learning (graphon estimation) (cf. [8} 155}
21, 20]]). Traditionally, the end goal is to recover the underlying mean matrix from an incomplete
and noisy sampling of its entries; the quality of the estimate is often measured through the Frobenius
norm. Further, entry-wise independence and sub-gaussian noise is typically assumed. A key property
of many matrix estimation methods is that they are model agnostic (i.e., the de-noising procedure
does not change with the noise assumptions). We advance state-of-art for HSVT, a specific matrix
estimation method, by: (i) analyzing its error with respect to the ||-||2, oo matrix norm; (ii) allow for
a broader class of noise distributions (e.g., sub-exponential). Such generalizations are necessary to
enable the various applications detailed in Section [f]

B Applications

Throughout this section, N, n,p,Y, 5*, A, X, Z, and 2, will be as in Section[2] Recall that A €
RNV*P denotes the underlying covariate matrix, where its entries are assumed to be bounded by
T" (Property . Recall, X € RY*? is a random matrix with independent rows and the (i, j)-th
element X;; has expected value equal to A;; (Property . Z is then the masked version of X,
denoting the observed, corrupted covariate matrix; here, the (4, j)-th element Z;; = X;; is observed
with probability p and Z;; = % is unobserved with probability 1 — p (Property . The (noisy)
response vector is denoted by Y € RY and is equal in expectation to A3* (Property . Finally,
Q) € [N] represents the training set of size n; thus, Y* € R™ denotes the elements of Y that are
observed, while Z® € R"™*P represents the observed covariates corresponding to the observed
responses.

For each application, we first introduce the required the mathematical notation to formally describe the
problem and second, show how the results in the preceding sections immediately provide meaningful
finite sample analyses.

B.1 Synthetic Control

Problem formulation. Synthetic control is a popular method for comparative case studies and policy
evaluation in econometrics to predict a counterfactual for a unit of interest after its exposure to a
treatment. To do so, a synthetic treatment unit is constructed using a combination of so-called “donor”
units. Proposed by [2], it has been analyzed in [[1L1], [[1], [32], [35], [14], [L3]. A canonical example
is in [[1]], where the unit of interest is California, the donor pool is all other states in the U.S., and the
treatment is Proposition 99; the goal is to isolate the effect of Proposition 99 on cigarette consumption
in California. In other words, to evaluate the treatment effect, synthetic control methods estimate the
unobservable counterfactual (tobacco consumption in the absence of Proposition 99 in the example
above) for the target unit using observations from the donor units, which are assumed to be unaffected
by the treatment.

More generally, both the target unit and each donor unit is associated with a time series over [N
periods (e.g., a time series of monthly cigarette consumption for each U.S. state in the example above).
Let p denote the number of donors. Suppose the intervention occurs at time n, where 1 <n < N.
We will refer to the pre- and post- intervention periods as the time periods prior to and after the
intervention point, and denote {2 = [n] as the pre-treatment indices.

Let A € RV*P represent the true utilities of the p donor units across the entire time horizon N
hence, A. ; € RY represents the time series over N periods for donor j € [p]. Rather than observing
A, we are given access to Z € RN*P g sparse, noisy instantiation of A.

For every ¢ € [N], let Y; denote the noisy utility of the target unit in the absence of intervention.
However, since the target unit experiences treatment for all time instances n < 7 < N, we only
have access to a noisy version of the target unit’s utility for the pre-intervention period, i.e., we only
observe Y = [V;] for i € [n]. We will denote ED/J) as the true, latent utility for the target unit if the
intervention never occurred. Hence, given data (Y**, Z), the aim is to recover E[Y]. Please refer to
Figure|l|for a graphical overview of the setup of the problem.

12



—
Y Zn  Zip son Zyp | time 1
Y Zo1 % Zap | time2
Pre-intervention —
YSZ
— Z
Y. Zn1  Zn2 * time n
?
Post-intervention — 0
*  Zn2 ZNp | timeN
target unit donor 1 donor 2 T donor p

Figure 1: Caricature of observed data (Y2, Z) for synthetic control (with %+ denoting unobserved data in
the donor matrix). Here, “?” represents the counterfactual observations for the target unit in the absence of
intervention.

How it fits our framework. We now motivate applying PCR to this problem by arguing that: (i) A
is (approximately) low-rank; (ii) a linear relationship exists between the target units and the donor
units (i.e., why linear regression is justified).

Why is A low-rank? A natural generalization of the typical factor model, which is commonly utilized
in the Econometrics literature (cf. [2]], [[1]), is the generic latent variable model (LVM). LVMs are
known to be general nonlinear models that capture complex latent structures in various applications.
Let A’ = [A};] € RNV*(T1) be the concatenation of A with the vector of underlying utilities for the
target unit, E[Y]. In particular, let A’ ; = E[Y'] represent the true utility vector for the target unit,
andlet A’ ; = A ; forall j € [p] denote the true utilities for the donor pool. Thus, A’ represents the
matrix of mean utlhtles for all p + 1 units (target unit and donor pool) in the absence of intervention.
If the underlying matrix A’ is generated as per a LVM, then

Al = g(03, pj). (8)

Here, 0; € R% and p; € R% are latent feature vectors capturing unit and time specific information,
respectively, for some dy,ds > 1; and the latent function g : R4 x R%2 — R captures the model
relationship. If g is “well-behaved” (i.e. Lipschitz) and the latent spaces are compact, then it can be
seen that A’ (and consequently A) is approximately low-rank. This is made more rigorous by the
following proposition.

Proposition B.1 (Proposition 2.1 of [10]) Let A’ satisfy ®). Let g be an L-Lipschitz function with
0; € [0,1]% and p; € [0,1]% foralli € [N) and j € {0,...,p}. Then, for any § > 0, there exists a
low-rank matrix T of rankr < C' - §~ min(dy,d2) gych that

|A —T| <-4

max

Here, C is a constant that depends on the latent spaces ([0,1]%,[0,1]92), ambient dimensions
(d1,d2), and Lipschitz constant L.

Further theoretical justification of the LVM model comes from the celebrated result by cf. [9], which
states that a LVM is indued when the underling A’ is random and its rows/columns are exchangeable
Indeed, it has been shown empirically that many real-world data exhibit low-rank donor pool matrices
(e.g., see Figure 1 of [11] and Figure 3 of [10]]). Thus this (approximate) low-rank structure induced
by LVMs motivates why we make a low-rank assumption on A, the donor pool matrix.

Why use linear regression? Here, we justify the usage of linear regression by arguing that the target
unit is a linear combination of the donor units with high probability. This is made rigorous by the
following Proposition.

Proposition B.2 (Proposition 4.1 of [10]) Assume Property holds and that the rank of A’ is
bounded by r. Suppose the target unit is chosen uniformly at random amongst the p + 1 units;
equivalently, let the units be re-indexed as per some permutation chosen uniformly at random. Then,
with probability 1 — r/(p + 1), there exists a 8* € RP such that the target unit (represented by index
0) satisfies for all j € [N],

JO - Z Br
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Thus, under the low-rank property of A, the target unit is shown to be a linear combination of the
donor units with high probability. Assuming (without loss of generality) that target unit corresponds
to column index j = 0 of A’ (as described above), we can express the underlying utility of the target
unit as
ElYi] = Aéo =A;.p"

for all ¢ € [N] and some 8* € RP. Hence, in effect, observations generated via a generic latent
variable model (as per (8)), which encompass a large class of models, naturally fit within the synthetic
control framework.

Results. We now present the post-intervention prediction error, which is a corollary of Theorem 4.2
Here, we assume that the underlying covariate matrix A is low-rank.

Corollary B.1 Let the conditions of Theorem[4.2]and Proposition|B.2| hold. Then with probability at
least1 —r/(p+ 1),
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where Cy > 0 is a universal constant; C' = (1 + v+ T + K,)*; Co = CB? - T||3*||1 withC > 0
a universal constant; C(«) > 0 a constant that may depend on o« > 1; 7, is rth singular value of

true covariate matrix A; and Q% = E[HA\HIQMX]

B.2 Time Series Analysis

Problem formulation.

We follow the formulation in [7]]. Specifically, consider a discrete-time setting with ¢ € Z representing
the time index and f : Z — R representing the latent time series of interest. The underlying time
series is denoted as f = [f(¢)] forall ¢ € [T]. For each t € [T] and probability p € (0, 1], the random
variable X (¢) such that E[X (¢)] = f(¢) is observed. Under this setting, the objective of interest is to
accurately interpolate (impute) the 7" observations and forecast the evolution of the underlying time
series at time T + 1, i.e., given access to the time series X (¢) for ¢ € [T, our goal is to estimate f(t)
forallt € [T +1].

We focus on the case where f follows a Linear Recurrent Formulae (LRFﬂ LRFs have the following
form:

F)=> aft—1). )
1=1
LRFs admit a rich class of time series as seen by the following proposition.

Proposition B.3 (Proposition 5.2 in [7]) Let P,,,, be a polynomial of degree m,,. Then,
G
fi) = Z exp(ayt) - cos(2nwyt + ¢g) - P, (t)
g=1

admits a representation as in (). Further the order v of f(t) is independent of T, the number of
observations, and is bounded by

r S G(mmax + 1)(mmax + 2)7
where Mmax = MaXgeq Myg.
How it fits our framework. We motive why PCR works for this problem by first showing how

N,n,p,Y,5* A, X, Z are induced for the forecasting problem defined above for a LRF (refer to
@)). Let T'= N x p with p > r and n = T'. We then have

Y =[X(p),X(2p),...,X (T —p) €R"

'In the control systems literature, such f are known as Linear Time Invariant (LTT) systems.
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Figure 2: Caricature of the underlying time series f(t) for ¢ € [T'] generated as per a LRF model (described by
[@)) represented as a matrix vector product.

A = [Ayj] = [f((i = 1)p+ j)], where A € RM*(P~1

Z = [Zi] = [X((i — D)p+ §) - mij], where Z € RV*®=1 and 7;; ~ Bernoulli(p)

B*=10,0...,a1,...,a,] €RP7!
In words, A is a matrix of non-overlapping entries of the underlying, unobserved time series f.
Please refer to Figure 2] for a graphical depiction of the matrices/vectors induced by the latent time
series f. Z is analogously defined with respect to the noisy, sparse observations. 3* refers to the

(unobserved) coefficients that define the LRE. Y are observations within the time series we use as
response variables.

Results. It is easy to see that rank(A) < r. We can now immediately apply Theoremto bound
the overall imputation and forecast error under PCR.

Corollary B.2 Let the conditions of Theoremd.2 hold. Suppose the underlying time series f and
rank r are defined as in (9). Then,

1 T+1 N 2
E |77 (£ - 7)) ]
40°r C'log*(Tp) | oo (., (T2p+Tp)log*(Tp) 2~2 . [log(Tp)
< 2 7o Vg .
< HC@ T I (r + = )+ Car®a =2

where C' = (1 +~v+ T + K,)% Cy = CB?-T||3*||; with C > 0 a universal constant; C(a) > 0
a constant that may depend on o > 1; 7, is rth singular value of true covariate matrix A; and
0% = E[| A[2,-

max

B.3 Regression with Privacy

Problem formulation. With the increasing use of machine learning for critical operations, analysts
must maximize the accuracy of their predictions and simultaneously protect sensitive information
(i.e. covariates). An important notion of privacy is that of differential privacy; this requires that the
outcome of a database query cannot greatly change due to the presence or absence of any individual
data record (cf. [33] and references therein). More specifically, let § be a positive real number, D be
a collection of datasets, and A : D — im(.A) be a randomized algorithm that takes a dataset as input.
The algorithm A is said to provide J-differential privacy if, for all datasets D; and D5 in D that differ
on a single element, and all subsets S € im(.A), the following holds:

P(A(D1) € S) < exp(d) - P(A(D2) € 5), (10)

where the randomness lies in the algorithm. Thus, (I0) guarantees that little can be learned about any
particular record within the database.

One popular mechanism A to guarantee differential privacy is known as the Laplacian mechanism. In
this setting, noise is drawn from a Laplacian distribution and added to query responses. In particular,
introducing additive noise W ~ Laplace(0, Af/0) to any database query guarantees d-privacy (cf.
[33]] and references therein); here, Ay = maxp, p,ep|f(D1) — f(D2)|, where the maximum is
taken over all pairs of datasets D; and D5 in D differing in at most one element, and f : D — R4 is
a vector-valued function denoting the true, latent query response. We now describe how PCR can be
applied in the context of a differentially private framework.
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How it fits our framework. Let A denote the true, fixed database of N sensitive individual records
and p covariates. We consider the setting where an analyst is allowed to ask two types of queries of
the data: (1) f4 - querying for individual data records, i.e., A; . fori € [N]; (2) fy - querying for a
linear combination of an individual’s covariates, i.e. A;.3*. A typical example would be where A; .
is the genomic information for patient 7 and A; ./3* denotes patient ¢’s outcome for a clinical study.

In order to provide d-differential privacy, the Laplacian mechanism will return query responses with
additive Laplacian noise. For query type (1), let Z;; for j € [p],i € [N] by the returned response;
here, Z;; = A;j + n;; with probability p and Z;; = % with probability 1 — p, where 1, . = [1;;] for
Jj € [p] is independent Laplacian noise with the variance parameter proportional to Ay, /| For query
type (2), when an analyst queries for the response variable A; .3*, she observes Y; = A; .0* +¢;,
where ¢; is again independent Laplacian noise with variance parameter proportional to Ay, /6. We
note that the above setup naturally fits our framework since the Laplacian distribution belongs to the
family of sub-exponential distributions i.e. satisfying Property 2.3 with o = 1.

Finally, let Y denote the n noisy observed responses (e.g., corresponding to the outcomes of n
patient clinical trials), and let Z denote the noisy observed covariates (e.g., the collection of genomic
information of all IV patients). Ultimately, the goal in such a setup i is to accurately learn in- and
out-of-sample global statistics (e.g., having low MSEq (Y ) and MSE( ) respectively) about the data,
while preserving the individual privacy of the users.

Why is privacy preserved? It is worth highlighting that the de-noising step of the PCR algorithm
(i-e., applying HSVT to Z) does not compromise the SCCUI‘lty of any single data record. To begin,
Lemmal|5 - 1| demonstrates that the estimated covariate matrix A via HSVT achieves small average
{3, oo-error (column-squared error); hence, for instance, HSVT can accurately learn the average age
of all patients. However, this does not translate to accurately estimating the age of any particular
patient (i.e., corresponding to an entry-wise error bound). Similarly, Corollary [B.3](stated below),
establishes that PCR can estimate the vector AS* well on average, but not any particular element of
this vector. Hence, the privacy of any individual record is maintained while small average prediction
error is achieved.

Results. We now state the following theorem, which demonstrates the efficacy of PCR (with respect
to prediction) in the context of a differentially private framework.

Corollary B.3 Consider PCR with parameter k > 1. Let conditions of Theorem and Lemma
[.1) hold. Let 1;; be sampled independently from ~ Laplace(0, Ay, /d) fori € [N],j € [p]. Let
€; be sampled independently from ~ Laplace(0, Ay, /6). Let n = ©(N). Then, PCR preserves
d-differential privacy of A and AB*, and

o 4k (An T OC|B|I log® np ((n*p + np) log® np 6Hﬁ*ll
MSEq (V) < —.( 2 1 68713 45 4
Q( ) -n < 1) ) + np2 P2(Tk _ Tk+1)2 +k || ||2 ,00)

o\ 4
where C' = (1 +v+IT+ A%) and C' > 0 is an absolute constant.

Note test prediction error is bounded as in Theorem 4.2 without any change with r replaced by k for
PCR with parameter k£ > 1.

B.4 Regression with Mixed Valued Features

Problem formulation. Regression models with mixed discrete and continuous covariates are ubig-
uitous in practice. With respect to discrete covariates, a standard generative model assumes the
covariates are generated from a categorical distribution (i.e., a generalized Bernoulli distribution).
Formally, a categorical distribution for a random variable X is such that X has support in [G] and the

probability mass function (pmf) is given by P(X = g) = p, for g € [G] with 25:1 pig = 1.
For simplicity, we focus on the case where the regression is being done with a collection of Bernoulli

random variables (i.e., each X has support in {0, 1}). The extension to general categorical random
variables, in addition to continuous covariates, is straightforward and discussed below.

Note that an auxiliary benefit of our setup is that it allows for a significant fraction of the query response to
be masked, in addition to to the Laplacian noise corruption.
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A standard model in regression with Bernoulli random variables assumes that the response variable
is a linear function of the latent parameters of the observed discrete outcomes. Formally, A;. =

[p@,pg“, R S)] € RYXP, where pgi) for j € [p] is the latent Bernoulli parameter for the j-
th feature and i-th measurement. Further, the mean of the response variable satisfies E[Y;] =
p (i

=1 P jl) B;. Unfortunately, for each feature, we only get binary observations, i.e., X;; € {0,1}.

As an example, consider E[Y;] to be the expected health outcome of patient i. Let there be a
total of p possible observable binary symptoms (e.g., cold, fever, headache, etc.). Then A; . de-
notes the vector of (unobserved) probabilities that patient ¢ has some collection of symptoms (e.g.,
A;1 = P(patient ¢ has a cold), A;» = P(patient ¢ has a fever), .. .). However, for each patient, we
only observe the binary outcome of these symptoms (i.e., X;; = 1(patient ¢ has a cold), X;» =
1(patient 7 has a fever)), even though the response is linearly related with the underlying probabilities
of the symptoms. The objective in such a setting is to accurately recover AS3* given Y** and X.

Current practice for mixed valued features. A common practice for regression with categorical
variables is to build a separate regression model for every possible combination of the categorical
outcomes (i.e., to build a separate regression model conditioned on each outcome). In the healthcare
example above, this would amount to building 2P separate regression models corresponding to each
combination of the observed p binary symptoms. This is clearly not ideal for the following two major
reasons: (i) the sample complexity is exponential in p; (ii) we do not have access to the underlying
probabilities A; . (recall X; . € {0, 1}?), which is what we actually want to regress Y against.

How it fits our framework. Recall from Property[2.5]that the key structure we require of the covariate
noise 7;; is that E[;;] = 0. Now even though X;; € {0, 1}, it still holds that E[X,;] = p" = A,
which immediately implies E[n;;] = E[X;; — A;;] = 0. Further, 7;; is sub-Gaussian (o = 2)
since |7;;|< 1. Thus, the key conditions on the noise are satisfied for PCR to effectively (in the
[I||2,00-norm) de-noise X to recover the underlying probability matrix A; this, in turn, allows PCR

to produce accurate estimates A\B through regression, as seen by Theorem

Pleasingly, the required sample complexity grows with the rank of A (the inherent model complexity),
rather than exponentially in p. Further, the de-noising step allows us to regress against the estimated
latent probabilities rather than their “noisy", binary outcomes.

Extension from Bernoulli to general categorical random variables. Recall from above that a categori-
cal random variable has support in [G] for G € N. In this case, one can translate a categorical random
variable to a a collection of binary random variables using the standard one-hot encoding method. It
is worth highlighting that by using one-hot encoding, clearly 7;;, will not be independent of 7;;, for
any (j1,72) pair, which encodes the same categorical variable. However, from Property we only
require independence of the noise across rows, not within them. Thus this lack of independence is
not an issue. Further, the generalization to multiple categorical variables, in addition to continuous
covariates, is achieved by simply appending these features to each row and collectively de-noising
the entire matrix before the regression step.
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C Matrix and Vector Norm Definitions

In this section, we will define a series of matrix and vector norms. For any vector v = [v;] € R™ and
real number p > 1, we define the £,-norm of v as

n 1/p
[vll, = (ZIWI”) :

i=1

In particular, if p = 2, this corresponds to the Euclidean norm, i.e., [|[v[|3= Y_.", v7. Similarly, p = 1

yields |[v][y= ;" |vs] and p = oo yields max;e(y,)|v;|. Further, we define
[ollo= {7 : vi # 0}
as the number of nonzero elements of v.
For any matrix Q = [Q;;]™*", we define the Frobenius norm of Q as
mon 1/2
IRlr= > 05| .
i=1 j=1
and the spectral (operator) norm as

QI = omax(Q) = sup  [|Qu][2,

vil[v]l2=1
where 0.5 (Q) denotes the largest singular value of Q. We define the max-norm of Q as

Qllmax = ax |Qlj|

m
i€[m].j€n]

Finally, we denote the {3 o, mixed norm of Q as
n
2
Q = max E
” H2-,00 jem) pat sz

We now define an important class of random variables/vectors.

Definition C.1 For any o > 1, we define the o-norm of a random variable X as || X[, =
inf{t > 0 : Eexp(|X|*/t*) < 2} If || X||,, < oo, we call X a to-random variable. More
generally, we say X in R™ is a 1o-random vector if all one-dimensional marginals (X, v) are
o-random variables for any fixed vector v € R". We define the 1,-norm of the random vector
X € R"as || X||,,, = sup,esn—1 [(X,v)|l,, . where S ti={veR": v, =1}, (-,) usual
inner product. Note that o = 2 and oo = 1 represent the class of sub-gaussian and sub-exponential
random variables/vectors, respectively.

D Useful Theorems

D.1 Bounding 1/,-norm

Lemma D.1 Sum of independent sub-gaussians random variables.
Let X1, ..., X, be independent, mean zero, sub-gaussian random variables. Then 'y ;_, X; is also
a sub-gaussian random variable, and

3%
i=1

2 n
2
<CyoIXily,

v i=1

where C'is an absolute constant.

Lemma D.2 Product of sub-gaussians is sub-exponential.
Let X and 'Y be sub-gaussian random variables. Then XY is sub-exponential. Moreover,

XY Ny < 1, 1Y [, -
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D.2 Concentration Inequalities for Random Variables

Lemma D.3 Bernstein’s inequality.
Let X1, Xs,..., XN be independent, mean zero, sub-exponential random variables. Let S =
S Xi. Then for every t > 0, we have

t? t
P{|S| >t} < 2exp| —cmin 7
SN Xy, maxi [ Xy,

Lemma D.4 McDiarmid inequality.
Let x1, ..., x, be independent random variables taking on values in a set A, and let ¢y, . . ., cy, be
positive real constants. If ¢ : A™ — R satisfies

sup l(z1y ey @iy ) — P,y )] < c,
Ty, Tn, T, EA

forl < i <mn, then

9.2
P{|¢(x1""’mn)—E¢(I1,...,l‘n)|ZE}Sexp<2”2602).
i=1Ci

D.2.1 Upper Bound on the Maximum Absolute Value in Expectation

Lemma D.5 Maximum of sequence of random variables.
Let X1, Xo, ..., X, be a sequence of random variables, which are not necessarily independent, and

satisfy E[Xfp]ﬁ < Kpg for some K, B > 0 and all i. Then, for everyn > 2,

Emax | X;| < CK log? (n).

Remark D.1 Lemma|D.5|implies that if X1, ..., Xy, are ¢, random variables with || X;||y, < Kq
forall i € [n], then

E max |X;| < CK, log ™ (n).

D.3 Other Useful Lemmas

Lemma D.6 Perturbation of singular values (Weyl’s inequality).

Let A and B be two m X n matrices. Let k = m A n. Let \1, ..., g be the singular values of A
in decreasing order and repeated by multiplicities, and let 11, . . . , Ty, be the singular values of B in
decreasing order and repeated by multiplicities. Let 61, . . ., 0y, be the singular values of A — B, in

any order but still repeated by multiplicities. Then,

max |\, — 7;| < max |J;].
1<i<k 1<i<k

E Equivalence

E.1 Proof of Proposition 3.1]
Proof E.1 Using the orthonormality of U, V', we obtain
YPCRE _ 7 Vi _BPCR,k - 7. V.- (ZPCR,k,Q)f Y2
~ T

~U-S-VT.V,. ((Z~Vk.)9) YU S (U - 8- v

Uy Si- (U2 S)" - v? —U, T}, S, (U - v®

=U,- (UHT - Y (11)
Similarly,

YHSVI.k _ 7HSVIk _ﬁHSVT,k: _ gHSVLk (ZHSVT,k,Q)T Y2
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=U,- Sy Vk,T . ((Uk .Sy - VkT)Q)T el
:Uk-Sk-VkT-(Ug-Sk-%T)T-YQ
=Uk-Sk-VkT-Vk-Sk’1-(US)T~YQ

=U, - (UHT- Y™ (12)

From (1)) and (12)), we obtain YPCRE — }A/HSVT*kfor any k < N.

F Proof of Theorem

F.1 Background

Recall that the (a, b)-mixed norm of a matrix B € RV *? is defined as

1/b

» P N b/a
IBllap= | D_I1Bll ] = (> (ZBZ)
j=1

j=1 \i=1

1/b

We are interested in the (2, co)-mixed norm, which corresponds to the maximum ¢5 column norm:
N 1/2
|| Bl|2,00= max || B. ;||, = max B2 .
,O0 jE[p] 3J 112 jE[p] ; )

Lemma F.1 Let B be a real-valued n X p matrix and x a real-valued p dimensional vector. Let
q1,92 € [1,00] with 1/q1 + 1/q2 = 1. Then,

[Bzlly < [ll[4, [1Bll,q,-

Proof F.1 Using Holder’s Inequality, we have
n n
2 2 2 2 2
IBal3 = (Bi.,2)* <llzllg, > 1Bill;, = Iz, - 1BII3,,,-
i=1 i=1

F.2 Proof of Theorem 5.1l
Proof K.2 For simplicity of notation, let us define A = ZHSVTk AQ — ZHSVLEQ Dye 1o equiva-
lence relationship of Proposition between PCR and performing linear regression using A%, in
the remainder of the proof we shall focus on linear regression using AS. Per notation of Section
let BSVTE be the solution of linear regression using A and predicted response variables
YHSVIE — ZHSVLEGHSVLE - for simplicity, we will denote 3 = BPSVIF and Y = YHSVEE = Ap,
Recall, per our model specification in (T)), Y? = A%B* + ¢ + e. Now observe
~y A~ 2 ~y A~ 2 ~ A~
| A28 - v = ||A%5 - 4% + ||+ [1ell} - 2T (A%F - A%8") — 2T, (13)
2 2
On the other hand, the optimality ofﬁ (recall that B € arg min||A\QB —Y%3) yields
ey~ 2 N 2
|45 - ve]], < A% -]
2 2
~ 2 ~
— [[(A% = A%)5" + ||+ e} — 26T(A% - AT 2o, (14)
Combining (13) and (14) and taking expectations, we have

E| 425 - a2 +¢Hj < E[|(4% - 4% +¢HZ +2E[T A -6 (S)
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Let us bound the final term on the right hand side of (13). Under our independence assumptions (€ is
independent of H ), observe that

E[c" A%)3* = E[¢"|E[AY]B* = 0.

Recall that B = (XQ)TY = (XQ)TAQB* + (XQ)Te. Using the cyclic and linearity properties of the
trace operator (coupled with similar independence arguments), we further have

E[T A25] = E[T A%(A2)1 428" + E[T A2(A%) ]
— E[(|TE[A%(A))|A%5" + E[tr(gTA\Q(A\Q)TG)}
- E{Ir(ﬁﬂ(ﬁﬂ)TeeTﬂ - tr(E[Aﬂ(Aﬂ)T] : E[eeT]) < UQE{tr<A\Q(A\Q)T)}
= 02E[rank(A%)] < o2k, (16)

where the inequality follows from Property and the fact that rank of A2 is at most that of
A = ZHSVTE and which by definition at most k. Consider

|95 - A% + | = || 4% A% + 1013+ 267(A°B — a%"). a7

and
i - a0+ of - - a0
From (]E[), (]E) and @, the @b becomes

6l +267(A7 - A%, ()

EHAQB_ ARG z < EH(AQ e z + 202k
+2E|¢" (A7B — A?B7)|+2E[¢T ((A® — A?)8)|.  (19)
Now
6" (A5 — A%B")| < [|6]locl| A%B — A1, (20)

6T (A% — A%)5%)| < [[0]2[ (A% — A%)B*ls < Valld]laol (A% — AP [l 1)

From Lemma[F\with ¢; = 1 and g» = oo to obtain

A~ A < 16t max a2~ &%) = 15t BIA” - A% @)

J€lp]
Using 20), 1) and 22) in (19), we obtain

EHXQBf A%p"

2 —~ PN
, S 20%k+ I18°IFENA? — A%3 o +2Vn]| 0o 7], EN AT — A% 2,00

+2/|6]E| 425 - %"

1

Dividing by 1/n on both sides, using Jensen's inequality and fact that ||v||1 < \/nl|v||2 for allv € R™,
we obtain

1 A 9 952 *QEAQ_A\Q
n

2 n n

oo 15781 A% — 423
22 4 9]¢ |

1 0~ ~ 2
+2||¢oo\/nEHAﬂﬂ—Aﬂﬂ* R 23)

Let

1 A 2 252k “I2E|l A2 — A2 200 B 2EAQ—419200
ro Lefanganp|f, = 20 IOIEAN - B ) fIIEN Boe

n
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Then @23) can be viewed as x < y+ 2||¢|| o /x with both x,y > 0. Therefore, either v < 4||¢||cov/T
orx < 2y. Thatis, v < 16||¢||%, or x < 2y. That is, © < 2y + 16]|¢||%.. Replacing values of x,y
as above we obtain

11 e~ 2 402k 2|8 2EAQ_29200 B 2EAQ_A\Q2OO
7EHAQB_AQB* L 18 IIEll 12, 46 [1B*IIZEI 3, - 16]62,
n 2 n n n
402k 3|5 E[ A — A%|3
< c; L SUBIEl : 12, 2062,

where in the last inequality we have used the fact that for any x,y € R, 2xy < 2% + y2

G Bound on Spectral Norm of Random Matrix

Here we state and derive bound on the spectral norm of random matrix whose rows (or columns)
are generated independently per 1, -distribution for o > 1. The bounds we shall state and derive
(Theorem [G.T)) are not the sharpest possible. But they are sufficient for our purposes. Sharp bound
for « = 1 and o > 2 can be found in [6]] and [51] respectively. We provide the proof here for
completeness as well as ease of exposition.

G.1 Outline

We begin by presenting Proposition which holds for general random matrices W € RV*P. We
note that this result depends on two quantities: (1) |[EW”W || and (2) |W;.. [, foralli e [N].
We then instantiate W := Z — pA and present Lemmas [G.T] and [G.2] which bound (1) and (2),
respectively, for our choice of W. We state and prove Theore that will be crucial in establishing
properties of HSVT. The proofs of various results stated on the way will follow near the end of this
section.

Proposition G.1 Let W € RN*P be a random matrix whose rows W, . (i € [N]) are independent
Yo -random vectors for some o > 1. Then for any §; > 0,

W< [[EWT W[ + Cla) T 810 ma [ Wi, (1-+ (24 61) loa(Np) ) v/108(VP)

with probability at least 1 —
a.

2

NI Here, C(a) > 0 is an absolute constant that depends only on

Lemma G.1 Assume Property[2.4 holds. Then,
[EZ — pAY" (2~ pA)| < 1 - p) max | 4.3 + | EH H].

Lemma G.2 Assume Properties[2.1| 2.3] and 2.4 hold. Then for any o > 1 with which Property[2.3]
holds, we have

1Zi,. — pAi.|,, <C(Ka+T)  forall i€ [N],

where C' > 0 is an absolute constant.

G.2 Key Result: Theorem [G.1]
Now we state the main result.
Theorem G.1 Suppose Properties[2.1) 2.3 for some o > 1 and 2.4 hold. Then for any 5, > 0,
1Z = pA| < /Np/py? + (1= p)I?
+C(a)V/1+01y/p(Ka +T) (1 +(2+61) log(Np)) . V1og(Np)

2
N1+61p51 .

Proof G.1 The proof follows by plugging the results of Lemmas|G.1|and into Proposition
for W := Z — pA and applying Properties2.1|and[2.5]

with probability at least 1 — Here, C(«) is an absolute constant that depends only on c.
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G.3 Proof of Proposition [G.1]

Proof G.2 We prove the proposition in four steps.

Step 1: picking the threshold value. Let e;,...,e, € RP denote the canonical basi,ﬂ of RP.
Observe that HWZHg =W, Wl = ?:1 (Wi,.ej). Therefore, for any t > 0,

P{IWe 2> 1} =P 3 (W > 1]

Jj=1
(a) t
< ZP{ (W;..e;) 2 }
j=1
P ¢
ZP{|W &l >\f}
i=1 p

Yy Cla) )
S epexp | —U\Q) | ———— 5 )
p|Wi. 2@

where (a) uses the union bound and () follows from the definition of 1,-random vector (C () is an

absolute constant which depends only on o > 1). Choosing t = C'a C(a)_%pHWZ-’. ||ia ( 10g(2p))72*
for some C' > 1 gives

P{IW.l3 > CF et Aol Wil (e } < (5)

Applying the union bound, we obtain

(tog(zp) < N (50)

2 2 _2 2
p{ e IW I > 02 C() Fpmax [ W, 1,
For 6y > 0, we define C(61) £ 1+ (2 4 01) logy,(Np) and let C = C(61). Also, we define
to(d1) £ C(51)= Cla) = p maXHW I3, (log(2p))= .
We have

9 1\ (2+461) loga, (Np) 1
P{ ruax Wi I3 > t0(51)} < N(Zp) = NLTop2ih (24

Step 2: decomposing W by truncation. Next, given ;1 > 0, we decompose the random matrix
W as follows:
W =W?°(61) + W*(d)

where for each i € [N],
o 2 X 2
Wo@)i, = Wi L {IWi |} < to(0) ) and W*(a1)i, = Wi L{IWi. 13 > to(o1) } .

Then it follows that

W < [[We (1)l + |[W*(60)]| < IWe(b0)[| + ||[W*(61)]] - (25)

3Column vector representation
“4Recall that W;.. is arow vector and hence W;, W is a scalar.
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Step 3: bounding |[W*°(61)| and |W*(61)||z. We define two events for conditioning:

14 01

Ey(5)) = {|W°(51 I < [Ew W] + \/

B(52) = {|[W (6] = 0}. @

to(d1) log(Np)} (26)

First, given 61 > 0, we let $°(61) = EW®(6;)TW?°(61). By definition of W°(61), we have
Wi ll, < /to(d1) for alli € [N]. Then it follows that for every s > 0,

o o 1/2
W @)l < 2260 + s/t (61)
with probability at least 1 — pexp(—ch) (see Theorem 5.44 of [51]] and Egs. (5.32) and
(5.33) in reference, and replacing the common second moment ¥ = EWlTWZ with the av-
erage second moment for all rows, ¥ = % Zf\il EW;VVL., i'f" redefining ). Note that
[2°(61) ]| = ||[EW°(601)TW°(61)|| < |[EWTW ||. Now we define E(s) parameterized by s > 0

° to(él)} .

Ex(sin) = { W)l > [[EW W + 5

If we pick s = (% log(Np))l/ , then E1(8,) = E1(s;01) and
. 1
P(E1(61)°) < pexp(—cs®) = pexp (—(1+ 61) log(Np)) = Nt

Next, we observe that |W>*(01)||r = 0 if and only if W*(6;) = 0. If W*(61) # O, then
max; ey, ||WZ||§ > t0(01). Therefore,
1

P(£3) < N1+81p2+61

by the analysis in Step 1; see (24).

Step 4: concluding the proof. For any given §; > 0,

<||W|| > HEVVTVVHU2 \/1 +61t0(51)10g(Np) ‘ Eq1(61) ﬂE2(51)> =0

by @23)), @26), and 7). By the law of total probability and the union bound,

(nwn - Jewrw] ! ”%o@)logwp))

<P <||W|| > HEVVTVVHU2 \/1 Lz to(61) log(Np) ‘ Eq1(61) ﬂE2(51)>

+P(E1(0)°) + P (E2(6)°)

1 1
< N1+ 80 + N1+31 2461
< 2
= N1+oipo”

This completes the proof.

G.4 Proof of Lemma|[G.1|
Proof G.3 When Property[2.4 holds, then
E(Z - pA)'(Z - pA) = p(1 - p)diag(AT A) + p°E(X — A)T(X — A)
by [48, Lemma A.2]. Applying triangle inequality, we have
|E(Z — pAYI(Z — pA)|| < p(1 — p)|diag( AT A)| + p*[E(X — A)T(X — A)|
< p(1—p)max||A. ;|3 + p*|[EH" H].
j€lp]
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G.5 Proof of Lemmal[G.2]
G.5.1 Auxiliary Lemmas
Lemma G.3 Suppose that X € R"™ and P € {0, 1}" are random vectors. Then for any o > 1,

IX o Pl <IIX]l,.

Proof G.4 Given a deterministic binary vector Py € {0,1}", let Ip, = {i € [n] : Q; = 1}. Observe
that

X oPy= § eiel X.
i€1lp,

Here, o denotes the Hadamard product (entrywise product) of two matrices. By definition of the
Yo -norm,

||X||¢Q = S;lp HUTXH% = s;lp ) inf {t >0:Ex [eXp(|uTX|O‘/tO‘)} < 2} .
ue n—1 uesSn—

Let ug € S™ ! denote the maximum-achieving unit vector (such ug exists because inf{---} is
continuous with respect to w and S™ 1 is compact). Then,

XoP|, = TXoP
1o Ply, = swp [lu"XoP|,

= sup inf {t >0: EX7p{exp (|uTX oP|a/to‘)} < 2}
uES"fl

= sup inf{t>0:Ep[Ex{exp(|uTXoP|a/to‘) ’PH §2}

uesn—1

sup inf {t >0:Ep [EX {exp <‘uT S eie;pr’a/to‘) ’ PH < 2}

uesSn—1 iclp
T o
= sup inf t>O:Ep{EX{exp (‘(Zeiefu) X /ta> ‘PH <2,.
uesn-1 iclr

For any u € S"~! and Py € {0,1}", observe that

ex| o (|( 3 ewlu) x

i€lp

a/t"‘) ‘ p= PO] <Ey [exp (|ug’X|a/t°‘)]

Therefore, taking supremum over u, € S™ 1, we obtain
1X o P, < |IX]l,.-
Lemma G.4 Let X be a mean-zero, 1 .-random variable for some o > 1. Then for |\|< m
Eexp (AX) < exp (CA2||X|@a) .
Proof G.5 See [52], Section 2.7.

Lemma G.5 Let X1,...,X,, be independent random variables with mean zero. For o > 1,

n n 1/2
x| <o (z nxi@a) |
=1 Vo =1

Proof G.6 Immediate by Lemma|G.4)
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G.5.2 Proof of LemmalG.2]

Proof G.7 Let P € {0, 1}V *P denote a random matrix whose entries are i.i.d. random variables
that take value 1 with probability p and 0 otherwise. Note that Z; . = X; . o P;. when Property
is assumed and « is identified with 0. By triangle inequality,

1Zi,. — pAi.ll,, =IXi. 0P —pAi.l,
=[[(Xi. o P.) = (Aj. o Pi.) — pA; . + (Ai. o P )|,
<(Xi. = A )o P, +I(Ai.0P.) — pA; ], -

By definition of X, Property and Lemma we have that

(X, — Ai ) o Py, < (1 Xi. — Ailly,, = [

v < CKo.

Moreover, Propertyand the i.i.d. property of P;; for different j gives

H(Ai“ oP;.) — pA;. = sup

p
> ujAi(Pij = p)
=1

Yo ueSP—1 Yo
P 1/2
2
< swp (Zu§||Ai,j<Pi,j—p>||%)
ueSr—1 j=1

1/2
< (s Sudmadais?) 1P -,
J

ueSP—1
< TPy —plly, -

The first inequality follows from Lemma [G.5| the second inequality is immediate, and the last
inequality follows from Property Lastly, || Py — p||¢ < C because Py — p is a bounded

random variable in [—p,1 — p).

H Proof of Lemmal[5.1]

H.1 Outline

To bound the error in estimation of HSVT, Z#SVT:k with thresholding at kth singular value, and

underlying covariate matrix A with respect to ||-||2,cc matrix norm, we shall start by presenting
Lemma [H.1| which bounds || Z#SVT:* — A]|5 o as a function of few quantities. Next, we bound
these quantities with high probability in our setting through help of sequence of results including the
spectral norm bound stated in Theorem[G.T] We conclude the proof of Lemma[5.1|and subsequently
proofs of helper results on our way.

Notation. Consider a matrix B € RV *? such that B = Zjiqp oi(B)z;y}. With a specific choice
of A > 0, we can define a function 2 : RN — R¥ as follows: for any vector w € RY,

NAp

0B (w) = Z 1(0i(B) > Nzl w. (28)
i=1

Note that @f is a linear operator and it depends on the tuple (B, \); more precisely, the singular
values and the left singular vectors of B, as well as the threshold A. If A = 0, then we will adopt the
shorthand notation: 2B = pF.
Lemma H.1 Suppose that

1. | Z — pA|| < A for some A >0,

2. %pg p < ep for some e > 1.

26



Let A = Z"SVTk Ak — HSVT, (A) and E = A — A¥. Then for any j € [p),

-~ 2 452 A2 2
(PSP = PO

27 p? PP(Tk — Thtr)
4 k 2

— ¢ @5 - pan)|, + 2 - 12148

2A2

.= Ak
p(Tlc_Tk 1 H

42112

High probability events for conditioning. We define the following four events:
£ = {nz Al < VN T A T

+20(0)/B(Ko +T) (1 4+ 910g(Np) ) : log(Np)}

201log(Np) . 1
& ={<1— e R —
Nopp _ . /20log(Np)
1 Npp

& = {mz[u]( —pA.. H <11C(K, + F)QNlogi(Np)}

JEIP

2

&y = {ma[u]( @Ak(Z.,j - PA~,j)H < 11C(Kq + F)QHOg% (Np)}.

J€lp 2

Here, C(«) is the same absolute constant that appears in Theorem and C' > 0 is an absolute
constant. The proof of Lemmas and [H.5]can be found in Appendix [H.3]

Observation 1: £ occurs with high probability.
Lemma H.2 Suppose that Properties[2.1] - for o > 1, and[2.4 hold. Then for any 61 > 0,
1Z — pA|| < /Np/p72 + (1 = p)T
OV TF b1+ T) (14 (24 1) log(Vp)) v/ og(V7)

with probability at least 1 — N1++]p5]; C(a) > 0 is an absolute constant that depends only on .

Remark H.1 By letting 6, = 10 in Lemma we have that P (£5) <

N10pIo-
Observation 2: & occurs with high probability.

Lemma H.3 Suppose that Property 2.4 holds. Then for any £ > 1,

1 —1)2
Pl-p<p<ep)>1-2exp G )Npp .
€ 2e2

—1
Remark H.2 Let e = (1 — \/%bj\fg]ﬁvm) in Lemma Then, P (£5) < N%pm

Observation 3: & and &£, occur with high probability.

Lemma H.4 Suppose Properties 21| 2.5] and 2.4 hold. Then,

2
(‘5‘3> N10 10"

Lemma H.5 Suppose properties and 2.4 hold. Then,

2
P (&) < N10 10°
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H.2 Completing Proof of Lemma 5.1]

Proof H.1 Recall that our goal is to establish

P C(K2 +T1?) ( NA?
T p? P*(Th = Tht1)

where C' > 0 is a universal constant. To that end, define E = £ N Ey, N E3 N Ey. By Lemmas

@ and @ it follows that

P(E)<P(EfUESUESUES) <

E[HZHSVT’k _ A|

;) log? Np+2/|4* - Al .

8
Nloplo :

Observe (with A= ZHSVIE )

E14 - Alf o] = Emax 4., - A,

_E [%?5]{ |14, - A.J-Hi : 1(E)] +E [?é?,f}‘ |4~ A.,sz : 1(E°‘)] .(29)

In the rest of the proof, we upper bound the two terms in 29) separately.

Upper bound on the first term in (29). Under event E, from Lemma we have

- 2 O(K,+T1)? ( AZN ) 2 9
max ||A.; — A || < + 17 | loge (Np) 4+ 2max || E. ;||5.
jelp) H 7 2 p? P27 — Trg1)? 8= (Np) jelp) 12-51l2

where C > 0 is an absolute constant. To see this, note that €2 < 10 since p > %SVP);

HA;C 13< |A;]13< 2N due to argument similar to the contraction property of HSVT operator cf.
Lemma@and Property Since P (E) < 1, it follows that

C(Ky,+T)? ( AN
P> P (Tr — Try1)?

2

A=

E {max
2

J€lp]

- 1<E>} < n ) log (Vp) + 2max | B, 3
Jelp

(30)
Upper bound on the second term in (29). To begin with, we note that for any j € [p),
|4 - Ay < |4, +14.0

by triangle inequality. By the model assumption, the covariates are bounded (Property 2.1) and
|A. |, <TVN forall j € [p|. By definition, for any j € [p],

-1
A= ;HSVTA(Z)

5J
for a given threshold \ = sy, the kth singular value of Z. Therefore,

s

" 1 (a) ®)
1A jll2= ;HHSVT)\(Z)A,]'HZ < Np|HSVTA(Z) ll, < Npl|Z.jll2-

Here, (a) follows from p > Nip; and (b) follows from Lemma@— the HSVT operator is a contraction
on the columns.

max||A_; — Al < max[|A_j||o+max|| A
J€E[p] J€lp] J€[p]
< Np max||Z. j|2+T'VN
J€lp]
< (N3p+VN)T + N2pmax |n,;]
()

< 2N¥p (T + max|n; ) (1)
ij
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2< VN max; ;| Zyj| < VN maxi; [Ag; + | < VN + maxj [1;5]).
Now we apply Cauchy-Schwarz inequality on E[max;cp,[|A. ; — A. ;{3-1(E°)] to obtain

because max ;e || Z. ;

W=
=

E[max |4, — A3 18] < E[max| A, - Al5] " - E[102)]
—E[maxlld, - A1) P (e}

@ ., 43 1
< ANY?E[ (T + max|ny|) |7 P (£
]

Nl

(d) 1

< 8V2N?p? (T + E[max ny|]) " - P ()
ij

)

< 8V2N? (T2 + E[max|ny|']¥) - P (B9)* . (32)
ij

Here, (a) follows from (B1); and (b) follows from Jensen’s inequality:
4 1 4 1
E[(r+maxgl) | =] (50 +2maxng))) | <E|5 (@D + @maxny))*)
ij 2 ij 2 ij
= 8E [T + max|n;;|'| = 8(I"* + Efmax n,;(")):
17 9
and (c) follows from the trivial inequality: VA + B < /A + /B for any A, B > 0.

Now it remains to find an upper bound for E[ max;; |1;; 4]

. Note that for any a > 0 and 0 > 1, n;

being a 1o -random variable implies that |n;; |0 is a v j9-random variable. With the choice of 0 = 4,
we have that

Emax |n;;|* < 'K log® (Np) (33)
ij

for some C' > 0 by Lemma|D.3|(also see Remark|D.1). Inserting @33) to (32) yields
E[ max |4 — ALl 1(69)] < 8VIN*? (I? +C"* K2 log? (Np)) - P (")
JEP

N

(a)
< 32 (F2 + K2 10gn (Np)) (34)

1
N2p2 ’
where (a) follows from recalling that P (E¢) < 8/ N19p10,

Concluding the Proof. Thus, combining (30) and (34) in 29) and noticing that term in (34) is
smaller order term than that in (30), by defining appropriate constant C' > 0, we obtain the desired
bound:

~ C(K,+T 2 A2N
E[A - A2, < SHatD) (p(

2 2
+ 7 |loge (Np)+2max | E. ;
g 3 7)ot (V) + 2 [ .1

2 Tr — Tr41
C
N2p2

2
+ (F2 + K2 logh (Np)),

with

Q=

A = /Npv/py 2+ (1= p)T2 + 20 (a)/p(Kq +T) (1 + 910g(zvp))

H.3 More on HSVT

V/10g(Np).

H.3.1 Interlacing of Singular Values

Lemma H.6 Given covariate matrix ARN*P and its noisy observation with missing values, Z €
RN*P let 2| Z — pA||< p(T — Trr1) where T; is ith singular value of A fori € [N]. Then,

ki1 < pTht1 1|12 — pA|l < p7i — |1 Z — pA| < sp,
where s; is the ith singular value of Z for i € [N].
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Proof H.2 We may write
Z = pA+(Z - pA).

Recall that s; are the singular values of Z. Then, from Weyl’s inequality as in Lemma|D.6|the result
follows immediately.

H.3.2 Column Operator Induced by HSVT
Lemma H.7 Let B € RVN*? and \ > 0 be given. Then for any j € [p],

©X (B. ;) = HSVT,\(B)

. ,j M
Proof H.3 By (28) and the orthonormality of the left singular vectors,

NAp NAp NAp
B(B.j)=) 1(0i(B)>Nxix]B. ;=Y 1(0i(B) > Nzl oy (B)xiys
¥ (B.;) (0:(B) > Nial B.; = 3 1ou(B) = Nawa] ( 3 ov(B)avyr)

i=1 i=1 i'=1

This completes the proof.

Remark H.3 Suppose we have missing data. Then the estimator A has the following representation:

NAp

~ 1 1
A= HSVT\«(Z) = = s;1(s; > \* ~uiviT.
5 (2) 5 ; ( )
By LemmalH.7} we note that
~ 1
A= 205(2.). (35)

H.3.3 HSVT Operator is a Contraction

Lemma H.8 Let B € RVN*? and \ > 0 be given. Then for any j € [p],

)

HHSVT,\(B) jH2 < 1Bl

Proof H.4 By (28) and Lemma[H.7| we have

NAp

> 1(0i(B) = \) - wix] - B.;
i=1

NAp NAp

YN 1B 2 N -zal B < S ||l Bl
=1 i=1

“J

2
HHSVT,\(B) L= B (B.,)|[; =

2

2
(b) 2
= = [|B.l5-
2

NAp
E "Ell';r . B.,j
i=1

Note that (a) and (b) use the orthonormality of the left singular vectors.
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H.4 Proof of Lemma[H.1]

Proof H.5 First, we recall three conditions assumed in the Lemma that will be used in the proof:
1. || Z — pA|| < A for some A > 0.
2. %p < p <epjforsomee > 1.

We will use notation \* = sy, the kth singular value of Z for simplicity. We prove our Lemma in
three steps.

Step 1.  Fix a column index j € [p]. Observe that

~

Aj-Ay=(A,;-¢%A,)+(sf(A,)-A,)

By choice, rank(ﬁ) = k. By definition (see (28)), we have that ¢Z. : RN — RN is the projection
operator onto the span of the top k left singular vectors of Z, namely, span{uy, ..., uy}. Therefore,

©Z (A j) — A €spanf{uy, ... up}*
and by (33) (using Lemmal|H.7),
~ 1
A —¢Z (A )= ﬁgof*(ij) —pZ(A. ) € span{uy, ... ux}.
Hence, (A.; — pZ (A ), 0%.(A.;) — A ;) = 0 and

~ 2 ~ 2 2
|A A, =||As - et @] + |k -a (36)

by the Pythagorean theorem. It remains to bound the terms on the right hand side of (36).

Step 2. We begin by bounding the first term on the right hand side of (36). Again applying Lemma
[H7] we can rewrite

R 1 1
A —of(A) = 5%%(2-4) —pZ (A ) =L (;\Z-,j - A-,j)

1 pP—P
= E%Z*(Z,j —pA. ;) + 5 03 (A ;).

Using the Parallelogram Law (or, equivalently, combining Cauchy-Schwartz and AM-GM inequali-
ties), we obtain

2

~ 2
HA‘J -9f.(A.) ‘2 =

1 pP—p
ﬁwf*(z-,j —pA. )+ 5 X (A.)

2

1
<2 ?pf*(zl,j —pA. ;)

2 .
p—p
+2H ——pf.(A. ;)
P P

IN

2 —5\2
St @ - oAl +2(55F) 1403

5 37)

2 2
< ek (2 —pa Il 426 - 1204,

N\ 2
because Condition 2 implies % < S and (p;ﬁ”) <(e-1)=2

Note that the first term of can further be decomposed (using the Parallelogram Law and recalling
A = A* + E, we have

% (2. = pA )

k 2 ke 2
<2 Hwi(z.,j —pA )~ (2.~ pA-,j)H2 +2 Hs&“‘ (Z.; - PAJ)HQ- (38)
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We now bound the first term on the right hand side of (38)) separately. First, we apply the Davis-Kahan
sin © Theorem (see [31}154)]) to arrive at the following inequality:

1Z — pA| A
||7Du17~--auk - ,Pﬂlw-»lik ||2 < <
PTe = PTit1 — P(Th — Th1)
where Py, ., and Py, .. ., denote the projection operators onto the span of the top k left singular
vectors of Z and A¥, respectively. We utilized Condition I to bound ||Z — pA|2< A. Then it follows
that

(39)

k
(6525 = pA.5) = 6% (2.5 = pA)|| < IPuscan = Prs s lall 2.5 = A
A
P(Tk = Tht1)

IN

1Z.; = Al
Combining the inequalities together, we have

~ 2 4e? A?
z
HA"j —ex (A H S22 Tk — Tht1)

,
+ ?HQOA (Z.; —pA.;)

2
s1Z.; — pA. I3

2
21248 @O

Step 3. We now bound the second term of (36). Recalling A = A* + E and using (39)
6. (A.5)— Al = 8 (A% 4 B.,) - A - B
< 2|pf. (k) — A, + 2 [lf(B.5) — B4
zauwimﬁj-) o (A 2ok () - B
<2 ||P'Uf1’~~~;uk - Pﬂh ,leH HAk
2A2
2l

= 2Tk — Thy1)

Inserting @0) and {1) back to (B6) completes the proof.

2
+2 ”EJ 2

ill;

|AY |12+ 2| B2 (41)

H.5 Proofof &1, &5, E3, £4 Being High-probability Events
H.5.1 Proof of Lemma[H.2]

Proof H.6 Observe that || A. ; || < NT? when Propertyholds and HEHTHH < N~2 when
Property[2.3] holds. By Theorem we know that for any 01 >

1Z = pA|l < VNp/p? + (1= p)I?
)1+ 61/p(Ky +T) (1 +(246) 1og(Np)) log(Np)

with probability at least 1 —

Q=

2
N1+51p51 .

H.5.2 Proof of Lemma [H.3]

Proof H.7 Recall that p = Np ZL 1 1 Zi; #%) v p. By the binomial Chernoff bound, for
e>1,
A (e—1)2
P(p> < — N , d
(p>ep) < exp ( =1 Nee |, an

1 —1)2
P (ﬁ< p) < exp (—(gz)Npp> .
€ 2e

1 R =R 1
P<5P§P§5P>21—P(P>€P)—P(P<€P>~

Noticing € + 1 < 2e < 22 for all e > 1 completes the proof.

By the union bound,
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H.5.3 Two Helper Lemmas for the Proof of Lemmas[H.4 and [H.5]

Lemma H.9 Assume Properties 2.1} [2.3] and[24|hold. Then for any o > 1 with which Property[2.3]
holds,

Hij - pij”wQ < C(Ka +F>7 Vj € [p]

where C' > 0 is an absolute constant.

Proof H.8 Observe that

1Z.;—p ,JHzpa u:g}? ) HU P ,J)Hd,n

= sup HUT(Z — pA)eija

ueSN -1

n

= sup Zui(ZL, —pA; . )e;

uweSN-1 1" »
" n 1/2
< C sup (Z ui||(Zi, - pAi,.)ejia>

weSN-1 \ 73

< C'max Zi.— Ai~ s
< Cmax |2, — A,

where (a) follows from Lemmal[G.3] Then the conclusion follows from Lemma|G.2)]

Lemma H.10 Let W1, ..., W, be a sequence of 1-random variables for some o > 1. For any

t>0,
n n ¢ /2
P WZ>t] <2Y exp|—| -
(; ) ; ("“Wi”ia)

Proof H.9 Note that )" | W2 > t implies that there exists at least one i € [n] with W? > L. By
the union bound,

n n n m a/2
t t t
P E W2>t] < E PIW?2>—) < E P{IWil>4/—-] < E 2exp | = | =752
i=1 i=1 n i=1 n i=1 n”W’L”wa

H.5.4 Proof of Lemma[H.4

Proof H.10 Fix j € [p|. Let e; € RY denote the i-th canonical basis of RN (column vector
representation). Note that

z = i (ezT(Z~7j - PA‘,J‘)>2

HZg —pA.

and el (Z.; — pA. ;) is a 1po-random variable with ||eI (Z. ; — pA J)ku <|Z.;—pA.ll,,-

By Lemma@ 1Z.; = pA.jll,, < C(Ka+T)forallj € [p]. By Lemmaand the union
bound,

2 2
PE <Y P (Hz JHQ > 1102 (K, + r)2N1oga(Np)>

j=1

N

<2) ) exp(—11log(Np))

j=1i=1
2
= N10p10
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H.5.5 Proof of Lemmal[H.3|
Proof H.11 Recall that rank(A*) = k. We write

HcpAk(Z.,j - pA.,j)HZ = i (uiT(Z.,j - pA,J-))Q,

where w1, . . ., uy, denote the left singular vectors of A*. The proof has the same structure with that
of Lemmal[H A with u, . .., uy in place of e1, . .., e,.

I Proof of Corollary

Corollary [5.1] follows from Lemma|[5.1]and Theorem[5.1] The key step is simplification of bound on
A, as stated in (@2)), which we briefly discuss here. To that end, since o > 1,

A? < C1()(Np(y* +T%) + p(Keo + 1) log* (Np)) “2)
< Co(a)(1+7+T + Ko)*(Np+p) log*(Np).

for some constants C7 («), Co(a), which may depend on «. Using this bound, replacing in Lemma
and subsequently in Theorem[5.1|with n = ©(V'), we obtain the desired result of Corollary

J Proof of Theorem@d.1

The proof of Theorem [.1] follows from Corollary [5.1] by observing that ¢ = 0, and for k = r,
Ak = A and Tk+1 = Tr4+1 = 0.

K Proof of Theorem 4.2

The proof of Theorem [4.2]follows the standard approach in terms of establishing generalization error
bounds using Rademacher complexity (cf. [L6] and references therein). We note two important
contributions: (1) relating our notion of generalization error to the standard definitions; (2) arguing
that the Rademacher complexity of our matrix estimation regression algorithm (using HSVT) can be
identified with the Rademacher complexity of regression with ¢y-regularization.

Outline. We start by introducing some useful notation. We define a conditioning event of relevance
and show that this event occurs with high probability. Lemma then bounds the expected
generalization error in terms of the Rademacher complexity of the class of squared loss functions
for linear predictors. Due to Lemma[4.1] we analyze the Rademacher complexity of squared loss
functions under r-sparse linear predictors, which is summarized in Lemma [K:4] Using these, we
conclude the proof of Theorem 4.2}

Notation, Setup. We consider PCR with parameter £ = r for some r > 1. Recall that the training
sample set 2 C [N] with |Q2|= n. The PCR with parameter r is equivalent to Linear Regression with

pre-processing of noisy covariates using HSVT as argued in Proposition Let A = ZHSVTr and
5 — BHSVT,T‘.

Model Class. We now state our model class of consideration for the purposes of generalization:
F={BeR:|Bl2= B, IBllo<},

where B > 0 is an absolute constant. We will now justify the above model class of interest.

As aforementioned, the goal of this work is to analyze the prediction properties of the PCR algorithm;
hence, for the purposes of generalization (and in line with standard assumptions on generalization
properties of linear regression algorithms), we begin by restricting the hypothesis class of candidate
regression vectors JFpcr to have bounded ¢5-norm, i.e., Fpcr = {58 € R" : ||8]|]2< B}. For any
BPCRT ¢ Focr, we highlight that

YPCR _ ZPCR.T BPCR,T - 7. V.. ﬁPCR,r -Z. -V, .BPCR,T — YHSVT 43)
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Recall that Z, = U,S,.V,I, where U, = [u1,...,u,),V; = [v1,...,v:], and S, =
diag(si, ..., s,) denote the top r left and right singular vectors, and singular Values respectively (as
defined in Section B.1); hence, ZHSVT:" = Z,.. This allows us to rewrite (@3] as

YHSVT _ ZHSVT,r V.. BPCRr — ZHSVT,r | gHSVTr
HSVT,r __ PCR,r p : : :
where =V.-p € RP. Using the orthonormality property of the vectors in V., we

obtain the following £5-bound for any SHSVT:7:

3= Ve 7R

.
PCR,r
= [ID 87 - vli3
j=1
r

=D (B - llvsli3

j=1

||5HSVT,7'

.

=D (G
j=1

= ||g"rT |3 < B2

Thus, we consider the collection of candidate vectors SHSVT" = V. . gPCR" < RP gych that
HﬁHSVT,rH < B.

Further, by definition, recall that ZHSVT:" has rank r. Then by Proposition E 4.1| for any ZHSVT and
corresponding SHSVT:" ¢ RP| there exists an r-sparse vector 3/ € RP such that

ZHSVT,r ﬁHSVT,r — ZHSVT,r 8

Therefore, we consider the collection of candidate vectors ' € RP that are r-sparse, i.e., ||3||o< 7.
In other words, for analyzing properties of PCR with parameter r, or equivalently Linear regression
with covariate pre-processing using HSVT with rank r thresholding, we can restrict our model class
to linear predictors with sparsity r.

Given the above two observations, we will consider the family of regression vectors defined by F,
which have bounded ¢5-norm and are r-sparse.

Generalization error and Rademacher complexity. For any hypothesis 8 € F and training set §2,
the empirical error is

Ea(B) = % 3 (ﬁw,ﬂ - Aw,ﬂ*)Q. (44)
weN
Similarly, we define the test error as
N
)=+ (As-Ap) (45)

The generalization error is defined as the supremum of the gap between (@4)) and (43) over F.
Precisely, for training set 2,

6(%2) = sup (£(8) — Ea(9))

BEF

The notion of Radamacher complexity has been very effective for establishing generalization error.
To begin with, Radamacher complexity of a set A C R" is defined as

R(A) =E, lblég - Za all ,

where o1, ...,0, are i.i.d. Radamacher variables with uniform distribution of {—1,1} and the
expectation above is with respect to their randomness. This has been naturally extended for setting of
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prediction problem as follows: given a collection of real-valued response variables and covariates,
say (Y;, Xi), @ € [n], collection of real-valued functions or hypothesis G that map covariates to real
values, and loss function L : R? — [0, 0o) that measures the error or loss in prediction for a given
function, define

)|, Rs(LoG) =E, [sup ZUz ng(X))]

n
9€9 i=1

Rs(G) =E, [sup Zazg

geg 1

In our settlng, the covariates that predictor uses are de-noised rows of A, defined as A =

{A1 e A ~,-}. We use linear functions as predictors with hypothesis or function classes of
interest are F%°, F2. The loss function of interest is quadratic function: £(y,y’) = (y — y')%. The
ideal response variable of our interest are A; .5* for ¢ € [N]. Given that, our algorithm observes

(noisy) response variables in the index set €2, we shall use the sample set { (A, .5%, ﬁw) tw e Q)
It turns out that the appropriate adaptation of the Radamacher complexity for our setting is as follows:

Rn(f)EU,Q[bup< ZU‘“ w, )

per weN

,Rn(fo]-')Ec,Q[sup< > 0ul(Ay. B A,B)

per weN

where Eg, represents average with respect to uniformly at random selection of @ C [N] of size n.

High probability event. We define the following event:

& — ¢<Q>seg[¢<m]+\/8'0(‘3)'1%(“) ,

n

where C(ﬁ) =2 {(TB . ||za||max)2 + (FW*Hl)Q]

Helpful Lemmas. We now state a series of lemmas that will help us prove Theorem
Lemma K.1 Let Property[2.1|hold. Then, for any 3 € F,
max ((A; .3, A;.B) < C(A).

€[N

Lemma K.2 Let Properties2.1\and2.3| hold. Then,

2
(55) NlO 10"

Lemma K.3 Let ¢(2) be defined as in G1). Let Q be random subset of [N] of size n that is chosen
uniformly at random. Then,

Eq [¢(Q)] < 2R, (Lo F).

Lemma K.4 Let rank(ﬁ) = r. Then,
rB

Rﬂ(f) < T ||AHmax

Lemma K.5 Lipschitz composition of Rademacher averages.
Suppose {¢;}, {1}, i = 1,...,n, are two sets of functions on © such that for each i and 6,6 € ©,
|9:(8) — ¢:(0")| < |1i(0) — ;i (8")|. Then, for all functions ¢ : © — R,

E [21618 {0(9) + ;Uid)i(@)}] <E [21618 {0(9) + ;Jiwiw)}] ,

where o; are Rademacher random variables.
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Completing The Proof of Theoremd.2} Now we are ready to complete the proof of Theorem 4.2]

Proof K.1 The testing error for PCR with parameter r or equivalent Linear Regression with covariate
pre-processing using HSVT with thresholding done at rth singular value, is

_ZN: (Vi- Ai,ﬂ*)2‘| - E[ed)].

1=

s 1

And, for a given training set 2, the training error is

> (V- Ai,ﬂ*)zl - E[%(®)]. (46)

1€

S 1
MSEq(Y) = @E

We shall consider the training set ) being chosen uniformly at random amongst subset of [N] of

size n. Our interest is in bounding E [5 (3)} in terms of EqE {5@ (E)] where randomness in the data
generation as well as Q. Let E = £ N & NENELNEs. Then,

E[e(B)| =E[e(B) - 1B)| +E[£(B) - 1(E)]. (7)
We will bound each term on the right-hand side of @&T) separately.
Upper bound on first term in 7)) . Given any (2, observe that
EB) = EalB) + s (£5) ~ Ea(P) = EalB) + 6(02). (48)
Further, under E (and hence Es),

8- CLA)10ND) _ oy 5y \/8-C(ﬁ>~log(Np)

)

n n

$() < Eq[p()] + \/

where the second inequality follows from Lemma[K.3] Using Lemma[K_1| we have for any 8 € F,

0'(A; B* A; . B)| < 21/C(A),
irg%l( B AL B) <24/C(A)

where {'(-,-) denotes the derivative of the loss function with respect to our estimate. Since our
loss function of interest has bounded first derivative, the Lipschitz constant of (-, ) is bounded by

2C(A )1/ 2: hence, applying a corollary of Lemma|K.5|for Lipschitz functions and using Lemma
yields the following inequality:

R,(toF)<2\/C(A)- R,(F) < 2rB- \/@' | Al max-

Plugging the above results into [@8), we obtain

EoE [£(5) - 1(E) | < EoE [£a(B) - <E>}+EQE 1(E)]
< £k [0 )] + € |08\ SR Al 25 | CLAL: LoE VD)
- ek [ + ML 1A + L A,
(1B [ Al T ) /)

By (@6), the first term on the right-hand side of the above corresponds to Eq [MSEQ( )]s hence,

e [63) 1(8)] < EalMSEa()] + C1- (B TS 1 E [ A /22 o)
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where C is a universal positive constant.

Upper bound on second term in (@7) . We begin with the following trivial bound on the expected
prediction error: since ﬁ € F, Lemma.glves

£0B) =+ 5 (43— 4.8 < max (4,5 4,.57) < C(A)

i=1

Further, by a simple application of DeMorgan’s Law and the union bound, we have

5
. 9
< Z P(&7) < N10pI0-
qg=1
By Cauchy-Schwarz inequality, the following inequality holds:
~ 2 ~ ~
E[£(B)-1(E)| <E[e(B?| E[(E) =E |£(B)?] - P(EY).

Putting everything together yields

e [£(5) - 1)) <E [(ﬁ” P(E°)"?
<2v2((rB) Mmm4<wmmﬂmpwwﬂ
<2V2 (B € |l 4 @) PO
< (e E[lAl] ) s 60

where Cy is an absolute constant.

Concluding the proof. Plugging @9) and (30) into 7)) gives the following bound:

MW@S%WEﬁN+GME”MMthmJ-g%@
w0 (07 e 1Al + 01 1?) -
Let C3 = C2B2T||3*||1. Then,
g (V5]

MSE(Y) < EalMSEa(Y)] + Cs -1 E [| 4| - /222

This completes the proof.

Lemma K.6 Let Q = {iy,...,i,} and Q' = {i1,...,
their j-th elements. Let

W%, ..y in} such that S and Q' differ only in

6(%2) = sup (£(8) — Ea(9) ). (51

BeEF

Then for any B € F,

Proof K.2 Here, we will show that

6(%2) = sup (£(8) — Ea(8))



satisfies the conditions necessary to invoke McDiarmid’s Inequality. We begin by noting that for any
real-valued functions f1, fa, sup, fi(x) — sup, fa(z) < sup,(fi1(z) — f2(z)). Hence,

6(52) — 3(2) = sup (£(8) — Ea(8)) — sup (£(8) - &wr(8))
BEF BEF
< sup (£(8) — Ea(8) — £(8) + & ()
BeEF
= sup (B ()~ Zal®) < 2,
BeEF n

where the final equality follows from Lemmasince Q and S differ by only one element. Using
a similar argument, we can prove that (V') — ¢(Q) < C(A)/n, and therefore |p(2) — p(Q)] <
C(A)/n.
K.1 Proof of Lemma[K1]
Proof K.3 Observe that for any i € [N] and 8 € F,

(A B AiB) = (Ay B — Ai ) < 2(A; ) +2(A;. ).

Recall that every candidate vector 5 € F has the following properties: ||B||o< r and ||f||2< B.
Hence, it follows that for any i € [N/,

A Bl <7 ||ﬁ||oo~1]r,ré?;]<|f4ij| <7 IBll2 [ Allmax < 7B - || Allmax-

Further, By Propertyand Holder’s inequality, we have for any i € [N],

[Ai, BT < [JAd [l 18711 < T8y
The desired result then follows from an immediate application of the above results.
K.2 Proof of Lemma[K.2]

Proof K.4 By Lemma we know that for any i € [N] and 8 € F, (A, .3*, j&ﬁ) € [0, C’(A)]
Lemma K.8] then allows us to apply McDiarmid’s Inequality (Lemma|[D.4), which gives

P{¢(R2) —Ead(Q) > t1} < exp(—t%n/C(ﬁ)).

Setting t1 = \/10 . C(K) -log(Np)/n completes the proof.

K.3 Proof of Lemma[K.J3|

Proof K.5 Let Y = {i},...,i,} be a “ghost sample”, i.e., Q¥ is an independent set of n locations
sampled uniformly at random and without replacement from [N]. Observe that £(B) = Eq/[Eq/ (8)]
and SQ (ﬂ) = EQ/ [EQ (ﬂ)] Thus,

Eqo(Q) = Eq [SUP (5(5) - gﬂ(ﬁ))]

BEF

=Eq lsup (EQ’ [Eﬂ’(ﬂ) _59(6)})]

BeEF

< Eqqo [Sup (‘E;\Q/ (B) — gsz(ﬁ))]
BEF
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where the inequality follows by the convexity of the supremum function and Jensen’s Inequality.
To proceed, we will use the ghost sampling technique. Recall that the entries of Q0 and
were drawn uniformly at random from [N|. As a result, ((A;, 3*; Ay B) — €(A;, 8" A;, B) and

U(Ai, 8% Ay, B) — L(Ay B Ay : B) have the same distribution. Further since oy, takes value 1 and
—1 with equal probablllty, we have

Eo.or lsup % > (aAy 5 Ay B) - (AL B &-kﬁ))]

peFr i —

= Es 0,0 [Sup ng( (Ay B A, B) — (A, B Azkﬁ)))]

n
pEF T L

Combining the above relation with the fact that the supremum of a sum is bounded above by the sum
of supremums, we obtain

peF N

EQ¢( ) < EJQ 194 [bup Zak < Azkﬁ*.A\zk/@) _Z(Alkﬁ*aglkﬁ))]

<EO-QQ/ sup — U}ng 5 14z 6)+sup ka Alkﬂ Alkﬁ)
3ot 3

I -
+Eo v lSUP - Z orl(Ay 7 Aiéﬁ)]

n
per 21

1 & o~
=Eyq [sup — » orl(A; B A B
QLGF”; k(A +B)

where the second to last equality holds because o}, is a symmetric random variable.

K.4 Proof of Lemma[K.4

Proof K.6 Let Ig = {i € [p] : B; # 0} denote the index set for the nonzero elements of 5 € RP. For
any vector v € RP, we denote vy, as the vector that retains only its values in Ig and takes the value 0
otherwise. Then,

e [p (Jezlﬁﬂ](;w) )]

2 ) Iﬁ 2
(b) \/7]‘B Z
n ’ i Iﬁ 2

, 1/2
(c) B n T n
< vr Eoo (Zaiai) Ukak>
" i=1 s M3 Ts

n ) 1/2
? (=[Sl L]}

WB<

(a) 1
< EUQ sup Hﬁlg
BEF

/2
s @), . )

<
i€[n]

n
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"2 max o]
= — -max||a;]|| -
\/ﬁ i€[n] tlloo
Note that (a) makes use of the Cauchy-Schwartz Inequality, (b) follows from the boundedness
assumption in the Lemma statement, and (c) applies Jensen’s Inequality. The proof is complete after

observing that Hﬁ”maxz max;en) [0 | o-

L. Examples

L.1 Embedded Random Gaussian Features.
Analysis for the Example. In this subsection, we show that s,.(A) = Q(V/N) and T =

o ( \/@ ) with high probability.

Lemma L.1 Suppose that r < —YP_ 41 andlet R € R™*P be a random matrix with independent

4v/2logp
entries such that R;; = —= with probability 1 and R;; = ——= with probability 1. With probability
i~ b 2 J Vi 2

at least 1 — p%,for allv € R,

1 3
Slel3< eRIE< Sl

4y/2logp’
a quasi-isometric embedding from R" to RP with high probability. More precisely, with probability at

least 1 — p%, the following inequalities are true:

Remark L.1 Lemma implies that givenr < 1 + — VP the right multiplication of R defines

1 3 2
§IIUH§S lvR|[3< §||U||§, Yo eR",  and gIIwI@S |Rw[|3< 2[lwl)3, Vw € rowspan(R).

Remark L.2 By Remark with probability at least 1 — p%,

A A A
s (A) = sup inf |Aw|s nf |[ARw|> . | ARw|2

wcrp weW ||w||2 N wcrp wWEW HU}”Q _wErowspaceR HU)”Q
dim W=r dim W=r

2 A 2 A 2
\f g [1ARwl _ f g 1A _ 20 )
3 werowspaceR ||Rw||2 3 veR™ ||UH2 3

Lemma L.2 (Spectral properties of A) Let A € RN*" be a random matrix whose entries are i.i.d.
standard Gaussian random variable.

Y

1. With probability at least 1 — 2 exp(—?x/ Nr), rank(fi) =rand

SI(A) - N1/4 L p1/4 2
ST(A) — \ N1/4 _ p1/4

2. With probability at least 1 — exp (—%),

~ Nr
|All%> -

Remark L.3 Lemma implies that with probability at least 1 — 2 exp (—2\/ NT) — exp (— %),

S1 4)2 - Y
- Ej” Al

A2

Lemma L.3 (Structural properties of A) Let A € RN*P be a matrix generated as above. With

probability at least 1 — Ni,_,p,

N1/4+r1/4>41 - Nr

log(N
max| Ay < 4 T108VP).
1,7 p
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Proof of Proposition

Proof L.1 Proof is immediate from Lemmas|L.1} [L.2] [L.3|and Theorem[4.1|(along with Remarks
and|[L3).

L.1.1 Proof of Lemmal[L.1|

Proof L.2 Fori € [r], let R; denote the i- th row of R. Observe that ||R;||2= 1 for all i € [r]. Also,
note that for i # j € [r], (R;, Rj) = b RixRji is a sum of p independent binary random

variables; R; R, = 1 with probabtllty 5 and —1 with probability % Therefore, E(R;, R;) = 0.
By Hoeffding’s inequality for bounded random variables,

P (|(Ri, Ry)[> 1) < 2exp (—p;) .

Letting t = L?};gp, we can conclude that for any pair of i # j € [r], |(R;, R;)|< Lf};g” with

probability at least 1 — p% There are (;) < é such pairs and r < p. Thus, applying the union
bound, we know that |(R;, R;)|< inflﬁfgp for all pairs © # j with probability at least 1 — 1%.

Now we observe that

lvR|3 = <Zr: UiRiai'Uz’Ri,>
- Zv2||R B> Yy (RLR)

i=1 j#i
< me 33 S gl I(Re, By
i=1 j#i
With probability at least 1 — 1%

24/2logp
lvR]3 < ZWQIIR ||2+ZZ| vivj|——="=
i=1 j#i \/13

(a) Zv ot XT: 22v2logp

: v
< ||v||§(1+ Ar= P oy %ngp)

where (a) follows from that | R;||3= 1 for all i € [r] and the Cauchy-Schwarz inequality (2|v;v;|<

v + 0] 3> [Jolfg (1 — 2Ar=LyZoer).

Lastly, we note that 2r=1 ‘/W <! 5 ifand only if r < 4\/% + 1 to complete the proof.

L.1.2 Proof of Lemmal[L.2]

Proof L..3 Since uy,...,u, are orthonormal, the row rank of U is v. Thus the column rank of u

oi(A) = i (A) forall k € [r].

Proof of Claim 1 By [51| Corollary 5.35], for any t > 0, we have
VN = V1 =t < 50in(A) < 5nin(A) < VN +Vr + 1,
with probability at least 1 — 2 exp(—t?/2). Choosing t = 2(N7)Y* concludes the proof.
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Proof of Claim 2 Observe that || A||%= doii Afj We can easily observe that E|| A||%= Nr. By
Bernstein’s inequality, it follows that for every t > 0,

- - 1 2
PUAI-ENAIR< —1) < oxp (- gmin{ 1 ¢}).
With t = % we have

PR 5 < e (-5)).

L.1.3 Proof of Lemmal[L.3

Proof L.4 Note that A;; ~ N(0,>,_, Rij). For each j, A;j and Ay are independent. Therefore,
E[max;|A4;;|] < 2||R. ;||v/log N. By the concentration of Lipschitz function,

t2
P( Ay;|—E[max|A;; >t)<2 (—7)
|m;a’X‘ ]‘ [mla’x‘ U|H— > 2€xp 2||R’]||2
Letting t = 2|R. j||\/log(Np), it follows for each [p] that

i e
P(|maX¢\Aij\Z 4||R.,j|\,/1og(Np)) < xZs. Note that |R.;|= \/%for all j € [pl.

Taking union bound over j € [p|, we achieve

log(N
max|;j|< 4max| R, |v/log(Np) = 4 rlog(Np)
J JElD

with probability at least 1 — NLQP.

L.2 Geometrically Decaying Singular Values.
L.2.1 Proof of Lemmal[5.2]
Proof L.5 For (i,j) € [N] X [p], we have A;; = kN:/\lp YikUik V. Thus,

NAp NAp
Aijl = D Sl Vie| < Sl Uir| Vi

k=1 k=1
NAp

(a) 1 1— eN/\p 1

< Z St =
k=1 VNP 1-6 Np

® C

—1-0

Here, (a) follows from that |Usx|= ﬁ Vikl= ﬁ, and Sy, < 311071 and (b) follows from the

assumption Y11 = C\/Np and that 1 — NP < 1.

M Proof of Proposition [5.1]

Proof M.1 We wish to argue that for some constant Co > 0, PCR with parameter k = Cg%

the following bound on training error holds:

~ 20502 loglogn, C'(e, 0)(1 +~ + T + Ko )4 8% log® 22 c 8%
MSEQ(Y)S 2 g log np ( )( Y 4) ”ﬂ ||1 g p+ 2“5 ||1 +20H¢”§ov
nlog(1/0) np log=2 np

where C'(at,0) > 0 constant dependent on o, 0 and C”' > 0 a universal constant. We wish to utilize
bound in Corollary[5.1|to derive this result. To that end, the bound of Corollary[5.1|is

L 40%k | Cla)(L+ +T + Ko) 187 [} log® ”p(<n2p+np> log® np K)
Ton np? P (T, — Th41)?

MSEq(Y)
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611573
+ =+ AF - A5 o +20ll6]%,

where C(«) > 0 is a constant that may depend on « > 1. Let us evaluate each of the four terms in
the right hand side of (6) to reach the desired ().

First term. Due to choice of k = Cy % it immediately follows that it is
40°k _ 40%Cyloglog(np)
n  nlog(1/6)

Second term. For this, consider

n(np + p)log’ np
p2720%6-2(1 — §)2
< nplog® np Cs loglognp
= p2C2Nplog*“2 np(1 — 0)202 log(1/0)

342C, np

n?p + np 3
5 log”(np) + k =

L +k
P*(Tk — Tr1)

log

S 03(9) pg

where we have used the fact that 7; = 710° = fori > 1, 71 = C1+/Np, np < N < pand C3(6) > 0

is a constant that depends on 6.

Third term.  The goal is to bound | A* — A||3 .. With notation E = A — A, this is equivalent
10 bounding max ¢, || E. ;||3. With A = Z’fil vy where i; € RN, v; € RP fori € [N), for
any j € [p], we have

1 1/ & 2 ) & 2
2
ﬁHE-,jH _”H< Z Ti,uz'ViT>6j = - Z Tipi(v] e;)
i=k+1 i=k+1

@1 v

< - 2T 2

- n T (Vz 63)

i1=k+1

—~
o
=

IA
SR
M=

200Dl e,

1

N .
Z €2(271) (V,;Tej)Q

i=k+1

i=k

) C1N
n

+

(

N2
3

—
s

N
) C1Np Z p2(i—1)

np

IN

i=k+1

() (f)

<ot 0
"

log™* (np)

Here, (a) follows from the orthonormality of the (left) singular vectors; (b) follows from T; = 7,0°~1;
(c) follows from 7 = C1\/Np; (d) ‘incoherence’ property of singular vector, i.e. uiTej =0(1//p)
Soralli,j € [p|; (e) follows from property of geometric series for some absolute constant C' > 0;
and (f) follows from choice of k.

Concluding the proof. The final term is repeat of 20||@||%.. Therefore, putting all of the above
together, the proof concludes.
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