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A Missing details in Section 4]

A.1 Proof of Theorem

Proof. Consider the case that I' = 1 in which all P,s are the same. Hence, this case can be
degenerated to [ = 1 and has an e-coreset of size ¢t by assumption. Divide the point set X into
XM XT by P, ie., foreach i € [T, all collections P, (x € X)) are the same, denoted by
P;. Foreach i € [T], suppose S(*) is an e-coreset for the fair (k, z)-clustering problem of X (*) where
each point in S() belongs to all groups in P;. Let S := Uiem S Tt is sufficient to prove S is an
e-coreset for the fair (k, z)-clustering problem of X.

Given a k-subset C' C R? and an assignment constraint F', let C7,...,C} be the optimal fair
clustering of the instance (X, F,C). Then for each collection X (i € [I']), we construct an
assignment constraint F'() € ZF*! a5 follows: for each j; € [k] and jo € [I], let F;f?h = 0if
ja & Py and |C5, N XD if jp € P, ie., F\ ). is the number of points within X ) that belong to
Cj, N P;,. By definition, we have that for each j; € [k] and j, € [I],
Fj, 4, = Z Fj(f,)jZ. ey
€T
Then
K.(X,F,C)=> K.(X",F® () (Defns. of K, and F(¥))
€[l
>(1-2)- > K.(SY,FO ) (Defn. of S
i€[l]
>(1—¢) K (S, F,C) (Optimality and Eq. (I)).
Similarly, we can prove that K, (S, F,C) > (1 — ¢)K.(X, F, C). It completes the proof. O

A.2 Proof of Claim[4.1]

Proof. We first prove the following fact for preparation.

Fact A.1. Suppose p,q € RY. Define f : R — R as f(z) := d(x,p) — d(x, q) (here we abuse the
notation by treating x as a point in the x-axis of R%). Then f is either ID or DI.

Proof. Let hy, and h, be the distance from p and g to the x-axis respectively, and let u,, and u4 be the
corresponding x-coordinate of p and q. We have

F(@) = \J(@ = )2 + 12— @ = ug)? + 12,

Then we can regard p, g as two points in R? by letting p = (u,, h,,) and ¢ = (ug, h,). Also we have

T — Up T — Uqg T — Up T — Uq

T e wr i Jowp i @) g

W.lo.g. assume that u,, < u,. Next, we rewrite f’(z) with respect to cos(Zpzu,) and cos(Zqzug).

1. If < uy,. Then f'(z) = dd(al;“)) - déé’;%) = cos(Zqzuy) — cos(Lpxuy).

_ d(m,up)

2. Ifu, < 3 < uy. Then f'(z) = Gt) 4 Lt

s = cos(Lpzxuy) + cos(Lgxuy).

_|_

3. If x > ug. Then f'(x) = dd(a’zp)) - dd(aq;")) = cos(Lpzxu,) — cos(Lgzuy).

*ID means that the function f first (non-strictly) increases and then (non-strictly) decreases. DI means the
other way round.
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Denote the intersecting point of line pg and the x-axis to be y. Specificially, if h, = h,, we denote
y = —oo. Note that f/(z) = 0 if and only if z = y. Now we analyze f’(x) in two cases (whether or
not hy, < hy).

e Casei): hp, < hg which implies that y < u,. When x goes from —oo to u,, first () <0
and then f'(x) > 0. When = > w,, f'(z) > 0.

e Caseii): hy, > hg which implies that y > ug. When 2 < ug, f'(z) > 0. When z goes from
Ug to 400, first f'(z) > 0 and then f/(z) < 0.

Therefore, f(x) is either DI or ID. O

Suppose for the contrary that for any 7 € [k], C} consists of at least two contiguous intervals. Pick
any ¢ and suppose S, Sg C C} are two contiguous intervals such that Sy, lies on the left of Sg.
Let yz, denote the rightmost point of Sy and yr denote the leftmost point of Sg. Since Sy, and Sr
are two distinct contiguous intervals, there exists some point y € X between y, and yr such that
y € CF for some j # i. Define g : R — Ras g(z) := d(x,¢;) — d(,¢;). By Fact[A.1] we know
that g(z) is either ID or DL

If g is ID, we swap the assignment of y and ymin := argmingey,, .} 9(x) in the optimal fair
k-median clustering. Since ¢ is ID, for any interval P with endpoints p and ¢, min,cp g(x) =

minge(p 41 9(x). This fact together with y7, <y < yr implies that g(ymin) — 9(y) < 0. Hence, the
change of the objective is

d(ya Ci) - d(ya Cj) - d(ymim Ci) + d(ymim Cj) = g(ymin) - g(y) S 0.
This contradicts with the optimality of C* and hence ¢ has to be DI.

Next, we show that there is no 3/ € Cj* such that ¢y’ < yr, ory’ > ygr. We prove by contradiction and

only focus on the case of y’ < yr,, since the case of z > yg can be proved similarly by symmetry. We
swap the assignment of y7, and ymax 1= arg maxge(y,,3 9() in the optimal fair k-median clustering.
The change of the objective is

d(yL7 Cj) - d(yLa Ci) - d(ymam Cj) + d(ymam Ci)
=9(yr) — 9(Ymax) <0,

where the last inequality is by the fact that g is DI. This contradicts the optimality of C*. Hence, we
conclude such y’ does not exist.

Therefore, Vo € C7, y, < x < yg. By assumption, C7 consists of at least two contiguous intervals
within (yr,, yr). However, we can actually do exactly the same argument for C7 as in the ¢ case,
and eventually we would find a j* such that C7, lies inside a strict smaller interval (y7,, y3) of X,

where y;, < y; < yi < yg. Since n is finite, we cannot do this procedure infinitely, which is a
contradiction. This finishes the proof of Claim 4.1} O

A.3 Details of Section

For completeness, we describe the detailed procedure for coresets for fair k-median.

1. We start with computing an approximate k-subset C* = {c1,...,c,} € R? such that
OPT < Ko(X,C*) < ¢- OPT for some constant ¢ > 1E]
2. Then we partition the point set X into sets X7, ..., X satisfying that X is the collection

of points closest to ¢;.

3. For each center ¢;, we take a unit sphere centered at c; and construct an i-net NCiE] on this

sphere. By Lemma 2.6 in [23], | N,,| = O(¢~%*!) and may be computed in O(¢~9*1) time.
Then for every p € N,,, we emit a ray from c; to p. Overall, there are at most O(kza_d“)
lines.

“For example, we can set ¢ = 10 by [29].
>An e-net Q means that for any point p in the unit sphere, there exists a point ¢ € Q satisfying that
d(p,q) <e.

12
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4. Foreach i € [k], we project all points of X; onto the closest line around ¢;. Let 7 : X — R?
denote the projection function. By the definition of = -net, we have that )+ d(z,7(x)) <
¢ - OPT/3 which indicates that the prO_]eCthIl cost is negligible. Then for each line, we
compute an /3-coreset of size O(ke ™) for fair k-median by Theorem[4.3] Let S denote
the combination of coresets generated from all lines.

B Full version of Section 3

In this section, we provide the details of coreset construction for fair k-means clustering. Recall that
the main theorem is as follows.

Theorem B.1 (Coreset for fair k-means). There exists an algorithm that constructs e-coreset for
the fair k-means problem of size O(Tk3c=971), in O(k%?e=%*n + Ty(n, d, k)) time.

Note that the above result improves the coreset size of [36] by a O( 10g") factor. Similar to the fair
k-median case, it suffices to prove for the case [ = 1. Recall that an assignment constraint for [ = 1
can be described by a vector F' € R¥. Denote OPT to be the optimal k-means value without any
assignment constraint.

B.1 The line case

Similar to [23], we first consider the case that X is a point set on the real line. For a weighted point
set S with weight w : S — Rx¢, we denote the mean of S by S := ﬁ Zpes w(p) - p, and the error

of Sby A(S) := 3 e w(p) - d*(p, 5).

Construction. Same to [25]], we consider the points from left to right and group them into batches

in a greedy way: each batch B is a maximal point set satisfying that A(B) < & where { = 5220%:;
Let Z(B) denote the smallest closed segment containing all the points of a batch B. Let B(X) denote
the collection of all batches. For each batch B, we construct a collection J(B) of two weighted

points satisfying Lemma The coreset is defined by S = Upcp(x) J (B)-

Lemma B.1 (Lemmas 3.2 and 3.4 in [25]). The number of batches is O(k?/?). For each batch B,
there exist two weighted points q1, q2 € I(B) together with weight w1, wo satisfying that

[ ] w1+w2 = |B|

o Let J(B) denote the collection of two weighted points q, and qo. Then we have J(B) = B
and A(B) = A(J(B)).

e Given any point ¢ € R, we have
Ka(B,q) = A(B) + |B| - d*(q, B) = K2(J (B), q)-

Analysis. We argue that S is indeed an £/3-coreset for the fair k-means clustering problem. By
Theorem 3.5 in [23], S is an € /3-coreset for k-means clustering of X. However, we need to handle
additional assignment constraints. To address this, we introduce the following lemma showing that
every optimal cluster satisfying the given assignment constraint is within a contiguous interval.

Lemma B.2 (Clusters are contiguous for fair k-means). Suppose X = {z1,...,x,} where x1 <
zo < ... < x,. Given an assignment constraint F' € R* and a k-subset C = {e1,..., ¢} C RA.

Then letting C; := {xH_EKi Fyoee- ,l’z_<vpj} (i € [k]), we have

Ko(X, F,C) chz T,¢).

i€lk] z€C;

Proof. Let ¢ denote the projection of point ¢; to the real line and assume that ¢ < ¢b < ... < ¢},. We
slightly abuse the notation by regarding point ¢} as a real value. We prove the lemma by contradiction.

Let C4, ..., Cj be the optimal fair clustering. By contradiction we assume that there exists i1 < i
and j; < ja such that z;, € C;, and x5, € C},. By the definitions of cgl and 022, we have that
d(C;l, ‘le) + d( Ciys 'rjz) < d( Cis Ij2) + d( Ciys 'Tj1)7 (2)
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and

max {d(c} ,xj,),d(c},,v;,)} < max{d(c] ,x;,),d(c},,z;,)}. 3)
Combining Inequalities () and (3), we argue that
d2( 11737]1) + d2( L27$J2) < d2( lesz) =+ d2( ’Lg’zjl) (4)

by proving the following claim.

Claim B.1. Suppose a,b,c,d >0, a+b<c+danda,b,c <d. Thena? +b* < c? + d>°.

Proof. If a+b < d, then we have a? +b? < (a+b)? < d? < 2 —|—d2 So we assume that a +b > d.

Lete =a+b—d>0. Since a+ b < ¢+ d, we have e2 < ¢%. Hence, it suffices to prove that

a? 4+ v% < €2 + d2. Note that
+d>=(a+b—d)?+d*=a®>+b*+(d—a)(d—0b) > a*+ V7,

which completes the proof. O

Now we come back to prove Lemma[B.1] We have the following inequality.
&? (xjd » Ciy ) +d? (sz ) Ciz)

=d*(zj,,c; )+ d*(cf,,ei,) + d*(zj,, c},) + d*(c},, ¢;,)  (The Pythagorean theorem)

<d2 (le ) c;z) + d2 (C;l ’ cil) + d2 (xj2’ C;l) + d2 (6227 CiZ) (Ineq' @)

=d*(xj,,ci,) + d* (3, Ciy). (The Pythagorean theorem)

It contradicts with the assumption that z;, € C;, and z;, € C;,. Hence, we complete the proof. [J

Now we are ready to give the following theorem.

Theorem B.2 (Coreset for fair k-means when X lies on a line). Ler X be a set of n points lying
onaline in R, Let S = UBeB(X) J(B) be the coreset constructed as in Lemma Then S is an

/3-coreset for fair k-means clustering of X.

Proof. The proof is similar to that of Theorem 3.5 in [25]. The running time analysis is exactly the
same. Hence, we only focus on the correctness analysis in the following. We first rotate space such
that the line is on the z-axis and assume that 1 < o < ... < z,,. Given an assignment constraint
F € R* and a k-subset C' = {cy1,...,c,} C RY, let ¢; denote the projection of point ¢; to the real
line and assume that ¢; < ¢4 < ... < ¢},.. Our goal is to prove that

|K2(53F7C)7K2(X3F7C)|§ ']CQ(XvFaC)'

Wl M

By Lemma we have that the optimal fair clustering of X should be C; :=

T1ps, oo TF, } for each ¢ € [k]. Hence, Z(C4),...,Z(C}) are disjoint intervals.
Similarly, the optimal fa1r clustering of X should be to scan weighted points in S from left to right
and cluster points of total weight F; to ciE] If a batch B € B(X) lies completely within some

interval Z(C;), then it does not contribute to the overall difference |2 (.S, F, C') — Ko(X, F, C)| by
Lemma Bl

Thus, the only problematic batches are those that contain an endpoint of Z(C), ..., Z(C}). There
are at most k£ — 1 such batches. Let B be one such batch and J(B) = {q1, g2} be constructed as in
Lemma[B.1] For i € [k], let V; := Z(C;) N B. Let T denote the collection of the w; left side points
within B and 7 = B \ T. Note that w; may be fractional and hence T may include a fractional

point. Denote
=) ), Pea)+ ) D L)

i€kl zeViNT i€kl zeV;NT’

SRecall that a weighted point can be partially assigned to more than one cluster.
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572 We have that

=Y (d@B)-da,B) + > > ( — d(g2, B))’

i€[k]zeViNT ie[k] z€V;NT”
<> Y (@@,B)+d*q.B Z > (d*(x,B) + d*(q2. B))
i€[k] zeV;NT i€[k] xeV;NT’ &)
=A(B) + A(J(B)) = 2A(B) (Lemma [B.T])
20PT
< 5180 A (Construction of B).

573 Then we can upper bound the contribution of B to the overall difference |5 (S, F, C) — Ko( X, F, C)|
574 by

Z Z a:cl Q1, Z Z d2(¢]2,0i))

i€kl zeV;NT i€k] z€V;NT’
< Z Z ‘dQ {E Cz Q1,Cz |+ Z Z LL' CZ —d (q27ci)|
k] zeViNT ]aceVﬁT’
_Z Z (z,q1) (d(z, ¢;) + d(q1, ;) Jrz Z (z,g2) (d(z, ¢;) + d(q2, i)
i€[k] zeVi;NT i€[k] zeV;NT’
<Z Z (z,q1) (2d(z, ¢;) + d(z,q1)) +Z Z (z,q2) (2d(z, ¢;) + d(z, g2))
k) z€eV;NT i€k] zeV;NT’
= Z Z d (x,q1) + Z Z d (z,q2)
k] z€V;NT k] x€V;NT" (6)
+2 Z Z d(z,q)d(x,c;) + 2 Z Z d(z, g2)d(z, c;)
i€kl z€V;NT i€[k] z€V;NT’
<n+2y7 Z Z d?(z,¢;) (Defn. of 1 and Cauchy-Schwarz)
k] z€V;
2OPT 2
<Eo 4 S VOPT (X . C) (Ineg. @)
<£20PT . ﬁ . OPT + Zie[k] Ezem d2(x7ci)
— 100k 10k 2
<€OPT n € icik] XaeV, d*(z, c;)
— 5k 10k ’

575 Since there are at most & — 1 such batches, we conclude that the their total contribution to the error
st6  |K2(S, F,C) — Ko( X, F, C)| can be upper bounded by

eOPT  eko(X, F,C)
+ <
5 10k
577 It completes the proof. O

Ka(X,F,C).

w | m

572 B.2 Extending to higher dimension

579 The extension is almost the same to fair k-median, except that we apply Theorem [B.2]to construct the
ss0  coreset on each line. Let S denote the combination of coresets generated from all lines.

ss1  Proof of Theorem[B.]] By the above construction, the coreset size is O(k3c~¢~1). For the correct-
582  ness, Theorem 3.6 in [25] applies an important fact that for any k-subset C' C R4,

,CZ(Xa C*) <c- ’CQ(X7 C)

583 In our setting, we have a similar property. Note that for any given assignment constraint
s8¢ [ € R* and any k-subset C' C R?, we have

ICQ(X’ C*) <c- ’CQ(Xa F7 C)
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Then combining this fact with Theorem we have that S is an e-coreset for the fair k-means
clustering problem, by the same argument as that of Theorem 3.6 in [25]]. O

B.3 Proof of Theorem 4.3

Proof. The proof idea is similar to that of Lemma 2.8 in [25]]. We first rotate space such that the line
is on the x-axis and assume that 1 < 22 < ... < x,,. Given an assignment constraint I’ € R* and a
k-subset C' = {c1,...,cr} € R? let ¢; denote the projection of point ¢; to the real line and assume
that ¢ < ¢ < ... <¢}. Our goal is to prove that

|K:1(S,F,C)—K:1(X,F,C)|§ K:l(XaFaC)

Wl ™

By the construction of S, we build up a mapping 7 : X — S by letting 7(z) = B for any z € B.
For each i € [k], let C; denote the collection of points assigned to ¢; in the optimal fair k-median
clustering of X. By Lemmaf.1] C, ..., Cj, partition the line into at most 2k — 1 intervals 71, ..., 7,
(t < 2k — 1), such that all points of any interval Z; are assigned to the same center. Denote an
assignment function f : X — C by f(z) = ¢; if z € C;. Let B denote the set of all batches B,
which intersects with more than one intervals Z;, or alternatively, the interval Z(B) contains the
projection of a center point of C' to the x-axis. Clearly, |l§ | <2k — 2+ k = 3k — 2. For each batch

B e g, we have

m angle ineq.

S d(n(a), f(z)) — d(z, f(x S Jde,m@) = S 1@ B T 2P g

30k
reB r€EB rEB

Note that X \ |Jz.5 B can be partitioned into at most 3k — 1 contiguous intervals. Denote these

intervals by 77, ..., Z;, (f’ < 3k — 1). By definition, all points of each interval Z; are assigned to the
same center whose projection is outside Z/. Then by the proof of Lemma 2.8 in [23]], we have that for
each 7},

3 d(n(a), (@) — d(z, f@) < 26 = T2 T ®)
z€T]
Combining Inequalities (7) and (8), we have
Ki(S,F,C) = Ki(X,F,C) < > d(n —d(z, f(z)) (Defn. of K1(S, F,C))
zeX
=Y d(r(x), f(x)) — dx, f(x))
BeB*€EB
+Y > d(r —d(x, f(x)) )
i€[t] x€L]
<(3k —2)- 620? +(3k—1)- 6(1)5? (Inegs. (7) and (8))
seOSPT < g K1(X, F,C).

To prove the other direction, we can regard S as a collection of n unweighted points and consider the
optimal fair k-median clustering of S. Again, the optimal fair k-median clustering of S partitions
the x-axis into at most 2k — 1 contiguous intervals, and can be described by an assignment function
f' 8 — C. Then we can build up a mapping 7’ : S — X as the inverse function of 7. For each
batch B, let S denote the collection of | B| unweighted points located at B. We have the following
inequality that is similar to Inequality

, , , eOPT
z;}g d(ﬂ- (.Z'),f (33)) _d(m?f (CC)) < 30k

Suppose a contiguous interval Z consists of several batches and satisfies that all points of Z N .S are
assigned to the same center by f’ whose projection is outside Z. Then by the proof of Lemma 2.8

in [25]], we have that
>3 d (@), f(x)) - d(z, f'(x)) <0

BeZ zeSp
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614 Then by a similar argument as for Inequality (9), we can prove the other direction
Ki(X, F,C) = Ka(8,F.C) < £ - Ka (X, F.C),

615 which completes the proof.
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