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Appendix

S Approximate ED Gradients with PI in Backpropogation

In the following two subsections, we prove that the gradients computed from the PI equals those
computed from ED.

5.1 Power Iteration Gradients

To compute the leading eigenvector v of M, PI uses the following standard formula
Myv (k=1
v®) — 7
Vv =D
where ||-|| denotes the £ norm, and v(°) is usually initialized randomly with ||v(?)||=1. Its gradient
is [18]

15)

oL _ Z (I _ V(k+1)v(k+1)T) oL ST
oM HMv(k) H Ov(k+1)
’ (16)
oL (I— v(k+1)v(k+1)T) oL
nv® MR v
Using 3 power iteration steps for demonstration, we have
oL (I—-v®v®T) a1
ov(2) o HMv(Q)H ov®3) "
ov() ||Mv(1) H ov(®2) ||Mv(1) H ||Mv(2) H ov(3)
Then, because we use ED’s result, denoted as v, as initial vector, v=v(QavDay @ .. oy (F)
Therefore, 5—1{7[ can be re-written as
87L: (I- v(3>v(3>T) 0L T, (I- v(z)v@)T) oL T4 (I- V(I)V(I)T) oL vOT
oM HMV(2) H ov®) HMV(1> H ov(®2) HMV(O) H ov() 8
(I—VVT) (I—VVT) M (I—VVT) (I—VVT) M (I—VVT) M (I—VVT) OL (18)
= + . v
M| [Mv|? IMv|? v
Since vv ' and M are symmetric, and Mv = \v, we have
vwwM=M'vwhH)=Mvw )T =Qvw)T =Avv’ =Mvv'.
Introducing the equation above into the numerator of the second term of Eq. [18|yields
(I — VVT) M (I — VVT) = (M — VVTM) (I — VVT) = (M - MVVT) (I - VVT)
19
ZM(I—VVT) (I—VVT) :M<I—2VVT+VMVT) :M<I—VVT). (19)
Similarly, for the numerator in the third term in Eq[T8] we have
(I — VVT> M (I — VVT) M (I — VVT) = MM (I — VVT) . (20)
Introducing Eq[T9]and Eq[20]into Eq[T8] we obtain
oL (I-vvT) M@I-wvvT) L MM (I-vv')\ 0L + 1)
i v
oM M| Vv |® Mv]? ov
When extending the iteration number from 3 to &, EqJ18|becomes
I-vvl M(I-vv' MFL(T—vvT
oL _({-wl) M{I-wl) (:V) OL 1
oM Vvl IMv]| [Mv]| ov(k)

Eq[22]is the form we adopt to compute the gradients of ED.
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315 5.2 Analytic ED Gradients

316 The analytic solution of the ED gradients is [4].

oL _ 1 (oL oL .
aM—V{(K (v av))*(az>dmg}v @

1 . B
~ 1
Kij=1{ %0 0 7 (24)
0, 1=
0 1 1 1
PYEED P vy v -
1 0 1 1
)\2{)\1 1 >\27)\3 >\2T)\n
K= %2 - 0 B vy v (25)
1 1 1 0

An—A1 An—A2 An—A3
317 where ), is an eigenvalue, and

V=i vao vz -+ v, (26)
318 where v; is an eigenvector. Then,
oL _ [ 9L oL oL .. oL } (27)
ov — Lovy Ova ovs vy
T OL T oL T oL T oL
Vigv, Viagv, VYiav, 7 Vi,
TOL ,TOL TOL T oL
2 Ov, 2 Jv: 2 vy 2 Ov,,
+ 0L TOL TOL TOL . | TOL
V W = 3 Ovy 3 Ova 3 Ovs 3 Ov, (28)
T oL T oL T oL T 8L
Vonovi Veovs Vnov,s Vi ov,,
0 1 T 9L 1 T oL 1 T oL
)\2 )\1 1 8V2 )\37}\1 1 8V3 )\an1 1 6V
1 yToL vIoL .. v
)\17)\2 2 6\8 . )\37A2 2 8V3 )\an2 2 ov
~ + 0L 1 ,To 1 ToL 0 1 T2
KoV v = X—23 V3 Ovi  Aa—xs V3 Ovs, =3 V3 Dv, 29)
1T oL 1 T oL 1 T oL 0
A1—A, T Ovy Aa—A, N Ova Az3—A, T Ovs
VKo V'Vai =[>r vy 2L S Ly Ok ] (30)
v iAL A=A VEVi Dy’ ) i#n Xp—X; VEVD Dv,
- OL - 1 OL - OL
VKoVT—VT:Z V'VT—vl—i—-n—i—Z v,v.| v 3D
8V - )\1 — )\Z v 8V1 ‘ )\n — )\1 v avn "
i1 i#En
0L " OL
diag i=1 i

319 Let us now consider the partial derivative w.x.¢. the dominant eigenvector v; and ignore the remaining
oL oL
820 5l # 1. Then g5 becomes

——ViVvy . (33)
1
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