SUPPLEMENTARY MATERIAL TO
Accelerating Rescaled Gradient Descent:
Fast Minimization of Smooth Functions
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A Descent Flows

The derivation and analysis of descent algorithms is inspired by descent flows. In this section we
introduce and analyzed these family of dynamics.

Definition 3 A dynamics is a descent flow of order p if is satisfies

d 2
o (Xe) = VA& Y 27)
for some 1 < p < oo and forall 0 <t < oo.

For dynamics that satisfy (27), we obtain non-asymptotic convergence guarantees for non-convex,
convex and gradient-dominated functions. We summarize our main results for descent curves of order
p in the following three theorems.

Theorem 11 Suppose a dynamical system satisfies (27) for some 1 < p < oo and f is differentiable.
Then the system satisfies

min |V£(X,)|l, = O (1/7:%) . (28)

0<s<t

Theorem 12 Suppose a dynamical system satisfies (27) for some 1 < p < co and f is differentiable
and convex with R = SUp,. ¢ ;)< f(z,) |7 — || < 00. Then the system satisfies

F(X) = f(a) = {g ((:_/t(/;; R%,tl%l)p) Z:z : z . (29)

Theorem 13 Suppose a dynamical system satisfies (27) for some 1 < p < co and f is differentiable
and p-gradient dominated of order p. Then the system satisfies

f(X) = f@*) =0 (e‘p”l“"l”) : (30)

The proof of these results follows the same structure as the descent algorithms, with both relying on
simple energy arguments.

A.1 Proofs
To show (28), we begin with the energy function & = f(X;) — f(«*). A straightforward calculation
shows
d d @n p_
—& = — < — =1
G = G100 < IV
Integrating and rearranging gives the bound

P

t
i s %< — p—1 < _ )
i VAT < [T < 6~ &
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from which we can conclude (28).

Next, fix any @ > 0, and define the positive increasing function w, (t) = (14t/(ap))P which satisfies

% log we(t) = W and the constant ¢, = u;lf/f)p. When p = oo, each formal expression

written in terms of p in this proof should be interpreted as the limit of that expression as p — oo. For
. . . —_— q

example, if p = 00, w, () = lim,_ oo (1 + t/(ag))? = €/% and ¢, = lim,_, (lq%/lq) = 0.

To establish (29), we show the energy function

& = wa(8)(f(Xe) = f(27)) €10

grows at most linearly for any dynamical system that satisfies (27). To this end, observe that
€ = wi () (F(Xe) = f(2%) + wa(t) F £ (Xz)
< wl ((VF(Xe), o™ — Xi) + wa(t) 5 F(Xe)

L (VX 27— X) — wa (BT

= wq(t)(Flogwa ()(VF(Xy), 2" — Xo) — [[VFA( X))
< wa(t)cpl| 4 log wa () (Xy — z*) [P
= || Xy —z*||P/aP < Cp%'

The first inequality uses the convexity of f and the second inequality uses (27). The third inequality
uses the Fenchel-Young inequality

—[Isll £ + (s, u) < cpllull” (32)

for s = Vf(X;) and u = & logw,(t)(z* — X;). The last step uses the fact that | X; — z*|| < R =
SUD,. £(2)< f(X,) |7 — " || since condition (27) implies the dynamical system is a descent method.
Moreover, R is finite, since the sublevel sets of f are bounded. Integrating allows us to obtain the
statement & — & < cpf—:t, and subsequently, the upper bound

F(Xe) = fla¥) < LXOIED) + o B e

(1+t/(ap))? (ap))P -
; : _ (cpt)'/? :
Since a > 0 was arbitrary, we may choose a = RW to obtain the bound
F(X) = flar) < —2UEIED o 0(1/(1+ At7)P)
1+ U X)) =F @ N!/P B P
Rc;/pp
as desired.
The last bound (30) uses the energy function & = f(X;) — f(«*) to establish
d d 27 _p_ D 1
—&=—f(Xy) < — Xt < ———ur1g,.
G = G FX0) < IV < Lo,

where the last inequality follows from the gradient dominated condition. We use the intuition from
the bounds established for descent dynamics to derive analogous results for descent algorithms.

B Descent Algorithms

We present proofs of results Section 2.

B.1 Proof of Theorems 1-3

We begin with detailed proofs of Theorems 1-3.

B.1.1 Proof of Theorem 1

By rearranging and summing (2), we obtain
Skmin <o V(@) 77 < 30 4 IV (@s)llF76 < flao) — flax) < flao)

where j = k if the bound (2a) holds and j = k£ + 1 if the bound (2b) holds. Rearranging the inequality
yields the result in Theorem 1.
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B.1.2 Proof of Theorem 2

Fix any a > 0, and define the positive increasing function w,(t) = (1 + t/(ap))P, which satisfies
% logw,(t) = W, and the constant ¢, = (1;1%. When p = oo, each formal expression
written in terms of p in this proof should be interpreted as the limit of that expression as p — co. For
example, if p = 0o, w,(t) = limy_, oo (1 +¢/(aq))? = et/ and ¢op = limg_00 (1;1# = 0. For

1
the proof of Theorem 2 under the condition (2a), we introduce the energy function

Ey, = wa(0k)(f (k) — f(27)),

noting that, by the convexity of w ont > 0,

u1a(<5(k+1)) wq (9K) <1 (1_|_ (k+1)) -1 _ %wa(é(k‘—l—l))(p_l)/p-

and hence

wq (6(k+1))—w, (5k) 1
0w (6(k+1)) = aw, (5(k+1))1/p " (33)

When (2a) holds, we have
Pt = welE)melOD) (£ () — f(a*)) + wa(§(k + 1)) K=l
< wa(5(k+1))—wa(5k) <vf($k),$k . CL‘*) + wa(é(k’ + 1)) f(ﬂ?k+1)*f(wk)
(23)
WO D) =0al08) (7 (), 2, — %) — wa((k + ||V ()| F

= wa (B(k + 1)) (LB D) (7 () — %) — |V ) |[77)
< wa(6(k + 1)) (Gormaroyre (V (@), i — 2%) = [V () [£77)
< wo(S(k+1))ep | o3

k+1))1/p(
= ¢pllap — *||P/a? < ¢, RP /aP.

wp — )P

The first inequality uses convexity of f, and the second uses (2a). The third 1nequahty is an
apphcatlon of (33). The fourth inequality uses the Fenchel-Young inequality —||s|| 7~ T4 (s,u) <
—e=l L8]] 75T + (s,u) < L Sllull” with s = V f (x) and u = W(@“k x*). Both descent

condltlons (2) imply ||z — 2*|| < R, yielding the final inequality. Therefore, we have shown that
forall k > 0, Ex11 — E < ¢,0RP/a”. This implies Ey, < Ey + ¢,0kRP /a”. Therefore

f(zo)—f(z") RP 5k
F(an) = @) < G5k Tapyy T  ar Tk @y

/p
Since a > 0 was arbitrary, we may choose a = R% to obtain the bound
flan) = fa*) < AU S — O(1/(1+ 75 (6k) ' )?)
Y, ffm) ? (5k) 7
as desired.

If, on the other hand (2b) holds, identical reasoning yields

BragP — el —wel) (f(ry10) — f(2¥)) + w (Jk) L=l
< wa(‘s(k"!‘l))_wa(ék) <Vf(

(2b)

Thy1), Tp1 — 2°) + wa(f;k)if(wrlz;f(rk)

LalOUH) =0 OB) (F f(2),41), 2ps1 — 2%) — wa(6F) |V f (@prn) [ E7
wa (k) (LeCEEN e CR) (G f (3 1) 2y — 2%) — |V f (zpgn) 1)

wawk)(awd(g;:;;i&’t;,:z))u,, (V F(wrsn), 2 — o) — [V f () [77)

weq(d(k
Wa (OF)epl| st e e (w41 — 27) P

_ <wa<6<k+1>>) R
- we (8k) P ap *
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Now, since wq(6(k + 1)) < we(dk)we(d) , we have shown that for all k& > 0, Fpyq — Ey <
e (8)P~ e, 5. This implies By, < Eo + w, ()P~ e, & 0k. Hence, we find

fzo)—f(z R? 5k
flxr) = f(z )<%+wa(5)p Lep s (TToR Sty

Since a > 0 was arbitrary, we may choose a = bwy,(§)P~1/P for b = R%~
wp(0) > 1, we have b < a and hence w, (9) < wy(d). Therefore,

f(zy) — fla*) < 20/ @o)=S@") :O(l/(l—kﬁ%(&k)%)z’)
14 UG s @ NP 5 BT P

Rep/Ppuwy(5)(P=1)/P

Since

as desired.

B.1.3 Proof of Theorem 3
Take the energy function Fy, = f(xy) — f (1;*) Observe that if (2a) holds, then we have:

_ < S L
Ek+16 By, f(xk+1) f(zk) va(l’k)np -1 p:'%l'upqu?

or rewritten, Fj1q1 < (1 — ﬁﬂﬁ 6) FE. Summing gives the bound

k 1
Ey1 < (1 - 1””115> Ey <e mih’ kg
p—

using 1 + x < e* Va € R. On the other hand, if (2b) holds, then a similar argument follows:

_ _ (@b 2 0 1
Prabe = e sl & |V f ) |77 < = 2p7 T B,

-1
or rewritten, 1 < (1 + z% Mﬁ 5) E}.. Summing gives the bound

Ei1 < <1+ﬁﬂﬁ5) Eg < e pih” 1‘”“E

B.2 Examples of descent methods

We now provide detailed demonstration that the examples provided are descent algorithms.

B.2.1 Higher-order gradient descent
Let p = p — 1 + v. The optimality condition for the HGD algorithm (7) is
S Vi ) (@ — @)+ Sllaee — 2l Bag —a) =0, (34)

Since VP~ f is L-Lipschitz, we have the following error bound on the (p — 2)-nd order Taylor
expansion of V f:

[V @rsn) = 02 Vi ) @ — )| < Ghaplloen —mlp . G9)

Substituting (34) to (35) and writing ry, = ||zk11

|V flrsn) (o — 2w < Gl (36)
Squaring both sides, expanding, and rearranging the terms, we get the inequality
rP 2

(Vf(@rs1), zp — Thgr) 2 2T%772 IV f(zps)ll2 + 5 (7712 - ﬁ) : (37

If p = 2, then the first term in (37) already implies the desired bound below. Now assume p > 3.
The right-hand side of (37) is of the form A/r?~2 + BrP, which is a convex function of > 0 and

(p—=2) A
7 B

minimized by r* = { }m , yielding a minimum value of

i B = AT BEE | (25)7 4 (52)77| 2 amapE,

15



Substituting the values A = Z{|V f(zx+1)|7 and B = (55 — ﬁ) from (37), we obtain

(Vf(@rsr), 2 — Tpg1) > 3 (n% - (p_Lz)lz) s ||Vf($k+1)||

Finally, using the inequality f(zx) — f(zr+1) > (Vf(2k+1), Tk — Tr41) by the convexity of f
yields the progress bound

=T Ln)? 2p 2 D
%%1—%) IV @)l

:5

f(@rg) = flog) <

1
< - gpis IV f(zppn) |5

27
where the least inequality uses the fact that n < %.

B.2.2 Proximal method

The optimality condition for the proximal method is
e+ — 2llf”

V2h(zr) "'V (2r41) + ;

(Tr+1 —ax) =0,

) 1
which implies |zxr1 — @k, = 07 2|V f(zre1)| 2% using the shorthand ||v]|z, « =
(v, Vh(zy)~1v). From the definition of 1, we have f(xp41) + ||1:k+1 —xgll?, < flzr).
Rearranging gives

_p

_pP
(20| 7k > MIIVf(fEAoH)\I o

flaw) = flarrn) 2 g llzre — 2l =

as desired.
B.2.3 Natural gradient descent
Since V2f < LB, we have the bound

F@rrn) < flaw) + (Vf(en), wher — an) + S llor — ol

Plugging in the NGD update (9) gives
f@rin) < flax) = n(V F(xn), (V2h(zx) IV f ) + &
Since mB < V?h < M B, we have .- B! < (V?h)~! =
flargr) < flan) = FIVF(@R)]? + 25 HVf(xk)IIZ
= f@) = n (3 — 5 ) IV F (@) 2
< flaw) = g IV ()2

2
where in the last step we have used the inequality n < 7.

LI\ f (o), B(V2h(zx)) "2V f(zx)).
1pB- 1

B.2.4 Mirror descent

Plugging the variational condition Vh(zy41) — Vh(zi) = —nV f(x) into the smoothness bound
on f, as well as using the property mB =< V2h we have

flanen) = flan) < (VF(zr), T — o) + 5 l|lzess — e
< = (V(@i1) = V(@) ki1 — 23) + gz | Vh(2i1) — Vh(ar)|2

Given h is M-smooth, —%(Vh(xk_H) — Vh(zy), zpr1 — xp) < —nﬁHVh(mkH) — Vh(zy)|)?
((Nesterov, 2004, (2.1.8))) and therefore,

fer) = Fan) < — (7 = 257 ) IVAG@es) = Vh(@) 2 < = (3 = 25 ) IV £ @)l
< = IV F(@R)lI2
where in the last step we have used the inequality n < %
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B.2.5 Proximal Bregman Method

The optimality condition for the proximal method is nV f(2x4+1) = Vh(zk41) — Vh(xy), which
implies 7|V f (zx+1)]? :IHVh(a:kH) — Vh(zg)||? < M?||2s41 — 21|%. From the definition of

Trt1, we have f(zpi1) + 5 Dp(@r41, 7x) < f(2k). Rearranging gives

fensr) = fan) < =5 Dplepar, 2n) < =g llonir — aal® < — g5 [V F (@) |12

as desired.

B.3 Rescaled Gradient Descent

Proof of Lemma 4 We show rescaled gradient descent satisfies progress bound (2) with § =
1
n7»—1 /2 when f is strongly smooth. Since ||V? f(z)| < L,, we have the Taylor expansion bound,

f(xrs1) — flon) < <Vf(l’k) Th1 — k) + Doy m.me(Ik)(l‘kH —xp)™ ﬁka-H —zi|P

== B ) VS () [FT + Sty 1 L (T

m=2 m! m(p—2

IV f (i)l 277

1-—-

—m _ m(p—2)

;n m+i)j_ p—1
1= ) |V F @l + Xy Lo Ll VA ()
= 7 (1 - f) \\Vf(anfl +30 ,,T L[V £ ()7
=7 (1= S, 2 ) IV )|

The second line follows from the rescaled gradient update (12) and the third follows from our strongly
smoothness Assumption (def 2). Since < 1 we can further bound

Flonin) = flan) < =7 (1=t S0y L ) 95 ()2

=
(13) (

Our step-size condition (14) implies 1 — np%l > L >

poet which yields the desired bound (2)
with § = nv%l /2.

1
27

B.4 Gradient Descent vs. Rescaled Gradient Descent

Proof of Lemma 4 We have f'(z) = sign()|z[?~1, so | f'(z)| 71 = |z[P~2.

1
The rescaled gradient descent of order p with step size e = n»-1 is

/ : |p—1
) (IkZJ =15 — 681gn?xk|)p|a:;;| =(1—¢€)xg
| (k)72 Tk

Therefore, if 0 < € < 1, then z;, = (1 — €)*x, and thus f(z) = (1 — €)P* f(z) converges to 0 at
an exponential rate ©((1 — €)P¥).

T4l = T — €

The gradient descent with step size € = nﬁ for f is
Thp1 = xp — ef (x1) = xp — esign(zp)|zp[P7! = (1 — €|lzp[P72) 2.

Note that if 0 < € < |mk|*(i”*2), then z;, has the same sign as x; with smaller magnitude. In
. . Z1 . .
particular, if 0 < 330 < e r»=2,thenxy > xpy1 > 0forall k > 0, and gradlent descent simplifies to
— p—2\—1
Trr1 = (1 — ezl )z, Assume we start with 0 < zo < (2¢) 7~ 77, 50 L s = —exy )<
(1- exg_Q)_l < 2. Then by Jensen’s inequality applied to the convex function z — =~ ®~2) we

J(rpl P - %Z(pfz) _(p =2 (p— 2)2p_1€. This implies
Tt

p—1
have z, T — Thy1) = (p —2)etr <
v

Tp > (:va(’VZ) +(p— 2)21’_1615)7@ =Q((ek)™ 7 ) and thus f(z) > Q((ek) "7 2) converges
to O at a polynomial rate.
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B.4.1 Gradient Flow vs. Rescaled Gradient Flow

We also discuss how the behavior in discrete time above matches the behavior in continuous time.
The rescaled gradient flow of order p for f is

o f/(Xt) o sign(Xt)\XtV’_l o

- =2 p—2 =X
|f/ (X)) P | X

so X; = e~ "Xy, and thus f(X;) = e P! f(Xj) converges to 0 at an exponential rate ©(e~?").
The gradient flow (which is rescaled gradient flow of order 2) for f is

Xi = —f'(Xs) = —sign(X:)| X [P~
Without loss of generality assume X > 0, so X; > 0 for all £ > 0. Then gradient flow simplifies to
X, =—-X""or %Xt_(p_z) = —(p—2)X, Xt_(p_l) =p—2,50X; = (Xo_(p_z) +(p—2)t)_ﬁ,
and thus f(X;) = ©(t"7°%) converges to 0 at a polynomial rate.
More generally, the rescaled gradient flow of order g (¢ > 1, q # p) for f is

f'(X) sign(X;)| X [P~ . Pt
T 2 — CE —sign(X;)| X7
|f/(Xy)| o= | Xe| ™ et
. p—1
Assume Xy > 0, so X; > 0 forall ¢ > 0. Rescaled gradient flow simplifies to X; = — X",
or FX, T =550 X, = (X, T+ (%)f)_’%, and f(X,) = O(t~"5="). Note that if

1 < g < p, then f(X;) converges to 0 at a polynomial rate, which becomes faster as ¢ — p. Atq = p,
the convergence rate becomes exponential, as we see for rescaled gradient flow above. However, for
q > p, f(X¢) diverges to co. Thus, the best order to use is ¢ = p, but it is better to underestimate p.

C Accelerating Descent Algorithms

The energy function
By = Dp(z", zi) + Ax(f(yx) = f(z7)), (38)

will be used to analyze all the accelerated methods introduced in this paper.

C.1 Proof of Proposition 7

Take energy (Lyapunov) function (38) Set Ay, = C9PkP) where kP) = k(k +1)---(k+p—1)is
k

the rising factorial. Denote ay, := w = Cpo?~ (k+1)P~V and 1 := A = s

Algorithm (15): Using (38) we compute

Ek+3—Ek _ Dh,(m*72k+lzs—Dh(m*7Z}g) + Alj;rl (f(yk+1) . f(l’*)) N %(f(yk) o f(x*)) (39)
We bound the first part,

Dy (z™,z — Dy, (z",21) Vh(z —Vh(zk 1
A k+125 A Bo= — < ( k+12§ ( k)7x* - Zk+1> - gDh(Zk+1azk)

D 0 (V f(r), & — k) + (Y (2r), 2 — 2hp1) — $Dp (241, 21)

P _p_
< oV flar).a® = z) + (/m) 7Tl [V @n)|F (40)
where the inequality follows from the m-uniform convexity of h of order p and the Fenchel-Young
P _p_
inequality (s, h) + I%HhHP > —Elsllft < —lsll¥, with b = (m/é)%(zkﬂ — z) and s =

(5/m)%a,§ﬁ V f(z). Plugging in update (15a),

ar(Vf(ar),* — 21) = ap(Vf(zx), o — yp) + 2V (21), g — 1)
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= o (V (), 2% — 2p) + G (Vf(2h), yr — T1)
< — (B2 (Forn) = F@) = B4 (F () — F())
+ Ay f(yk+1zg—f(1k)
< — (B2 () = F@) = B (F () = F())
— A 87TV S @)l @n

The first inequality follows from the convexity of f and rearranging terms. The second inequality
uses the progress condition assumed for the sequence yx1. Combining (39) with (40) and (41) we
have,

ErsBe < ((0/m) 7T (Cpor=1(k + 1~D) 7T — 067767 (k + 1)) [V f ()12
Given ((k 4+ 1)®=D)5°T /(k + 1)® < 1, it suffices that C < 1/mp? to ensure Z:1=Er

5
0. Summing the Lyapunov function gives the convergence rate f(yx) — f(z*) = O(1/Ag)
O(1/(0k)P).

A

Algorithm (16): Using (38) with the same parameter choices as algorithm (15), we have

Dy (2" ,2k41) =D (z™,25) * I 2y
S =2 < ap(VF(Yrra), 2" = 20) + (6/m) =T ol [V (e )77, (42)

where the first part uses the same steps as (40) except update (16b) is used instead of (15b). Plugging
in update (16a) yields the following,

an(Vf(yer1), % — 2k) = 0 (VI Y1), 0 = Y1) + 25V F Wrst), Yrsr — 2a)
2 U (VF (1), & = Y1) + 2V F (i), Y — Yhr)
+ %<vf(yk+l)vyk+l - xk)
< = (252 (Flynan) = @) = A () = f(@™)))
+ A (T (Y1) Y1 — k)
< — (5 (Flynan) = @) = 26 (f () = f(@™)))
— A 87TV f () [T (43)

The first inequality follows from the convexity of f and rearranging terms. The second inequality
uses the progress condition assumed for the sequence yx1. Combining (39) with (42) (43), we have

BennBe < 5770k + 1) PV f (s |12 + (6/m) 7T (Cp(k + 1)PD) 7T [V f (yrs) |

For M < 0 it suffices that C' < 1/mpP. Summing the Lyapunov function gives the conver-
gence rate f(yx) — f(2*) = O(1/Ay) = O(1/(0k)").

C.2 Restarting Scheme

When f is strongly smooth and p-gradient dominated, we define the restarting scheme (similar
to (Wibisono et al., 2016, (B.1.2))), which proceeds by running 1 for some number of iterations at
each step,

Zx = (the output y, of running Algorithm 1 for ¢ iterations with input xg = Zx_..). (44)

Theorem 14 Assume f is convex and strongly smooth of order 1 < p < oo with constants 0 <
Li,...,L, < ooand f is p-gradient dominated of order p. Suppose 1 satisfies (14). Let &, be the

output of running the restarting scheme (44) for k/c times with ¢ = 2p//<;% where Kk = uéP = .
Finally, let y;, be the output of running the rescaled gradient descent update one step from Zy,. The

composite scheme satisfies the convergence rate upper bound: f(yx) — f(x*) = O(exp( —% /L%(Sk)
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Take h(z) =
algorithm (15) or (16) results in the convergence bound,

. . op—=2,p—1 14 Ce—z*||P oP—2,p—14 o o—a*|P
Bllay — 2* P < flin) — f(a¥) < T JRpmemt D < 22 27 ffceme ]

£\ — 2P, (45)

IN

where the last inequality follows from the choice ¢ = 2p/ k7. Thus an execution of (44) for c
iterations of the accelerated method reduces the distance to optimum by a factor of at least 1/e.
Iterating (45), we obtain %Hik —z*||P < e’k/ci ||Zo — «*||P. Using the descent property for both
methods, Ey 1 < 02pP ||z, — 2*||P (2a) and Ey 1 < 62pP~ 1|21 — 2*||P (2b), implies that

1

Fn) — fla*) < b2t ||x0_x||p—o<ez:k>.

C.3 Proof of Proposition 9

We analyze the following sequence of iterates

xp = 01zr + (1 — 07k yk (46a)
zipr = argmin, {ox(Vf(yes1), 2) + 5Dn(z,21) } (46b)
where the update for (Ax1,yr+1) satisfies the descent conditions
0 < 25 g — k[P <0, (46¢)
lyk+1 — zk + %Vf(ykﬂ)” < %”ykﬂ — o, (46d)
and the following identifications «, = A“th’“ T = A(zi and A\py1 = hold Assume h

is m-strongly convex.

Taking energy function (38), we compute

BB — Ar (f(yppr) — f(2*)) — 4 (f () — ()

- <—Vh(zk“3;_w(zk),$* - Zk+1> — Dp(2k41, 21)

L ok (Flyn) — 1) + 2 (F ) — ) + o (VF (rsn), 2 — z14)

— 55 llze — zega |?
< ap(VF(Yrs1) Ybs1 — 2hs1) + 2V Ws1), Y — Yia1) — 2|z — 2ip1 |2

where the first inequality follows from the strong convexity of & and the last inequality follows from
the convexity of f. Denote x = 07x2x+1 + (1 — 073 )yk. Starting from the preceding line, we have,

FE —F Ay [
SRR < SR (V f(Yrr1), b1 — ) — 5 ll2k — 52 + S ul?

= Ak“ (Vf(Wra1), Yrr1 — ) — Win&’kzk + (1= 0m)yx — z?

(46) A
3 =V (Wk1)s Yr1 — @) — W%sz —z|?

k41
B

< maX:eeX{ (Vf (k1) b1 — ) — W%HM*UC\P}-

Plugging in the solution, which satisfies ¢ = z3, — = V f(yk+1), and noting A1 = ol we

m Ak+1 Ak+1
obtain
Epi1—En _ A s
S Ea s vk <||yk+1 =+ 2V Fyra )12 = lyk+r — ifk||2)
@ed)
< ,\,f:ll(; 2|l ypgr — xe || (47)

This is the same bound as (Monteiro and Svaiter, 2013, (3.12)) with o = 0.
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Rearranging the last inequality and summing over k, we have

k . )
Zi:o %%H%H - x1|| < Epp1+ Zz 0 A 4 ||yl+1 - x1|| < Ep= Dh(x*axo)a (48)

where the last equality comes from taking Ay = 0.

Notice that summing over our bound (47) gives us the rate

flye) = f(2") < -~

Now we use the second bound (46¢) to establish A = O(kspz_ : ). This follows from arguments

identical to the those given by (Gasnikov et al., 2019, p.6-7) and (Bubeck et al., p.6-8). Denote
a1 = ad 222 Observe that

k A, p72 (46¢) p—2 k
Zi:O )\ppjal < Ez 0 1+p— ()‘ Hyl-i-l _le ) S Z

(48)
— 2|2 < AEy/m.

(49)

2 p—
Denote ¢1 = a, ¥ *4FEy/m = (aéSPTQ)fﬁEOZL/m. Using the previous line, we have

Az (X, VR) 21T <zz AP ) , (50)

where the first inequality follows from definition of oy, (see (Bubeck et al., Lem 2.6)) and the second
inequality uses reverse Holders (see (Bubeck et al., p.7-8)). Specifically, we have

Ao+ VAR + 4N AR—1 A A ?
ap = k PS> T A 2 (VAL - A,
2 2 2
and ai = A\ Ay which allows us to conclude the first inequality. For the second inequality, we
use reverse Holder (i.e. |[fgll1 > ||f]l 1 llgll - . forg > 1) withg =14+ &= = 31;;2 so that

1 _ 2
1= o 2,wehave

p—2
i

p—2 P p—2
p=2 T b2\ B s
S S () > (Sh,a77) (Zf_o ) oY

Equation (50) follows from combining (51) with (49).

To end our proof, we use the elementary fact (Bubeck et al., Lem 3.4) that for a positive sequence B
such that By > ¢ Zle Bj;, we have

as desired. Picking up the constants, we have the bound

y
2

- *) « Eo _ caDn(z",m0)
flye) — f(z*) < x (6k)3p2_2 )

kN

where c; ! = (2/p) (4/m) .



C.4 Restarting Scheme
When f is strongly smooth and p-gradient dominated, we define the restarting scheme (similar
to (44)), which proceeds by running Algorithm 2 for some number of iterations at each step,

Zr, = (the output y. of running Algorithm 2 for c¢ iterations with input g = ). (52)
We summarize the behavior of the restarting scheme in the following theorem:
Theorem 15 Assume f is convex and s-strongly smooth of order 1 < p < oo with constants
0<Li,...,L, < ocoand f is p-gradient dominated of order p. Take h(z) = %||z||%. Let &y, be the

output of running the restarting scheme (52) for k/c times with ¢ = (p3/2) 52 (e/3k) %7 where

K= ud 2 un. Finally, let yi, be the output of running the rescaled gradient descent update one
step from Zj,. Then we have the convergence rate upper bound:

flyx) — f(2") =0 (eXp (fcm“%%k)) :

where ¢; = (3/6)37%2(2/1)3)31%2.

Take h(z) = %||z||? which is 1-strongly convex. Running k iterations of algorithm (46) results in the

convergence bound

82y o—a*||P NI —— R
blan =l < J(@) - S < 2ol < Hemlh < o - ol (59

where the last inequality follows from the choice ¢ = (c3pe/2k) %7 where k = 6 2 . Thus an
execution of (52) for c iterations of the accelerated method reduces the distance to optimum by a
factor of at least 1/e. Iterating (53), we obtain _ ||&), — z*||P < e‘k/c% ||#o — x*||P. Here, we require
that the update from x, to y;+1 be a descent algorithm. Using the descent property for both methods
Ery1 < 02pP7 Y|z — 2*||P (2a) and Eyy 1 < 02pP~ ||z 1 — 2*||P (2b) implies that

)~ £(a) < 02907 e Ty = 0 (e T
where ¢4 = (03pe/2)_31%2.

C.5 Proof of Theorem 10

We show under the strong smoothness, rescaled gradient descent with line search condition (46c)
satisfies (46d). We summarize in the following Lemma.

Lemma 16 Under the above assumptions, if 71 < min{%7 /(230 _ L\ and Ay, 4 is such

m=2 m/!
that
b ol < g 54
then rescaled gradient descent (12) satisfies
k1 — 2+ M1 V(@) | < Sller — el (55)
Note, we can write (54) as
_1 _1_
% - 1L—2 SMHS% - 1L—2' (56)
IV f (@)l P=1 IV f (@)l P=T

Plugging in the RGD update (12) to (55), what we wish to show is that

Since ||V? f(x)|| < Ly, we have the following Taylor expansion of V f:
Vf(xke1) = Vf(xe) + an_:lz ﬁ(vmf(xk))(xkﬂ — )™+ Ry,

1

Mot Vf (@hp1) — — 25V f(a)
IV f(zg)|| P~

1

< LV f () || 7T (57)
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where R, is the remainder term which can be bounded as

L, _
[Rell < yrllensa — x|

1= Ll ().

Furthermore, by strong smoothness assumption, form = 2,. ..

,p — 1 we have

LI ™ f(x )"t
1V f () s — )| = 7 KL G

IVf(ze)ll P71

m Lm v m= 1+p 1

< - IV f(zk )H L2
HVf(fﬂk)H p—1

= 07T L ||V f ()

By plugging in the bounds above to the left-hand side of (57), we get

L
‘Ak+1Vf(xk+1) N v ? )H Vf(xk)
p
1
- |(Ak+l - l()”) V£ (@n) + Ness 0y oy (97 () (st — )™+ Ao R
p—1
1
< Akt — W’ IV f (@)l + N1 220,22 Gty 1OV F (@) (@1 = 20)™ 7|+ A || R
x| P—1
1
= [ IIVf?p )1|P2’ IV £ @)+ Awer 52 g™ T L[V £ (@)l + Mg 25l 9 £ ()|
z)|| Pt
1
= (| = 2| M S0 T v e ) 19 )
IV f(ze)l|P—1
_1 m
= (Pers = 2 a2 ) 9 )]
IV f(ze)l|P—1
1
< (s - == e drro s m) 19 @l
IV f(ze)l|P—1
1 1
< (Pusr = =2+ 222 ) 9@
IV f(ze)l|P—1

where in the last step we have used that 77— 7T <1 /@230, L,

Therefore, from the above, we see that if

1 1
‘/\k'H - i =2 < it =2 (58)
IV f(@p)llP—1 4|V f(zr) || P=T
and
1 =
pP— pP—
)\k+177 2 2 S 1 P—2 (59)

p—=
AV F(ze)llP=t

then the desired relation (57) holds. The first condition (58) is equivalent to

_— 1
r < Apg1 < L

nr
— p=2
IV f (@)l P~1

IV F @) 7= i

NI
FNSH

which is precisely the requirement (56), whereas the second condition (59) is equivalent to

Ney1 € ————

> p—2
2p[|V f(zk)l|P—1

1
Note that if n7-1 < 51 then the last condition above is automatically satisfied if the right-hand side

of the former condition (56) holds. Therefore, we have shown that the condition (56) implies the
desired relation (57), or equivalently (55). A simple continuity argument, similar to (Bubeck et al.,
Lem 3.2) ensures the existence of pair (A, y) that satisfies (54) and (55) simultaneously.
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C.6 Proximal method

Given 3 € R™ and > 0, let 2541 be the proximal update (8), which satisfies

1 = ap — T — L) (60)
IVf(zrr)lIP=T

Lemma 17 If \;1 is such that

1 Ak —z||P 2
1< k+1\|$k+€1 ol < %7 61)
then
k41 = 2k + M1 Vi (@rr) ] < 5llener — 2. (62)
Note (61) is equivalent to the condition
1 1
p— p—
— L —= <M < §—1— (63)

2 - p—2
IV f(zr)lI P IV f(zrr)l|P1

Plugging in the proximal update (60) to (62), what we wish to show is that

Equivalently, we wish to show that

1

MotV (@he1) — — L5V f(211)
IV f(zr+1)l|P~T

1

TV f @) 77

‘<7}

1
nr-t

p—2
IV f(zp+1)lIP—T

which is exactly condition (63). Subsequently, we can write the Monteiro-Svaiter-style accelerated
proximal method as the following sequence of updates,

L 1
p—
< < =27
2|V f(@rt1)] P71

Akt1 —

Algorithm 3 Monteiro-Svaiter-style accelerated proximal method

Require: [ is differentiable and h is 1-strongly convex
1: SGt(L’O = 20 :O,AO :0,63172_2 =nn >0
2: fork=1,..., K do

3: Choose A\, (e.g. by line search) such that %

A —x||P 2
< k+1“yk+7; x| gg,where

g1 = argmingex { £(2) + &l — wil?}

Akt1ty/ A1 +4Ap Ak 41 ) 52a?
and a;, = aa  Apr = Sy + A, 7 = 22 (s0 that Ay = °5) and

g = 0Trzr + (1 — 07k Yk-

4: Update 24 = argminzex {ar(Vf(yrt1),2) + $Dn(z, 21) }
5: return yg.

D Examples and Numerical Experiments

D.1 Comparison to Runge-Kutta

In Zhang et al. (2018) the following gradient lower bound assumption is made

Definition 4 f satisfies the gradient lower bound of order p > 2 if forallm =1,...,p — 1,

f@) = fa*) = &

for some constants 0 < C1,...,Cp_1 < 00.

V™ f(z)|7m VaeR"
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Notice that when p = 2, this is equivalent to s-strong smoothness, which is the general smoothness
condition on the gradient. However, for p > 2 we can show that it is slightly weaker than strong
smoothness. We summarize in the following Lemma:

Lemma 18 If f is strongly smooth of order p wzth constants L,,, then f satisfies the gradient lower
bound of order p with constants Cy, = 4(3°F_, = Loy =

Let n = 1/(2 Lmyp=1 a5 in (2). Then with 2, = = and x4 = 2z —

m2m

07TV (2)/|V f(z)| 7=, by Lemma 4 we have

F@) < flaonsn) £ F@) = BV = £(@) - 15 IVH@)]7T.

m=2 m!

Rearranging gives the desired claim:

flz) = f(z*) > m”vf( )||ﬁ'

D.2 Examples

We provide details on the examples presented in the main text.

D.3 7, loss
Let
1 1 1<
Fo) = el = =3 fra = =3 sen(z)Pe
p P pPi3
The gradient V f(z) has entries
(Vf(2)); = sgn(x:)Pa} "

The norm of the gradient is

d 3
IVf()]l = (wa”_2> = |l2[l5, -

i=1

Therefore, for m > 2,

V@) 7T = llll5, " = <Z$2” 2) :

For m > 2, the m-th derivative V™ f(z) has nonzero entries only on the diagonal:

(V" f(@))ii = (p = 1) (p — m+ D)sgn(a;)Pay ™"
Then for any unit vector v € R?,
d
(V7 f(@)(W™) = (p=1)--- (p—m+1) Y sgn(z;) af " o]".
i=1
By Holder’s inequality with ¢ = ff’_—_ﬂf andr = piﬁ;ﬁw SO % + % =1, we have
d
(V™ f@) (™) = (p=1)---(p—m+1) | > sgn(ai)Paf "o
i=1
d 5=z [ d e
<(p-1)--(p-m+1) (Z [sgn(a;)at |7 ) (Z 07" p+’"—2>
i=1 1=1



ptm—2
2m(p—1) 2
= (= 1) (p—m+ 1) el Zw .

Note that mg’n 12) =1+ w > 1. Then using 3¢

can write

= (Z?ﬂ ¢i)qfore; >0,q>1,we

7.11

m(p—1)

2m(p—1)

d S d phm
m(p— cmip—-)

>l A < <Z ) = ol =1

i=1 i=1
since we assumed v is a unit norm vector, so ||v||2 = 1. Plugging this to the bound above, we obtain

(VT f@)™) < (=1 (p—m+1)[z]5,7%
p—m
=@-1D--p-m+ Vi@

Taking the supremum over unit vectors v € R, we conclude that

IV (@)l < (p—1) -+ (p—m+ 1[IV f(2)] 7=
This shows that f is strongly smooth of order p with constants

D.4 Logistic loss

We show the logistic loss of strongly smooth of order p = co. We have

w
\V4 = —
) =
and ]
w
\V4 —
v s = Al

By induction we can see that

me(l‘) - _(1 _i_e—me)m
so that ( 1)1
V™ f(x )II—”ilHl_p (V™ f(z))(v )Izm
Then

V™ f ()| _ (m — 1)!Hw”m—1
Vi@l (14w oyn

This shows that f(z) = log(1 + e*sz) satisfies the strong smoothness condition with p = oo with
constant

< (m — D] ™.

Ly = (m — D)!fJw||™ .

D.5 GLM loss

Consider the generalized linear model loss function f(z) = 3(y — ¢(z " w))? for ¢(r) = 1/(1 +

e ") € (0,1),y € {0,1}, and w € RY. Introduce the shorthand b = 1 — 2y € {1, —1}, and note that
o(r) —y = bo(br),

¢'(r)=e"/(1+e7")? = d(r)p(—r) = ¢'(-r) € (0,1/4],
¢'(r)/o(r) = d(=r),
¢"(r) = ¢ (r)¢(—r) — ¢(r)¢' (=) = ¢/ (r)(¢(—r) — ¢(r)) € [-1/(6V3),1/(6v3)],
¢"(r)/¢'(r) = ¢(=r) = ¢(r), and
¢"'(r) = ¢"(r)(¢(=r) — ¢(r)) — 2¢/(r)? € [-1/2,0]
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To simplify the presentation, we will fix z and let z = " w. With this notation in place we have
f(@) = 50(b2)*,
Vi(x) = bp(bz)¢/ (bz)w,
V2f(z) = (¢'(b)2 + §(b)¢" (b)ww”,  and
V2 f(x) = b(3¢/ (b2)¢" (bz) + p(bz)¢" (bz))w®?.
Since ¢(r)¢'(r) € (0,1), we have, for any a € [0, 1]

IV @) _ [/ (b2) +6(b2)8" (b2 ||, 12—a « 16/ (b2)°+(b2)¢” (b2)] || 112—a
INF@ITe = Tetaetar el < woneear vl

= [26(=bz) — p(b2)|[|wl]*~* < 2[|w][*~*.

Moreover,

(V3 f(2)]| = [3¢/ (b2)¢" (b2) + ¢(bz)e" (b2)[[lw]]* < (V3/24 +1/2)|[w]]*.
Therefore, f is s-strongly smooth of order p = 3 with Ly = 2||w||**® and L3 = (v/3/24+1/2)]Jw]|>.

E Additional Results

E.1 Coordinate Descent Methods

At each iteration, a randomized coordinate method samples a coordinate direction i € {1,...,d}
uniformly at random and performs an update along that coordinate direction. Denote V;, f =
ei € V f(x) where e; is the i-th basis vector.

Definition 5 An algorithm xy+1 = A(xy) is a coordinate descent algorithm of order 1 < p < oo,
if for some constant 0 < § < oo, it almost surely satisfies

foee) 210 < 9, fan 65)

For coordinate descent methods of order p, it is possible to obtain non-asymptotic guarantees for
non-convex, convex and gradient dominated functions. We summarize in the following theorems.

Theorem 19 Suppose an algorithm satisfies (65) for some 0 < § < coand 1 < p < oo and f is
differentiable. Then the algorithm also satisfies

OISIIQIQRE“stf(xsﬂh < (Eo/((Sk))pT?l = 0(1/5]4;) (66)

Theorem 20 Suppose an algorithm satisfies (65) for some 0 < § < coand 1 < p < oo and f is
differentiable and convex with R = SUD, p(4)< f () |z — || < 00. Then the algorithm satisfies

o1/ (1+&00T)") Fp<oo

(67)
0 (eh/m) o= oo

E[f(xr)] = f(z%) = {

Theorem 21 Suppose an algorithm satisfies (2) for some 0 < § < coand 1 < p < oo, and f is
differentiable and u-gradient dominated of order p. Then the algorithm satisfies

E[f(x)] - f(z") = O (e—;pelwmﬁ | 68)
E.1.1 Proof of Theorem 19
SKEming<, <k |V f(@) |77 S EXY o IVaf(@)776 < flao) — Ef(ar) < f(o)

Rearranging the inequality yields the result in Theorem 19.
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E.1.2 Proof of Theorem 20

For the proof of Theorem 20 under the condition (65), we use the energy function
By = wa (k) (f(zk) — f(z7)),
When (65) holds, we have
Bra e — walR-al) (f(2y) - f(a*)) + wa((k + 1)) eI o)
< wa(é(k+1))—wa(5k) (Vf (), xn — ) + wa (6(k + 1))f(xk+12;f(mk)

(65)

LelEAD—0e OB (G f(ay), 21, — 2*) — wa(5(k + V)|V, f(20) 17
= wa (0(k + 1)) (L2BURN el (7 f(2y), 2y — 2%) = | Vi f @) 27
< wo(8(k + 1) (ograermyre (VS (@n), ax — 2) — | Vi f nr%>
)

= wa (3 + 1) (e (Vi (@), 2 — %) = [ Vi F@)F7) +
< wa(8(k + D)enll o (@n — 2P + &
= cpllek — 2|7 aP + & < ¢, RPfa? + .

Here, the martingale &, := %(Vﬂxk) — V., f(xk), xx — x*). The first inequality uses
convexity of f, and the second uses (2a). The third inequality is an application of (33). The fourth

inequality uses the Fenchel-Young inequality with s = V;, f(x) and u =

P
P

awnega s (T = 7).
Both descent conditions (2) imply ||z — 2*|| < R, yielding the final inequality. Therefore, we have
shown that for all k > 0, E[Ej+1|xx] — Ex < ¢,0RP/a”. This implies E[Ey] < Ey + ¢,0kRP /a®.
Therefore

* f(zo)—f(z* RP 5k
Blf (un)] = f(2) < Ee8trtay + vt wrsttame

Since a > 0 was arbitrary, we may choose a = R% to obtain the bound
zo)—f(z” p=1
Elf(zx)] — f(27) < AU TED) = O(1/(1+ 25 (5k) 7))

(f(zo)—f(z*)1/P ==
14 W 20) = f P07 (55T
Rc;)/pp ( )

as desired.

E.1.3 Proof of Theorem 21
Take the energy function Ey = f(z) — f(«*), and observe that if (2a) holds, then we have:

TE]— Tri1)|zr]—f(x 63) %
E[Ek+1|6k] Er _ E[f(zrq )\6 k] = f(zk) < —E[|Vs, flz)l|Z " |ak]

— I IV f ()| 7T
LV @) |7

or rewritten, E[Ej 1] < (1 o e 5) E).. Summing gives the bound

B[] < (1 .

k S
dp— /~“’i15> Ey < e amint kg,
E.1.4 Rescaled coordinate descent

Rescaled coordinate descent,

A Vi f(a)

ik

Th+1 = T — 1)

1
— e —arg min {(Vikf(lﬂk)a@ +
||vikf(xk)Hp—l zEX iy

where 0 < n;, < oo foriy € {1,...k}, satisfies (65) provided the objective is strongly smooth along
each coordinate direction.

mwMW} (69)
p
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Definition 6 A function f is strongly smooth of order p along each coordinate direction for p > 1,
if there exist constants 0 < L:(LZ), R Lg) <oofori=1,...,d, suchthatform=1,...,p—1and
forall z € RY, as well as foralli € {1,...d}

+ p—m

VI @)(Vif (@)™ < LRIV @)l 7T (70)
and moreover for m = p, f satisfies the condition ||VP? f(x)|| < L,(;i).
We summarize our results regarding the rescaled coordinate descent in the following Lemma.

Lemma 22 Suppose f is strongly smooth of order p > 2 along each coordinate direction with

constants 0 < L(li), ceey Lz(f) < oofori=1,...,d. Then rescaled gradient descent (69) with step
size

1
(i)
(2 Zm 2 Lrn' )

0<nf” 7T <min < 1, (71)

_1
satisfies (65) with § = min—;__qn7~ " /2.

E.2 Accelerating Coordinate Descent Methods

Coordinate descent algorithms of order p can also be accelerated.Suppose f is convex. Set Aj, =

C5Pk(P) where we use the rising factorial k(") = k(k+1)---(k+p—1). Denote o := w -
CpsP~ 1 (k+1)®=V and 73, := ﬁ’il = 5(%1)). We write the algorithm as,
gk = 0Tz + (1 — 07 yk (72a)
21 = argmin {ap(Vi, f(zr), 2) + $Dn(z, 21) } (72b)
where the update for y;; satisfies the descent condition
Hed L) < ||V, f(an) 757 @3)

5§71
For algorithm (72), using (38) we compute
Ek+%—Ek _ Du(= ,Zk+1()5—D}L($ \Zk) + Alz;»l (f(yk—H) _ f(l'*)) _ %(f(yk) . f(z:*)) (74)
‘We bound the first part,

D (2" ,2k41) = Dp (2" ,21) Vh(zi+1) = Vh(zi 1
+13S ( — %,x* — Zk41) — gDh(Zk—i-laZk)

D (Vi fn), & — 21) + (Vi f(21), 2 — 2k11)

— +Dp (241, 2k)
< 0 (VF(r), 2" — 2) — & — (8/m)7Tal ||V f(a)| 75T, (75)

where &, = ap(Vf(zr) — Vi, f(z),2* — z,) which is a martingale. The inequality follows
from the m-uniform convexity of h of order p and the Fenchel—Young inequality (s, u) + %Hqu >

—p%”sHF, with u = (m/5) (zk+1 — 2;) and s = (5/m)Pozk 'V, f(zy). Plugging in up-
date (15a),

a(Vf(zp),z* —z1) = a (Tk), 2" — Yk) S (V (), ye — o)
= ap(V fzy),z* — zp) + A—<Vf(zk) Yk — Th)
f(z

1
g—(“"}“(f(ym) ) = & () - 1))
Apsr f(kaZS_f(mk)




— A1 677 |V f )| 77 (76)

The first inequality follows from the convexity of f and rearranging terms. The second inequality
uses (73). Combining (74) with (75) and (76) we have,

BB < ((0/m)7 (Cpo=L(k +1)#=D)7T — C7 167 (k + 1)@ ) [|V4, (w077 - .

Given ((k + 1)(p_1))ﬁ/(k +1)®) < 1, it suffices that C' < 1/mpP to ensure w <0.
Summing, we obtain the desired bound.

Elf(zx)] = f(27) S 1/(0k)".

E.2.1 Accelerating rescaled coordinate descent

A corollary to the coordinate descent property of rescaled descent with step size (71) is that it can be
combined with sequences (72a) and (72b) to form a method with an O(1/(dk)?) convergence rate
upper bound. We summarize this result in the following theorem.

Algorithm 4 Nesterov-style accelerated rescaled coordinate descent.

v

Require: f is strongly smooth of order p along each coordinate direction and h satisfies Dy, (z, y)
Lijz —y]».
1: Setzo = 2o = 0 and 4, = C6PkP), oy, = w = Cpé?~ Y (k+1)P~V and 7, =

Apgr
5(%1)) where k) := k(k+1)--- (k+p— 1).
fork=1,...,Kdo

T = 0Tp2k + (1 - (5Tk)yk

sample i), € {1,...,d}. Update

zpg1 = argmin; {ar(Vi, f(2k), 2) + $Dn(z, 21) }

1
=1 Vi, f(zk)
Yk+1 = Tk — 1), B =
Vi, £ (@e) 127

AN A

7: return yg.

Theorem 23 Suppose f is convex and strongly smooth of order 1 < p < oo along each coordinate

direction i with constants 0 < L(li)7 cery Lg) < 00. Also suppose n; satisfies (71). Then Algorithm 4
satisfies,

E[f(yx)] = f(z") S 1/(0k)".

E.3 Optimal Universal Higher-order Tensor Methods

We say that it has Holder continuous (p — 1)-st order gradients of degree v € [0, 1] on a convex set
X C domf, if for some constant L,, it holds

IVP=Lf (@) = VP ()]l < Lollz — yll” (77

The final result of our paper contains the analysis of the following optimal algorithm for minimizing
functions that satsify (77)
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Algorithm 5 Monteiro-Svaiter-style universal higher-order tensor method.

Require f satisfies (77) with parameters pand L,, his 1-strongly convex, B=I,p=p— 1+ v.
=nn=Ly/(p—2)
2. for k =1,. K do

3: Choose /\k+1 (e g. by line search) such that

1 Mot lyrr1—zx P2 3
5 < o <i (78a)
where
g = argmingen { fp1 (w20) + & o — a7} (78b)
Net1 v/ Mot FAALN
and oy, = iam k;{; i k+l,Ak+1 =day + A, T = )a d

Ak+1

T = (5’7’ka + (]. — 5Tk)yk

4: Update 211 = argmin,cy {ak<Vf(yk+1), z) + %Dh(z, zk)}
5: return yx.

We summarize results on performance of Algorithm 5 in the following corollary to Theorem 9:

Theorem 24 Assume [ is convex and has Holder continuous (p — 1)-st order gradients. Then
Algorithm 5 satisfies the convergence rate upper bound

I = f(*) =0 (1/(3k)

3(p— 1+u) 2 )

To prove Theorem 24, the first thing to notice is that the proof of Theorem 9 holds forall R 5 p > 0.
Subsequently, to extend our analysis to Algorithm (5), it is sufficient to show (1) (78b) with the line
search step (78a) satisfies

1
lye+1 — 2% — M1 Vi (g1 || < §||y/c+1 — x| (79)
and that (2) there exists a sequence (Ax+1, Yr+1) that satisfies (78b) and (78a) simultaneously.

(1) Observe that the optimality condition for (78b) satisfies
Vfp-1(Yr+1328) — 5(yk+1 — k) |lyks1 — 2P = 0.
so that ||V fp—1 (Y15 28) | = 5 [lyk+1 — 24]/P~ . In particular,
Y1 — T + M1 VI (Wrt1) = M1 Vi (Wrg1) — %prfl(ykﬂ;xk).

lyrs1 — zllP—2

From the integral form of the mean value theorem it follows that

IV fo-1(y;2) = V)l < (p o) ,||y — z|[p2t

Subsequently

Y1 = 2k + X1 VI ()| < Mor gy 19 — 2ullP + A = ez | IV oot (Weras ) |

5— A 5
< Dy = wrll (Mesr 2yl — 2ullP 2 + 1252 gy — P2 + 1)

If we choose 7 = L, /(p — 2)! and plug in our line search criterion (78a), we see condition (79) is
met.
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(2) We now show there exists a pair (Ax+1, Yx+1) that satisfies (78b) and (78a) simultaneously.
This claim follows directly form the argument given by Bubeck et al (Bubeck et al., Sec 3.2), which
did not rely on p > 0 being an integer. For self-containment, we reproduce the argument here.

Lemma 25 Let A > 0, v,y € R? such that f(z) # f(z*). Define the following functions:

a(\) = \/m

z(A) = Aj-(j()\ T+ Y

y(z) = arg mingey {fp 1(w; z) + %Hw - zHﬁ}
g(A) = Ay(@(X) —z(N)[P~.

Then we have g(R1) = R,.

The first claim is that g(\) is a continuous function of A . This follows from the fact that y(z) is a
continuous function of z. Furthermore, g(0) = 0, and since f(x) # f(z*) we also have y(z) # x
which proves g(+00) = 400

Remark 3 The same binary line search step introduced by Bubeck et al., Sec 4 finds a A\, 1 satisfy-
ing (78a). The argument given there did not rely on the fact that p € Z..
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