Appendix A Lower Bound on the Sample Complexity

We first prove Lemma 1, for which we will apply a renewal argument. Using the strong Markov
property we can derive the following standard, see Durrett (2010), decomposition of a Markov chain
in IID blocks.

Fact 1. Let {X, }nez- , be an irreducible Markov chain with initial distribution ¢, and transition
matrix P. Define recursively the k-th return time to the initial state as

7 =0
{Tk =inf {n > 71 : X, = Xo}, fork > 1,
and for k > 1 let ry, = 7, — 7,1 be the residual time. Those random times partition the Markov
chain in a sequence {vy } ez, of IID random blocks given by
v = (", Xry_yy ooy Xppm1), fork > 1.

Let N(z,n, m) be the number of visits to « that occurred from time 7 up to time m, and N (z, y, n, m)
to be the number of transitions from z to y that occurred from time n up to time m

m—1

N(z,n,m) = Z X, =z},
sS=n
m—1
N(z,y,n,m) = Z HXs =2, X541 =y}

sS=n

It is well know, see Durrett (2010), that the stationary distribution 7 of the Markov chain is given by
E N(x,0,7
r(z) = Ban) N@0,7)

E(,p) 71
In the following lemma we establish a similar relation for the invariant distribution over pairs of the
Markov chain.

Lemma 4.

, forany z € S. (10)

_ IE(q,P) N($7 Y, 0, Tl)

7 () P(z,y) o
9,

, forany x,y € S.

Proof. Using (10) it is enough to show that for any initial state x,
E(:EO,P) N(l‘, 07 Tl)P($7 y) = ]E(mo,P) N(SU, Y, 07 T1)7
or equivalently that,

Tlfl Tlfl
E(a:D,P) Z 1{Xn = Qf}P(ﬂf,y) = IE(avo,P) Z 1{Xn = x,Xn+1 = y}
n=0 n=0
Conditioning over the possible values of 71, and using Fubini’s Theorem we obtain
7'171 oo t—1
IE(aco,P) Z 1{X7l = .T}P(.Z’,y) = ZPZO(Tl = t) ZP(IU,P)(XN =T | 1= t)P(.’I,‘,y)
n=0 t=1 n=0
o [e9)
= Z Z P(ZE()JD)(XTL =T, T1 = t)P(xay)
n=0t=n+1

= ZP(IO,P)(XTL =x,T1 > n)P(a:,y)
n=0
00

= Z P(wo,P)(Xn = Z‘,X"_A,_l = y) P(Io,P) (Tl >n | Xn = JI)
n=0

= ZIP’(wo,p)(Xn =z, Xp41 =y, 71 >n)

n=0
T1—1
= E(EQ,P) Z 1{Xn = $7Xn+1 = y}a
n=0



where the second to last equality holds true due to the reversed Markov property
]P)(oco,P)(Tl >n | Xn = SU,XnJrl = y) = ]P’(xo,p)(ﬁ >n ‘ Xn = x)
O

The following Lemma, which is a variant of Lemma 2.1 in Anantharam et al. (1987b), is the place
where we use the IID block structure of the Markov chain.

Lemma 5. Define the mean return time of the Markov chain with initial distribution q and irreducible
transition matrix P by

R = E(qyp)[inf {n >0:X, = X()}] < 00.

Let F,, be the o-field generated by Xy, X1,...,X,. Let T be a stopping time with respect to
(Fr)nezso» withEg py T < 00. Then

Eq.p) N(z,9,0,7) < m(x)P(2,y)(E(qpy T+ R—1), forallz,y € S.

Proof. Using the k-th return times from Fact 1 we decompose N (x,y,0, 7x) in k& IID summands

k—1
N(z,y,0, 1) ZN (x,y, T, Tig1)-
=0

Now let k = inf {k > 0 : 7, > 7}, so that 7, is the first return time to the initial state after or at time
7. By definition of 7, we have that

TH_TST;{_Tnfl_]..
Taking expectations we obtain
E.p)lme =7l <Eqp)[me = Ta1] =1 =E(gpyre =1 =E@prn—-1=R-1,

which also gives that
E(%p)[m] < ]E(q’p)[’r} +R—-1< .

This allows us to use Wald’s identity, followed by Lemma 4, followed by Wald’s identity again, in
order to get

K—1
]E(q’p) N(x,y,O,Tn ]E(qP ZN € y7TZaTZ+1>
i=0

Py [N (z,y,0,71)] Eg[x]
p( )P(w,y)E(q,P) [T1] E(q,p) [K]
p() P(x,y) E(q,p)[Ts]-

Therefore,
E(Q’P) N(x7y70’7) IE(q P) N(%y,O’Tn)

71—( )P((E,y) E(q,P) [Tn]
<m(x)P(x,y)(E,pylr] + R —1).

Proof of Lemma 1.
A

Follows by taking ]E;45 of the log-likelihood ratio, log (i&%) , given by (4), and applying Lemma 5
A |Fr

K times for the stopping times N,(7)+ 1, a=1,..., K. O

The last part of Appendix A involves the proof of Theorem 1.



Proof of Theorem 1.

Consider an alternative parametrization A € Alt(#). The data processing inequality, see Cover and
Thomas (2006), gives us as a way to lower bound the Kullback-Leibler divergence between the two
probability measures ]P’;A‘* |7, and ]P’;f“s | 7., - In particular,

D (By#(&) | PRe(9)) < D (3 I,

Té), for any £ € F,,,

where for p, ¢ € [0, 1], D2 (p || ¢) denotes the binary Kullback-Leibler divergence,

—-p

—q

We apply this inequality with the event €& = {a,, # a*(0)} € F,. The fact that the strategy A; is
0-PC implies that

p 1
Dy (p |l q) :plogfr(l*p)log .

Pe(€) <0, and Py(€)>1-4,
hence

Dy (6]1-8) <D (B |, | B3 Ix,,).
Combining this with Lemma 1 we get that
K
2 (5 1-6) < ZD @0, | ax) + 3 (g [Na(rs)] + Ra) D (0 || Aa).
a=1

The fact that Zle N, (15) < 75 gives,

2(0 ]| 1— ZD (g, Il ax.)
K As
< | Eglrs] + Ra) 2 Dulto)ls D (0a || Aa),
( o ; az_:lzf: ¢ (B V()] +

and now we follow the technique of Garivier and Kaufmann (2016) which combines multiple
alternative models A,

K
2 (61 1=8) =Y D(qs, |l o)
a=1
K A
Ep” [Nq R,
< <E545 [7s] + ZRG> inf [A S D (0 || Xa)
= AGAII(B Zb L (E 5[Nb(7'6)]+Rb)

K
< <IE;46 [75] + ZRG> sup inf Zwa 0o || Aa)

p—t we My ([K]) AEAIL(D)
The conclusion follows by letting ¢ go to 0, and using the fact that

L Dy (E)1-0)

T =1.
5—0 log 5

Appendix B Exponential Family of Stochastic Matrices

For a stochastic matrix P on S, and a probability distribution p € M; (S), we use the notation
p©® P € M; (S x S) to denote the bivariate distribution on S x S given by

(p @ P)(z,y) = p(z)P(z,y).
We start by establishing parts (a), (b) and (c) of Lemma 2.



Proof of Lemma 2.

(@)

(b)

()

Each entry of Py is a real analytic function of 6, and for each 6y the Perron-Frobenius
eigenvalue p(6y) is simple with a unique corresponding left and right eigenvectors ug,, va,
and such that they are both positive, > ug,(x) = 1 and ) _ ug,(x)ve,(x) = 1. The
conclusion follows by standard implicit function theorem type of arguments. See for
example Theorem 7 and Theorem 8 in Chapter 9 from the book of Lax (2007).

For any x,y € S such that P(x,y) > 0 we have that
log Py(x,y) = 0f(y) — A(0) + logve(y) — logve(z) + log P(z, y).
Differentiating with respect to #, and taking expectation with respect to w9 © Py we obtain
d .
Exy)~moor, 75108 Po(X,Y) = mo(f) — A(0),

where the logarithms cancel out since w9 ® Py has identical marginals. The conclusion
follows because

d
E(XY)Nﬂ'e@Pe d& logpg X Y Zﬂ'g dQ (ZP@ X y)

For any x,y € S such that P(z,y) > 0 we have that
2 . 2 d2
0 log Pp(z,y) = —A(0) + F7E) log vg(y) — F7E) log vg(x).
Taking expectation with respect to mg © Py we obtain

. a2
A(0) = —E(x,v)~msors 7 log Py(X,Y)

d 2
= E(ij)w-,regpe (d9 logpg(X Y)> > 0.

This ensures that A(Q) is increasing.

Assume, towards contradiction, that A(G) = 0 in a neighborhood of §y. Then P, does not
depend on @ in a neighborhood of §y. The S); component is irreducible so we can find

X1y...,&141 € Sprsuch that P(x;,x;41) > 0fori=1,...,land x1 = 241, and so
P(z1,72) ... Pz, m141)e?™M
Py(x1,22) ... Po(x1, 0141) = ,
p(0)!
and the S,,, component is irreducible as well so we can find y1, . .., yr+1 € S, such that

P(y;,yi+1) > 0fori=1,... kand y; = yx+1, and so

P(y1,y2) - .. P(Yk, yro1)e?*™

p(0)*

Py(y1,y2) - Po(yi, ye+1) =

This means that the ratio

(Po(x1,@2) - Popwy,wa)t — Play, @) - P, 2141) par—m)
kP P ¢ ’
(Po(y1,y2) - Po(Yr, Yk+1)) (y1,92) (Vs Yrt1)

depends on 6. This contradicts the assumption that Py does not depend on € on a neighbor-
hood of 6.

Therefore, A((‘)) does not vanish on any nonempty open interval of R, and so we conclude
that A(0) is strictly increasing.

O

Showing part (d) of Lemma 2 requires the study of the limiting behavior of the family which we do
in the following two Lemmata. The first is a simple extension of the Perron-Frobenius theory.



Lemma 6. Let W € RLy"™ be a non-negative matrix consisting of: a non-negative irreducible square

block A € R’%k , and a non-negative rectangular block B € R(:O_k) K such that none of the rows of

B is zero, for some k € {1,...,n}, assembled together in the following way:
A 0
=53]

Then, p(W) = p(A) is a simple eigenvalue of W, which we call the Perron-Frobenius eigenvalue,
and is associated with unique left and right eigenvectors ww , vy such that uy has its first k
coordinates positive and its last n — k coordinates equal to zero, vy is positive, ., uw (x) = 1,

and 3" _ uw (z)vw (z) = L.

Proof. Let uy,vs be the unique left and right eigenvectors of A corresponding to the Perron-
Frobenius eigenvalue p(A), such that both of them are positive, Zizl ua(z) = 1 and
Z’;Zl ua(x)va(xz) = 1. Observe that the vectors

e ] i ]

are left and right eigenvectors of W with associated eigenvalue p(A), and satisfy all the conditions.
In addition, p(W) being greater than p(A), or p(1¥') not being a simple eigenvalue, or uy, vy not
being unique would contradict the Perron-Frobenius Theorem for the nonnegative irreducible matrix
A. O

Now we define the matrix P = limg_,o, e M 159, i.e. the matrix P where we keep the columns y €
S intact, and we zero out all the other columns. After suitable permutation of the states Lemma 6
applies for P, and so p(Ps) is a simple eigenvalue of P, which is associated with unique
left and right eigenvectors oo, Voo such that us(z) > 0 for x € Sy and us(z) = 0 for © ¢
S, Voo is positive, Y. too(x) = 1 and Y., ueo(2)voo(z) = 1. Similarly, we define P_, :=
limg_, o, e~ ™ Py, with Perron-Frobenius eigenvalue p(P_ ), which is associated with unique left
and right eigenvectors u_ o, U_so such that u_..(z) > 0 for z € S,,, and u_oo(x) = 0 for z & S,,,
V_oo IS positive, Y u_oo(z) =1land )" u_oo(2)v_o(z) =1

The following Lemma characterizes the limiting stochastic matrices P,,, P_, of the exponential
family, and proves part (d) of Lemma 2.

Lemma 7.

(a) OM — A(0) = —log p(Pxo), Up = Uso, Vg —> Uso, as 8 — 00, and so

Py (7, Y)ve0 (y)

oPoym(a) V)

lim Py(z,y) =
0— 00

and 7p(f) — M as  — <.

(b) Om — A(0) = —log p(P_wo), Ug = U—oo, Vg —> Voo, aS O — —00, and so

iHl T _ P—oc(xvy)v—oo(y)
Jm Poley) == @)

and my(f) — mas 6 — —oo.

= P—oo(‘ray)v

Proof. Both parts are a straightforward application of the continuity of the function P +—»
(p(P), up, vp), at Py, and P_.,. The continuity of eigenvalues and eigenvectors is due to

the fact that the Perron-Frobenius eigenvalue p(P) is a simple eigenvalue and more details can be
found in Chapter 3 of the book Ortega (1990). O

This lemma suggests that we can extend the domain of A(@) by continuity over the set of extended
real numbers R = R U {#00}, by defining A(co) = M and A(—occ) = m. This way we have a
one-to-one and onto correspondence of R with the closed interval [m, M], with the limit stochastic



matrices being P, and P_,, which represent degenerate Markov chains where all the transitions
lead into states y € Sjp; when 6 = oo, and into states y € .S,,, when § = —o0.

We proceed by deriving some alternative representations for the Kullback-Leibler divergence rate
between elements of the exponential family. The following lemma is needed in order to derive the
asymptotic Kullback-Leibler divergence rate.

Lemma 8.
(a) 0A(H) — A(B) — —log p(Pso), as 6 — .
(b) 0A(H) — A(6) — —log p(P_.), as § — —oo.

Proof. Let My = maxy¢s,, f(z). Fixx € Sandy & Syr. Pick yar € Sas such that P(z,yar) > 0.
Using Lemma 11 we see that there is a constant C' = C'(P, f) such that
Py(z,y) < Ce " M=FWD) py(z,yp) < Ce0M—M2),
Therefore the stationary probability of any such y is at most 7y (y) < C e~ 0(M=M2) ‘and so
mo(f) > (1 = C|S|e " M=M)pp 4 O|S|e0M =My
From this we obtain that
0 < O(M —7(f)) < C|S|eM=M2)(Af — ), for any 6 > 0,

which yields that §(A(#) — M) — 0, as § — oo. Part (a) now follows, since Lemma 7 suggests that
OM — A() — —log p(Ps), as @ — oo. The second limit follows by the same argument. O

Having this in our possession we state and prove alternative representations for the Kullback-Leibler
divergence rate.

Lemma 9.
(a) Forall 0,05 € R,
D (01 || 62) = 01A(61) — A(61) — (62A(61) — A(62));
D (o0 || 62) = —log p(Poc) — (02M — A(62));
D (o0 || 02) = —log p(P—oc) — (B2 — A(62)).
(b) Forall py,ps € (m, M),
D (pa || p2) = A () pn — A(A™ (1)) — (A7 (n2)pn — A(A™(12)));
D (M || pz) = —log p(Poc) — (A" (n2) M — A(A™ (p2)));
D (m || p2) = —log p(P_s0) — (A7 (p2)m — A(A™" (12)))-

Proof. For 61,60>; € R we have that
P0 (Xa Y)
D (1 1102) = Eciryna, or, 08 B2 579
Vo, (Y)
v, (X)

Vo, (Y)
Vo, (X)

= A(02) — A(61) = (02 — 01)A(61) + E(x v)nry, 0Py, |108 —log

= 01A(01) — A(0r) — (024(6:) — A(82)),
and the third equality follows due to the fact that my, ©® Py, has identical marginals and so the
expectation vanishes.

Now let f5 € R. Using the continuity of the Kullback-Leibler divergence rate, the formula that we
just established, and Lemma 8 we obtain

D (o 6) = lim D (6 ] 62)

= T (6:4(01) — A(8)) — lim_(024(01) — A(62))

01 — 00 1‘)00
—log p(Pos) — (02M — A(62)).
We argue in the same way for D (—oo || 6), and part (b) directly follows from part (a). O



As a direct consequence of these representation we obtain the following monotonicity properties of
the Kullback-Leibler divergence rate.

Corollary 1.

(a) For fixed 05 € R, the function 61 — D (01 || 02) is strictly increasing in the interval [65, 0]
and strictly decreasing in the interval [—oo, ).

(b) For fixed po € (m, M), the function py — D (py || pe2) is strictly increasing in the interval
[2, M] and strictly decreasing in the interval [m, pz].

We close this appendix by establishing that the Kullback-Leibler divergence rate is the convex
conjugate of the log-Perron-Frobenius eigenvalue.

Lemma 10.

sup {glu‘ - A(a)}a lf;u' € [N(O)vM]

. B _ J o0
D (|| 1(0)) = sup {0p = A(6)} sup {0 = A©)}, if € [m, w(0)].

Proof. Fix p € (m, M). The function § — 01 — A(#) is strictly concave and its derivative vanishes
at § = A~'(p), which belong in [0, 00) when p € [©(0), M) and in (—o0, 0] when p € (m, 11(0)].
Therefore, using Lemma 9 we obtain

sup {0 = A0)} = A () — AA™ () = D (|| 7(f)).

Similarly when pn = M or 1 = m, the derivative only vanishes at co and —oo respectively, and so
from a combination of Lemma 7 and Lemma 9 we obtain

sup {634 — A(6)} = Jim (9 — A(9) = D (M || (),

and
sup {m — A(0)} = . lim (fm — A(9)) = D (m || n(f)).

0eR ——00

Appendix C Concentration for Markov Chains

We first use continuity in order to get a uniform bound on the ratio of the entries of the right
Perron-Frobenius eigenvector.

Lemma 11. Let P be an irreducible stochastic matrix on S, which combined with f : S — R
satisfies (6), (7), (8), and (9). There exists a constant C = C(P, ¢) > 1 such that

~—

vy (y

ol < sup <(C.
bR, z.yes Vo(T)
If in addition P is a positive stochastic matrix then we can take C' = maxy - 11282

vo ()
ve ()

function of . In addition Lemma 6 and Lemma 7 suggest that its limit points

Proof. For any x,y € S, the ratio

is a positive real number, and due to Lemma 2 a continuous

voo(y) 'U—oo(y)
Voo () V—oo ()

positive real numbers as well, hence we can take C' = supgeg , e s ZZE% > 1, which is guaranteed
to be finite.

are

In the special case that P is a positive stochastic matrix, we use the fact that vy is a right Perron-
Frobenius eigenvector of Py in order to write

ve(y) 2., Poly, w)ve(w)

= _ , forall z,y € S.
@) S, Pyl w)ua(w)




Now using the simple inequality

min er(y,z) Py(z,w) < Py(y,w) < [ max ~g(y,z) Py(z,w), forall z,y,w € S,
2z Py(x,2) z Pp(w,z2)

and observing that Po(y2) _ Ply:2)

P (o) Pl We obtain

O

Next we establish a Proposition which gives us an approximation of the log-Perron-Frobenius
eigenvalue using the log-moment-generating-function

1
A0(0) = — logEg exp {0(6(X1) + .. + 6(X,)}
Proposition 2. Let P be an irreducible stochastic matrix on S, which combined with f : S — R
satisfies (6), (7), (8), and (9). Then

I
14,0) — A@0)] < BC forano er,

n

where C = C(P, f) is the constant from Lemma 11.

Proof. We start with the following calculation

O = ST g(ao) Plao, 21)e" ) - Plag_y, @)

L0 L1y Tn—1,Tn

= Y q(wo) Bg (w0, xp).

Z0,Tn

From this using the simple inequality

v (y)
min, vy (x)

vg(y)

———— <1<
max, vg(z) —

, forall y € S,

together with the fact that vy is a right Perron-Frobenius eigenvector of Py we obtain

n v (y) eMAB) < onAN(0) < pax vp(y) oM A9)
zy vg(x) - ~ =y vg(x)

The conclusion now follows by applying Lemma 11 O

One more ingredient that we need is a uniform bound of the constant C' (P, f) over 6 € R.

Lemma 12. For the constant from Lemma 11 we have that,

sup C(Py, f) < C(P, f)*.
0cR

Proof. Recall that

C(Py,,f)= su e
R N —

(P92 )61
We claim that
(Poa), Py 1o, W)VB, (2)
Vg, @ Ui, @0r, 0



To see this we just need to verify that

Vp X))V ——
P92( ) (P62)91

(z), z €5,

is a right eigenvector of ]531+92, with associated eigenvalue p(P92) p (@ 91), which from the

Perron-Frobenious theory has to be the Perron-Frobenious eigenvalue since the associated eigenvector
has positive entries. The verification is straight forward

Z 1591+92 (m, ZU)UIS92 (y)v
Yy

—_—

(y) = P(lf’eg)vﬁg2 (@)Y (Pay)g, (x’y)U(P/;/) ()

= p(Pa,)p ((F’/;,:)Gl) Vp,, (x)v(P/—;:) (z), forall x € S.

(P{"?)sl

From this we see that

—— )
> Uhny 1oy (Y) vp,, ()
sup %S sup =~ Lt sup 2| = (P, f)>2.
61.0:6R,zyes Vo= (2) 7 \o162eR,2.0e8 U, Ly, (7)) \b2erzyes Up,, (V)

(P92)91

We are now ready to prove Theorem 2.

Proof of Theorem 2.
We first prove the bound for § = 0. Fix p € [(0), M], and np > 0.

Po (f(X1) + ..+ F(Xn) = npz) < Po (€107t 10)) > )
< e~ mu—An(n))
< C(P, Jf)e—n(w—r“(ﬁ))7

where the second inequality is Markov’s inequality, and the third is the estimate from Proposition 2.
By optimizing over 7 > 0 and applying Lemma 10, we obtain

Po (f(X1) + ...+ f(Xn) > nu) < C(P, fle Pl n©),
Applying this bound with Py in place of P, and using Lemma 12 we conclude that for p € [1(6), M]
Py (f(X1) + .-+ f(Xn) > np) < C(Py, e "PrIHO) < C(P, f)2e Pl 1),
O

Appendix D Upper Bound on the Sample Complexity: the
(a, 8)-Track-and-Stop Strategy

The proof of Lemma 3 uses the concentration bound Theorem 2, combined with the monotonicity of
the Kullback-Leibler divergence rate Corollary 1.

Proof of Lemma 3.
We first note the following inclusion of events
Q U (NA)D (a(Na(®) | 10) = Bors (6)/2, Na(t) =}
c G U (0D () || 10) > B (1)/2}
_ G (D (a(t) | 1) > Bos(8)/2)



where the last equality follows because, by the monotonicity of ¢ — S,.5(t)/2 we have that for each
n € Zso and foreacht =n,n+1,...

{nD (ia(n) || a) = Bars(t)/2} S {nD (f1a(n) || pa) = Ba,5(n)/2} -

Combining this with a union bound we obtain

]P)é% (Elt €Zxo: Na(t)D (ﬂa(Na(t)) H /ua) > /Ba,&(t)/z)
S PQQ (Elt S Z>O :tD (ﬂa(t) H Ua) Z /Ba,é(t)/2)

< ZIP’HQ (D (o (t) || pa) = Ba,;t(t)> '

We focus on upper bounding

ﬂa,S (t)
2t

By, (D (al®) | 0 = 222® 5y ua) |

Let pq,¢ be the unique (due to Corollary 1) solution (if no solution exists then the probability is
already zero) of the equations

Bas(t
D (o ) = 220 and g < g < M.
Then the combination of Corollary 1 and Theorem 2 gives
~ 6a7§(t) ~ N 5 1
Bo, (D00 1 10) 2 2280, (0 2 o) = Ba, ialt) 2 o) < o2

We further upper bound the constant ¢(P,,, ) by ¢(P)? using Lemma 12, in order to obtain a uniform
upper bound for any Markovian arm coming from the family.

A similar bound holds true for

Ba,é (t)
2t

By, (D (a®) | 1) = 2250 < ua) .

The conclusion follows by summing up over all £ and using the simple integral based estimate

=1 o
Zti"‘él—o/

t=1

O

Embarking on the proof of the fact that the («, §)-Track-and-Stop strategy is 6-PC we first show that
the error probability is at most § no matter the bandit model.

Proposition 3. Let € ©, § € (0,1), and o > 1. Let As be a sampling strategy that uses an
arbitrary sampling rule, the (c, 0)-Chernoff’s stopping rule and the best sample mean decision rule.
Then,

Py (Ta,5 < 00, s, 5 # a*(p)) < 6.

Proof. The following lemma which is easy to check, and its proof is omitted, will be useful in our
proof of Proposition 3.

Lemma 13. The generalized Jensen-Shannon divergence
Li(u,N)=aD (p ] ap+ (1 —a)X\)+ (1 —a)D (M| ap+ (1 —a)A), fora € [0,1]
satisfies the following variational characterization

Lu(p V) = inf {aD (| 1) + (1= @)D (A X))

10



If 74,5 < oo and ar, ; # a*(u), then there 3¢ € Z ¢ and there Ja # a*(p) such that Z, 4, (t) >
Ba,s(t). In this case we also have

Ba,s(t) < Za,a ) (t)
= Na(t)D (ia(Na(®)) || ftaa* ) (Na(t ) Na-(u) (1)) +
Naw () (1) D (frax () (Nax (u) (1)) () (Na () Naw () (1))
(Na(t) + Nax () (t))fwai (ua(Na( ))s fa= () (Na= () (£)))

Na (£)+Ngx () ()

= inf {Na(t)D (fia(Na(t)) | 1) + Nax () 0)D (fra () (Naw(uy (1)) || 12r) }

Mo <py
< No(t)D (fta(Na(t)) [ 1a) + Naxuy () D (fra= (u) (Na= (u) (1)) || Hax ()

where the third equality follows from the variational formula for the generalized Jensen-Shannon
divergence given in Lemma 13, and the last inequality follows from the fact that j1, < pig=(u)-

This in turn implies that Bas(t)/2 <  Ng(t)D (fia(No(t)) || a)s or Bas(t)/2 <

Ny« (t)D (/:La*(ﬂ) (Ng=u(t H Lo (“)) Therefore by union bounding over the K arms we obtain
IP"“;\“ (15 < 00, a7 # a™(p))
K
<Y P (Bt € Zoo : Na(t)D (jia(Na(t)) || 11a) > Bays(£)/2).
a=1
The conclusion now follows by applying Lemma 3. O

Proof of Proposition 1.
Following the proof of Proposition 13 in Garivier and Kaufmann (2016), and observing that in their
proof they show that 7, 5 is essentially bounded we obtain that

IE;;‘“ [Ta,5] < 00.

This combined with Proposition 3 establishes that the («, §)-Track-and-Stop strategy is §-PC. [

Proof of Theorem 3.

Finally for the proof the sample complexity of the («, §)-Track-and-Stop strategy in Theorem 3 we
follow the proof of Theorem 14 in Garivier and Kaufmann (2016), where we substitute the usage of
the law of large numbers with the law of large numbers for Markov chains, and in order to establish
their Lemma 19 we use our concentration bound in Theorem 2. O
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