A Proof of Lemma 1

Lemma. Under Assumption 3. For any k € N, we have

L(6%+D M) — £(0%) 4p(*)) < (La _ 7) 18" — )2
(35
Le 1 (k+1) (k)12 (k)2
(G~ gp) et - + e
Proof. First, using the smoothness of £, we observe that
£ w®) = 109, w™) < (VoL@ w“@), 0" — o) + 18 — 6
(36)

< (2 -3)E" -6

where the last inequality uses the optimality of g(k) which upper bounds the inner product by zero.
Second, applying Lemma 2 from [30], we have

E(O(k+1),w(k)) _ L(a(k)7w(k)) < <0(k+1) _ g(k)7 veﬁ(a(k)7w(k)) _ 6(0142)>

Lo 1 Lg 1 —(k) 1 —(k) (37)
L6 2 ) 1gk+) _ g(k) 2 (7 7> % _ g2 _ L jgtk+1) _ g2
(% —35)! 17+ (5 +55)] I~ 551 H
Adding the two inequalities together gives
E(e(kJrl),,w(k:)) _ E(O(k)7w(k)) < <0(k+1) _ g(k)yveﬁ(a(k)7w(l€)) _ ags)>
Lg 1 1N\ (k) 1 —(k) (33)
Lo _ 2 \jgt+1) _ gtk 2 (L _7) o _ g2 — 2 gtk+1) _ g™ 2
(% —35)! 7+ (2o 55)1 I~ 551 [
Noting that by the Young’s inequality, one has
<0(k+1) . Vaﬁ( k), w(k)) . agc)>
i o, B i (9)
< —5||0<k“> —0| 4 SV (0", w®) — G5
Noting that Vo £(0®), w®)) — GF) = —e("), substituting back into (38) yields our claim. O
B Proof of Lemma 2
Lemma. Under Assumption 1-3. For any k € N, the change in objective value is bounded as:
E(g(k+1)7,w(k+1)) _ £(0(k+1),w(k)) < aL3D||0(k+1) _ 0(k)||2
a3, MOé fi0? (40)
(20 + 552 = ) 1V £(0W, ™)) + (o = B2 ) )2,
and the dual gradient is controlled by:
VW L0 w®))|2 < (1 n a2L§ _ QMOZ) |V £(0F—1) ap=1)) 12
(4D

L2
+ 10|V £(0W, ™) ||? + /Té(Ho(k) — 0% V|2 4 a?(lel V)
Proof. Let us define w¥) = w®) + aV,,£(0%),w*)) as the iterate obtained if the dual update is

performed using the exact dual gradient. Observe

Vwﬁ(a(k),w(k)):é(ﬁ(’“)—w(k)), Gk — a( WD _ k). 42)
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(k)

From the above definition, and the definition of e,,” we have

e = GF — v, L") wh) = é(w(’”l) —w®). (43)
We upper bound the difference in objective value by observing that

L% ) — £+ w®)) < (Vo £(0% D ) w*) — w®)) — g”@(k) —w®|?

L(OFFD Dy _ £(gtk+D) 5R)) < (v, (0% +D) R k+D) _ g5y g”w(k-i-l) —wh)|2

(44)

where we have used the p-strong concavity of £ w.r.t. w [cf. Assumption 1]. Adding up the two
inequalities and applying the Young’s inequality to combine relevant terms yield that

L(OHD D)) _ £(gU+D) ()
o _
< L (1@ = w2+ [+ —wH|2)

+ (Vo £(OW® ") ) — w®)y 4+ (7, £(0F) ), wF+D) —75k))

1, _ al? _
+ T(H (k) o w(lc)||2 + ||w(k+1) . w(k)||2) + T(2”9(k+1) _ 0(k)|‘2 + H,w(k) _ ,w(lc)”?)
(45)
Using the conditions in (42) yields
3L2
(0049 ) = £, w) < (2004 S L) 7 (60, -

+ (0= Y e+ aL, 04D — 60|

This proves the first part in the lemma.

For the second part of the lemma, we observe the equality by subtracting the optimality condition for
the two consecutive w problems

l( (@(k) _ w(k)) _ (@(kfl) _ w(kfl))) - vwﬁ(g(k)’w(k)) Vo E( (k=1) (kfl)) 47)
(0%

:=p(k)
Taking the inner product with w*) — w(*). The left hand side equals
1 1

(00, — w®) = - (@ = w2+ o0 - D - w D) @)
« (0%

and the right hand side can be upper bounded as
(Vo £(O0W ™) — v, £(0FD wF=1D) 5F) — ()
[ 1 1) —(k—
< Slw" —w®|? + @Ilvwﬁ(e(’“), w) = v, £(6% D, w2

+ (Vo £(0F D gDy — v, £(0FD =D 50 q5h=1) _ qp(k=1))

2
g”@(kr) _ w(k)||2 + Iz;w(ug(k) _ 0(1@71)H2 + ||w(k) _ @(kfl)”Z)

IN

1 2
5o W24 (= S5 ) @ — w2

The above can be simplified as:

2
illﬁ(k) —w®|2 < (i Lo M) [@*—D — k=112 4 ) — )2
2c 2a 2 2 (49)
. k) plk—1)12 (k) —(k—1))2
+ 52 (165 — 0%V + [l — D 2)
Substituting W* — w*) = aV,, L(0*), w*)) yields the desired results. O
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C Proof of Lemma 3

Lemma. Under Assumption 3 and the condition on the step sizes that:

,B) = % —max{a, B} — 2L2 (a® + a(1 — %)) > 0. (50)

Q

i

For any K > 1, we have

K
S E[AW] < Z]E{ g+ 0<k)||2+4ozHVw£(0(k),w(k))H2}. (51)
k=0 k:()

=

Proof. We begin the proof by observing the following chain:

B[ Sl - o]

(a) 1 ZE[ 1 ||0 (k+1) 9(k)||2 + (1 _ %)He(k—kl) _ 07(k)|‘2j|

(Q - Z]E{ gk+1) (k:)”2 + (1 _ %) (He(lc) _ ng)\|2 + 2<9(k+1) —g®) k) _ ng)>):|

m

(52)

where (a) uses the fact that jj, is uniformly picked from {1, ...,m} and is independent from the index
iy, that is used for updating 8**+1), (b) uses the decomposition 8+1) — §{¥) = g(k+1) _ g(k)

o) — 91@) and expanding the quadratic term, (c) is due to Young’s inequality. Similarly the above
reasoning can be applied to the dual variables to yield

1 — k1
E[EZ w1 — w2

(53)
< ZEKl + )||w D) )2 4 (1= L) (1 + a)fw® — w2
Combining the above shows that
(k+1) (k+1) _ g(k) |2 w (k+1) (k)2
+1 +1 +1) _
E[AG+)] < (1+ 5 )||o [ +(1+ — D — w®)|
+ ( - —) max{l +a,1+ 5}E[A(k)]
N (54)
(1 + >||0(k+1) (k)||2 + (1 + )Hw k+1) _ ,w(k)”2

+ (1 — — + max{a, B}) E[A®]
m
Telescoping with the above term gives the geometric series

1

k 1 k—¢ 1— 1--
E[A(k+1)] < Z (17E+max{a’5}> {(1+ 5 )||0 0+1) 0(@” +< T’”)Hw (e+1) _

£=0

For - > max{a, 8}, it can be easily derived that

®)] 1 L= 3\ gtk+1)_ k) L= 50\ b))
ZEM <kZO7711 maX{a’ﬁ}{<1+ 5 Y164+ —g® 24 (14 - YD @24
(55)
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Further upper bounding [|Jw 1) —w®) |2 by 2(a2||egf) 124 [|w® —w*)||?) [cf. Young’s inequal-
ity], and by utilizing Lemma 4 yield

iE[M] <

K

1-L 9_ 2
m{( + T’") O+ — o> + (2 + ) (J@® — w®) |2 + QangﬂA(k))}
k=0 m )

(56)
Reshufﬂing the terms related to ZkK:o E [A(k)] and recalling the definition of §(«, ) yields that

2

éé(ci/@){(” LG C s T I

K1 2 4
Z1gk+D) _ k)2 1 Z gk _ 4 k)2
> samis! 12+ ~ @™ — w2,

where the last inequality uses «, 5 < 1. This establishes the desired lemma. [

D Proof of Theorem 1

Theorem. Assume Assumption 1-2. There exists step size parameters — of the order [ =
O(1/m), o = O(1/m) — such that it holds for any K € N that

e P A (31 om (20 a + L36) B[V L(0©,w )|
K min{a, 2}

, (38)

where FE) .= E[L(0© w®) — £(85) w))] and we recall that K is a uniform random
variable drawn from {1, ..., K }.

Proof. Equipped with the lemmas presented in the main text, we proceed by establishing a bound on
E[£(05), w)) — £(0©),w®)] and 1 |[@*) — w®)|[2, as follows. Note that for the sake

of simplifying notations, we denoted w'*) = w*) + aV o L(0%) w®)) as in Appendix B. We shall
also drop the expectation operator while keeping in mind that the bounds to be presented hold only in
expectation.

We proceed by telescoping with the change in objective value. Combining (27), (28) yields:
E(g(kﬂ),w(kﬂ)) _ L(g(k)7w(k))

a3L2 ,ua 1N\ —(k)
g(za+ )||v 2%, w®)|? + (Lo — 5z )10 — 0P

2 (59)
2y Bz (Lo | o LY gt _ g2
b (o= B e+ S + (22 a2, 35) 100 6%
Summing up both sides of (59) from k = 0 to k = K — 1 yields
£(0(K),w(K)) — 5(9(0) w(O))
K-1 372
a’ Lz, a?
< (20 + ~ ) IVwL(e®, (’“))||2+(L9——)||9 — o2
2 (60)
k=0
2
_ BTNy w2 B2, (Le gk+1) _ g(k) |2
+ (o= B IIP + Sl + (G + a2, — 55 ) 164+ — 6%
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Using Lemma 4 which is a slight modifications of [30, Lemma 2], and under Assumption 3, we
ebrain E[les” 2] < 2L3E[A®)],  E[[le|?] < 222 E[A®)]. (61)
This simplifies (60) into
L(O(K),w(K)) _ 5(9(0) w(O))
= a3L? uoz (k)
<3 {(m + 05 = B Va0, w )P + (Lo - 55) 6%~ 60|

k=0

(62)
+ (1% (20 — na?) + £38)A® + (% +aLl, - %) R 0(’“)Il2}

Denote F'(5) := E(O(O) w'®) — £(0) 1w K)), Shuffling terms and dropping terms with negative
coefficients —£2~ for A(*) in the above yield

K—-1
> (a+“i‘2 ) 90 )+ (1 — L) [ - 00
P 2 2/
K-1
X L 1
< {3a||vwc<o<k>,w(“>||2 + (S +aLl - 52) 10 —o®)? (63)
k=0 ﬂ

+ (2130 + 135) A }+F( )

Applying Lemma 3 and (33) gives

- po?  o’Ly 8) g2 o (L 30 _ ok 2
— w — —
> 4 (0 G = T IVt @, w1 + (55 — Lo ) 8"~ 0|

k=0
K-—1
< a(S n 2m(2Li,a n Lgﬁ)) NIRRT (64)
k=0
Lo 2 2 LN (D) g2 o (i)
+(§~H@w+@La+L6%3 %)Z]w —0W |2+ F

In order to obtain a bound on G(®*) w(*)) which consists of a weighted sum of
[V £(8%),0®))||2 and [[@F+D) — @K |12, we upper bound 3" p ' ||V LX), w0 (®))||2 such that
the positive coefficients of ||V, £(8®), w*))||? is accounted for. To this end, exploiting Lemma 2
and summing up both sides of (29) from k = 1 to k = K gives

(1= )|V £(0), w )2 - vaﬁ(f)(o) w(o))ll2

65
<Z{a 1) Va0, w2+ 2 (g0 — g2+ 02l ||)} *

We set the following parameters
12> a @al)
and letting Y (%) := ||V, £(8©)  w(©)|? — (1 — ,uoz)HV L(05) wF))|12 to yield
K—1 2 K—
a ) IVul@®,w®)? < MY“K) + e Z (Ilo%+D — ™2 + a?|lel]?)  (66)

Applying Lemma 3 (with (33)) and Lemma 4 gives

4L 9 iy 2 212 21,4 am
w Z v (k) .. (k)\[2 (K) E : ok+1) _ g(k))2
(O& 12 ma ) P ” wﬁ(g , W )” < MY <,u23 ) ” ||

(67)

17



Setting

I
> 2
8LZ,m — @ (a2)
we have
K— K-1
4 412 4L4 am
a ) [Vul@®, w*)|? < =y 4 (— + ——) 0D — g2 (68)
IV L( )l . 20 T2 B Eﬁ | [
Now, suppose the step size satisfies
1 4L2, ALY am Lg B
P (QL2 L2 ))( ) N 5 (L2 132 ) . (a3
25 (3+m a+ Lgs 20, 2 3 —|—2—|—a o+ 3 (a3)

then substituting (68) into (64) ylelds a negative coefficient in front of the summation
Siso 00D — o2,

Hence we obtain that:

R j21e% a3L? (k) ONIE 1 7(k) (k)12
DR CRLa A LT ERE + (55 Lo)l8" 0%

=0 (69)
4
< (3 + 2m(2L3,,a + L%ﬁ)) —y®) 4 pE)
I
Let the step sizes also satisfy
2z 2 @ > L. (ad)
The above step size choices results in the bound:
min{« —|— } Z g( 0" w (k) (1 + m(2L2 a+ L2ﬁ)> y ) 4 pK) (70)
Finally, we observe that
K-1 - 2 L3B) )2y (E) 4 pE)
) N 0% (k) (3 +2m (2Lwa + ﬁ)) +
E[Q(O(K),w(K))] _ 2 k=0 9( ;w) < H 1)

K - K min{a, g}
This proves the sublinear rate of convergence for the NPD-VR algorithm. Lastly, we note that there
exists step sizes with « = ©(1/m), 8 = ©(1/m) such that the required conditions (a0), (al), (a2),

(a3), (a4) hold [see Section D.2]. Therefore, (71) shows the desired sublinear convergence rate of
O(m/K). O

D.1 Auxiliary Lemma

Lemma 4. Under Assumption 3. Forany k > 0, it holds
E[leS” 2] < 2L3E[A®)],  E[[le|?] < 222 E[A®)]. (72)
where A% is defined in (30).

Proof. The proof follows largely from [30, Lemma 4] with the batch size b = 1. Denote J;, =
VoLl (00, w®) — VoL, (0F w(k)) We observe that E[5;,] = E[VeL(0®), w®)) — G
Consider the following chain

Elles” %] = E[|Gy” — VoL@, w™)|?]

i 7

(k) OIRONIE 9 ) (73)
=E[[|0:, +Go” — VoL (6™, w™)|["] = E[|ld;, — E[6:,]1*] < E[llds,||").
Furthermore, we observe
RS k) o (k
B0 ]1*) = . D E[IV6L:(0,w ™) = VaLi(6, w)”)|]
L;*Im (74)
2
< ZZONT R0 _ g*) 2 #) —w® 2} = 2L2E[AKR)
_m; {l i |17+ [l I} = J
We can repeat the same analysis to upper bound E[||e(k) I1?]. O
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D.2 Explicit Conditions for «, 8

We first define I~ := 212, + L2, and require that
a> .

Collect the conditions (a0), (al), (a2), (a4) to obtain the following requirement on «,

< i 1
mln .
“ 2 8L2,m’ (16L2, + 2)m

Under the above premises, if additionally,

1 1
a< —

T mA2L% 4 9612, /p2

then one has

(75)

(b0)

(bl)

(76)

(77)

(78)

(79)

1 1 412
= [ L+ =23 +2mL a)]
Subsequently, we analyze (a3) to find the required /3. Again using o > /3, the following implies (a3)
412 4L4 am Lo L am
3+ 2mL’ )( w ) Lo | qp2 4 Lom
25 (+ u2a+u2ﬂ+2+ w35
which can be implied by
1 _ 1212 212 Lg 2 44 TP am
=D e v arl + | (34 2mLa) =2 4 ) 28
23 = Ma+-m M2+2—wa+ +2ml « 2 +2 3
Suppose that it obeys that
1 S 1212, < u?
- > = B < a,
45 4812,

then (a3) is implied by

1 2 L o \4LL T
= 28mL 2w 2l + | (34 2ma) = o
43 u? 2 u?

Using (76), we have

1 L2 L L2 Lo
Losgmptte Loy g 0 1o, L2—+—9+”—

813 12 2 873 2 8m
‘We thus need L
1 2L Lg /LQ B
< = L2 4+ —=4+ —
p< 8 (8 + 2 + 8m

In summary, the conditions required are

< 12 w2 1 1 1
« min —
278L5,m’ (1613, +2)m’ m 1977 1 9612, /p2 |

2 2 2\ 1
. o 1 1 —L: Lo u
< M o (smIP e 2 .
Bmm{o" 4812,V 4Lg’ 8 <8m 2 T2 TRm

We observe that it is possible to set « = ©(1/m), 8 = ©(1/m).
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